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ABSTRACT
In this paper we address the transient analysis of a marko-
vian two-server supercomputer model where customers
are served by a random number of servers simultane-
ously. The Markov process, which described the model’s
evolution, is of quasi–birth–death type. It is shown that,
at least under low load conditions, the logarithmic norm
method can be used to obtain ergodicity bounds for the
model. This allows one to solve both the stability de-
tection problem (i.e. determine when the computations
of the time–dependent performance measures can be ter-
minated) and the truncation problem (i.e. locate the
level at which the infinite system of Kolmogorov for-
ward equations must be truncated in order to guarantee
certain accuracy). An illustrative numerical example is
provided.

INTRODUCTION
Most of the standard computing systems are now paral-
lel. Ranging from multicore battery-powered devices to
large-scale datacenters and supercomputers, all these are
capable of processing compute load in parallel way. As
a response to this trend, multiserver queueing models are
actively studied in recent decades.

From a software perspective, parallel computing tech-
nologies are used to empower the software engineers
with relevant hardware capabilities. An essential feature
present both in a supercomputer and on, say, laptop is
the possibility to run a specific code simultaneously on
a number of cores/servers which results in overall com-
putation time reduction. However, from the modeling
perspective, such a model, called simultaneous service
multiserver system (a.k.a. multiserver job model, cluster
model, hereinafter referred as supercomputer model) is
known to be hard to analyze (Harchol-Balter, 2021).

The distinctive feature of the supercomputer model is
simultaneous occupation and simultaneous release of a
(random) number of servers by a customer in a rigid

way (Filippopoulos and Karatza, 2007) (in contrast to
classical single-server customers), causing the workload
process to be non-work-conserving (Rumyantsev and
Morozov, 2017). While supercomputer model is used
to analyze the stability and performance characteristics
of supercomputers (Morozov and Rumyantsev, 2011;
Rumyantsev and Morozov, 2017), these models are also
applicable to the study of social service systems (Brill
and Green, 1984; Kim, 1979).

Stability (Rumyantsev and Morozov, 2017; Rumyant-
sev, 2020) and performance characteristics of supercom-
puter model are difficult to obtain even for small scale in-
stances (Filippopoulos and Karatza, 2007; Chakravarthy
and Karatza, 2013), and therefore a significant num-
ber of problems associated with such systems are
open (Harchol-Balter, 2021, 2022). Surprisingly, among
the most interesting problems related to the super-
computer model recently announced in (Harchol-Balter,
2022), performance analysis in transient regime is not
enumerated. Yet time-dependent characteristics are
rather important for energy consumption analysis, which
goes in the context of energy efficiency studies focused
on supercomputer model’s energy-performance tradeoff,
see e.g. (Rumyantsev et al., 2021). The present paper is
a step in this important direction.

Here consideration is given to time–dependent perfor-
mance characteristics (e.g. average number of customers
at the time instant t) of the small scale supercomputer
model in markovian case. While in general this prob-
lem can be considered from the aspects of computation
time, accuracy, complexity, storage etc., we establish up-
per bounds on the transient performance under light load,
which constitutes the main contribution of the paper. Be-
low we give the motivation for the importance of this re-
sult.

In transient regime, basic performance characteris-
tics can be obtained as the solution the infinite sys-
tem (see (7)) of ordinary differential equations (ODE).
As such, solution techniques are closure approxima-
tions (Taaffe and Ong, 1987; Clark, 1981; Massey and
Pender, 2013), uniformization (Van Dijk et al., 2018) as
well as various differential equation solvers (Arns et al.,
2010), to name a few. However, to improve the effi-
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ciency of any solution technique, two questions need to
be addressed. The first question concerns stability de-
tection: time-dependent performance computation (from
ODE) can be terminated once the model has reached sta-
bility regime. The second question deals with the trunca-
tion: the infinite system of ODEs needs to be truncated
at a finite level before numerical technique can be ap-
plied. Both questions are addressed in the present pa-
per using the well–known logarithmic norm method, see
e.g. (Zeifman et al., 2021, Section 2). Compared to the
previous studies, here we give one more evidence that
the method can be applied to the analysis of the so-called
quasi–birth–death (QBD) processes (with finite number
of phases). Even though the particular case considered
in the present paper can be treated using other methods
from the literature (see, for example, (Burak and Kory-
tkowski, 2020)), comparison of the methods, not being
the goal of the paper, was not undertaken.

For the sake of brevity, further attention is paid only
to the case of homogeneous servers. Although the gen-
eralization to the non-homogeneous case is possible (by
following the lines drawn in the present paper), the gen-
eralization to n-server case is not straightforward and will
be considered elsewhere.

The paper is organized as follows. In the next sec-
tion, the detailed problem statement is given. Section 3
reviews the necessary theory, which is used in the Sec-
tions 4-6 to obtain the solutions. Some results of the
numerical experiments and the main conclusions of the
research are briefly summarized in Sections 7-8.

Notation

In what follows by ‖ · ‖ we denote the l1-norm, i.e.
if ~x is an (l + 1)-dimensional column vector, then
‖~x ‖ =

∑l
k=0 |xk |. The choice of operator norms will be

the one induced by the l1-norm on column vectors i.e.
‖H‖ = sup0≤ j≤l

∑l
i=0 |hi j| for a linear operator (matrix) H.

The vectors throughout the paper are regarded as column
vectors (dimensions are clear from the context), ~1T —
row vector of 1’s with T denoting the matrix transpose, I
— identity matrix.

THE MODEL AND THE PROBLEM STATEMENT
The schematic representation of the model considered in
this paper is best given by the Fig. 1 in (Filippopoulos
and Karatza, 2007). For the sake of completeness we
reproduce it below.

The system consists of two identical servers and
a queue of infinite capacity which follows the FIFO
scheduling discipline. Customers of two classes arrive
to the system according to the Poisson flow at joint
rate λ = λp1 + λp2, where pi is the probability of class-
i customer arrival, i = 1, 2, and p1 + p2 = 1. Class-i
customer requires i servers simultaneously for the same
service time exponentially distributed with the rate µ (in-
dependent of customer class). In case there are insuf-
ficient resources (servers) available, the head-of-queue

Figure 1: Two identical servers process customers from
the infinite–capacity queue on the FIFO basis. For each
customer i servers (with the probability pi) are required
to start service

customer prevents subsequent ones (if any) from entering
service. We assume the most interesting case p1 ∈ (0, 1),
since at the endpoints the model degenerates either to to
the classic M/M/1, or to classic M/M/2 queue already
studied using the logarithmic norm method, see (Zeifman
et al., 2019b). Thus we intentionally do not consider the
boundary cases p1 = 0 and p1 = 1.

It is assumed that the customer class becomes known
upon customer’s arrival and remains unchanged during
customer’s sojourn time in the system. However, in the
model only two oldest (in the order of arrival) customer
classes are tracked. This is correct, since other cus-
tomers (if any) may have generic class which indeed be-
comes known only upon arrival to the head of the queue,
for more discussion of this issue see (Rumyantsev and
Morozov, 2017). As such, we adopt from (Rumyant-
sev and Morozov, 2017) the following three–dimensional
continuous-time Markov process describing the system,

{S (t) = (N(t), X1(t), X2(t)), t ≥ 0}, (1)

where N(t) ≥ 0 is the number of customers in the system,
and Xi(t) is the class of ith oldest customer in the system
at time t ≥ 0, if any. The state space X of the model
consists of subsets (levels)

X = {0} ∪ X1 ∪ X2 . . . ,

where {0} denotes an empty system, and the set Xn, n ≥
1 corresponds to all possible states with n customers in
the system. Thus X1 consists of two states {(1, 1), (1, 2)}
(we do not include the empty component); Xn consists
of four triplets (n, x1, x2), where n is the total number of
customers in the system, and x1, x2 ∈ {1, 2} are the classes
of oldest, second oldest customers, respectively.

As such, the process (1) is the irreducible QBD process
with infinitesimal generator Q of the form

Q =



N0 L0 0 0 . . .

M0 N L 0 . . .

0 M N L . . .

0 0 M N . . .

...
...

...
...

. . .


,



where the blocks are defined as

N0 =


−λ λp1 λp2

µ −λ − µ 0
µ 0 −λ − µ

 , M0 =


0 2µ 0
0 0 µ

0 µ 0
0 0 µ

 ,

L0 =


0 0 0 0
λp1 λp2 0 0

0 0 λp1 λp2

 , L = λI,

N =


−2µ − λ 0 0 0

0 −µ − λ 0 0
0 0 −µ − λ 0
0 0 0 −µ − λ

 ,

M =


2µp1 2µp2 0 0

0 0 µp1 µp2

µp1 µp2 0 0
0 0 µp1 µp2

 .
Denote the time–dependent probability distribution of

the Markov process (1) by pn;i, j(t) i.e.

pn;i, j(t) = P{N(t) = n, X1(t) = i, X2(t) = j}, n ≥ 2,
p1,i(t) = P{N(t) = 1, X1(t) = i},

p0(t) = P{N(t) = 0}.

Let

~pn(t)T = (pn;1,1(t), pn;1,2(t), pn;2,1(t), pn;2,2(t)), n ≥ 2,

~p1(t)T = (p1,1(t), p1,2(t)),

and
~p(t)T =

(
p0(t), ~p1(t)T, ~p2(t)T, . . .

)
.

It is known (Brill and Green, 1984), that when the in-
equality λ < 2µ/(2 − p2

1) holds, the model is stable and
thus ~p(t)→ ~p (element-wise) as t → ∞, where the vector
~p can be found from the system of global balance equa-
tions QT~p = ~0, ~pT~1 = 1. The exact procedures to com-
pute the entries of ~p are already available in the literature
(see, for example, (Filippopoulos and Karatza, 2007)). In
what follows we are basically interested in the two ques-
tions:
(i) given ε > 0, find t∗ such that∥∥∥~p(t) − ~p

∥∥∥ < ε for t > t∗; (2)

(ii) given ε > 0, find a positive integer N∗ such
that

∥∥∥~p(t) − ~p ∗(t)
∥∥∥ < ε, where ~p ∗(t) denotes the time-

dependent probability distribution vector of the super-
computer model with the queue of finite capacity N∗ (this
results in changes for the corresponding generator matrix
Q∗ given explicitly in (18)).

AUXILIARY RESULTS
In order to construct the upper bounds for

∥∥∥~p(t) − ~p
∥∥∥

(and, as will be seen, for
∥∥∥~p(t) − ~p∗(t)

∥∥∥ as well) we will
use the notion of the logarithmic norm of locally inte-
grable operator functions and (known) estimates for the
differential equations. Consider an ODE system1

d
dt
~y(t) = H(t)~y(t), t ≥ 0, (3)

where the entries of the matrix H(t) = (hi j(t))∞i, j=1 are
locally integrable on [0,∞) and H(t) is bounded in the
sense that ‖H(t)‖ is finite for any fixed t. Then

d
dt
‖~y(t)‖ ≤ γ (H(t)) ‖~y(t)‖, (4)

where

γ(H(t)) = sup
i

hii(t) +
∑
j,i

|h ji(t)|

 . (5)

is called the logarithmic norm of H(t). Thus from (4) one
gets the following upper bound2:

‖~y(t)‖ ≤ e
∫ t

0 γ(H(u)) du‖~y(0)‖. (6)

STABILITY DETECTION
Given any proper initial condition ~p(0), the Kolmogorov
forward equations for the time-dependent distribution
~p(t) of (1) can be written as

d
dt
~p(t) = QT~p(t), t ≥ 0, (7)

with the normalization condition

~p(t)T~1 = 1. (8)

It is straightforward to check that the logarithmic norm
γ(QT) is always positive. Thus the right part of (6) grows
with t and is useless in solving both (i) and (ii). As such, a
specific transformation is needed which we describe be-
low.

Fix a positive constant, say c, and a non-decreasing
sequence of positive numbers {di, i ≥ 1} with d1 = 1. Let
Di =

∏i
n=1 dn. Introduce two infinite matrices, say D and

C, having the form:

D = diag(D1,D2,D2,

D3,D3,D3,D3︸            ︷︷            ︸
4 entries

, . . . ,Dn,Dn,Dn,Dn︸            ︷︷            ︸
4 entries

, . . . ),

1The definitions and results, which are stated without any details
below, can be fully recovered from, for example, (Zeifman, 1995, Ap-
pendix).

2It is worth mentioning, that for the bound (6) to hold, it is not
necessary for H(t) to be bounded to all t ≥ 0. In such a case the right
part of (5) is the generalization of the logarithmic norm (see (Zeifman
et al., 2019a)).



C =



c c c c . . .

0 0 0 0 . . .

0 0 0 0 . . .

0 0 0 0 . . .

...
...

...
...

. . .


.

Now consider two stochastic vectors, ~p ∗(t) and ~p ∗∗(t),
solving (7). It follows from (8) that the solution of (7) is
not affected by performing row operations on QT and, in
particular, adding or subtracting some constant (compo-
nentwise) from a single row in the matrix QT. As such,
we get the following easily verifiable identity:

d
dt
D(~p ∗(t) − ~p ∗∗(t)) = D

(
QT − C

)
D−1︸             ︷︷             ︸

=A

D(~p ∗(t) − ~p ∗∗(t)).

Assume now that such D (i.e. the sequence {di, i ≥ 1})
and C exist that the logarithmic norm of the matrix A is
negative3, i.e.

γ(A) < 0. (9)

Then, since di ≥ 1, it follows from (6) that∥∥∥~p ∗(t) − ~p ∗∗(t)∥∥∥ ≤ eγ(A)t
∥∥∥D(~p ∗(0) − ~p ∗∗(0))

∥∥∥ . (10)

By plugging into the previous inequality ~p instead of
~p ∗∗(t) and solving (2) for t, one gets the solution of (i):

t∗ =
1

γ(A)
ln

 ε∥∥∥D(~p(0) − ~p)
∥∥∥
 . (11)

It remains to establish the conditions of existence of D
and C that guarantee γ(A) < 0, which is done in the next
section.

Note that the condition (9) allows one to obtain use-
ful insights into the model. For example, assuming that
infi≥1 (i−1Di+1) > 0, for the average number EN(t) of cus-
tomers at instant t we have:

EN(t) =

∞∑
n=1

n~pn(t)T~1 ≤
[
inf
i≥1

Di+1

i

]−1 ∥∥∥D~p(t)
∥∥∥ . (12)

By left-multiplying (7) with D, one obtains the upper
bound for

∥∥∥D~p(t)
∥∥∥:∥∥∥D~p(t)

∥∥∥ ≤ eγ(A)t
∥∥∥D~p(0)

∥∥∥ +
c

γ(A)

(
eγ(A)t − 1

)
. (13)

Once the initial condition ~p(0) is fixed, by plugging (13)
into (12) one immediately gets the upper bounds for the
average number of customers in the model at instant t
and for its steady state value. Since the Little’s law holds
for the considered model, one has at once also the upper
bound for the average response time.

3Note, that even when γ(A) < 0, the matrix A may have negative
row elements off the main diagonal.

LOGARITHMIC NORM

Let us proceed establish the conditions for (9) to hold
good. Put c = µ and di = d > 1 for all i ≥ 2. Then
the right part of (5) (after plugging A instead of H(t))
becomes equal to

λ(d − 1) − µ + µ
d + 1

d2 =
f (d)
d2 . (14)

It can be shown, that if f (d) < 0, then the range of possi-
ble value of the customer’s arrival rate λ is limited to the
interval

λ ∈

0, µ ·min
1 +

√
5

2
,

2
2 − p2

1

 . (15)

But even when (15) holds, it may happen4 that f (d) > 0.
It is well-known that f (d) = 0 has three distinct real
roots if its discriminant, say ∆, is positive. Assume5

∆ > 0. Descartes rule of signs shows that two of the three
roots of f (d) = 0 are positive; denote them δ1 and δ2
(δ1 < δ2). Since f (0) > 0 and f (∞) > 0, then f (d) < 0 al-
ways for d ∈ (δ1, δ2). Since f (1) > 0 and f ′(1) < 0, then
(δ1, δ2) ⊂ (1,∞). Moreover, Sturm’s theorem applied
to the polynomial f (d) shows that (δ1, δ2) ⊂

(
1, 1 +

µ
λ

)
.

Now, in order to find the proper value of γ(A), it remains
to choose d ∈ (δ1, δ2), which minimizes (14) i.e.

γ(A) = min
d∈(δ1,δ2)

{
λ(d − 1) − µ + µ

d + 1
d2

}
. (16)

For any p1 ∈ (0, 1) it can be checked numerically, that
the assumption ∆ > 0 holds whenever

λ ∈

0, α(p1) · µ ·min
1 +

√
5

2
,

2
2 − p2

1

 , (17)

where α is the curve with the box markers in the Fig. 2
(upper curve).

The approximation for the function α allows one to es-
timate the fraction of the stability interval, in which it is
possible6 to make the logarithmic norm γ(A) negative:
it varies from ≈29% (when p1 ≈ 0) to ≈15% (when
p1 ≈ 1).

TRUNCATION BOUNDS

Fix a positive integer N∗ and assume that the total num-
ber of customers in the model can never be greater than
N∗ i.e. those customers which find the queue full are con-
sidered as lost. It is convenient to describe the new model
dynamics by the QBD, say {S ∗(t), t ≥ 0}, which is identi-
cal to (1), except for the fact that the new generator, say

4Because the cubic equation f (d) = 0 (in one variable d) does not
have three real roots.

5If ∆ = 0 all roots of f (d) = 0 are real, with one root repeated. Due
to the Descartes rule of signs the latter is positive. Thus, since f (0) > 0
and f (∞) > 0, f (d) can never be negative for d ∈ (0,∞).

6When c = µ and di = d > 1 for all i ≥ 2.



Figure 2: Dependencies of peak allowed values of α on
the value of p1.

Q∗, has the form

Q∗ =



N0 L0 0 0 0 . . .

M0 N L 0 0 . . .

0 M N L 0 . . .

0 0 M −diag(M~1) 0 . . .

0 0 0 0 0 . . .

...
...

...
...

...
. . .


. (18)

Denote the time–dependent probability vector of the new
model states with ~p ∗(t); by analogy with ~p(t), we define
it as

~p ∗(t)T =
(
p∗0(t), ~p ∗1 (t)T, ~p ∗2 (t)T, . . . ~p ∗N∗ (t)

T, 0, . . .
)
.

Let us assume that the initial state probability distribu-
tions of both QBDs {S (t), t ≥ 0} and {S ∗(t), t ≥ 0} are
identical. Then, by applying the well-known truncation
technique for birth–and–death processes (see, for exam-
ple, (Zeifman et al., 2014; Satin et al., 2017)), one has
that∥∥∥D(~p(t) − ~p ∗(t))

∥∥∥ ≤ (‖−M − N‖ + λdN∗+1) DN∗×

×
eγ(A)t − 1
γ(A)

sup
u∈[0,t]

p ∗N∗ (u). (19)

Once ~p ∗(0) (equal to ~p(0)) is chosen, the right-most term
on the right-hand side of (19) can be computed from the
(practically) finite system of ODEs d

dt ~p
∗(t) = (Q∗)T~p ∗(t),

with the conventional numerical methods. Clearly, since
di ≥ 1,

∥∥∥~p(t) − ~p ∗(t)
∥∥∥ ≤ ∥∥∥D(~p(t) − ~p ∗(t))

∥∥∥. Thus (pro-
vided that the appropriate values of di and c are known
for the given values of λ, p1 and µ) one can answer the
question (ii) from (19) by applying simple exhaustive
search.

In order to highlight the usefulness of such results
like (19), note that the value of N∗, which solves (ii),
does not necessarily guarantee, for example, that the av-
erage number EN ∗(t) =

∑∞
n=1 n~p ∗(t)T~1 of customers in

the model with the finite queue is close to EN(t). But
since

|EN(t) − EN ∗(t)| ≤
1

infi≥1
Di+1

i

∥∥∥D(~p(t) − ~p ∗(t))
∥∥∥ ,

one can again use (19) and exhaustive search to detect
the value of N∗, which makes EN ∗(t) as close to EN(t)
as required.

NUMERICAL EXPERIMENT
In order to illustrate the findings of the previous sections,
consider the following simple example. Fix the service
rate µ = 1 and the arrival rate λ = 0.25. Let p1 = 0.55
i.e. almost half of the customers require two servers.
Under these conditions the model is stable and the load
is equal to ≈ 0.21. From the Fig. 2 it can be seen that
for p1 = 0.55 and λ = 0.25 it is possible to choose c
and d > 1 such that the logarithmic norm γ(A) is neg-
ative. Clearly, c = µ. Computations from (16) yield
d = 2.65 and γ(A) = −0.0677. Assuming that initially
the model is empty, one can apply (11) to compute the in-
stant t∗ beyond which the system can be considered stable
with the error less than ε = 10−2. This value (t∗ ≈ 73.5)
is depicted as the vertical dashed line in the Fig. 3 along-
side with the time–dependent probabilities p2(t), p3(t)
and p4(t).

Figure 3: Time–dependent probabilities p2(t), p3(t) and
p4(t) as the function of time t

The probabilities depicted in the Fig. 3 are the solu-
tions of the systems (7), which was truncated at some
high level, chosen arbitrarily. If now one uses (19) to de-
tect the proper value of N∗ (with the same ε), then one
finds that N∗ = 16. In the Fig. 4 one can see the be-
haviour of the average number of customers in the model
at instant t and its upper bound according to (12). Us-
ing the steady state value of the upper bound (it is equal
to ≈ 5.54) one immediately obtains from the Little’s law
that the customer’s average sojourn time in the system is
below ≈ 22.16. As it is commented below, this bound
can be significantly improved by choosing other values
of c and d; for example, for d = 2.14 and c = 0.437 we
have γ(A) ≈ −0.1522 and λ−1EN ≈ 5.37.



Figure 4: Average number EN(t) of customers in the
model at instant t and its upper bound according to (12)

SUMMARY

Even though the two questions (i) and (ii) considered
above concerned certain upper bounds, the logarithmic
norm method can also be used to obtain inequalities sim-
ilar to (6) but reversed. This naturally leads to the so-
lution of some questions, which involve lower bounds
(see (Zeifman et al., 2018b)); for example, find an es-
timate of the instant t∗ > 0 such that the model cannot
become stable earlier than at t = t∗.

All the analysis in the paper was carried out un-
der the assumption that the model parameters are time–
independent. The most promising aspect of the adopted
method is that it allows generalizations (at least) to-
wards the time–varying arrival rate. This can clearly be
seen from (6), which permits the generator to be time–
dependent. Yet the conditions under which the logarith-
mic norm γ(A(t)) is negative, are to be found. This seems
to be possible at least in those settings, when the arrival
rate function is bounded (such are known for a long time,
(Calzarossa and Serazzi, 1985)).

One of the drawbacks of the obtained solutions to the
questions (i) and (ii) is that the obtained upper bounds
are not sharp. Specifically, with respect to the value t∗

(see (10)–(11)), it means that the model becomes stable
earlier than at instant t = t∗. This is clearly seen from the
figures in the previous section. According to the general
theory (see, for example, (Zeifman et al., 2018a; Satin et
al., 2020)) this effect is due to the fact that the matrix A
has negative row elements off the main diagonal. In our
experiments we were unable to detect the values of di,
i ≥ 2, which would fix the issue.

Probably the most serious defect in the solutions is that
they are applicable not in the whole stability region of
the model: with c = µ and di = d, i ≥ 2, low sys-
tem’s load (below 0.3 when p1 ≈ 0 and below 0.15 when
p1 ≈ 1) is the only feasible region (see (17) and Fig. 2).
Yet there do exist several ways to transform it. One can
manipulate f (d) in (14), or vary the values of c and di,
i ≥ 2. For example, by noting that f (d)

d2 < λ(d−1)−µ+
2µ
d

one can repeat the derivations of Section 5 and obtain that

the feasible region is λ ∈ (0, 0.1635µ) (see the line with
the circle markers in the Fig. 2). It is narrower than (17):
below 0.17 when p1 ≈ 0 and below 0.09 when p1 ≈ 1.
If one keeps f (d) in (14) and puts c = µ 2

2−p2
1

instead of
c = µ in A (keeping di = d > 1 for all i ≥ 2 unchanged),
then the feasible region is transformed but again becomes
narrower than the original (see the line with the asterisk
markers in the Fig. 2). Our preliminary analysis shows
that the good choice for c seems to be c = µ · g(d, p1),
where a function g is defined in the semi-infinite strip
(d, p1) ∈ (1,∞) × (0, 1) and is everywhere positive and
non-increasing in d. Computations show that when the
feasible region is made wider (by manipulating c), the
value of γ(A) becomes smaller (invoking too pessimistic
upper bounds). Thus, if the described steps are followed,
a trade-off must exist between the applicability and the
desired accuracy. Filling the gaps here, as well as the
choice of di, are the directions of further research.
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