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   ABSTRACT 
 
A mathematical model of an adaptive Samuel-Marshall 
type single component market described by quasi-linear 
functional differential equations with dependent on 
phase coordinates and frequently switched an ergodic 
Markov process is presented. The proposed method is 
based on an averaging procedure with respect to time 
along the critical solutions of the generative average 
linear equation and with respect to the invariant measure 
of the Markov process. It is proved that exponential 
stability of the resulting deterministic equation is 
sufficient for exponential −p stability of the initial 
random system for all positive numbers and for 
sufficiently fast switching. 
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   INTRODUCTION 
 
Let us consider the dimensional functional 
differential equation in a quasi-linear form with a 
small parameter 
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where  is a homogenous ergodic Feller type 
Markov process (Dynkin 1965) on the probability space 

 with values in the compact phase space , 
with infinitesimal operator Q , transition probability 

 and unique invariant measure 
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satisfying the condition of exponential ergodicity, that 
is, there exist positive constants M  and δ  such that 

{ }tMytP δµ −≤− exp.),,(  for any ; 0≥t ε  is a small 
positive parameter;  is a part of solution defined by 
the equality 
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number ; h ),( yG θ  is a matrix consisting of bounded 
variation on θ  functions; the perturbing term 

),,( εϕ ytF  is a continuous mapping of the product 
space  to the space , 
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. Under these conditions the random equation (1) 
with initial problem , 
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(Hale and Sjord 1993) a unique solution { }0),( ≥= ttuu εε  
for any continuous function ϕ . This solution is a 
continuous stochastic process with probability one. 
Averaging the linear part of the equation (1) according 
to the invariant measure of Markov process 
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One can define a generative equation for the equation 
(1): 
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It is well known (Hale and Sjord 1993) that equation (2) 
defines in the space  a strong continuous semigroup 

 with infinitesimal operator given for sufficiently 
smooth function 
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The spectrum )(Aσ of this operator is given by 
{ }{ }0)(det:)( == zUzAσ  where 
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If { } ∅=>∩ 0Re:)( zzAσ  and 
{ } ∅≠=∩= 0Re:)(0 zzAσσ  the generative equation is 

on the border of stability and some preliminary 
preparation is necessary in order to obtain the resulting 
averaged equation. 
We will refer to the spectral subspace of the operator  
corresponding to 

A
0σ  as the critical subspace and to the 

solutions of (2) lying in the critical subspace as the 
critical solutions. One has to note that the selection of 
the first linear term in the right hand part of equation (1) 
can be done somewhat arbitrarily. One can add any 
arbitrary linear continuous mapping )(1 ϕεg  to the linear 
part to (1) and subtract it from the second term. Using 
this arbitrariness and because the set 0σ  consists of the 
finite number of points (Hale and Sjord 1993) 

{ }mjz j ...,,2,1,0 ==σ  it may be assumed that the selection 
of the terms in the right hand part of (1) has been done in 
such manner so that . mjzU j ...,,2,1,0))((det =≠′

One can apply the projective operator  not only on 
any continuous vector-function 

0P
)(θψ , but also on any 



vector- or matrix-valued measurable function. Primarily 
one needs to rewrite equation (1) in the operator form 
(Hale and Sjord 1993; Tsarkov 1989) 
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where the matrix-valued function { }0),( ≤≤− θθ hI  is 
defined by the equality 
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and I  is the  identity matrix. Thereafter one must 
define the spectral projective operator  corresponding 
to
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)(0 Aσσ ⊂ . We will use its integral representation for 
that (Kato 1966) in the form 
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0>δ . It can bee easily noticed that both projective 
operators  and  are bounded. Inserting the above 
matrix-valued function I  into the integral representation 
(4) one can define the  matrix-function 
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Let us denote the critical subspace as , the 
matrix of a basis in this subspace (consisting of  
columns and n  rows) as
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operator  on  as  and let  be the matrix of 
this stricture, defined by the equation 
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Furthermore, one can define the  matrix mm× Ψ̂  by the 
identity . Let us use the above notations 
along with the notation 
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Thus we define the averaged (not random) differential 
equation 
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   STABILITY THEOREMS 
 
By analogy with the corresponding definition of 
(Khasminsky 1980) we will say that the trivial solution 
of the random equation (1) is exponentially stable in 
the large for all sufficiently small positive 
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Here and further throughout this paper the upper and 
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Theorem 1.  
If the trivial solution of (2) is asymptotically stable the 
trivial solution of the equation (1) is exponentially 
−p stable for any positive  and sufficiently small 
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p

ε . 
Theorem 2.  
Let the function  be uniformly continuous at 
zero as a function of 
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for any . Then if the trivial solution of the 
averaged equation (6) is globally exponentially stable, 
then the trivial solution of the random equation (1) is 
exponentially 

mx R∈

−p stable in the large for all sufficiently 
small, positive ε . 
The proof is based on a projection in the critical 
subspace of the equation (3), transition to the slow time 

tετ =  and applying the second Lyapunov method with 
a specially constructed Lyapunov functional as it has 
been done in (Katafygiotis and Tsarkov 1999) for equations 
with small Markov perturbations. 
 
 
   THE MODEL AND RESULTS 
 
Discussing a mathematical model of an adaptive 
Samuel-Marshall type single component market let us 
consider the equation 
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where  and  denotes dependence of demand 
and supply on price . Producer, having at the disposal 
resources to react on the increase of price, heightens 
supply immediately. At the opposite case the reaction is 
delayed by time
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τ , necessary for production or 
transportation of goods. Let us give the reasonable 
interpretation of time delay )(ty=τ  as a Markov 

process with two states – zero and one. Suppose  to 
be ergodic homogenous Markov process in space Y  
with transition probabilities  and invariant 
measure
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and noting that both the supply and demand are non-
linear functions we may have the linearized  model near 
the equilibrium price in the form 
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To obtain the form useful for the averaging procedure 
we introduce operators:  
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That acquires the equation in the space of continuous 
functions C : 
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Integration by the invariant measure µ  provides  
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Stability conditions depending on the spectrum of 
operator A   
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Figure1. Stability region for the market model. 

In case of { } ∅=>∩ 0Re)( zAσ  and 
{ } { } ∅≠==∩ mzzzz ...,,,0Re)( 21Aσ , i.e. the spectrum 

of operator A contains the set { }mzzz ...,,, 210 =σ  of 
 imaginary points one may use the results of 

Theorem 2. 
m

Let us specify the demand and supply functions for the 
model to provide the case if the system is on the border 
of stability:  
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Figure 2. Specified demand and supply functions for 
obtaining business cycle. 

 
Then operator A  has a pair of imaginary eigenvalues 

{ }νσ i±=0  with krcc πν 21)(1( −+−= . Analysis of 
the averaged system allows establishing an existence of 
the stable phase trajectories business cycle on the 

 plane for the system (7). ),( SD

 
 

Figure 3. Business cycle on the demand-supply plane. 
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