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derivation of specific equations from (1) is not the 
purpose of this paper, thus only final result will be 
presented. This result consists of a system of 2 ordinary 
second-order differential equations: 

 ( )2
2: sin 0bI

x m x m y x mg
r

αβ α α⎛ ⎞+ − + + =⎜ ⎟
⎝ ⎠

  (3) 

 ( )2
2: sin 0bI

y m y m x y mg
r

αβ β β⎛ ⎞+ − + + =⎜ ⎟
⎝ ⎠

  (4) 

where m, r and Ib are mass, radius and moment of inertia 
of the ball respectively, g is gravitational acceleration, α 
and β are plate angles (α changes x coordinate and β 
changes y coordinate), α and β  are first time 
derivatives of plate angles, x and y are coordinates of 
the ball from center of the plate and x , y  are second 
time derivatives of ball coordinates. 
 
Linearized Model 

For small angles of the plate, one can write sinα α≈  
and sin β β≈ . It is also assumed that the rate of change 
in plate inclination is small around the linearization 
point, thus 0αβ ≈ , 2 0α ≈  and 2 0β ≈ . The moment 
of inertia of a hollow sphere (spherical shell) can be 

ideally expressed as 22
3bI mr= . These simplifications 

applied to (3) and (4) result in 
 : bx x K α=   (5) 

 : by y K β=   (6) 

where Kb is constant dependent only on the gravitational 
acceleration g and the type of ball. The two dimensional 
problem is considered to be symmetric (see (3) and (4)), 
thus it is possible to express the mathematical model (by 
merging (2) with (5) or (6)) in one continuous transfer 
function G(s) with generalized coordinate as output Y(s) 
and generalized angle as input U(s): 

 
( )2 3 2

( )( )
( ) 1m m

Y s K KG s
U s s s s sτ τ

= = =
+ +

  (7) 

where K = KbKmCx is velocity gain of the integrating 
system (Cx = 5 m-1 is conversion coefficient from 
meters to normalized coordinates). 
Equation (7) can be generaly discretized into: 
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b z b z b zB zG z
A z a z a z a z

− − −−
−
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+ +
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where B(z-1) and A(z-1) are polynomials with unknown 
coefficients. Because the Ball & Plate model has double 
integrator, discrete transfer function (8) can be 
simplified as follows: 

 
1 2 3

1 1 2 3
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(1 ) (1 )
b z b z b z

G z
z c z

− − −
−

− −
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2DOF LQ CONTROLLER DESIGN 

Control Law 

The controller is designed for two degree of freedom 
(2DOF) closed-loop control system shown in Figure 2, 
where G is controlled plant, Cf and Cb are feed-forward 
and feed-back parts of the controller respectively, 

1 11 / ( ) 1 / (1 )K z z− −= −  is the summation part of the 
controller (it is extracted from denominators of Cf and 
Cb for practical reasons), w(k) is reference signal, y(k) is 
output of the system, u(k) is output of the controller, 
n(k) is load disturbance and v(k) is disturbance signal. It 
is assumed that no disturbances act on the system. This 
is obviously not true for real system, but it simplifies the 
design and structure of the controller. 
 

 
Figure 2: Structure of 2DOF controller 

As mentioned, the controller is designed using 
polynomial approach. By taking signals from Figure 2 
in their discrete forms (and omitting z-1 in polynomials' 
notation), one can write a relation between reference 
signal and output of the system:  

 1 1( ) ( )BRY z W z
AKP BQ

− −=
+

  (10) 

The characteristic polynomial D(z-1) can be extracted 
from (10) creating a Diophantine equation: 
 D AKP BQ= +   (11) 

All polynomials in transfer functions will be called by 
their respective letter from now on, because omitting the 
term "(z-1)" will simplify the notation. Degree of 
polynomials Q, R and P can be obtained by determining 
the degree of the characteristic polynomial D, as 
described in (Bobál et al. 2005), from where it should be 
6 for this specific case: 
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Thus controllers Cb and Cf are 
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1 2
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1f

rRC z
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−
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+ +
  (14) 

where Q and P are polynomials with unknown 
coefficients, computed from (11) by method of 
undetermined coefficients. Polynomial R has one 
unknown coefficient r0, which can be calculated for 
step-changing signal (see (Bobál et al. 2005)) as: 
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