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ABSTRACT

A single server queueing system with several inde-
pendent Poisson input flows of customers, infinite
buffers for each type of customers, and generalized
foreground-background processor sharing discipline
is studied. Non-stationary joint distribution of the
number of customers of all types served until the mo-
ment ¢ and being in the system at time ¢ taking into
account their lengths (for the customers being in the
system at the moment ¢ their served lengths are con-
sidered) is derived in terms of a triple transform (the
Laplace transform on time and the generating func-
tions of the number of customers).

1 PROBLEM STATEMENT

Let us consider a single server queueing system with
K types of customers.

The several input flows of customers entering the sys-
tem form independent Poisson flows with intensities
M, k=T,K. We denote by A = S5, A the total
intensity of the Poisson flow which is the superposi-
tion of all flows entering the system.

The total number of customers of each type standing
in the system is unlimited, i.e. we consider the system
with infinite buffers for the customers of all types.
The service time (to be called length in what follows)
of each customer of type k is distributed according
to the distribution function By(z) with mean value
by, = [, [1 — Bi(x)] dz < co. We consider a general-
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ized foreground-background processor sharing disci-
pline which is defined for this system in the following
way. A k-type customer with served length z has a
priority index rj(x); here for each k the condition
r%(0) = 0 is satisfied. We also suppose that the func-
tion r () is continuous and strictly increasing.

Let r,g_l)(y) be the inverse function for rg(z).
We assume that T(_l)(y) has a bounded derivative

Yi(y) = dT,g_l)(y)/dy. Then at every time moment
a customer of minimal priority index value is under
service. In the case when [ customers have the min-
imal value y of the priority index, they are being
served simultaneously and if the ¢th customer from
these | customers is of type k, his service speed is

equal to v, (y) / S s ()-

We call r(z) the priority index of a customer of
type k and length z who is already served and left
the system or of a similar customer who is just ar-
riving into the system, i.e. it is his priority index
at the moment of the service completion. Using
Kendall’s classification we codify such a system as

For the future is convenient to introduce the follow-
ing notations. We mark the vectors with components
numbered with indices k, k = 1, K, with an arrow

above, for example, 7 = (n1,...,nK). We use the
notations || = 32K m; and 27 = [[r, 2. At
last, we denote by @ = (uy,...,uk) (with or with-

out indices) a set of arbitrary (measured) functions
up = up(t), 0<t<oo, 0<u(t) <1, k=1K,
and by 1 a set of functions wug(#), which are identi-
cally equal to one.



Let us note that the stationary -characteristics
of the Mg /Gk/1/oo queueing system under the
generalized FBPS discipline has been obtained in
(Pechinkin and Tatashev 1981), and the system
MAPK/Gk/1/oo — in (D’Apice and Pechinkin
2004). The work (D’Apice and Pechinkin 2004) con-
tains also a bibliography about the investigation of
queueing systems under FBPS discipline.

2 AUXILIARY SYSTEM

Let us introduce an y-system which is also a
Mgk /Gk/1/oo/FBPS queueing system, but in the
y-system the length of a customer of type k has the
distribution function

K.

)

By = L Br@) e <n sy
‘ Lo > W),

In other words, all customers with priority index
larger than y (i.e. with lengths larger than r(_l)(y))
arriving to the initial system have priority index in
the y-system equal to y (i.e. the length ré_l)(y)). It
is obvious that an co-system coincides with the initial
one.

Let us denote by p® = S5 | Ay [ [1— B (2)]dz
the traffic intensity of an y-system and p = pl®) =
22{:1 Arbr — the traffic intensity of the initial one.

Consider a busy period (BP) in an y-system and as-
sume that this BP is opened by the arrival to the
system of a customer of type k.

Let:

7(¥) be the length of the BP;

l/l(y) be the number of customers of type [ served on
the BP and with priority index less than y (i.e. with

lengths less than Tl(_l)(y));
51(13!), cees fl(y()y) be their lengths;
4]

,ul(y) be the number of customers of type [ served on
the BP and with priority index y (i.e. with lengths

D (y)). .
y

We denote by %) a vector with coordinates D
Let us introduce the notations

S

WY (¢, i, 1)

K Vl(y)
= Ex{r < th{@® = i} [T [T w(&).
l=1n=1
where x(A4) is the indicator function of the
event A (here and in the sequel we use the conven-
tion: H?:l ... =1). The function W,gy)(t,ﬁ,fri) rep-
resents the generating function (GF) (of the number
of served customers with priority index less than y) of

the joint distribution of the following characteristics
of the y-system:

the length of the BP (argument t),

the number of customers served on this BP and with
priority index less than y taking into account their
types and lengths (argument @),

the number of customers served on this BP with pri-
ority index y taking into account their types (argu-
ment 171).

Let us set
Wi (s, i, 2)

:/ S 2t (dt, @, m), 0< x4 <1.
0

|m|=0

The function W,ﬁy)(s,ﬁ,i) is a triple transform of
the above characteristics: the Laplace-Stieltjes trans-
form (LST) of the length of the BP of an y-system
(argument s), the GF of the number of customers
served on the BP with priority index less than y
taking into account their types and lengths (argu-
ment @), the GF of the number of customers served
on the BP with priority index y taking into account
their types (argument 2).

Let us denote by Wéy)(s,ﬁ,ﬁ x) the function anal-

—

ogous to W,gy) (s,1,Z), but under the condition that
the BP is opened by a customer of type k with pri-
ority index x, without taking into consideration the
number of customers serviced on the BP .

For conservative service disciplines (the generalized
FBPS discipline considered here belongs to this class
of disciplines) the length of the BP and the num-
bers of customers of several types and lengths served
on the BP are invariant characteristics respect to
service discipline. This is why for calculation of
Wéy)(s,ﬂ,ﬂx) and Wéy)(s,ﬂ', Z) we can use each
conservative discipline. Then using the inverse ser-
vice discipline (discipline LCFS, see, for instance,
(Bocharov et al. 2004)), we obtain the equation

K
=1

- A- s] ’\W/,gy)(s,ﬁ,ﬂx)

with the initial condition
W (s,ii,7]0) = 1

(it follows from the fact that the BP of an y-system,
opened by a customer with priority index 0, i.e. with
length 0, is equal to zero and any customer will not



arrive on this BP) and the relation

WY (s, i, 2)

() 0
- / we@) W (s, @, 7| () dBy (x)
0

+ 2k [1 = Be(ri V@)WY (s, 2] y),

which lead to the following expressions for
W (s,,7) and W (s, 1, 2| z):

+ 2 [L = By (ry " ()]
o TWEL AT a9 ] TR ()

The system of functional equations (1) can be
solved numerically using the methods provided in
(Bocharov et al. 2004).

Further, let us set Wy (s, @) = W.°(s,i,7). The
functions Wy (s, @) satisfy the system of equations

Wk (s, 1_1:)

00 K ~ .
:/ uk(:ﬂ)ez[zlzl)"Wl(s’u)f)‘fs]dB(x), k=1,K.
0

These functions represent the LST of the lengths of
the BP of the initial system and the GF of the num-
ber of customers served on this BP (taking into ac-
count their types and lengths) for several types of
customers opening the BP.

Let us note that if the traffic intensity of an y-system
is p) > 1 (the traffic intensity of the initial system
p > 1), then the equalities ngy) (0,1,T|z) < 1 and
W (0,1,T) < 1 (equality W(0,1) < 1) hold. This
corresponds to the fact that the BP of the corre-
sponding system will continue infinitely with a non-
zero probability.

Now we turn back to the BP of an y-system opened
by a customer of type k. Consider an arbitrary time
moment ¢ after the beginning of the BP.

Let

7(#) be the length of the BP;

ug) be the number of served customers of type [ until

the moment ¢;

ifl), . ’533}1“ be their lengths;

Vé}"’) be the number of customers of type [ being in

the system at the moment ¢;

é‘?l), . ,5;’3;?) be their served lengths.

Let us set

QU (¢, i1, ) = Ex{r®) >t}

(v) (y)
K Y1 Vou
[T | IT ety | | 1T wa&ii,)
=1 \ k1=1 ko=1

The function Q") (¢, , i) is the GF of the number
of customers of all types (taking into account their
lengths, for being in the system — served), served
until the moment ¢ and being in y-system at the mo-
ment ¢, multiplied by the indicator of the event that
the first BP started at the moment 0 does not fin-
ish until the moment ¢ (as earlier, the index k cor-
responds to the type of the customer that opened
the BP).

In terms of the Laplace transform (LT)

Q) (s, i1, i) = / e QY (¢, ) dt,
0

the function Q;j’) (t, 1, U2) satisfies the equation
K
~ IONY _
(@Y (s, 01, 1)) = [meugn(r; ()
n=1

!

X (W(y) (87 ﬁl? z))zn |Zn:u2n(r(nl)(y))‘|

X

K
1+ZAngy)(Saﬁlaﬁ2)] ) k:]-vK (2)
=1

The system of equations (2) is a system of differential
equations of the first order. The initial condition

Q) (s,101,) =0, k=TK,

for this system is obtained observing that the BP of
a 0-system is equal to zero.

Unfortunately, unlike the system M/G/1/oco/FBPS
with one type of customers, the equation (2) can not
be solved in explicit form, and its solution can be
find only by numerical methods.

The function Qy(s, @, @) = @200)(3,51,172) gives in
terms of a triple transform (the LT on ¢ and the GF
of the number of customers) the joint distribution of
the numbers of customers served until the moment ¢
and being in the initial system at this moment (tak-
ing into account their types and lengths) and the
event that the first BP started at the moment 0 by
service completion of a customer of type k has not
been finished during the time ¢.



3 NON-STATIONARY
CHARACTERISTICS

Now we turn back to the initial
Mk /Gg/1/oo/FBPS queueing system. We
assume that at the initial moment 0 the system is
empty. We consider an arbitrary time moment ¢ > 0
and let:

V1 be the number of customers of type & served until
the moment ¢;

&ik1s -+ -5 &1kwy, be their lengths;

Vo be the number of customers of type k being in
the system at the moment t;

&kl - -5 E2kun, De their served lengths.

Let us introduce the notations

K Vik
Pyj(t, iy, ) = E ] ( 11 U1k(§1kn1k)>
k=1

nip=1

V2K
X < II U2k(£2kn2k)> :
nop=1

The function P(t, 1, @2) is the GF of the numbers of
served customers and being in the system at the mo-
ment ¢ (taking into account their types and lengths,
for being in the system — served).

Let us put

00
P(S,ﬁl,ﬁz) = / G_Stp(t,ﬁl,ﬁg)dt.
0

Now using the elements of renewal theory, we obtain

K —1
ﬁ(s,ﬁl,ﬁz) = [S + A - Z )\ka(S,ﬁl)]
k

=1

K
x l1 +y Aka(s,a’I,@)l . (3)
k=1

The formula (3) defines in terms of a triple trans-
form (the LT on time and the GF of the numbers
of customers served until the moment ¢ and being in
the system at the moment ¢) the joint non-stationary
distribution of the numbers of customers served until
the moment ¢ and being in the system at the moment
t (taking into account their types and lengths, for be-
ing in the system — served).

Using the results above we can find other charac-
teristics of the Mg /Gk/1/oo/FBPS queueing sys-
tem, for example, the stationary distribution of the
number of customers in the system (taking into ac-
count their types and lengths), non-stationary and
stationary distributions of the numbers of customers
of given served lengths and being in the system, sta-
tionary and non-stationary distributions of the re-
maining work, the moments of the numbers of cus-
tomers of given served lengths and being in the sys-
tem, for stationary and non-stationary cases.
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