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ABSTRACT
A method for the optimal design of amperometric biosen-
sors with cyclic substrate conversion is proposed. The
design is multi-objective since biosensors must meet nu-
merous, frequently conflicting, requirements of users
and manufacturers. Moreover, they should be tech-
nologically and economically competitive. To apply
a multi-optimization technique, a mathematical model
should be developed where the most important character-
istics of the biosensor are defined as objectives, and the
other characteristics and requirements are defined as con-
strains. For the considered biosensors the following char-
acteristics are taken as objectives: the output current, the
enzyme amount, and the biosensor sensitivity. The pro-
posed method consists of two phases. At the first phase
an approximated Pareto front is constructed, and a pre-
liminary solution is selected. The second phase is aimed
at specification of the Pareto front around the preliminary
solution, and at making the final decision. A numerical
example is presented using a computational model of an
industrially relevant biosensor.

INTRODUCTION
A biosensor is a device capable to measure the concen-
tration of an analyte (Scheller and Schubert 1992; Turner
et al. 1987). A catalytic biosensor is based on the enzy-
matic reaction where the analyte is turned to a measur-
able product (Banica 2012). Amperometric biosensors
measure the changes in the output current on the work-
ing electrode due to the direct oxidation or reduction of
the products of biochemical reactions (Grieshaber et al.
2008). In this work a biosensor utilizing the cyclic sub-
strate conversion was considered. Biosensors with cyclic
substrate conversion are of particular interest due to high
sensitivity possible by utilizing a cyclic substrate conver-
sion in a single enzyme membrane (Kulys and Vidziu-
naite 2003).

The efforts to design biocatalytical systems can be
mightily reduced by the aid of computer tools (Dagan
and Bercovici 2014). The multi-objective optimization

has been successfully applied to design biochemical sys-
tems (Vera et al. 2010; Taras and Woinaroschy 2012), to
increase the productivity of multi-enzyme systems (Ar-
dao and Zeng 2013) and for optimal design of synergistic
amperometric biosensors (Baronas et al. 2016).

The multi-objective optimization is often used as a
tool to get a representative set of trade-off solutions for
a product to be designed (Žilinskas et al. 2006). The
trade-off solutions, also known as Pareto optimal solu-
tions, together with trade-off curves as their visualization
are widely used for learning and making decisions when
designing products (Maksimovic et al. 2012). Ampero-
metric biosensors can be rather efficiently designed and
optimized by combining the multi-objective optimization
and multi-dimensional visualization with computational
modelling (Baronas et al. 2016).

One and two compartment mathematical and corre-
sponding numerical models for particular amperometric
biosensors utilizing cyclic substrate conversion are al-
ready known (Sorochinskii and Kurganov 1996; Baronas
et al. 2004a,b). In this work, a more complex biosen-
sor involving a dialysis membrane is modelled and opti-
mized. The modelling biosensor comprises three com-
partments, an enzyme layer, a dialysis membrane and
an outer diffusion layer. The model is based on non-
stationary reaction-diffusion equations containing a non-
linear term related to Michaelis-Menten kinetic of the
enzymatic reaction (Baronas et al. 2010). The numer-
ical simulation of the biosensor action was carried out
using the finite difference technique (Britz and Strutwolf
2016).

The objective functions in such applications are often
non-linear and therefore the multi-objective optimization
consumes much computational time, especially when the
objectives are considered as expensive black-box func-
tions, whose values can be obtained by solving nonlin-
ear partial differential equations numerically. Because
of this a two phase multi-objective optimization was ap-
plied. Firstly, a particular trade-off solution is obtained
and a Pareto front is analyzed. Then the preliminary so-
lution is adjusted in a specific part of the Pareto front, the
decision variables are calculated, and finally pilot plant
tests can be performed. For the amperometric biosensors
with cyclic substrate conversion the output current, the
enzyme amount and the gain of the current were consid-
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ered in the optimization.

MATHEMATICAL MODELLING
Modelling biosensor
An amperometric biosensor may be considered as en-
zyme membrane attached to an electrode. In the case
of the biosensor utilizing cyclic substrate conversion, a
measured substrate (S) is electrochemically converted to
a product (P) which in an enzyme (E) reaction in turn is
converted to the substrate (S) (Baronas et al. 2004b),

S −→ P E−→ S. (1)

The modelling biosensor involves four regions: the en-
zyme layer where the enzymatic reaction as well as the
mass transport by diffusion take place, a dialysis mem-
brane and a diffusion limiting region where only the
mass transport by diffusion takes place, and a convec-
tive region where the analyte concentration remains con-
stant. The schematic view of the biosensor is presented
in Fig. 1, where d1, d2 and d3 are the thicknesses of
the enzyme, dialysis and diffusion layers, respectively,
x = a0 = 0 corresponds to the electrode surface, and a1,
a2, a3 denote boundaries between the adjacent regions.
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Figure 1. Principal structure of a biosensor.

Let us define d1, d2 and d3 as the thicknesses of the enzyme, dialysis membrane and diffusion layers,
respectively. We will also need values representing the distances between the electrode surface and the
boundaries of the regions. Let a1, a2 and a3 be the distances between the electrode surface and one of
those boundaries shown in Figure 1.

The diffusion layer (a2 < x < a3) may be treated as the Nernst diffusion layer [29]. According to the
Nernst approach a layer of thickness d3 remains unchanged with time. It was assumed that away from it
the solution is uniform in concentration.

2.2. Governing Equations

The governing equations for a chemical reaction network can be formulated by the law of mass
action [11,21]. Coupling reactions in the enzyme layer with the one-dimensional-in-space diffusion,
described by the Fick’s second law, leads to the following equations of the reaction–diffusion type
(0 < x < a1, t > 0):

∂eox
∂t

= −k1eoxr1 + k2ereds11 + k3ereds21 (2a)

∂ered
∂t

= k1eoxr1 − k2ereds11 − k3ereds21 (2b)

∂r1
∂t

= DR1
∂2r1
∂x2
− k1eoxr1 (2c)

∂s11
∂t

= DS11
∂2s11
∂x2

− k2ereds11 − k4s11p21 (2d)

∂s21
∂t

= DS21
∂2s21
∂x2

− k3ereds21 + k4s11p21 (2e)

∂p11
∂t

= DP11
∂2p11
∂x2

+ k2ereds11 + k4s11p21 (2f)

∂p21
∂t

= DP21
∂2p21
∂x2

+ k3ereds21 − k4s11p21 (2g)

where x stands for space, t is time, eox(x, t) and ered(x, t) correspond to concentrations of oxidized
(Eox) and reduced (Ered) enzyme, respectively; s11(x, t) and s21(x, t) (p11(x, t) and p21(x, t)) are the

Figure 1: The Schematic View of the Biosensor.

Mathematical model of biosensor
Assuming symmetric geometry of the enzyme electrode,
homogeneous distribution of the enzyme in the enzyme
membrane and the uniform thickness of the dialysis
membrane, the dynamics of the biosensor action can
be described by the following reaction-diffusion system
(t > 0):

∂S1

∂t
= DS1

∂2S1

∂x2
+

VmaxP1

KM + P1
, (2a)

∂P1

∂t
= DP1

∂2P1

∂x2
− VmaxP1

KM + P1
, x ∈ (0, a1), (2b)

∂Si

∂t
= DSi

∂2Si

∂x2
, (2c)

∂Pi

∂t
= DPi

∂2Pi

∂x2
, x ∈ (ai−1, ai), i = 2, 3, (2d)

where x and t stand for space and time, respectively,
Si(x, t), Pi(x, t), i = 1, ..., 3 are the substrate (S) and
reaction product (P) concentrations in the enzyme layer
(i = 1), dialysis membrane (i = 2) and diffusion layer
(i = 3), DSi

, DPi
, i = 1, ..., 3 are the diffusion coeffi-

cients, Vmax is the maximal enzymatic rate, and KM is
the Michaelis constant (Baronas et al. 2004a,b).

The biosensor operation starts when the substrate ap-
pears in the bulk solution. This is used in the initial con-
ditions (t = 0),

Pi(x, 0) = 0, x ∈ [ai−1, ai], i = 1, ..., 3 (3a)
Si(x, 0) = 0, x ∈ [ai−1, ai], i = 1, 2, (3b)
S3(x, 0) = 0, x ∈ [a2, a3), S3(a3, 0) = S0, (3c)

where S0 is the concentration of the substrate to be ana-
lyzed.

The substrate is assumed to be an electro-active sub-
stance. Due to the electrode polarization the concentra-
tion of the substrate at the electrode surface is perma-
nently reduced to zero. The substrate at the electrode sur-
face is electrochemically converted to the product. The
product is generated at the same rate as the substrate is
reduced. On the boundary between the adjacent regions
having different diffusivities the matching conditions are
defined (t > 0),

S1(0, t) = 0, S3(a3, t) = S0, P3(a3, t) = 0 (4a)

DP1

∂P1

∂x

∣∣∣∣
x=0

= −DS1

∂S1

∂x

∣∣∣∣
x=0

, (4b)

DSi

∂Si

∂x

∣∣∣∣
x=ai

= DSi+1

∂Si+1

∂x

∣∣∣∣
x=ai

, (4c)

Si(ai, t) = Si+1(ai, t), (4d)

DPi

∂Pi

∂x

∣∣∣∣
x=ai

= DPi+1

∂Pi+1

∂x

∣∣∣∣
x=ai

, (4e)

Pi(ai, t) = Pi+1(ai, t), i = 1, 2. (4f)

For simplicity, the functions Si and Pi applicable to
particular intervals [ai−1, ai] (i = 1, ..., 3) are replaced
with S(x, t) and P (x, t) applicable to whole domain,
x ∈ [0, a3], t ≥ 0. Both concentration functions are
continuous in the entire domain.

During a physical experiment the anodic or cathodic
current is measured as the biosensor response. The cur-
rent depends on the flux of electro-active substrate (S)
at electrode surface (x = 0). The current density I(t)
at time t can be explicitly calculated from Faraday’s and
Fick’s laws,

I(t) = neFDS1

∂S

∂x

∣∣∣∣
x=0

= − neFDP1

∂P

∂x

∣∣∣∣
x=0

, (5)

where ne is the number electrons involved in charge
transfer, F is Faraday’s constant, F ≈ 9.65×104 C/mol.

During the biosensor operation the system (2)-(4) as
well as the biosensor current I(t) approaches the steady
state,

I∞ = lim
t→∞

I(t). (6)



Computational simulation
The initial boundary value problem (2)-(4) is a non-
linear. Because of this the problem was solved numeri-
cally by applying the finite difference technique (Baronas
et al. 2010). An explicit finite difference scheme was
build as a result of the model discretization (Baronas
et al. 2004a,b).

Some parameters of the model (2)-(4) are application-
specific and cannot be changed or optimized by a biosen-
sor designer (Banica 2012; Grieshaber et al. 2008).
Meanwhile, values of some other parameters, e.g., the
concentration of the enzyme as well as the biosensor ge-
ometry, can be selected by the designer quite freely. The
following values specific to phenol sensitive biosensors
and commercially available dialysis membranes were as-
sumed to be constant (Kulys and Vidziunaite 2003; Ban-
ica 2012):

DS1
= DP1

= 3× 10−6cm2/s, (7a)
DS2

= DS1
/10, DP2

= DP1
/10, (7b)

DS3
= 2DS1

, DP3
= 2DP1

, (7c)

KM = 10−7mol/cm3, ne = 2. (7d)

The chemical signal amplification is one the main fea-
tures of amperometric biosensors utilizing cyclic sub-
strate conversion (Kulys and Vidziunaite 2003). The rate
of the steady state current of enzyme active electrode
(Vmax > 0) to the steady state current of the correspond-
ing enzyme inactive electrode (Vmax = 0) is considered
as the gain G of the biosensor sensitivity (Baronas et al.
2004b),

G(Vmax) =
I∞(Vmax)

I∞(0)
. (8)

Due to the substrate cyclic conversion, the gain G of the
sensitivity significantly depends on the geometry as well
as catalytic activity of the biosensor and can be increased
in some tens of times (Baronas et al. 2004a,b).

OPTIMAL DESIGN OF THE BIOSENSOR

The design of a biosensor can be mathematically reduced
to a multi-objective optimization problem (Baronas et al.
2016). The complexity of biosensors involves consid-
eration and simultaneous optimization of several often
conflicting objectives, which means that if one of them
is improved, the others get worse (Sadana and Sadana
2011). The solutions of multi-objective optimization is
called Pareto optimal front (Deb 2009).

The goal of the optimal design is to find Pareto opti-
mal solutions and by use of expert evaluation to find a
particular trade-off solution which would satisfy needs
of user and manufacturer (Žilinskas et al. 2006; Maksi-
movic et al. 2012; Žilinskas 2013; Žilinskas et al. 2015).

Most enzymes are expensive products and some of
them are produced in very limited quantity (Sadana and
Sadana 2011; Banica 2012). In such cases the opti-
mization of the enzyme amount is important though the

greater amount of the enzyme in some cases increases the
range of calibration curve (Baronas et al. 2010).

The biosensor response is often perturbed by noise,
e.g. white noise, sinusoidal power electrical noise, or
if the biosensor response is biased, e.g. by tempera-
ture change (Hassibi et al. 2007). Miniaturized biosen-
sors with small sensing area has low signal-to-noise ra-
tio and it may result problems in measurement (Sadana
and Sadana 2011). To reduce the negative influence of
the signal noise to the biosensor sensitivity the biosensor
current should be as high as possible.

The current of the biosensor utilizing cyclic substrate
conversion monotonously increases with increasing the
substrate concentration (Baronas et al. 2004b). Because
of this, the biosensor current IM calculated at a moderate
concentration S0 = KM of the substrate was assumed as
the characteristics of the magnitude of the current of a
particular biosensor,

IM = I∞(KM ), (9)

where I∞(KM ) is density of the steady state current cal-
culated assuming S0 = KM .

The gain of the biosensor sensitivity G shows the in-
crease of the steady state current due to the enzyme catal-
ized reaction. The high G indicates that the biosensor
with a particular configuration effectively uses enzyme
to amplify the current.

The maximal enzymatic rate Vmax is proportional to
enzyme amount (Vmax = kE, k - reaction rate constant,
E - enzyme concentration) and is attainable with that
amount of enzyme, when the enzyme is fully saturated
with the substrate. So, the maximal enzymatic rate can
be changed by changing the enzyme concentration. The
relative enzyme amount can be calculated as the product
Vmaxd1 of the maximal enzymatic rate and the thickness
of enzyme layer.

The enzyme amount d1Vmax, the density IM of the
steady state current and the gainG of the sensitivity were
optimized for the optimization of the biosensor utilizing
cyclic substrate conversion.

Multi-objective optimization problem
Design of the biosensor with the cyclic substrate con-
version can be stated as a three-objective optimiza-
tion problem with the objective function Φ(x) =
(ϕ1(x), ϕ2(x), ϕ3(x))T , where ϕ1(x) is G, ϕ2(x) is IM
and ϕ3(x) is d1Vmax. Decision variables of the optimal
design are given in Table 1.

Table 1: Decision Variables x = (d1, d2, d3, Vmax)
T for

the Cyclic Biosensor Design Problem

Variable Description Range
d1 Enzyme layer thickness, cm [2× 10−4, 5× 10−2]
d2 Dialysis membrane thickness, cm [10−4, 10−2]
d3 Diffusion layer thickness, cm [10−4, 10−1]
Vmax Maximal enzymatic rate, mol/(cm3s) [0, 10−6]



Range values of the decision parameters should be ex-
pertly evaluated. It depends on technological possibili-
ties, e.g. the thicknesses of the commercially available
dialysis membranes or the thicknesses of nylon nets used
for the enzyme layer (Scheller and Schubert 1992).

The defined multi-objective minimization problem is
difficult since the objective function Φ was defined by
expensive black-box functions calculated from the nu-
merical solution of the system (2)-(4) of non-linear par-
tial differential equations. This feature of the objective
function is a crucial factor for selecting an appropriate
algorithm to find a Pareto front representation. The clas-
sical methods (Miettinen 1999) are efficient for smooth
convex problems and not suitable here because of the of
non-smoothness of the objective functions implied by the
numerical errors of the solution of equations (2)-(4).

The application of metaheuristic methods is limited
due to expensiveness of the function to be optimized, i.e.
calculation of the objective function Φ(x) takes about 5
minutes using Intel Core i7-4770 3.5 GHz based personal
computer. For optimization problems with given charac-
teristics the most suitable is statistical model based algo-
rithm (Žilinskas 2014), however software currently avail-
able only for bi-objective problems. Among other al-
ternatives Chebyshev scalarization based methods seem
most promising (Miettinen 1999).

First two objectives functions (ϕ1(x), ϕ2(x)) are max-
imized while the last one (ϕ3(x)) is minimized. The op-
timization task to minimize objectives normalised to unit
interval [0, 1] can be formulated as follows:

FP = min
x∈A

F (x), (10a)

F (x) = (f1(x), f2(x), f3(x))T , (10b)

fi(x) =
ϕ+
i − ϕi(x)

ϕ+
i − ϕ

−
i

, i = 1, 2, (10c)

f3(x) =
ϕ3(x)− ϕ−3
ϕ+
3 − ϕ

−
3

, (10d)

ϕ+
i = max

x∈A
ϕi(x), i = 1, 2, 3, (10e)

ϕ−i = min
x∈A

ϕi(x), i = 1, 2, 3, (10f)

x = (x1, . . . , x4)T , (10g)
A = {x : 0 ≤ xj ≤ 1, j = 1, ..., 4}, (10h)

where x1, ..., x4 are the decision variables d1, d2, d3 and
Vmax re-scaled to the unit interval.

The ranges for the objective functions (ϕ−i , ϕ
+
i ) were

found by using the single criteria optimization of the cor-
responding function ϕi(x), i = 1, 2, 3. The multi-start of
Hooke-Jeeves algorithm was used for this (Kelly 1999).

The multi-criteria optimization besides finding Pareto
front approximation FP also finds optimal decision vari-
ables,

XP = {x : F (x) ∈ FP}. (11)

Results of optimization
The Chebyshev scalarization was used to the transform
multi-objective problem (10a) to a single objective prob-
lem,

f(x) = max
1≤i≤3

wifi(x), x(w) = arg min
x∈A

f(x), (12a)

w = (w1, w2, w3)T , 0 ≤ wi ≤ 1,

3∑
i=1

wi = 1, (12b)

where the minimizer x(w) is the Pareto optimal solution
of the original problem (10a).

All the Pareto optimal solutions can be found by solv-
ing (12a) with an appropriate weight vector w. To find an
approximation of the Pareto front FP and the decision
vectors XP the solution of (10a) should be found with
a set of different weight vectors w. The optimization of
the scalarized function f(x) was performed by using the
multi-start Hooke Jeeves algorithm (Kelly 1999), since it
was successfully applied to similar problems (Žilinskas
et al. 2006; Baronas et al. 2016). Some solutions of (10a)
are weak Pareto optimal but they may be easily filtered.

The selection of weights to get an uniform distribu-
tion of FP is rather complicated task. Search of Pareto
front solutions was performed by a two step procedure.
In the first step, the uniformly distributed weights were
used as shown in Fig. 2a to solve the task (12a). Found
Pareto optimal solutions are shown in Fig. 2b. One can
see in Fig. 2b a gap in the Pareto front near square points.
The corresponding weight vectors are shown as squares
in Fig. 2a. To abolish the gap a more detailed repre-
sentation of the Pareto front is needed in the neighbour-
hood of square points. In the second step, additional
weight vectors (black points) are added to find solutions
in neighbourhood of the square points in Fig. 3a. The
supplemented representation of the Pareto front is pre-
sented in Fig. 3b. The gap is now completed by new
solutions (black points). In figures the Pareto front so-
lutions were given in the original dimensions Φ(x) =
(ϕ1(x), ϕ2(x), ϕ3(x))T to be able expertly evaluate so-
lutions in further analysis.

The described implementation of the two phase opti-
mization procedure is still appropriate to run on a per-
sonal computer, even the multi-objective optimization
was done with expensive black-box function. The com-
putation of whole Pareto front took about a week (154
hours). The algorithm was parallelized by a master-slave
approach using the Open MPI protocol (Gabriel et al.
2004). Eight parallel threads were used since the per-
sonal computer is based on Intel Core i7-4770 3.5 GHz
processor. Each thread optimized function (12a) with dif-
ferent weight vectors w.

The analysis of the Pareto front FP was performed to
find an acceptable trade-off solution. The solution with
the lowest enzyme amount d1Vmax = 8.4 pmol/(cm2s)
corresponds to the lowest steady state current IM =
1.7 µA/(cm2) and the lowest gain of the sensitivity
G = 1.8. The solution with the highest enzyme amount
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Figure 3: Additional Weights Indicated by Black Points in the Triangle of Weights (a) and the Complementary Repre-
sentation of the Pareto Front (b)

d1Vmax = 2.5 nmol/(cm2s) has the highest steady state
current IM = 79.1 µA/(cm2) and the highest gain of the
sensitivity G = 80.1. So, the steady state current and
the gain of the sensitivity are proportional to the enzyme
amount.

The steady state current and the sensitivity gain are
not conflicting parameters, i.e. while one parameter in-
creases also the other increases. An expert analysis of
the Pareto front revealed that the solution marked with
red circle (G, IM , d1Vmax) = (25.3, 25.2 µA/(cm2),
0.3 nmol/(cm2s)) is best trade-off solution for the practi-
cal use (d1, d2, d3, Vmax) = (1.45×10−3 cm, 5.56×10−3

cm, 1.14× 10−3 cm, 2.03× 10−7 mol/(cm3s)). It uses a
relatively small amount of enzyme and gives an accept-
ably high the steady state current as well as the sensitivity
gain.

The analysis of Pareto front decision variables XP re-
vealed that a very thin enzyme layer is used in Pareto
optimal solutions, i.e. the range of enzyme layer thick-
ness is near the low boundary of selected d1 range (see
Table 1): d1 ∈ (2.84 × 10−4 cm, 2.52 × 10−3 cm). So,
a thin enzyme layer should be used in the biosensor with

the cyclic substrate conversion.
When comparing obtained the best trade-off solution

with known configurations of the modelling biosensor
particularly used for continuous flow-through measure-
ments of phenol compounds in a alarm systems (Kulys
and Vidziunaite 2003; Baronas et al. 2004a,b), one can
see that the optimized biosensor provides about ten
times greater signal gain G = 25.3 than the others
at approximately the same enzyme amount (d1Vmax =
0.3 nmol/(cm2s)).

CONCLUSIONS
Optimal design of a biosensor is reducible to a prob-
lem of black-box multi-objective optimization. The ob-
jectives are computationally intensive since they are de-
fined numerically via solution of a system of non linear
partial differential equations. The Chebyshev scalariza-
tion based two phases method is appropriate to construct
the approximation of the Pareto front the visualization of
which greatly aids the design of the biosensor in ques-
tion. The performed testing has shown that the comput-
ing resources of a personal computer are sufficient to de-



sign an industrially relevant biosensor by means of the
proposed method.

ACKNOWLEDGEMENTS
The authors are grateful to Prof. Juozas Kulys for valu-
able discussions and his contribution to modelling of
biosensors.

REFERENCES
Ardao, I. and A. P. Zeng. 2013. ”In silico evaluation of a com-

plex multi-enzymatic system using one-potand modular ap-
proaches: Application to the high-yield production of hy-
drogen from a synthetic metabolic pathway.” Chemical En-
gineering Science 87, 183–193.

Banica, F. 2012. Chemical Sensors and Biosensors: Funda-
mentals and Applications. John Wiley & Sons, Chichester,
UK.

Baronas, R.; F. Ivanauskas; and J. Kulys. 2004a. ”The ef-
fect of diffusion limitations on the response of amperomet-
ric biosensors with substrate cyclic conversion.” Journal of
Mathematical Chemistry 35, No.3, 199–213.

Baronas, R.; F. Ivanauskas; and J. Kulys. 2010. Mathematical
Modeling of Biosensors. Springer, Dordrecht.

Baronas, R.; J. Kulys; and F. Ivanauskas. 2004b. ”Modelling
amperometric enzyme electrode with substrate cyclic con-
version.” Biosensors and Bioelectronics 19, 915–922.
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Žilinskas, A.; E. S. Fraga; and A. Mackutė. 2006. ”Data anal-
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