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ABSTRACT

The paper presents a one-dimensional-in-space mathem-

atical model of a peroxidase-based fluorescent biosensor.

The mathematical model is based on a system of non-

linear reaction diffusion equations. The problem was

solved numerically using finite difference technique. The

model was used to study the effect of biosensor paramet-

ers, namely the thickness of the enzyme layer and the

outer substrate concentration, on the response of the bi-

osensor and it’s sensitivity. The performed calculations

showed a complex influence of the substrate and hydro-

gen peroxide concentrations.

INTRODUCTION

Biosensors are analytical devices converting a bio-

chemical recognition reaction into a measurable effect

(Scheller and Schubert, 1992; Turner et al., 1987). They

are applied widely to monitor chemical substances in

the medicine, food technology and the environmental in-

dustry (Wollenberger et al., 1997). Optical biosensors

based on the fluorescence detection generate a photolu-

minescent signal indicative of target analyte binding (Li-

gler and Taitt, 2002). Fluorescence emission is then de-

tected and converted into an analytical signal (Knopf and

Bassi, 2007). They have been used for the analysis of

many chemical and biological substances, especially in

cases limited by low analyte concentrations (Atwood and

Steed, 2004).

The mathematical model of optical biosensors has

been very recently developed (Baronas et al., 2007a).

However, the model was based upon absorbance meas-

urements. In this report, a mathematical model for fluor-

escent biosensors is described. The model is used to pre-

dict the response of biosensor with varying physical and

chemical characteristics.

MATHEMATICAL MODEL

The biochemical reaction of substrate (S) with enzyme

peroxidase (E) in the presence of hydrogen peroxide

(H2O2) to form the product (P) may be expressed as

E + H2O2

k1

−→ I + H2O, (1)

I + S
k2

−→ E + P, (2)

where I and H2O are the compound and water, respect-

ively, k1 and k2 are the reaction rates.

The product (P) emits light and therefore the response

of the biosensor increases during the reaction as the

product forms. The fluorescence of the product (P) is

proportional to the concentration of the analyte (S) being

measured. (Vo-Dinh, 2003).

Assuming the symmetrical geometry of the biosensor

and homogeneous distribution of immobilized enzyme in

the membrane, the mass transport and the reaction kinet-

ics in the enzyme layer for the reaction scheme (1), (2)

can be described by the following system of the reaction-

diffusion equations (0 < x < d, t > 0):

∂S

∂t
= DS

∂2S

∂x2
− k2CS, (3)

∂P

∂t
= DP

∂2P

∂x2
+ k2CS, (4)

∂H

∂t
= DH

∂2H

∂x2
− k1EH, (5)

∂E

∂t
= −k1EH + k2CS, (6)

∂C

∂t
= k1EH − k2CS, (7)

where x and t stand for space and time, S(x, t), P (x, t),
H(x, t), E(x, t), C(x, t) are the substrate, product, hy-

drogen peroxide, enzyme and compound concentrations

in the enzyme layer, d is the thickness of the enzyme

layer, DS , DP , DH are the diffusion coefficients. The

enzyme and the formed compound are immobilized in

the membrane and therefore there are no diffusion terms

in the equations for the enzyme and compound.

Let x = 0 represents the plate surface, while x = d
the boundary between the enzyme membrane and the

bulk solution. The biosensor is initially immersed in a

hydrogen peroxide solution. The operation of the bio-

sensor starts when some substrate appears on the outer

surface of the enzyme layer. This is used in the initial
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conditions (t = 0),

P (x, 0) = C(x, 0) = 0, 0 ≤ x ≤ d,

H(x, 0) = H0, 0 ≤ x ≤ d,

E(x, 0) = E0, 0 ≤ x ≤ d,

S(x, 0) = 0, 0 ≤ x < d,

S(d, 0) = S0,

(8)

where E0 stands for the initial concentration of the en-

zyme in the enzyme membrane, H0 is the hydrogen per-

oxide concentration in the bulk solution as well as the

initial concentration in the enzyme membrane and S0 is

the substrate concentration in the bulk solution.

If the bulk solution is well-stirred and in powerful mo-

tion, then the diffusion layer (0 < x < d) remains at a

constant thickness. In the bulk solution the concentration

of the substrate, product and hydrogen peroxide remains

constant (t > 0),

S(d, t) = S0, P (d, t) = 0, H(d, t) = H0. (9)

Assuming the impenetrable and unreactive plate sur-

face, the mass flux of the species must vanish at this

boundary,

∂S

∂x

∣

∣

∣

x=0

=
∂P

∂x

∣

∣

∣

x=0

=
∂H

∂x

∣

∣

∣

x=0

= 0. (10)

By an extension of the Beer-Lambert law, the response

of a fluorescent biosensor describing the intensity of

fluorescence FI(t) at time t may be obtained as follows

(Baldini et al., 2006; Knopf and Bassi, 2007):

FI(t) = I0ϕ
(

1 − 10−εP lef P̄
)

, lef = d, (11)

where I0 stands for the intensity of excitation light, ϕ is

a quantum yield of fluorophore, εP is the molar extinc-

tion coefficient of the product, lef - effective thickness of

the diffusion layer, P̄ - the concentration of the product

averaged through the entire diffusion layer. The quantum

yield of the product fluorescence ϕ, defined as the ra-

tio of the number of photons emitted to the number of

photons absorbed, practically varies between 0.001 and

1. For organic compounds εP varies between 104 and

102 m2mol−1.

The fluorescence FI(t) is almost linearly proportional

to the averaged concentration of the product P̄ ,

FI(t) ≈ 2.303I0ϕεP lef P̄ , (12)

when the absorbance expressed as εP lef P̄ is less than 0.1

(Vo-Dinh, 2003). Since the fluorescence intensity FI(t)
is directly proportional to the intensity I0 of the excita-

tion light, the measured fluorescence F (t) is usually re-

ported in relative fluorescent units (RFU),

F (t) = FI(t)/I0. (13)

We assume that the system (3)-(10) approaches a

steady state as t → ∞,

F∞ = lim
t→∞

F (t), (14)

where F∞ is the steady state fluorescence.

The high sensitivity of the biosensor is especially im-

portant for the rapid detection of the analyte (Scheller

and Schubert, 1992; Turner et al., 1987). The sensitiv-

ity is defined as a gradient of the steady state fluores-

cence with respect to the substrate concentration. The

fluorescence varies in orders of magnitude with the con-

centration of the substrate to be analyzed. Therefore we

consider dimensionless expression of the sensitivity,

BS(S0) =
S0

F∞(S0)
×

dF∞(S0)

dS0

, (15)

where BS stands for the dimensionless sensitivity of the

biosensor, F∞(S0) is the steady state fluorescence calcu-

lated at the substrate concentration S0 in the bulk solu-

tion.

DIGITAL SIMULATION

No analytical solution for the problem is known, there-

fore a numerical approximation method must be used.

We applied the implicit finite difference technique to

solve the boundary value problem (3)-(10) (Britz, 2005;

Samarskii, 2001). A uniform discrete grid was construc-

ted in both directions x and t. The resulting systems

of linear algebraic equations were solved efficiently be-

cause of the tridiagonality of their matrices. The com-

putational model was implemented in Java programming

language (Moreira et al., 2000).

We define the steady state fluorescence FR of the bio-

sensor as the fluorescence intensity calculated at the re-

sponse time TR,

FR = F (TR) ≈ F∞,

TR = min
j>0, Fj>0

{

τj :
Fj − Fj−1

Fjτ
< ε

}

,
(16)

where τ is the size of time step. We used ε = 10−5 for

the calculations.

Unless otherwise stated, we used the following values

of the parameters:

DS = DP = DH = 300 µm2s−1,

k1 = 7.1 × 106 s−1M−1,

k2 = 2 × 107 s−1M−1,

ϕ = 0.01, d = 1 µm,

εP = 103 m2mol−1.

(17)

The dynamics of the biosensor response having four

different membrane thicknesses d is presented in Fig. 1.

The steady state fluorescence appears with some delay

corresponding to different thicknesses of the enzyme lay-

ers. The influence of the enzyme membrane thickness

on the biosensor response was explored in greater detail

(Baronas et al., 2003).
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Figure 1: The dynamics of the fluorescence F at four

enzyme layer thicknesses d: 1 (1), 2 (2), 3 (3), 4 (4) µm,

S0 = 100 µM, E0 = 1 nM, H0 = 1 mM

RESULTS AND DISCUSSION

Distributions of the concentrations of the substrate,

product, hydrogen peroxide, complex and enzyme perox-

idase in the enzyme membrane for an optical biosensor

were given in a previous paper (Baronas et al., 2007a).

By changing the input parameters we analyze the beha-

vior of the response and sensitivity of the fluorescent bi-

osensor.

The Effect of the Thickness of the Enzyme Layer

The effect of the thickness of the enzyme layer on the

response of amperometric as well as potentiometric bio-

sensors has been studied recently (Baronas et al., 2003,

2007b; Scheller and Schubert, 1992; Turner et al., 1987).

Fig. 2 shows the dependence of the dimensionless steady

state fluorescence FR on the thickness of enzyme mem-

brane.

In the case of fluorescent biosensors, thickening the

enzyme membrane causes the increase of the product

concentration and therefore light is emitted to a greater

extent. The response of the biosensor mostly depends on

the outer concentration S0 of the substrate (see curves 2

and 3 in Fig. 2). When the enzyme layer is relatively

thick (d > 1µm), the used variations of enzyme and hy-

drogen peroxide have similar effect on the fluorescence

(see curves 1, 4, 5, 6 and 7). This can be explained by

production of the same amount of the compound I, lim-

ited by the equation (1).

The effect of the enzyme layer thickness on the bio-

sensor dimensionless sensitivity BS is shown in Fig. 3.

The sensitivity of the biosensor increases extending the

enzyme layer. With exception of curves 2 and 7, the high

values of sensitivity (BS > 0.8) are observed within spe-

cified interval. At higher outer substrate concentration S0

the enzyme becomes saturated and cannot respond effect-

ively to the change of the substrate concentration (curve

2). The almost similar results were obtained at lower
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Figure 2: Dependence of the dimensionless steady state

fluorescence FR on the thickness d of the enzyme mem-

brane at three substrate concentrations S0: 10 (3), 100

(1, 4, 5, 6, 7), 1000 (2) µM, three enzyme concentrations

E0: 0.1 (5), 1 (1, 2, 3, 6, 7), 10 (4) nM and three hydro-

gen peroxide concentrations H0: 0.1 (7), 1 (1, 2, 3, 4, 5),

10 (6) mM

concentration of hydrogen peroxide H0 (curve 7). The

sensitivity is significantly reduced because of the lower

concentration of the formed compound I in comparison

with the concentration of the substrate. In both cases, the

sensitivity BS of the biosensor can be greatly enhanced

by increasing the thickness of the enzyme layer.
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Figure 3: Dependence of the dimensionless sensitivity

BS on the thickness d of the enzyme membrane. The

parameters and notation are the same as in Fig. 2

The Effect of the Outer Substrate Concentration

The effect of outer substrate concentration S0 on the di-

mensionless steady state fluorescence FR is depicted in

Fig. 4. The approximately linear curves of the fluores-

cence FR increase asymptotically approaching the steady



states. A variation in the initial concentration E0 of the

enzyme affects the fluorescence, but has no effect on the

limit of linearity of the calibration curve (see curves 2

and 3). However, the initial concentration H0 of hydro-

gen peroxide have an effect upon the dynamic range of

the calibration curves (curves 4 and 5). An increase of

the concentration H0 expands the limit of linearity and

wise versa.
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Figure 4: Dependence of the dimensionless steady state

fluorescence FR on the substrate concentration in the

bulk solution S0 at three concentrations E0 of the en-

zyme: 0.1 (3), 1 (1, 4, 5), 10 (2) nM and three concen-

trations H0 of the hydrogen peroxide: 0.1 (5), 1 (1, 2, 3),

10 (4) mM

The dimensionless sensitivity BS is markedly reduced

as the concentration of the substrate S0 increases (see

Fig. 5). The change of the initial enzyme concentration

E0 has slight effect on the biosensor sensitivity (curves

2 and 3). However, the lower concentration of enzyme

(curve 3) causes an unacceptable sensitivity at S0 ≈>
1.1 × 102µM. The high values of the sensitivity up to

S0 ≈ 104µM can be observed with the increased initial

concentration H0 of hydrogen peroxide (curve 4).

CONCLUSIONS

The developed mathematical model (3)-(10) of a

peroxidase-based fluorescent biosensor can be used for

a digital simulation and an investigation of the biosensor

response.

By providing a relatively thick enzyme layer a higher

sensitivity and fluorescence values can be obtained.

However, a great care must be taken in cases of high

outer substrate and low initial hydrogen peroxide con-

centrations (Fig. 3).

The higher sensitivity of the fluorescent biosensor can

be achieved by increasing the concentration of the hydro-

gen peroxide (Fig. 5).
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Figure 5: Dependence of the dimensionless sensitivity

BS on the substrate concentration S0 in the bulk solution.

The parameters and notation are the same as in Fig. 4
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