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ABSTRACT 

The development of a generalized steady-state 
electrochemical model of a polymer electrolyte fuel cell 
or proton exchange membrane fuel cell (PEMFC) 
system is presented by R.F Mann et al. to predict the 
output voltage of a single Ballard Mark V cell as a 
function of the major variables like current density, 
pressure of the reactant gases and working temperature 
more efficiently (Mann et al. 2000). But this model 
cannot explain the behavior of the voltage at high 
current densities as well as the other ranges. In this 
research a new term that account for mass transfer 
losses is added to compensate the precision of the 
model particularity at high current densities. Using this 
model, the power density of a Ballard Mark V fuel cell 
system that consists of 35 cells is optimized by a hybrid 
optimization algorithm base on genetic algorithm and a 
gradient base algorithm that shows very good 
performance to reach the exact optimum point. 
 
INTRODUCTION 

The proton exchange membrane fuel cells (PEMFC) are 
suitable for portable, mobile and residential 
applications, due to their inherent advantages, such as 
high-power density, simple and safe construction and 
quick startup even at low operating temperatures. Rapid 
development recently has brought the PEMFC 
significantly closer to commercial reality. 
Although prototypes of fuel cell vehicles and residential 
fuel cell systems have already been introduced, it 
remains to reduce the cost and enhance their 
efficiencies. To improve the system performance, 
design optimization, analysis and control of fuel cell 
systems are important. Mathematical models and 
simulation are needed as tools for design optimization 
of fuel cells, stacks, and fuel cell power systems. 
(EG&G Technical Services, Inc. 2004) 
Different mathematical models have been devised to 
simulate the behavior of a PEM-FC. Some are based on 
curve-fitting experiments or semi-empirical models that 

combine experimental data with parametric equations 
adjusted by comparison with cells physical variables 
like pressure and temperature (Cirrincione et al. 2005). 
An electrochemical-based fuel cell model is presented 
by R. F. Mann et al. that leads to a generalized scheme 
for modeling the PEM fuel cells. (Mann et al. 2000) 
Also a dynamic electrochemical-based fuel cell model is 
proposed and developed by J. M. Corrêa et al. that 
account for concentration overvoltage too. (Corrêa et al. 
2004) 
Here a generalized steady-state fuel cell model is 
proposed. The power output of a PEM fuel cell system 
is then optimized base on this model. The operating 
variables of the cell are current density and working 
temperature.   
The multi-variable optimization task is then done using 
a hybrid optimization method base on Genetic 
Algorithm. 
 
BASIC STRUCTURE 

Unit cells form the core of a fuel cell. These devices 
convert the chemical energy contained in a fuel 
electrochemically into electrical energy.  The basic 
physical structure, or building block, of a fuel cell 
consists of an electrolyte layer in contact with an anode 
and a cathode on either side.  A schematic 
representation of a unit cell with the reactant/product 
gases and the ion conduction flow directions through 
the cell is shown in Figure 1. (EG&G Technical 
Services, Inc. 2004) 
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Figure 1: Schematic of an Individual Fuel Cell 
 
In a typical fuel cell, fuel is fed continuously to the 
anode (negative electrode) and an oxidant (often oxygen 
from air) is fed continuously to the cathode (positive 
electrode). The electrochemical reactions take place at 
the electrodes to produce an electric current through the 
electrolyte, while driving a complementary electric 
current that performs work on the load. Although a fuel 
cell is similar to a typical battery in many ways, it 
differs in several respects. The battery is an energy 
storage device in which all the energy available is 
stored within the battery itself. The battery will cease to 
produce electrical energy when the chemical reactants 
are consumed (i.e., discharged).  A fuel cell, on the 
other hand, is an energy conversion device to which 
fuel and oxidant are supplied continuously. In principle, 
the fuel cell produces power for as long as fuel is 
supplied. (EG&G Technical Services, Inc. 2004) 
In a PEMFC, on a side of the cell, referred as the anode, 
the fuel is supplied under certain pressure. The fuel for 
this model is the pure gas H2, although other 
compositions of gases can be used. In these cases, the 
hydrogen concentration should be determined in the 
mixture. The fuel spreads through the electrode until it 
reaches the catalytic layer of the anode where it reacts 
to form protons and electrons:  
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The protons are transferred through the electrolyte 
(solid membrane) to the catalytic layer of the cathode. 
On the other side of the cell, the oxidizer flows through 
the channels of the plate and it spreads through the 
electrode until it reaches the catalytic layer of the 
cathode. The oxidizer used in this model is oxygen or 
O2. The oxygen is consumed with the protons and 
electrons and the product, liquid water, is produced with 
residual heat on the surface of the catalytic particles. 
The electrochemical reaction that happens in the 
cathode is:  
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Then, the full physical-chemical FC reaction is (Corrêa 
et al. 2004):  
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MODEL DEVELOPMENT 

The actual cell potential is decreased from its ideal 
potential because of several types of irreversible losses. 
These losses are often referred to as polarization, 
overpotential or overvoltage, though only the ohmic 
losses actually behave as a resistance. (EG&G 
Technical Services, Inc. 2004) The output voltage of a 
single cell can be defined as the result of the following 
expression (Mann et al. 2000; Corrêa et al. 2004):  
 

conohmactNernstcell VVVEV            (4) 
 

Where: ENernst  is the thermodynamic potential of the 
cell and it represents its reversible voltage; Vact is the 
voltage drop due to the activation of the anode and 
cathode (also known as activation overpotential), a 
measure of the voltage drop associated with the 
electrodes; Vohm is the ohmic voltage drop (also known 
as ohmic overpotential), a measure of the ohmic voltage 
drop resulting from the resistances of the conduction of 
protons through the solid electrolyte and the electrons 
through its path; and  Vcon  represents the voltage drop 
resulting from the reduction in concentration of the 
reactants gases or, alternatively, from the transport of 
mass of oxygen and hydrogen.  
In the V-I diagram, especially for low-temperature fuel 
cells like PEM fuel cells, the effects of these three loss 
categories are often easy to distinguish, as illustrated in 
Figure 1(EG&G Technical Services, Inc. 2004):  
 

 
 

Figure 2: Actual Fuel Cell Voltage illustration. 
 



 

 

The total voltage output of the fuel cell unit with 35 
cells connected in series is (Frangopoulos and Nakos 
2006): 
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Where ncell is the number of single cells in the PEM fuel 
cell stack. The instantaneous electrical power supplied 
by the cell to the load can be determined by 
(Frangopoulos and Nakos 2006):  
 

cellcell JAVP            (6) 
 

Where Vcell is the cell output voltage for each operating 
condition and Pcell is the output power, in Watts. J is the 
current density in (A/cm2) and A is the cell active area 
(cm2). The fuel cell efficiency is given by 
(Frangopoulos and Nakos 2006):  
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Where µf is the fuel utilization coefficient, generally in 
the range of 95% and 1.48 represents the maximum 
voltage that can be obtained using the higher heating 
value (HHV) for the hydrogen enthalpy (for lower 
heating values or LHV this number is 1.25). Fuel 
utilization is assumed to be constant, which is valid 
where the fuel cell has a hydrogen flow rate control. In 
this case, the hydrogen is supplied according to the load 
current. (Corrêa et al. 2004) The hydrogen molar 
consumption rate for the whole fuel cell unit according 
to the load current is calculated by (EG&G Technical 
Services, Inc. 2004; Frangopoulos and Nakos 2006):  
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Where F is the Faraday’s constant (96,487 coulombs 
(C)), NH2

req is the hydrogen molar consumption rate 
(molH2/min), mH2

req is the hydrogen mass consumption 
rate (kgH2/min) and MH2 is the molar mass of hydrogen 
molecule (gr/molH2). 
 
Cell reversible voltage 

The reversible voltage of the cell (ENernst) is the potential 
of the cell obtained in an open circuit thermodynamic 
balance (without load). In this model, ENernst is 
calculated starting from a modified version of the 
equation of Nernst. This is given by (Larminie and 
Dicks 2003):  
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Where ΔG is the change in Gibbs free energy at 
standard temperature and pressure (J/ mol), ΔS is the 
change in entropy at standard temperature and pressure 
(J/ mol), R is the Molar or universal gas constant (8.314 
JK−1mol−1) and pH2 and pH2 are the Partial pressure of 
hydrogen and oxygen respectively (atm). 
 
Activation Voltage Drop 

Activation losses stem from the activation energy of the 
electrochemical reactions at the electrodes.  These 
losses depend on the reactions at hand, the electro-
catalyst material and microstructure, reactant activities 
(and hence utilization), and weakly on current density. 
As shown in (Mann et al. 2000), the anode overvoltage 
can be represented by:  
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Where ΔG is the change in Gibbs free energy at 
standard temperature and pressure (J/ mol), ΔS is the 
change in entropy at standard temperature and pressure 
(J/ mol), R is the Molar or universal gas constant (8.314 

JK−1mol−1), 
0
ak  is the intrinsic rate constants for the 

anode (cm/s) and CH2 is the concentration of hydrogen 
respectively (molH2/ cm3).  
And the cathode overvoltage can be given by:  
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Where c  chemical activity parameter for the cathode, 
0
ak  is the intrinsic rate constants for the anode (cm/s) 

and CH2, CO2, CH2O is the concentration of hydrogen, 
oxygen, product water respectively (molH2/cm3). 
If there is a need for a single expression to represent the 
activation overvoltage, the total expression to represent 
the activation overpotential, including anode and 
cathode, can be calculated by (Mann et al. 2000):  
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Where the ξ’s represent parametric coefficients for each 
cell model, whose values are defined based on 
theoretical equations with kinetic, thermodynamic and 
electrochemical foundations (Mann et al. 2000).  



 

 

The concentration of hydrogen and oxygen in the 
catalytic interface of the anode and the cathode 
respectively are determined by Henry's law and are 
given by (Corrêa et al. 2004; Frangopoulos and Nakos 
2006):  
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Which are in (mol/cm3).  
 
Ohmic Voltage Drop 

The ohmic voltage drop results from the resistance to 
the electrons transfer through the collecting plates and 
carbon electrodes, and the resistance to the protons 
transfer through the solid membrane. In this model, a 
general expression for resistance is defined to include 
all the important parameters of the membrane. The 
equivalent resistance of the membrane is calculated by 
(Mann et al. 2000; Corrêa et al. 2004):  
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The equivalent resistance of the membrane is calculated 
by:  
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Where rm is the membrane specific resistivity for the 
flow of hydrated protons (ohm.cm), approximated by 
the following empirical expression for NafionTM 117 
membrane (Mann et al. 2000):  
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Where T is the operating temperature of the cell (K) and 
the parameter ψ is an adjustable parameter with a 
possible maximum value of 23. 
 
Concentration Voltage Drop 

The mass transport affects the concentrations of 
hydrogen and oxygen. This, by its turn, causes a 
decrease of the partial pressures of these gases. 
Reduction in the pressures of oxygen and hydrogen 
depend on the electrical current and on the physical 
characteristics of the system. To determine an equation 
for this voltage drop, it is defined a maximum current 

density, Jmax, under which the fuel is being used at the 
same rate of the maximum supply speed. The current 
density cannot surpass this limit because the fuel cannot 
be supplied at a larger rate. 
Thus, the voltage drop due to the mass transport can be 
determined by (Corrêa et al. 2004; Cirrincione et al. 
2005):  
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Where B is a constant that depends on the fuel cell and 
its operating state (V).  
 
EVALUATION AND VALIDATION OF THE 
MODEL 

For implementation of above equation in MATLAB
® 

and validation of the model, one single cell, model 
Ballard Mark V, was simulated, which was fed with 
gases H2 and O2, using the membrane NafionTM 117. 
The parameters used for this simulation are presented in 
Table 1(Corrêa et al. 2004):  
 

Table 1: Ballard Mark V single cell parameters 
 

Parameter Value 
A 50.6 cm2 
l 178 μm 

pH2 1 atm 
pO2 1 atm 
B 0.016 V 

Relec 0.0003 ohm 
ξ1 -0.948 

ξ2 
0.00286+0.0002.lnA+(4.3x10-

5).lncH2 
ξ3 7.6x10-5 
ξ4 -1.93x10-4 
ψ 23 

Jmax 1500 mA/cm2 
 

Figure 3 illustrates the polarization curve predicting by 
this model versus the experimental data by R. F. Mann 
et al. (Mann et al. 2000) and the model proposed by J. 
M. Corrêa et al. (Corrêa et al. 2004) as a reference 
model to validate the efficiency of the proposed model. 

 



 

 

 
 

Figure 3: Ballard Mark V polarization curve 
 
Figure 4 and 5 illustrate the efficiency and power 
density of a single cell base on the proposed model 
respectively. 
 

 
 

Figure 4: Ballard Mark V single cell efficiency 
 

 

 
 

Figure 5: Ballard Mark V Power Density 
 
HYBRID OPTIMIZATION METHOD 

A hybrid optimization method is a gradient base 
optimization method together with genetic algorithm, 
which is a fast precise optimization scheme. Figure 6 
shows the system optimization architecture: 
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Newton, line-
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Figure 6: The system optimization architecture 

 
Genetic algorithm is a derivative free and population 
base algorithm that can near the global optimum point 
without trapping in other local optimum points. 
However there is no guarantee to reach the exact global 
optimum point because it is not gradient base and it is 
base on some random search. Using this algorithm 
together with a gradient base optimization method is a 
very good scheme that shows great performance. Also 
because of using a gradient base optimization method 
together with Genetic Algorithm, reaching the exact 
optimum point is promised.  
 

SYSTEM OPTIMIZATION AND RESULTS  

The optimization of the proposed model is done by 
using a hybrid optimization algorithm. Here the current 
density and operating temperature are the main system 
variables where the hydrogen consumption rate for the 
fuel cell unit is calculated by the equations (8), (9).  
The proposed bounds for current density and operating 
temperature are [0.11 1.31] (A/cm2), [60 90] (oC) 
respectively.  
Using this method for optimizing the power output of 
the PEM fuel cell unit gives: 
J* = 1309.132 mA/cm2, T* = 362.752 K 
This leads to the optimum power output of the stack as 
follows:  
P = V × I => P* = 1.4237e+3 W  
Figure (7) also agrees with the optimization result:  
 

 
 

Figure 7: Ballard Mark V Stack Power Output 
 

Figure (8), (9) illustrate a single cell voltage and 
efficiency in the proposed operating temperature range 
respectively:  
 



 

 

 
 

Figure 8: Ballard Mark V single cell Output Voltage 
 

 
 

Figure 9: Ballard Mark V single cell Efficiency 
 
From the presented Figures, it can be seen that the cell 
voltage and efficiency present higher values for low 
current densities and power densities. On the other 
hand, for higher values of power, the efficiency and the 
voltage present smaller values.  
 
CONCLUSIONS 

The results of the optimization of a PEM fuel cell stack 
shows that, besides the reversible cell voltage is higher 
at low temperature, but higher output power of the stack 
can be achieved at higher temperature due to higher 
current and decrease in voltage losses. So for designing 
a more efficient PEM fuel cell stack, the appropriate 
balance of plant (BoP) should be designed to 
compensate the operating temperature and current 
density to the optimum ones.  
It is also important that the system cannot work with a 
very high voltage or very high current because of some 
technical issues like decreasing the useful life of the 
cell. The designer of the control system should decide 
the appropriate voltage and current in each case with 
respect to the demand of the plant or grid so that it does 
not cause a minor or major damage to the cell.  A trade-
off between power output and system efficiency must 
be taken into account too.  
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