




ji

T

t
t

i

T

t
t

N

j
tt

stosfromstransitionofnumberexpected

sfromstransitionofnumberexpected

ji

i

Ttjii

=

=

−==

∑

∑

∑

=

−

=

=

1

1

0

1

),(

)(

10),()(

ξ

γ

ξγ K

 

These values are now used to re-estimate the model 
parameters λ=(A,B,Π) as follows. The re-estimation step 
needs to be performed until a predefined stability 
criterion is satisfied. 
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The re-estimation formulas can be transformed to fit 
the new model definition. Thus the expanded HMM can 
also be trained using the Baum-Welch algorithm. The 
resulting procedure should still suffer from the same 
drawbacks as the original: It is still a local optimization 
method, which moves in the direction of steepest 
descent and is very expensive, having to run through 
the forward and backward procedures for every epoch. 
The training of an eHMM will most likely require more 
effort (data or time) than an HMM, since the model has 
an additional dimension and therefore more parameters. 

COMPARING HMM AND eHMM 

In this section we will show that a standard HMM can 
be transformed into an expanded HMM, which makes 
the latter at least as powerful as HMM. The example 
system is a small web server that cannot be observed 
directly. An internet user is trying to deduce the 
server’s current condition based on its answers to ping 
requests. The HMM models the web server that can be 
either in the states Idle, Busy or Failed (see Figure 1). 
To the user the actual state of the web server is not 
visible, he can only observe the answers once every 
time unit, either a ping reply or a timeout. By analyzing 
the observed traces, he can draw inferences about the 
actual state of the web server. The parameters of the 
model are the initial probability vector Π, the transition 
probability matrix A and the output probability matrix 
B, which can all be derived from the Figure. 

 
Figure 1 : Original HMM with Parameters 

This model λ=(A,B,Π) can easily be transformed into 
an eHMM λ’=(A’,B’,Π’): 

• The transition probabilities stay the same A' := A 
• The output probabilities shift from the states to the 

state changes, by using the output probabilities of 
the target state for a state transition bij'(k) := bj(k) 

• The initial probability vector has to be computed 
by solving the following linear system of equations 
(assuming it to be a row vector) Π = Π'A. 

The new calculation of the initial probability vector 
becomes necessary, because the state sequence of the 
eHMM has one more element than the output sequence 
or the original state sequence of the HMM. 

 
Figure 2 : Equivalent Expanded HMM with Parameters 

These transformations lead to the model shown in 
Figure 2. Changed elements are highlighted. The major 
change is the shifting of the output probabilities from 
the states to the state transitions. The two example 
models are equivalent in the sense that they produce the 
same output sequences with the same probabilities. The 
output probabilities of two sequences were computed 
using the original and the modified forward algorithm. 
The Viterbi algorithm was used to compute the most 
likely state sequences that produced the output.  

The internet user has observed two sequences: (ping, 
ping, ping) and (ping, timeout, ping). He wants to know 
the absolute probability of each trace and the most 
likely hidden state sequences that produced them. The 
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results of the forward and Viterbi algorithm for the 
given models are shown in Table 1. P(O|λ) is the 
absolute probability of emitting trace O with the 
original HMM; P(O|λ') is the probability of emitting 
trace O with the equivalent eHMM. The probabilities 
are exactly the same in both cases. Q is the Viterbi path 
of the HMM, and Q’ the Viterbi path of the eHMM. F 
denotes the hidden model state Failed and I the state 
Idle. The last three elements of the paths are equivalent. 

Table 1 : Results of HMM and eHMM 
Sequence O (ping,ping,ping) (ping,timeout,ping) 
HMM Probability P(O|λ)=0.26448 P(O|λ)=0.132672 
eHMM Probability P(O|λ’)=0.26448 P(O|λ’)=0.132672 
HMM Viterbi path Q=I,I,I Q=I,F,I 
eHMM Viterbi path Q’=I,I,I,I Q’=I,I,F,I 

 
The equivalence of the output trace probabilities can 

be proven inductively, as the following formulas show.  
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The terms calculated by the forward algorithm are the 
same for the HMM as for the equivalent eHMM. All 
terms of the eHMM are marked by an apostrophe. The 
Basis shows that the terms α1(i) and α’1(i) are 
equivalent, by replacing the single terms by their 
equivalents, based on the defined transformation rules. 
Based on the assumption that the terms for step k are 
equal, it is concluded that the terms for k+1 must be 
equal. Therefore this equality holds for all t>0. 

The proof of equivalence of the Viterbi path can be 
done analogously to some extent. The assumption is, 
that the last T elements of the eHMM Viterbi path are 
the same as the HMM Viterbi path. The idea is that if 
the first element of the HMM Viterbi path is the same 
as the second element of the eHMM Viterbi path, then 
the following elements will also be equivalent. The 
problem is, that the base assumption is not given in all 
cases, since the two-element eHMM Viterbi path might 
not contain the most likely starting state max(πi) of the 
HMM, since the πi are the weighted sum rather then the 

maximum of the π’i. However, in the given example, 
the Viterbi paths of the two models are equivalent. 

This shows that the example transformation was done 
correctly and the algorithms produce results that are 
equivalent. The equivalence was proven for the forward 
algorithm, and was tested on an example for the Viterbi 
algorithm. We did not test the Baum-Welch algorithm 
for several reasons. First of all, the equivalence of the 
results might not be given, since a different model is 
trained, with more free parameters, and secondly 
implementing the adapted algorithm is still future work. 

The reverse transformation of an arbitrary eHMM 
into an HMM is not as intuitive as the approach 
described in this section. Extra states have to be 
introduced to account for the increased amount of 
information in an eHMM. Artificial constructs might 
become necessary such as states with no probability to 
stay in. The dual graph that could be constructed using 
graph theory, is only defined on planar graphs, which 
does not have to be the case for Markov chains.  

MOTIVATING EXAMPLE 

An example of an interesting hidden non-Markovian 
model is given in this section. It will show the increased 
modeling power of the new paradigm, which involves 
symbol emissions at state changes. The example is that 
of a machine in a factory, which is essential for the 
availability of the whole production line and is often 
maintained to prevent failures. Even though, the 
machine fails from time to time, and can therefore be in 
the three state OK, Failed or Maint. The times between 
failures (TF) are Weibull-distributed and the 
maintenance interval (TMI) is Normally-distributed. The 
maintenance of a machine can produce different costs, 
depending on the extent of repair necessary (10€, 20€ 
or 30€), each having a different probability to occur. 
Similarly the costs for the repair of a failed machine are 
dependent on the severity of the disruption (30€, 100€ 
or 200€). The time needed for repair or maintenance 
have Lognormal distributions. The production manager 
only gets the record of the bookings that were the 
results of the repairs or maintenances, but not the exact 
events that produced them. 

 
Figure 3 : Example of Hidden non-Markovian Model 

This system could be interpreted as a hidden non-
Markovian model (see Figure 3), with the machine 
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being the internal hidden part and the bookings as 
observable symbol emissions. It would not be possible 
to model this using an HMM, since the underlying 
model is not a DTMC.  

The initial probability vector of the model is 
Π=(0,1,0) (states S={Maint,OK,Failed}). The transition 
probabilities are no longer static, but depend on the 
ages of the transitions, the time they have been enabled 
without firing. Assuming μ is the instantaneous 
transition rate (hazard rate) of the probability 
distribution, τ the current age of the transition and Δ the 
discretization time step, then the transition probabilities 
calculate as follows.  
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The output probabilities have to be specified for 
every output symbol in V={0,10,20,30,100,200}. Two 
example output probability matrices are the following: 
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Several new and interesting questions could be 
answered using this abstraction: 

• How probable is a certain booking record? Which 
series of events produced that record most likely? 

• What is the machine availability of the possible 
generating paths, and how does that compare to the 
actual observed availability of the machine? 

• How would the behavior of the system change, 
when changing maintenance intervals? 

• Are there any frequent failure sequences? What 
produced them? Could they be prevented by using 
more reliable system components? 

These questions can be answered using hidden non-
Markovian models and the analysis methods of both 
HMM and Petri nets. Numerical results for the example 
cannot be given yet, since the implementation of the 
algorithms is future work. The new combined paradigm 
will enable the direct utilization of system output for the 
parameterization, diagnosis and analysis of not directly 
observable behaviour of Petri nets. This is not possible 
by using either HMM or Petri nets alone. 

CONCLUSION 

In this paper we expanded the definition of hidden 
Markov models to symbol emissions at state changes.  
We first expanded the basic definition of HMM and 
adapted the three basic analysis algorithms. We then 
gave examples of the equivalence to the old notation 
and of the usefulness of hidden non-Markovian models. 

This new definition shifts the focus of the model from 
the states to the state changes: the events. This is 
necessary to be able to analyze discrete stochastic 
systems using the proposed methods, since there the 
events are the driving force of the model behavior. 
Using this newly defined paradigm of eHMM we can 
now proceed to the formalization of hidden non-
Markovian models. These will open up a whole new 
range of possible applications of the analysis methods 
of HMM. These applications might include the analysis 
of systems by only looking at failure protocols and 
incomplete observations or the prediction of machine 
performance based on the previous machine behavior. 

Future work includes the implementation of the 
algorithms and concepts described in this paper and 
those relating to HnMM. A special focus has to be on 
the performance of the algorithms, since especially the 
training of HMM is time consuming. Another 
interesting question is how the adapted original 
algorithms perform compared to the algorithms 
involving Proxels and discrete phases. (Isensee et al. 
2006, Wickborn et al. 2006) 
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