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ABSTRACT

The paper deals with an example of real information
technology developed for the examination of specific
structures of plasma turbulence by the spectral anal-
ysis. The mathematical basis is a probabilistic ap-
proach using a special simulation algorithm to con-
struct sample for the probabilistic modeling. To de-
scribe the fine structure of stochastic processes, fi-
nite mixtures of various probability distributions are
used.

In the paper, the general structure of the devel-
oped information technology including mathematical
models, algorithms and software realization is con-
sidered. Procedures for finding statistical estimators
of the unknown parameters of model are based on
modifications of EM algorithm. Examples of appli-
cation of the developed technology in an important
area of modern physics are presented.

INTRODUCTION

To create effective and safety sizeable scientific plants
using concept of tokamaks (e.g., International Ther-
monuclear Experimental Reactor, ITER) adequate
models of plasma functioning have to be developed.
And the first step for it is the construction of math-
ematical models, algorithms and software for special
laboratory plants.

To estimate process parameters, spectrum mea-
sured by spectrometer, spectrograph or analog-to-
digital converter must be split into components (con-
tinuous spectrum, bands, single components). Spec-
tral analysis is one of the traditional tools of a signal
processing in the plasma turbulence. But the decom-
position of a plasma turbulence spectrum is an ill-
posed problem. The unique solution exists only un-
der additional assumptions about the object’s struc-
ture (Lochte-Holtgreven, 1968; Akhmanov, 2004).
So, it is impossible to obtain important spec-
tral information about the functioning of plasma
turbulence by the traditional approach implying
spectrum’s approximation by Kolmogorov-Obukhov
model or shot (fluctuation) noise model.

However, the spectra must be analyzed since it
makes possible to reveal the set of important phys-
ical parameters: the type of instability, the mech-
anism of turbulence formation, the proportion be-
tween plasma fluctuations and plasma structures,
e.g., ion-acoustic solitons and drift vortices.

To overcome difficulties, special probabilistic pro-
cedure for plasma spectrum decomposition was im-
plemented in the paper (Gorshenin et al., 2011). The
spectrum is interpreted as density of unknown dis-
tribution. Then a test sample with pre-specified size
is simulated using special bootstrap-type procedure.
To this sample we apply an approach based on com-
pound Cox process model and thus an approxima-
tion to the spectrum can be obtained. The choice of
Cox processes for turbulence modelling is based on
known empirical and theoretical results (see, e.g., the
book (Korolev and Skvortsova, 2006)). Surely, one
of the most important problems is that of the choice
and optimization of computational methods for the
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estimation of unknown parameters.

Under some experimental conditions, the efficiency
of the methodology was demonstrated. The spec-
tra were successfully decomposed into the compo-
nents. Moreover, new results confirmed earlier mod-
els. For example, only few components are signif-
icant for plasma turbulence functioning despite of
huge overall number of processes in plasma.

The paper represents the information technology
created for automating of experimental data pro-
cessing using the ideas mentioned above. In the
further sections we discuss the models, algorithms
and improvement techniques included in the informa-
tion technology. Experimental samples for various
plasma conditions from L-2M stellarator (Pshenich-
nikov et al., 2005) were used as data sets for proba-
bilistic modelling.

MATHEMATICAL MODELS

The design of methods for the analysis of stochas-
tic processes is very important for the evaluation
of turbulence characteristics when conditions of the
plasma confinement are changed. In this section
we discuss mathematical approach for probabilistic
modeling in the implemented information technol-
ogy.

The spectrum is interpreted as probability density
function of unknown probability distribution F . We
can obtain any α-quantile (values of α are chosen
pseudo-random from uniform distribution on the in-
terval [0, 1]) by solving the equation

F(xα) = α.

A sample X from unknown distribution F could be
simulated for any predetermined size. Investigating
low-frequency fluctuations of the plasma it was found
that the processes in plasma turbulence could be ad-
equately described by compound Cox processes (Ko-
rolev, 2011). So using this model we can assume
that F(x) is a finite mixture of probability distribu-
tions (e.g., normal, gamma) with unknown parame-
ters, i.e.:

F(x) =

k∑
i=1

piF (x, ai, bi), (1)

k∑
i=1

pi = 1, pi ≥ 0, (2)

where F (·) denotes some type of cumulative distri-
bution functions; k > 1 is a known natural number;
ai bi, i = 1, . . . , k, are parameters of distribution un-
der correct conditions (e.g., standard deviations for
normal mixtures are strictly positive). Quantities
F (x, ai, bi), i = 1, . . . , k, are components of mixture;
p1, . . . , pk are weights; k is a number of components

in mixture. Values pi, ai bi, i = 1, . . . , k, are usu-
ally unknown and should be estimated by sample.
Resulting mixture approximates the spectrum.

For the normal mixtures F(x) in equality (1) has
the following form:

F(x) =

k∑
i=1

piΦ

(
x− ai
σi

)
,

where

ai ∈ R, σi > 0, i = 1, . . . , k,

Φ(x) =
1√
2π

x∫
−∞

exp

{
− t

2

2

}
dt, x ∈ R,

and conditions (2) hold.
For the gamma mixtures F(x) in equality (1) has

the following form:

F(x) =

k∑
i=1

piFri,θi(x),

where

ri > 0, θi > 0, i = 1, . . . , k,

Fr,θ(x) =

x∫
0

θrtr−1e−θt

Γ(r)
dt, x > 0,

and conditions (2) hold.
To find unknown parameters, various modifica-

tions of EM algorithm (Dempster et al., 2011) are
used in the information technology. For the case
of normal mixtures, the estimators can be found
in (Korolev, 2011), gamma-mixtures estimators were
described, e.g., in (Gorshenin and Korolev, 2013).
Characteristics of grid modifications are considered
in (Gorshenin et al., 2013). Combination of differ-
ent methods and special statistical procedures make
it possible to realize an acceptable computation ac-
curacy and to obtain a reasonable time for different
types of spectra.

The initial data are the one- and two-sided Fourier
spectra. The size of the simulated samples is 100000
elements. Maximum number of components for EM
algorithm equals 6. As a stopping criterion we use
the relation

max
∣∣∣θ(m) − θ(m−1)

∣∣∣ < ε,

where θ(m) is a vector of estimated parameters at
m-th iteration step, and the ε is an accuracy. The
computing accuracy ε equals 10−8 (multiple experi-
ments with the EM algorithm demonstrate the fact
that this value provides both the correct results and
a reasonable time). Decomposition of the spectrum
into components gives opportunity to understand the
behavior of different types of fluctuations and struc-
tures in the plasma.



ALGORITHMS AND SOFTWARE

In this section we discuss issues of functioning and in-
teractions of software modules representing the com-
putational part of the information technology.

In modern researches with huge sizes of experimen-
tal data and critical required processing time it is
impossible to imagine an analysis without a creation
of specialized information technologies. To decom-
pose plasma spectra into the components the corre-
sponding solution based on the mathematical model
of compound Cox processes was suggested.

Having developed mathematical tools, new results
for adequacy and velocity were obtained. It prede-
termined set of software’s algorithms. With built-in
MATLAB fourth-generation programming language
the computational module for spectrum’s analysis
was created and optimized for plasma physics re-
search.

The information technology consists of mathemat-
ical, computational and visualization tools and the
user interface for the researchers usability. Let us
consider the structure of the developed software (see
Fig. 1).

Experimental data are external files with access
via software interface. The program can be run with
a help both the standard MATLAB console (there
is the main processing function) and special inter-
face to specify parameters of methods. The first way
is suitable for ”developer mode”, while the most of
users definitely prefer interface which hides the de-
tails of implementation and simplifies working with
a program.

There are three logical modules in the software’s
functional:

1. the simulation module (we simulate a sample for
modelling);

2. the estimation module (we estimate unknown
parameters by the sample using different meth-
ods and obtain approximating mixture);

3. the vizualization module (we plot various fig-
ures).

Obviously, each of these steps must be performed
consecutively (in Fig. 1 it is demonstrated by the
dashed arrows), but you can start at any point (in
Fig. 1 possible execution paths are shown by solid
arrows from the module ”Interface”). It was realized
to process data previously saved on the disk without
re-simulation, re-estimating of parameters or both of
them.

The test sample is formed as described in the pre-
vious section. To estimate unknown parameters the
following methods can be used by user’s choice in the
estimation module:

1. EM algorithm for normal mixtures;

2. EM algorithm for gamma mixtures;

3. grid method for normal mixtures;

4. grid method for gamma mixtures.

The methods for the normal mixtures can be used
for one- and two-sided spectra, the methods for the
gamma mixtures should be applied in case of one-
sided spectra.

EM algorithm is a quite universal method for
finding maximum likelihood estimates. It allows to
achieve a balance between velocity and quality of ap-
proximation. However, if we have some additional
information about parameters, the grid methods can
be more efficient. So, both types of methods were
included in the final software.

The problem of correct determination of number
of components arises during an approximation by fi-
nite distributions mixtures. Therefore, most pow-
erful tests (see, e.g., (Gorshenin, 2011)) and values
of the Lo statistic (Lo et al., 2001) should be used
for these purposes. The program checks significance
of components with low weights by different criteria
and returns the number of components in the mix-
ture. The significance level of criterion is a parameter
of the method.

The vizualization module forms graphical output.
According to parameter estimates the approximating
curve and the constituent components are plotted to
provide an intuitive interpretation of the results. The
graphs allow to determine a number of components
(i.e. processes in turbulent plasma) and specify some
physical characteristics.

Moreover, analyzed experimental data are the se-
ries of spectra obtained under various conditions. To
demonstrate evolution of spectra in time you can plot
three-dimensional surface in the vizualization mod-
ule. A profile in concrete time moment represents
approximating mixture for the corresponding spec-
trum. Three-dimensional graphics can be rotated
and zoomed by mouse. The images could be saved
in the graphic (JPEG, PNG, EPS) and MATLAB’s
formats (FIG).

Mathematical algorithms were approved on the
test samples with known characteristics. As part of
the development of information technology the spe-
cial procedures to improve efficiency and accuracy
were created. Using different algorithms and spe-
cial techniques in the united software we made a de-
tailed analysis of data for sustainable series of spectra
obtained in low-frequency plasma turbulence at the
edge and in the center of the plasma filament in the
L-2M stellarator.

The software can be run on computers with an
installed MATLAB as well as without it (but in this
situation freeware MATLAB Compiler Runtime have
to be installed).



Figure 1: Structure of the information technology

Figure 2: Two-sided spectrum

Figure 3: One-sided spectrum



APPLICATION

In this section, we demonstrate examples of applying
the implemented information technology to the real
data which represent measurements in the laboratory
stellarator L-2M.

Figures 2-3 demonstrate examples of the software’s
output. We can see initial spectrum (thin solid line),
approximating mixture (bold line) and the compo-
nents. The x-coordinate corresponds to frequencies,
the y-coordinate shows the amplitude of spectrum.
There are three dominant components with different
non-zero weights. It corresponds to the energy trans-
fer between different types of turbulence. Most of the
trends in the original spectrum are approximated by
modelled mixture quite good.

Figure 2 demonstrates example of processing for
two-sided spectrum in the certain time moment of
plasma discharge in the stellarator. There are 3
forming components with non-zero weights.

Figure 3 demonstrates example of processing for
one-sided spectrum in the L-2M. There are 5 form-
ing components with non-zero weights. As seen on
figures the number of forming components is finite
and moreover it is a modest as compared with total
number of stochastic processes in plasma turbulence.
Both figures demonstrates spectrum’s decomposition
into the normal components.

The main present reached physical results by the
applying of information technology to the real data
are following:

1. the decomposition of the spectra: the form of
harmonics in amplitude spectra was found out;

2. the specification of correct number of the form-
ing processes in plasma turbulence;

3. the reveal of recurrence of stochastic processes
with typical mean frequencies of spectrum’s
half-width;

4. the determination values of the radial electric
field fluctuations, phase velocities, etc.

POSSIBLE IMPROVEMENTS

In this section we discuss possible ways for the infor-
mation technology to improve a productivity. Un-
doubtedly, it can be embodied by special program-
ming solutions, e.g., we can realize computational
modules using any low-level programming language.
The source code might be very effective and fast but
too difficult for programming and especially for de-
bugging. Moreover, it needs much time and in fact
you will create a new information technology. So in
this section we consider approaches of possible opti-
mizations of the existent technology.

The first way is simply to use more actual and effi-
cient hardware. For example, we have used the Intel

Core i7 CPU and obtained up to 3 times acceleration
of working with one spectrum comparing our previ-
ous hardware. Moreover, modern CPUs have more
than one logical core and so you can process multiple
data sets simultaneously. The ratio between veloc-
ity and time is not linear, nevertheless you obtain
significant acceleration without special techniques!

The second way logically follows the first one in
terms of parallelism. Modern integrated develop-
ment environments (e.g., built-in MATLAB IDE)
support mechanisms for automatization of parallel
computing for a source code. Using special direc-
tives, program can work faster without wide modifi-
cations of the code.

The third way is based on new hardware ideas and
creating special source code for these purposes. It
leads to computing on GPUs, clusters, etc. At that,
GPU solutions are not so expensive as clusters and
supercomputers. The fact that nowadays CPUs are
created with integrated graphics chips (e.g., AMD
Fusion, Intel Ivy Bridge, etc.) demonstrates ex-
tent of perspectiveness of GPU computing. The
world leading GPU producers offer special solutions
for researchers in different ares (CUDA technology
by NVIDIA, ATI Stream Technology by AMD). It
should be noted that in modern GPUs the num-
ber of cores equals from several hundred to thou-
sands ones. Obviously, their performance may be
extremely high for various complex computational
problems in the areas with the critical requirements
for accuracy and processing time. Surely, one of the
most important problems is a creation of an effective
software that would be able to use the full power
of the hardware solutions. In fact the optimal ap-
plication performance on multi-core systems can be
achieved through rational use of program threads for
the correct allocation of subproblems. Threads ex-
ecution can be optimized for running on a different
physical cores.

CONCLUSION

As mentioned above the proposed methodology is
quit successful for problems of approximation of a
spectrum and its decomposition into the compo-
nents. The number of components and the forms
are invariable in specific regions in the series. The
resulting number of significant components in the de-
composition of the spectrum adjusts with the physi-
cal essence of the processes under study because the
amount of significant processes in real data is a mod-
est.

The use of non-parametric estimation procedures
in plasma physics is very prospective for the analy-
sis of short-wavelength plasma turbulence. With the
help of a physical interpretation of the component
it is possible to create more precise models of the
turbulent plasma functioning.



Thus, the created information technology presents
an effective software tool of plasma processes re-
search. Moreover, just now we obtained informal
outcomes for the real data sets.

Due to the informational properties of probability
distributions, some known physical aspects the prob-
lem of modelling of spectra by mixtures of another
distributions can be very interesting and perspective.
Although it seems to be an object of special indepen-
dent research.

The problem of spectrum components decomposi-
tion is a relevant in other physical spheres, e.g., quan-
tum decoding of the harmonic spectra of diatomic
molecules like a titanium (II) oxide TiO (Hermann
et al., 2001).

The implemented methods contributes to the ap-
plication of mathematical methods and computa-
tional techniques in the physics of plasma turbulence.
The created information technology can be used as
software basis of processing experimental data in the
data centers. To use the solution in real plants like
ITER some software and hardware improvements in-
cluding mentioned in previous section are needed.
But success methodology for laboratory plant allows
to expect potentially interesting results in this case
too.
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