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ABSTRACT

We numerically study a prototypical frustrated Ising
model on a honeycomb lattice with competing nearest- and
second-nearest-neighbor antiferromagnetic interactions, J1
and J2, for the highly frustrated case of J1 = J2. We em-
ploy both standard (SMC) and a more sophisticated replica
exchange (REMC) Monte Carlo simulations in effort to
demonstrate the difficulties of using the former and advan-
tages of using the latter approaches. The ground state of the
system is highly degenerate and consists of frozen superan-
tiferromagnetic (SAF) domains, separated by zero-energy
domain walls (ZEDW), thus showing no conventional long-
range ordering. We demonstrate that such states are diffi-
cult to access by using SMC due to complex multimodal
energy landscape, characteristic for such systems. On the
other hand, the REMC approach turns out to be more effi-
cient in exploring it and thus reaching also states not acces-
sible to SMC. At finite temperatures, the system shows a pe-
culiar behavior with multiple anomalies in thermodynamic
functions, which can be attributed to the transitions between
several states with the SAF-like ordering characterized by
different types of ZEDW.

INTRODUCTION

In the last decades frustrated spin models have been a
hot topic in condensed matter physics (Diep and Koibuchi
2020). Frustration can be generated by the lattice geometry
and/or by the competition between different kinds of inter-
action. It often results in highly degenerate ground states
with new induced symmetries, which may give rise to unex-
pected and exotic behaviors at finite temperatures. In spite
of intensive investigations, many properties of frustrated
systems are still not very well understood. Their numerical
simulations have turned out to be challenging and standard
approaches, such as the Metropolis Monte Carlo (MC) sim-
ulation typically used in the study of classical spin systems,
encountered many difficulties or completely failed. Typical
problems result from the presence of complex multimodal
free energy landscapes with local minima that are separated
by entropic barriers. Conventional MC approaches suffer
from long equilibration times due to the suppressed tunnel-
ing through these barriers or get trapped in metastable states.
Overcoming large energy barriers at strong first-order phase
transitions may be another problem.

Ising models on bipartite lattices with further-neighbor
antiferromagnetic (AF) interactions are paradigmatic ex-
amples of the spin systems frustrated due to the interac-
tion competition. In the most studied two-dimensional
Ising antiferromagnet on a square lattice the competition
between the nearest-neighbor interaction J1 (ferromagnetic
or antiferromagnetic) and the increasing AF second-nearest-
neighbor interaction J2 leads to a gradual increase of frus-
tration, which is reflected in reduction of the critical tem-
perature down to zero at R ≡ J2/|J1| = −1/2 (Landau
1980; Grynberg and Tanatar 1992; Morán-López et al. 1993;
Moran-Lopez et al. 1994). A possible change of the tran-
sition to the first order near R = −1/2 has also been re-
ported (Jin et al. 2013; Bobák et al. 2015). For R < −1/2
the system shows a phase transition to a peculiar striped
or superantiferromagnetic (SAF) state with a lot of contro-
versy regarding its character. A series of earlier studies pre-
dicted a second-order transition with non-universal critical
exponents for any R <−1/2 (see Malakis et al. (2006) and
references within), however, some more recent approaches
favored a first-order transition for R∗ < R < −1/2 and a
second-order one only for R<R∗ (Morán-López et al. 1993;
Moran-Lopez et al. 1994; dos Anjos et al. 2008; Kalz et al.
2008, 2011; Jin et al. 2012; Bobák et al. 2015). The value
of R∗ was in different studies estimated to range between
−1.1 (Morán-López et al. 1993) and−0.67 (Jin et al. 2012).

Much less attention has been devoted to the frustrated
J1− J2 model on other bipartite lattices, albeit, their critical
behavior might be quite different from the square lattice one.
In the present study we focus on the J1−J2 Ising model on a
honeycomb lattice, in which the small coordination number
together with frustrated interactions has been shown to have
interesting effects in the Heisenberg model with a magneti-
cally disordered region and a spin-liquid phase (Zhang and
Lamas 2013; Cabra et al. 2011). This frustrated model is
also interesting from the experimental point of view, since it
can be applied to some real materials (Matsuda et al. 2010;
Tsirlin et al. 2010). The ground state of the J1− J2 Ising
model was investigated in some earlier papers (Houtappel
1950; Kudō and Katsura 1976; Katsura et al. 1986) but its
critical behavior was studied only recently by the effective
field theory (EFT) (Bobák et al. 2016), the MC simula-
tion (Žukovič et al. 2020; Žukovič 2021), cluster mean-field
(CMF) (Schmidt and Godoy 2021) and machine learning
(ML) (Corte et al. 2021; Acevedo et al. 2021) approaches.
For smaller degree of frustration, namely within the interval
−1/4 < R < 0, the critical behavior resembles that for the
square lattice. In particular, with the increasing frustration
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due to increasing |J2| the transition temperature gradually
decreases down to zero at R = −1/4. A possible crossover
to the first-order behavior was suggested by the EFT (Bobák
et al. 2016) but not confirmed by either MC (Žukovič 2021)
or CMF (Schmidt and Godoy 2021).

In the present study we focus on the highly frustrated re-
gion of R < −1/4, for which both the EFT and CMF ana-
lytical approximations predicted no phase transition but the
numerical approaches indicated some kind of phase transi-
tion to a highly degenerate low-temperature phase with no
long-range ordering (Žukovič et al. 2020; Corte et al. 2021;
Acevedo et al. 2021). In our previous study, focused on the
less frustrated case of −1/4 < R < 0, we demonstrated that
with the increasing frustration (R→−1/4 and T → 0) the
system tends to freeze in metastable domain states separated
by large energy barriers with extremely sluggish dynamics.
In such cases the standard MC simulations turn out to be ei-
ther very inefficient or completely failing in reaching the sta-
ble thermal equilibrium state and that the tunneling through
the energy barriers can be considerably improved by using
the replica exchange MC approach (Žukovič 2021). There-
fore, to better handle the above mentioned problems, here
we employ the replica exchange MC method and confront
the obtained results with those from the standard MC simu-
lation.

MODEL AND METHODS

Model

We study the Ising model on the honeycomb lattice de-
scribed by the Hamiltonian

H =−J1 ∑
〈i, j〉

sis j− J2 ∑
〈i,k〉

sisk, (1)

where si =±1 is the Ising spin variable at the ith site and the
summations 〈i, j〉 and 〈i,k〉 run over all nearest and second-
nearest spin pairs, respectively. The competition between
the nearest- and second-nearest neighbor AF interactions
(J1 < 0 and J2 < 0) leads to frustration. In the following
we restrict our considerations to the case of J1 = J2, i.e.,
R =−1.

Methods

Standard Monte Carlo (SMC): We consider the system
sizes L× L, with L = 12− 72, and apply periodic bound-
ary conditions. We note that the presence of high frustration
restricts our considerations to relatively small values of L
since the above mentioned difficulties escalate very quickly
as the system size increases. In the SMC simulations we em-
ploy a vectorized (checkerboard) single-spin flip Metropolis
algorithm. For thermal averaging of the calculated quanti-
ties at each value of the temperature T we perform from
105 up to 106 MC sweeps (MCS) after discarding the ini-
tial burn-in period corresponding to twenty percent of those
numbers for thermalization. Due to the low-temperature
freezing of the system in metastable states in our simulations
we use both cooling and heating protocols. Namely, the
simulations are initialized from random (SAF) state at high
(low) temperatures and then proceed towards lower (higher)
temperatures with the step kB∆T/|J1| = −0.01 (0.01). The

next simulation starts from the final configuration obtained
at the previous temperature to keep the system close to the
equilibrium during the entire simulation.

Replica exchange Carlo (REMC): In effort to allevi-
ate the difficulties of the standard MC approach we ap-
ply the REMC or parallel tempering method (Hukushima
and Nemoto 1996), which is designed to more efficiently
overcome energy barriers by a random walk in tempera-
ture space and allows better exploration of complex energy
landscapes. Using the REMC method, we run simulations
at NT = 120 temperatures (replicas) in parallel and propose
105 swaps between replicas followed by 100 MCS over the
complete lattice. The swap acceptance rate between neigh-
boring replicas is P(βi ↔ βi+1) = min{1,exp(∆β∆H )},
where ∆β = βi+1 − βi and ∆H = Hi+1 −Hi are differ-
ences between the neighboring inverse temperatures, βi =
|J1|/kBTi, and the energies of the corresponding configura-
tions, respectively. The temperatures Ti are chosen with the
focus on the simulation bottlenecks in the vicinity of the
expected transition temperatures to ensure sufficient accep-
tance rates (approximately flat) within the whole tempera-
ture interval.

The calculated quantities are restricted to the internal en-
ergy per spin e ≡ E/N|J1| = 〈H 〉/N|J1|, where N = L2 is
the number of spins, and the specific heat per spin obtained
as

C/N =
〈H 2〉−〈H 〉2

NT 2 , (2)

where 〈· · · 〉 denotes the thermal average. The peaks in the
latter quantity are useful for capturing various anomalies
and/or phase transitions.

RESULTS

In the regime of R < −1/4 the ground state (GS) corre-
sponds to a spin arrangement with the energy ESAF/N|J1|=
−1/2 + R (Kudō and Katsura 1976; Katsura et al. 1986;
Bobák et al. 2016). Such energy is realized in any spin
configuration with the following local arrangement: out of
the three nearest-neighbor bonds two are antiferromagnetic
and one ferromagnetic and out of the six second-nearest-
neighbor bonds four are antiferromagnetic and two ferro-
magnetic. However, there are many lattice spin configu-
rations (see Fig. 1 for two examples) fulfilling these con-
straints. This leads to macroscopic degeneracy and the ab-
sence of any long-range ordering in the system.

(a)SAF ordering #1 (b)SAF ordering #2

Fig. 1. Ground state for R <−1/4: Two examples of possible SAF order-
ing. The empty and filled circles represent spin-up and spin-down states,
and the solid and dashed lines represent the interactions J1 and J2.



(a)Internal energy (SMC)

(b)Specific heat (SMC)

Fig. 2. Temperature dependencies of (a) the internal energy and (b) the
specific heat for different lattice sizes L and 105 MCS, obtained from SMC.
The insets show the results for 106 MCS.

Fig. 2 shows temperature variations of the internal energy
and the specific heat obtained from the shorter runs (105

MCS) using SMC. For the smallest lattice size the internal
energy curve shows at kBT/|J1| ≈ 0.9 an anomaly charac-
teristic for a continuous phase transition reflected in a spe-
cific heat peak (Fig. 2(b)). However, for larger L another
anomaly appears at lower temperatures as a discontinuous
decrease in the internal energy and the specific heat showing
a spike-like peak at kBT/|J1| ≈ 0.6, suggesting a first-order
phase transition. The insets demonstrate that these features
also persist in much longer runs (106 MCS). Just below this
jump of the internal energy thermal fluctuations are strongly
suppressed and the system freezes in a state corresponding
to the expected GS energy of ESAF/N|J1|=−3/2.

To better understand this unconventional behavior we per-
formed several independent SMC runs for the largest lattice
size, L = 72, following the temperature-decreasing as well
as temperature-increasing processes. The former are initial-
ized at high temperatures by random configurations and the
latter start at low temperatures from the SAF states. We can
see a relatively large variability in the calculated quantities
corresponding to the individual runs. An example showing
the temperature variations of the energy for two runs of each

Fig. 3. Temperature dependencies of the internal energy for L= 72 and 106

MCS, obtained from SMC for two independent replicas cooled from para-
magnetic phase (P-C #1,2) and two others heated from SAF phase (SAF-H
#1,2).

kind are presented in Fig. 3. One can see that in the cool-
ing process one simulation (green circles) lead to the low-
temperature states with the energies close to the GS value,
while the other one (blue squares), after some decrease be-
low kBT/|J1| ≈ 0.7 got stuck in a metastable state with the
energy larger than the GS one. On the other hand, in the
heating process all the runs start from the (SAF) configura-
tions corresponding to the GS energy ESAF/N|J1| = −3/2.
At some point of the heating the energies show a discon-
tinuous increase but the temperatures at which this jump oc-
curs in different runs are different (see red circles and yellow
squares). At higher temperatures there are some additional
smaller anomalies in the energy curves. This peculiar be-
havior signals the presence of metastable states correspond-
ing to local minima in the rugged energy landscape.

To secure thermal equilibrium states we subsequently ap-
plied REMC simulations. The internal energy and the spe-
cific heat temperature variations for different lattice sizes are
presented in Fig. 4. Compared to the similar dependencies
obtained from SMC, shown in Fig. 2, the REMC curves are
smoother and all the energy curves reached the values close
to the GS value at all temperatures below kBT/|J1| ≈ 0.4.
Nevertheless, the anomalies observed in the SMC simula-
tions are reproduced also in the REMC runs. In particular
interesting is their lattice size dependence. As L increases
the number of anomalies in both the energy and specific heat
curves also increases, starting from two for L = 24 (or one
for L = 12 not shown here) up to four for L = 74. The new
ones keep forming at gradually lower temperatures creating
wave-like dependencies.

Furthermore, the character of the lower-temperature
anomalies resembles that observed at the first-order phase
transitions. This is demonstrated in Fig. 5(a) by showing
in the insets a bimodal character of the energy histograms
at the temperatures corresponding to two low-temperature
anomalies for the largest system size. On the other hand, the
highest-temperature anomaly in the energy curve remains
smooth but the corresponding specific heat peak increases
with the lattice size like at a phase transition (see Fig. 5(b)).

Finally, let us inspect the character of the phases in the



(a)Internal energy (REMC)

(b)Specific heat (REMC)

Fig. 4. Temperature dependencies of (a) the internal energy and (b) the
specific heat for different lattice sizes L, obtained from REMC. Different
arrows in (b) show the positions of the respective anomalies.

temperature ranges between different anomalies. In Fig. 6
we show some typical spin configurations at different tem-
peratures from REMC simulations for L = 72. The empty
and filled circles represent spin-up and spin-down states,
respectively. At the lowest temperature, kBT/|J1| = 0.4,
one can notice that there is no long-range ordering that
would span the entire lattice. Instead, the lattice is split
into several domains with different types of SAF ordering
inside each domain. The respective domains form horizon-
tal bands of different widths and are separated from each
other by zero-energy domain walls (ZEDW) spanning the
entire lattice in the horizontal direction. At higher temper-
ature, kBT/|J1| = 0.57, which falls within the temperature
range between the two low-temperature anomalies, the spin
texture is somewhat different. The lattice is still spit into
several domains with SAF ordering, which are separated by
ZEDW, however, the domain wall direction is now diagonal.
One can also notice some isolated defects, which deform the
boundary shape and increase the domain wall energy (empty
and filled circles with magenta and cyan edges). We believe
that these defects result from the increased thermal fluctua-
tions which partially disrupt the perfect SAF-like ordering
and slightly increase the energy. At still higher temper-

(a)Internal energy (REMC)

(b)Specific heat (REMC)

Fig. 5. Temperature dependencies of (a) the internal energy at lower tem-
peratures and L = 72 and (b) the specific heat at higher temperatures and
different L. The insets in (a) show the energy histograms at the tempera-
tures corresponding to the anomalies.

ature, kBT/|J1| = 0.72, above the second low-temperature
anomaly, there is still SAF-type of ordering fragmented in
multiple domains with ZEDW. Here, however, the domains
are smaller and do not necessarily span the entire system.
Consequently, there is a mixture of shorter horizontal and
vertical domain walls as illustrated in Fig. 6(c) by highlight-
ing just a few of them. At the elevated temperature, natu-
rally, there is also higher occurrence of defects due to ther-
mal fluctuations.

CONCLUSIONS

We studied the frustrated Ising model model on a hon-
eycomb lattice with competing nearest- and second-nearest-
neighbor AF interactions, J1 and J2, in the highly frustrated
region of R ≡ J2/|J1| < −1/4. We employed both SMC
and REMC simulations in effort to demonstrate the diffi-
culties of using the former and advantages of using the lat-
ter approaches in a numerical study of such a paradigmatic
example of frustrated spin systems. We showed that the
ground state of the system is highly degenerate and consists
of frozen SAF-like domains, separated by zero-energy do-
main walls (ZEDW), with no conventional magnetic long-



(a)kBT/|J1|= 0.4

(b)kBT/|J1|= 0.57

(c)kBT/|J1|= 0.72

Fig. 6. Typical spin snapshots at different temperatures from REMC simu-
lations for L = 72. The empty (filled) circles represent spins up (down) and
(a) the horizontal, (b) the diagonal and (c) the horizontal and diagonal red
lines mark SAF domain walls. The empty and filled circles with magenta
and cyan edges in (b) and (c) mark defects in perfect SAF-like ordering.

range ordering. We also demonstrated that such a state
might be difficult to access by using the SMC, which might
get stuck in metastable states. On the other hand, the REMC
approach can more efficiently explore complex energy land-
scapes, characteristic for such systems, and thus reach also
states not accessible to the SMC.

At finite temperatures, the system displayed a peculiar
behavior with multiple anomalies in thermodynamic func-
tions. The anomalies can be attributed to the transitions
between several states with the SAF-like ordering, charac-
terized by different types of ZEDW. The low-temperature
anomalies bear some features of the first-order phase transi-
tions, nevertheless, their number and positions show strong
finite-size effects. Therefore, in order to verify whether the
observed anomalies are just finite-size artifacts or at least
some of them signal true phase transitions, a careful finite-
size scaling analysis involving much larger system sizes to
inspect the approach to the thermodynamic limit would be
desirable. This goal might be achievable by implement-
ing the REMC approach on the highly parallel GPU archi-
tecture, since the GPU-accelerated MC simulations of spin
systems have been reported to achieve speedups up to three
orders of magnitude compared to the standard CPU imple-
mentations (Weigel 2012).
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Žukovič, M., Borovský, M., Bobák, A., Balcerzak, T., and Szałowski, K.
(2020). Spin-glass-like ordering in a frustrated j 1-j 2 ising antiferro-
magnet on a honeycomb lattice. Acta Physica Polonica, A., 137(5).
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