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ABSTRACT

The goal of this contribution is to present simulation re-
sults of the adaptive control of the tubular chemical re-
actor as a typical equipment used in the industry. The
mathematical model of the tubular reactor is described
by a set of nonlinear partial differential equations. The
numerical solution of such model is not trivial but the
combination of the Finite difference and Rung-Kutta’s
method can be used for this task. The adaptivity of
the controller is satisfied by the recursive identification
of the external linear model as a linear representation
of the originally nonlinear system. Control synthesis
employs a polynomial approach together with the con-
nection to the Pole-placement method and the spec-
tral factorization satisfies basic control requirements
and provides not only the structure of the controller
but also computational relations. There are compared
results for control systems with one degree-of-freedom
(1DOF) and two degrees-of-freedom (2DOF).

INTRODUCTION

A tubular chemical reactor is an equipment that can be
found in various industrial applications mainly in the
chemical or biochemical industry (Ingham et al. 2000),
(Russell and Denn 1972). Unfortunately, these systems
are usually nonlinear and very complex for the math-
ematical description. The result of the modelling is
often mathematical model in the form of a set of non-
linear partial differential equations (PDE) (Dostal et
al. 1996). This set could be then numerically solved
for example by the Finite differences method (Gross-
mann et al. 2007), (Evans 2010) that transform the set
of PDE to the set of Ordinary Differential Equations
(ODE) which are much better solvable using various
numerical methods. The most common ones, Runge-
Kutta’s methods are very famous because they can be
easily programmed or they are even build-in functions
in the mathematical software like MathWork’s Matlab
(Mathews and Fink 2004), Wolfram Mathematica etc.
Adaptive control (Astrom and Wittenmark 1989) is not
a new control technique but it is still used and de-

veloped in the practice. It’s philosophy is taken from
the nature where animals, plants or even human beings
”adopts” they behaviour to the environment they are
living in. Similarly, an adaptive controller changes its
structure, parameters etc. according to requirements,
settings, disturbances or generally changing conditions
of the control (Bobal et al. 2005). This feature is a
big advantage to the conventional methods that pro-
duces controllers with fixed parameters that could lead
to nonoptimal or oven unwanted control results.
Use of the polynomial synthesis (Kucera 1993) in the
adaptive control satisfies basic control requirements
such as stability, reference signal tracking and distur-
bance attenuation. An advantage of this method is also
in the fact, that it provides not only the structure of
the controller but also relations for computing of con-
troller’s parameters.
All results presented in this contribution came from the
simulation in the mathematical software MathWorks
Matlab, version 7.1. Future work may aim to the ver-
ification of the controller on a real system or model of
a real system.

PLUG-FLOW CHEMICAL REACTOR

A system which will be subjected to simulation experi-
ments is a tubular chemical reactor (Dostal et al. 1996).
We consider reaction inside has this simple scheme:

A
k1−→ B

k2−→ C (1)

The simplified scheme of the tubular chemical reactor
can be found in Fig. 1.

Fig. 1. Schematic representation of the Plug-flow Tubular Chem-
ical Reactor

The mathematical model of this system is constructed
with the help of material balances inside. Very impor-
tant thing in the construction of the model is that state
variables depend not only on the time variable, t, but
also on the space variable, z. As a result, the math-
ematical model is described by the set of five Partial
Differential Equations (PDE):
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Variables vr and vc represents fluid velocities of the
reactant and cooling that are computed from

vr =
qr
fr

; vc =
qc
fc

(3)

where constants fr and fc are computed from

fr = n1
π · d21

4
; fc =

π

4

(
d23 − n1 · d22

)
(4)

The nonlinearity of this system is mainly because of the
reaction heat, hr, and reaction velocities, ki, that are
computed using the so called Arrhenius law:

hr = h1 · k1 · cA + h2 · k2 · cB
ki = k0i · exp

(
−Ei
R · Tr

)
for i = 1, 2

(5)

with k0i as pre-exponential factors, Ej are activation
energies, R represents universal gas constant and hi as
activation energies.
Fixed parameters of the reactor are shown in Table I
(Dostal et al. 1996).
This system has five state variables - concentrations
of compounds A and B cA(z, t), cB(z, t), temperature
of the reactant Tr(z, t), temperature of the metal wall
Tw(z, t) and the temperature of the coolant Tc(z, t).
There is also wide range of input variables, for example
input concentrations cA0(t) or cB0(t) or input temper-
atures of the reactant, Tr0(t), or coolant at the end
of the reactor as we consider counter-current cooling,
TcL(t). However, the change of these input variables in
control is very difficult which makes them useless from
the practical point of view.
That is why the change of the flow rate of the coolant
qc was used in our work. This flow rate is used in
the computation of the fluid velocity vc as it is shown
in (3). The controlled variable will be mean reactant
temperature inside the reactor. Both, control (u(t))
and controlled (y(t)) variable are then

u(t) =
qc(t)− qsc

qsc
· 100 [%]

y(t) = Tmean(t) =

N∑
z=1

Tr(z, t)

N
[K]

(6)

where qsc denotes initial (steady-state) volumetric flow
rate of the coolant, z is space variable that corresponds
to the discretization mentioned above where the length
of the reactor L is divided into N equivalent parts.

Name and value of the parameter

Inner diameter of small pipe d1 = 0.02 m
outer diameter of the small pipe d2 = 0.024 m

diameter of the main pipe d3 = 1 m
number of pipes n1 = 1 200

length of the reactor L = 6 m
density of the reactant ρr = 985 kg ·m−3

density of the metal wall ρw = 7 800 kg ·m−3
density of the coolant ρc = 998 kg ·m−3

heat capac. of reactant cpr = 4.05 kJ kg−1K−1

heat capac. of metal wall cpw = 0.71 kJ kg−1K−1

heat capac. of the coolant cpc = 4.18 kJ kg−1K−1

heat transfer coef. 1 U1 = 2.8 kJ m−2 K−1 s−1

heat transfer coef. 2 U2 = 2.56 kJ m−2 K−1 s−1

pre-exponential factor 1 k10 = 5.61 · 1016 s−1

pre-exponential factor 2 k20 = 1.128 · 1016 s−1

activation energy 1 to R E1/R = 13 477 K
activation energy 2 to R E2/R = 15 290 K

enthalpy of reaction 1 h1 = 5.8 · 104 kJ · kmol−1
enthalpy of reaction 2 h2 = 1.8 · 104 kJ · kmol−1
input concentration of A csA0 = 2.85 kmol m−3

input temperature of the reactant T sr0 = 323 K
input temperature of the coolant T sc0 = 293 K

TABLE I: Fixed parameters of the tubular chemical reactor

Steady-state Analysis

Once we have the mathematical model of the system,
we can move on to the simulation of the steady-state
and dynamics which helps us with the choice of the
optimal working point (from steady-state analysis) and
External Linear Model (ELM) which was used later in
the adaptive control (from dynamic analysis).

The steady-state analysis computes values of the state
variables in time time → ∞ which practically means
that the partial derivations with respect to time vari-
able in (2) are equal to zero, i.e. ∂(·)/∂t = 0 and the
set of PDE is transformed to the set of ODE. The par-
tial derivations with respect to space variable, ∂(·)/∂z
can be, on the other hand, solved using the Finite dif-
ference method (Grossmann et al. 2007), (Evans 2010)
that replaces derivatives with respect to z by the first
feedback difference

dx

dz

∣∣∣∣
z=zi

≈ x(i)− x(i− 1)

hz
, for i = 1, 2, . . . n (7)

for x as a general state variable, in our case cA, cB , Tr
and Tw and with hz representing discretization step.
The coolant flows through the reactor in the different
direction as we consider a counter-current cooling inside
this reactor. Because of this, the first forward difference
is used for the temperature of the coolant as a state
variable

dTc
dz

∣∣∣∣
z=zj

≈ Tc(i+ 1)− Tc(i)
hz

, for j = n, n− 1, . . . 0

(8)



As we consider the change of the input flow rate of the
coolant, qc as an input variable, the steady-state anal-
ysis was done for various values of qc =< 0.1, 0.35 >
m3 · s−1.

Fig. 2. Results of the steady-state analysis for various coolant
flow rate qc

Results of the steady-state analysis presented in Fig. 2
shows expected nonlinearity of the system.

Fig. 3. Mean temperature of the reactant, Tr,mean, dependence
on the flow rate of the coolant, qc, for various values of the flow
rate of the reactant, qr

As the controlled output y(t) will be the mean temper-
ature of the reactant, the second steady-state analysis
is focused on the observation of the Tr,mean value for
different values of flow rates of the reactant, qr, and
the cooling, qc. Results are shown in Fig. 3 and we can
confirm the nonlinearity of this output.

The working point should be then defined by flow rates
of the reactant and the coolant qsr = 0.15 m3 · s−1,
qsc = 0.275 m3 · s−1. The mean temperature of the
reactant for this workint point in the steady-state is
T smean = 333.12 K. Steady-state values of the state
variables are used as initial conditions for the dynamic
study.

Dynamic Analysis

The steady-state analysis is in fact solution of the set
of nonlinear algebraic equations, the dynamic analysis
is, on the other hand, pure numerical solution of the set
of nonlinear PDE (2). We can use again Finite differ-
ence method described in the previous part that cope
with the derivatives with respect to the space variable
z. The set of PDE is then transformed to the set of Or-
dinary Differential Equations (ODE) that can be solved
for example with the Runge-Kutta’s methods (Johnson
1982). Advantage of these methods is that they are of-
ten build-in functions in the mathematical software and
MathWorks Matlab (Mathews and Fink 2004) that is
used in this work for the simulation is not an exception.
As the reactor is discretized into N = L/hz steps using
the first forward (7) or feedback (8) difference, the nu-
merical computation of the dynamics was done in each
step and the computed value of the state variable was
used as a boundary condition for the numerical com-
putation in the next step.
The dynamic analysis observes the behaviour of the
system after the step change of the input variable, in
our case the input variable u(t) is a change of the flow
rate of the coolant. Six various step changes were done
and the resulted courses of the mean temperature of
the coolant are shown in Fig. 4.

Fig. 4. Results of the dynamic analysis for various changes of
u(t)

Step responses of the output variable in Fig. 4 present
nonlinearity of the controlled system – final values of
y(t) after negative and positive steps are not equivalent.
On the other hand, the course cold be described by the
second order transfer function with the relative order
one¿

G(s) =
b2s+ b0

s2 + a1s+ a0
(9)

ADAPTIVE CONTROL

The adaptive control (Astrom and Wittenmark 1989)
approach here uses ELM in the form of (9) as a lin-
ear representation of the originally nonlinear system
(2) parameters of which are estimated recursively dur-
ing the control (Bobal et al. 2005). As parameters of
the controller are computed with the use of identified



polynomials a(s) and b(s), the controller can react to a
change of the state, appearance of a disturbance etc.

Control Synthesis

The result of the control synthesis is the structure of the
control loop and also the structure of the controller and
relations for computing its parameters. The polynomial
approach (Kucera 1993) was used for this task.
There are various control configurations. This work will
compare results for systems with one degree-of-freedom
(often denoted as a 1DOF) and two degrees-of-freedom
(2DOF) (Grimble 2006). The schematic representation
of 1DOF control configuration is shown in Fig. 5.
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Fig. 5. One Degree-of-freedom (1DOF) Control Configuration

The block G(s) represents transfer function (TF) of the
ELM (9). The controller is represented as a block Q(s)
in the feedback part which is also a transfer function,
generally

Q(s) =
q(s)

s · p̃(s)
(10)

with unknown polynomials q(s) and p̃(s) that can be
computed from the Diophantine equation

a(s) · s · p̃(s) + b(s) · q(s) = d(s) (11)

with the Method of uncertain coefficients (Riley and
Bence 2010). Polynomials a(s) and b(s) are known from
the recursive identification and polynomial d(s) on the
right side of (11) is a stable optional polynomial.
Degrees of the polynomials q(s), p̃(s) and d(s) are for
the second order TF (9)¿

deg q(s) = deg a(s) = 2
deg p̃(s) = deg a(s)− 1 = 1

deg d(s) = deg a(s) + deg p̃(s) + 1 = 4
(12)

which means that controller Q(s) in (10) has form

Q(s) =
q(s)

s · p̃(s)
=
q2s

2 + q1s+ q0
s · (p̃1s+ p̃0)

(13)

The control configuration with two degrees-of-freedom
(2DOF) (Grimble 2006) displayed in Fig. 6 has a con-
troller divided into two parts – feedback Q(s) and feed-
forward R(s) part.
TF of the feedback and feedfoward part has again gen-
eral form

Q(s) =
q(s)

s · p̃(s)
; R(s) =

r(s)

s · p̃(s)
; (14)

where parameters of the polynomials are computed
from the set of Diophantine equations

a(s) · s · p̃(s) + b(s) · q(s) = d(s)
t(s) · s+ b(s) · r(s) = d(s)

(15)
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Fig. 6. Two Degrees-of-freedom (2DOF) Control Configuration

by the Method of uncertain coefficients. Polynomial
t(s) is an additional polynomial used for computation
of (15). Degrees of polynomials p̃(s), q(s), r(s), t(s) and
d(s) are again for the second order TF (9):

deg q(s) = deg a(s) = 2
deg p̃(s) = deg a(s)− 1 = 1
deg r(s) = 0; deg t(s) = 0
deg d(s) = 2 · deg a(s) = 4

(16)

and transfer functions of the controller (14) are

Q(s) =
q2s

2 + q1s+ q0
s · (p̃1s+ p̃0)

; R(s) =
r0

s · (p̃1s+ p̃0)
; (17)

Pole-placement Method

The polynomial synthesis presented in previous chapter
shows the structure of the 1DOF a 2DOF controllers.
Polynomials a(s) and b(s) are known from the recur-
sive identification, polynomials p̃(s), q(s) and r(s) can
be computed from the Diophantine equations (11) and
(15) but there is still one unknown polynomial d(s) on
the right side of Diophantine equations. As it is an op-
tional stable polynomial, we can choose a method for
designing this polynomial. For example, simple Pole-
placement method (Kucera 1993) can be used for this
task.
In this method, the polynomial d(s) has general form

d(s) =

deg d(s)∏
i=1

(s+ αi) (18)

which means that we have 4 root αi as deg d(s) = 4.
Disadvantage of the Pole-placement method is in its
generality. There is no sophisticated advice for the
choice of the possition of roots, if it is better to use
double, triple roots etc. Our previous experiments (Vo-
jtesek and Dostal 2009) have shown that it is good to
connect the choice of the polynomial with the controlled
system somehow. This could be done for example with
the use of spectral factorization of the polynomial a(s)
in the denominator of the identified ELM’s TF (9) and
obtain polynomial n(s) that is, in fact, the stable mir-
ror of the polynomial a(s), i.e.

n∗(s) · n(s) = a∗(s) · a(s) (19)

The stability is very important, because the whole poly-
nomial d(s) must be stable. It is clear, that deg n(s) =
deg a(s) = 2 and the rest two degrees of the polynomial



d(s) come from the Pole-placement method. Finally,
polynomial d(s) is then

d(s) = n(s) · (s+ α)2 (20)

Advantage of this method is that optional position of
the variable α > 0 is also a tuning parameter that affect
the course of the controlled output variable.

Recursive Identification of ELM

It was already mentioned, that the adaptivity is satis-
fied by the recursive identification of the ELM (9). We
can discover, that both TF of the system G(s) and con-
troller Q(s), R(s) are considered in a continuous-time
(CT) that is more accurate than a discrete-time (DT)
models. On the other hand, an online-line identification
of the CT ELM is much complicated than DT ones.
The compromise between accuracy of the CT model
and better applicability of the DT model can be found
in the so called delta models that belong to the class
of DT models but both input and output variables are
recomputed to their δ value that reflects the sampling
period Tv. It was proofed for example in (Stericker and
Sinha 1993), that parameters of the delta model ap-
proach to corresponding parameters of the CT model.
That is why we can call our method ”hybrid” adaptive
control because the controller is considered as CT but
measurements of the input and the output variable are
done in the discrete time intervals. We expect, that
identified parameters of the delta ELM are similar to
parameters of the CT ELM (9).
The CT model (9) could be then rewritten to the delta-
form:

a′(δ) · y(t′) = b′(δ) · u(t′) (21)

for DT polynomials a′(δ), b′(δ) parameters of which are
expected to be close to the parameters of CT polyno-
mials a(s), b(s) in (9) and t′ is a discrete time. The re-
lation to the sampling period Tv could be found in the
new complex variable γ that is alternative to the com-
plex variable s in the CT model or z in DT model. This
variable could be computed for example (Mukhopad-
hyay et al. 1992) from this general equation

γ =
z − 1

β · Tv · z + (1− β) · Tv
(22)

with β as an optional parameter. It is obvious, that
we could have various delta models depending on the
choice of the β. For example, β = 0 produces so called
”forward delta model” with γ = (z − 1)/Tv.
The recursive identification then estimates the vector of
parameters, θδ, with known values in the data vector,
φδ, from the ARX model in vector form:

yδ (k) = θTδ (k) · φδ (k − 1) + e (k) (23)

where e(k) is a general random immeasurable compo-
nent.
The data vector φδ and the estimated vector of param-
eters θδ in (23) are for this concrete second order ELM

(9)

φδ(k − 1) = [−yδ(k − 1),−yδ(k − 2), . . .

. . . uδ(k − 1), uδ(k − 2)]
T

θδ(k) = [a′1, a
′
0, b
′
1, b
′
0]
T

(24)

where input and output variables are recomputed to
the sampling period Tv

yδ (k) =
y(k)− 2y(k − 1) + y(k − 2)

T 2
v

yδ (k − 1) =
y(k − 1)− y(k − 2)

Tv
yδ (k − 1) = y(k − 2)

uδ (k − 1) =
u(k − 1)− u(k − 2)

Tv
uδ (k − 1) = u(k − 2)

(25)

The task of the on-line identification is to estimate the
vector of parameters θδ(k) from the ARX model (23).
The Recursive Least-Squares (RLS) method (Mikles
and Fikar 2007) can be used for this job. Advantage
can be found in easy programmability of this method
where the accuracy could be increased with the use of
some kind of forgetting - for example exponential, di-
rectional etc.

SIMULATION RESULTS

Several simulation experiments were done on the math-
ematical model (2). The goal of these experiments was
to compare 1DOF and 2DOF control configuration on
this concrete type of systems.
As results must be comparable, the initial conditions
and simulation parameters must be the same. The
time of the simulation is 18 000 s (5 hours) and 4 dif-
ferent changes of the reference signal were done dur-
ing this time. The sampling period was Tv = 1 s
and initial vector of parameters for all simulations was
θδ = [0.1, 0.1, 0.1, 0.1]T . The proposed adaptive con-
troller has one tuning parameter - the value of param-
eter α and we will observe results for more values of
α.

Fig. 7. The course of the reference signal, w(t), and the output
variable, y(t), for various control configurations and α = 0.015

The first simulation analysis for α = 0.15 shows sim-
ilar courses of the output variable y(t) – see Fig. 7.



Fig. 8. The course of the input variable, u(t), for various control
configurations and α = 0.015

2DOF controller has smoother courses of y(t) after ini-
tial phase which can be seen also in Fig. 8 that rep-
resents courses of the input variable u(t). This gentle
course of the input variable could be also important
from the practical point of view. As the input variable
is the change of the flow rate of the coolant, the real
mean of this change is the twist of the valve on the in-
put pipe. It is clear, that the quick shocking changes of
the input variable could affect the service time of the
valve.

Fig. 9. The course of the reference signal, w(t), and the output
variable, y(t), for various control configurations and α = 0.02

Results of the second analysis for α = 0.02 show that
1DOF controller could have problems with the control
for some values of α and produce oscillating output.
On the other hand, 2DOF controller has smooth course
without oscillations for this setting.

In order to qualify results not only from the visual side,
we can introduce the quality criteria Su and Sy

Su =
N∑
i=2

(u(i)− u(i− 1))
2

[−]

Sy =
N∑
i=1

(w(i)− y(i))
2

=
N∑
i=1

e(i)2 [K2]

(26)

where N = Tf/Tv and Tf = 18 000 s as a final time.

Fig. 10. The course of the input variable, u(t), for various control
configurations and α = 0.012

Values of criteria Su and Sy for previous studies are
shown in Table II. Obtained results confirm our pre-
vious statements with better results of the 2DOF con-
troller mainly from the input point of view. On the
other hand 2DOF controller produces a bit worse val-
ues of the criterion Sy that is in fact sum of the control
error e = w − y.

1DOF 2DOF
Su [-] Sy [K2] Su [-] Sy [K2]

α = 0.015 1 870 1 585 0.71 4 653
α = 0.02 30 063 2 134 2.82 4 201

TABLE II: Result of control quality criteria Su and Sy

It was mentioned, that the adaptive approach here is
based on the recursive identification and the Recursive
Least-Squares method was used here for this task. The
last graph in Fig. 11 shows example course of the iden-
tified parameters a′0 and a′1 for 2DOF controller and
value of the parameter α = 0.02.

Fig. 11. The course of identified parameters a′1(t) and a′0(t) for
2DOF control configuration and α = 0.02

We can see, that used RLS on-line identification with
exponential forgetting does not have problems with the
identification, parameters are recomputed after each
change of the reference signal relatively quickly.



CONCLUSIONS

The paper deals with the hybrid adaptive control of
the tubular chemical reactor as a typical member of
the group of systems with continuously distributed pa-
rameters. The mathematical model of such a system
is described by the set of partial differential equations.
In this case, the mathematical model of the tubular
chemical reactor with plug-flow of the reactant and the
coolant consists of the set of five nonlinear partial differ-
ential equations. The steady-state and dynamic analy-
ses use the Finite differences method for transformation
of this set to the set of nonlinear ordinary differential
equations that can be numerically solved for example
by the Runge-Kutta’s methods in Matlab.
Proposed control loop with 1DOF and 2DOF configu-
rations were tested for the control of the mean reactant
temperature inside. Both configurations produce good
control results and they can be used for this task. An
adaptation was satisfied by the online recursive identi-
fication of the external linear model of the controlled
system. This external model has been chosen accord-
ing to the results obtained from the dynamic analysis.
The course of the output response could be influenced
by the tuning parameter α whose negative value rep-
resents the choice of the position of the root from the
Pole-placement method. 2DOF controller provides bet-
ter control results than 1DOF controller mainly from
the input variable point of view - the course of this com-
puted variable is much smoother than for 1DOF which
is important from the practical point of view.
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