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ABSTRACT

This paper illustrates the resampling-approach to a task
of comparison of two renewal processes with
application to solving one inventory theory problem.
The probability of the shortage absence of inventory
unit is estimated. The formula for the variance
calculation of estimator of interest is presented.
Obtained resampling-estimators are compared with
classical ones. It is shown that considered approach
could be a good alternative to classical one, taking bias,
variance and mean square error of estimators into
account. Numerical examples illustrate the efficiency of
considered method.

INTRODUCTION

Suppose we have two simple independent renewal
processes {X;, i=1,2,...} and {Y;, i=1,2,...}, where {X;}
and {Y;} are the sequences of unnegative independent
random variables, each sequence with its own common

distribution (Cox 1962, Ross 1992). Let D, =Y X,

i=1
and S, :ZZ be the times of the m-th renewal for
i=1

corresponding processes. The distribution functions of
sequences  {X;} and {Y;} are unknown, but
corresponding initial samples’ of sizes ny and ny are
available. Our purpose is the estimation of the
probability P{D,k > S, }, where n, 22m and n, =22k

This problem has a lot of applications, for example, in
inventory theory (Ross 1992) it occurs in the following
situation. Suppose that the initial inventory level equals
to K, where K is a known integer. Inventory level is
increasing according to the supply and decreasing
according to the demand. It is also assumed, that if the
demand exceeds the supply then the shortage occurs.
Our purpose is to estimate the shortage absence
probability for the m-th unit’s demand.
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The described example can be considered in terms of
renewal processes in the following way. Let the demand
corresponds to the first renewal process {X;, i=1,2,...}
and the time of the m-th renewal be the time of the m-th
request of inventory unit. Let the supply corresponds to
the second renewal process {Y;, i=1,2,...} and the time
of the m-th renewal be the time of the m-th supply of
inventory unit. Then the probability of interest, of the
shortage absence, is the probability, that the m-th
demand comes later, that the m — K -th supply D, >S,,..
k- It is also assumed, that the initial inventory level K is
known. We wish to investigate some properties of the
different estimators of the shortage probability.

In the next section some important relationships for
future purposes are given. Then follows the section,
where the resampling-estimators of probability of
interest are presented. The third section presents the
specific cases for some distributions on the base of
resampling-approach. The fourth section considers the
classical estimators of the probability of interest.
Further in the fifth section numerical examples illustrate
the suggested approach efficiency. The last section
concludes the paper.

SOME RELATIONSHIPS

Now we describe our problem more formally. Let us
define the distribution functions of sequences {X;} and

{Y;} as F*(x) and F'(x), and distribution density
functions as f,*(x) and f,"(x). The functions F,*(x)
and F'(x) are unknown, but corresponding samples
H"={X,X,,..,X, } and H" ={Y,Y,,....Y, } are
available for sequences {X;} and {Y;}, where | H" |=n,
and |H' |=n,.

Let us define the distribution and density function of the
sum of variables: F*(x) and f;*(x). The sub index i in
this notation means the number of addends in the sum.
The mentioned above function F*(x) according to this
notation is the distribution function of the sum
presented with only one element. The upper index
means the r.v. name, whose distribution function is
considered.



We are interested in the time of the m-th and m — K -th
renewals:

m m—-K
D, =ZX .S, =ZY : (1)

Our task is to estimate the shortage absence probability
P{D, > S, ,}that the m-th renewal of the demand

process {X;} comes later, than the m — K -th renewal of
the supply process {V;}.

Let’s consider the indicator function W(x,y), where

X=(x,%,,....%, ) and y=(y,,»,,...,», ) are vectors

my

of real numbers:

my my

Y(x,y)= : lex>Zy )

0 otherwise.

Suppose we have two  vectors of r.v.
X=(X,X,,...X, ) and Y=(V.Y,,...Y, ), m,=m,

m, =m—K . Our purpose is to estimate the shortage
absence probability ® = E(W(X,Y)). We will estimate

® using two different approaches: classical and
resampling. Classical, parametrical approach is widely
known. So we consider the alternative nonparametrical
resampling-approach implementation in our paper.

RESAMPLING-APPROACH

At first we consider the resampling-approach for
estimation of the shortage absence probability. This
method does not supposes the estimation of the
distribution parameters or the construction of the
empirical distribution functions to find characteristics of
interest, as it is supposed by traditional methods.
Alternatively we wuse primary data in different
combinations and this fact makes possible to obtain
unbiased estimators and decrease their variance. There
are a lot of examples of resampling-approach successive
implementation to various tasks for reliability systems,
regression models, for order statistics estimation
(Andronov A. and Merkuryev Yu. 2000, Wu 1986,
Gentle 2000).

Resampling-approach supposes the following steps. We
choose randomly my elements from the sample A" and
my elements from the sample H'. The elements are
taken without replacement, we remind that n,>2m,,

n, >2m, . Then we calculate the corresponding value
of function W(x,y) using formula (2). After that we
return chosen elements into the corresponding samples.

We repeat this procedure during r realizations. Let
Jji(@), d=1,..,m; be the indeces of elements from the

sample H', ie{X,Y}, that are chosen at the I-th

realization. Then for the /-th realization we obtain the
following vectors:

X = (X/f((l)’X/{(l)""’X
YO=,, .Y Y

VRO I 10 R ()

)s

Ja (D)

).

The resampling-estimator ®F" is the arithmetical mean
by r realizations:

O = }ZW(X(D,YU». 3)

Obviously this estimator is unbiased:
E©%)=0. “)

We are interested in the variance of this estimator.

Let’s denote the following notations:

u=EWX,Y)), u, =E(¥X,Y)), 6))

w1, = E(PXAO,YOIPXIO), YA DL L= (6)

Then the variance of interest can be calculated using the
following formula:

V(@) =E@©")-p, (7
where

oy 1 r—1
E© )—7”;4’7“11' 8)

In order to estimate the variance of the estimator, we
have firstly to find the expression of the mixed moment
u,, from the formula (6).

To calculate the moment ,, the notation of a-pairs can
be used (Fioshin 2000). Let us denote Wy(l), I=1,...,r,
ie{X,Y}, a subset of the sample H', which was used
for producing the values of vectors X(/) and Y(/)
correspondingly, W.()c H'. Let wus denote
M={0,1,....m;}, M=MyxMy. Let o=(ax, ay) be an
element of M, ae M . We say that W/) and W(l’)
produce the a-pair, if and only if W(l) and W(I") have
o; common elements: | W, (I)nW.(I)|=a,.

Let A;-(a) denote the event “subsamples (X(/),Y(/)) and
X(),Y(")) produce a-pair”’, but P,(a) be the
probability of this event: P, (a)=P{4,:(a)}. Because of
the fact realizations /=1,..,r are statistically equivalent,
we can omit the lower indices /I’ and write P(a).

Let
i, (@) = E(EXA), YO)BXA), YU') | 4,(@) 5 (9)
then



Hy ZZP(G)M“(G). (10)

aeM

Therefore we need to calculate P{a} and p, (a) for all
aeM.

The probability P{a} can be calculated using
hypergeometrical distribution:

m,\ n,—m, n,
P(u)zlsl;lﬂ(ai}(mf_arj/(mfj, (11

n
where [

j is binomial coefficient.
m

Now our task is to calculate i, (o), Va e M .

Let’s introduce some new notations for two different
realizations / and /” of resampling-procedure. Using
sums, mentioned earlier in formula (1) let’s include the
upper index corresponding to the realization number.
Then let’s divide each sum into two parts in the
following way. We consider separately the common and
the different elements of these sums for realizations /
and /’:

DI’N = Ddif‘(,”’) + Dmm(l/') > Dlv = Dd’/(jy) + Dmm(//') s
X my—ay ay o s . b
S:n = S | geomlih Gl _ gaf (D) | geon(t) (12)
Y uy my a),

my—ay my—ay

where
D’ = Z“Xé (or S/ = ZIQ) is the sum of

my
&y (J) Eely ()

sequences {X;} (or {Y;}) elements for the j-th
realization, je{/,I'},

DYV (or $#Y) is the sum of n elements from X(j)
(or ¥(j)), which are absent in X(k) (or ¥(k)),
k,jell,l'y,k+j,

DI (or §¢"™) is the sum of n common elements of
X(/) and X(1’) (or ¥(I) and Y(1)).

Therefore we can write:

(@) = PRP(X(D), Y(1) = LY(X("), Y(I") =1]a} =
— P{Dm'/‘(u') L Dot g g eonln)

dif (I'l) com(ll") dif (I'l) com(ll'yy __
D +D " > S +8, ) =

my —ay my —ay

= PDYY +C, > S, DI 4 C, > S =

my—ay my —a y =0y

dif (11"
ay 2

o my —ay

+0
= IP{D"’”[" +z>8
my —Oy

DI 42> S (2] @)dz,
where D" -8 =C,, f(x|@) ~ the

distribution density function of r.v. C,. Note that for
fixed wvalue of rv. C, = 1z the events

D™ 425500} and (DI 425570} are

my—y my—ay my—a. my—ty

independent. Then p,(a) has the following form:

my —

w,(0) = [ PIDIY +2> 500
DY 42> ST (2| @)z

Therefore

R(z|0)= P{DI™ + 2> 54 )=

my—ay

= P{D# 1z > gren |
0y m

Y 0y

(13)

= | Py 6+ 2) [, (X)dlx.

—o0

The r.v. C,, has the following cumulative distribution
and probability density functions:

F(z|@)=P{C, <z} = P{D"" — 8" < 7} =
_ P{D(‘()m(ll') < g eomi +Z}
(14)

FEGI0) = [ £ G+ D) 1) ()

Note that the events {D;”X’fﬁx) +z>S‘“f‘”"} and

my—ay

{Dd" Mrz> SZ,/féf)} are equal probable. Therefore we

can write the formula for p, (a) calculation in the
following way:

b (@) = [RG| @) £€ (2| @)z (15)

SPECIFIC CASES

This section includes some examples, when we
illustrate the suggested approach on well known
distributions.

Example: Normal distribution

Let’s consider the case, when in our renewal processes
rv. X and Y of interest are normally distributed:

X~N(ux0x), Y~N(uyoy). Then the sum DZ;ZL from
formula (12) has also normal distribution with the

expectation E(D"’;"”) )=(m, —a,)u, and the variance

my —oy

V(D) Yy =(m, —a,)c,,ie.

F Y x_(mx_ax)“x ,
N oo 1

where ®(x) — standard normal N(0,1) distribution
function.



Analogously, the sum S;’% has also normal

distribution with the expectatlon (m, —a,)u, and the

variance (m, —a,)c. .

The distribution function of C, is also normal with the
expectation o, [, —a,U, and the  variance

2 2
a,0, +0,0,.

Then using formula (15) we can find the necessary
mixed moment.

Example: Exponential distribution

Let’s consider now another example, when in our
renewal preceses r.v. X and Y of interest have
exponential distribution with parameters A and v
correspondingly Then the distribution function

F, , (x) of the sum D;’” from formula (12) has

Erlang distribution with parameters 4 and m, —a, . The

distribution function F,  (x) of the other sum S A

from formula (12) has also Erlang distribution with
parameters v and m, —a, . We also define with letter G
(with corresponding indices) an additional function to
corresponding distribution function: G(x)=1-F(x) .

Let us consider the integral from (13) in the following
way:

+00

G, ., +of, . (vdy=

-0

R(cla)=1-

max(0,-c)

- [TGlad- [T 0,

—0 max(0,-c)

where T(y|a) is the underintegral expression.

All intermediate proofs and calculus for those two
integral parts are given in the Appendix.
Finally, we have:

Rc|la)=1-F"*

my =ty

my—oy I
_ 7v47\‘mx oy 2 2

(i-p+m, —a, )

(max(0,—c)) —

P

-G, (max(0,—¢c) | a),

(m, —a, -1
where G, (x|a) - additional function for Erlang
distribution ~ function  with  parameters A+v,

m,—o,+i—p.

Now consider the probability density function from (14)
for the rv. D -8 =C,, where D;"” and

S have Erlang distribution with parameters (o, /)

and (ay, v) correspondingly.
Then
Ay e

S = e i

wia, —1 -p-2)! 18
. Z X . CF MGX (max(()’_c))’ ( )
= p ()L"FV)“X ay=p
where G,(x) corresponds to additional function for
Erlang distribution with parameters A+v and

a, +a, —p—1. The proof for formula (18) are given in
the Appendix.

Then using formula (15) we can find the necessary
mixed moment.

Note that with some modifications those formulas are
also available for Erlang distribution.

CLASSICAL APPROACH

Classical approach to the estimation of the probability
of interest is a parametrical one. It supposes the point
estimation of the parameters of the distribution, if we
know the distribution type of the initial samples H'
i={X, Y}. We intend to estimate the parameters of the
known types of distributions.

Example: Exponential distribution
Let’s consider an example, when r.v. X and Y have
exponential distribution with parameters A and v

correspondingly. The sum of exponentially distributed
r.v. has Erlang distribution. The probability of interest

®=P{D, >S§, },notation from formula (1), now is:

0= jq¢»ﬂﬁﬁ@=

e e

dy = 19
A I VT T T (19)
my -1 me 7\: i1
=) —— +p).
; (}\‘+ v)n1y+z l! g(mY p)

The classical approach supposes using the point
estirnators instead of the values of A and v:
=n,/D, , V' = nY/SnX . It gives the estimator:

ny 9

LS|

Z(,: Xty )m’“_
where H:I.
p=0

(m, +p), (20)

p=0



Now we are able to calculate the expectation and the
variance of ©°".

Example: Normal distribution

Now let’s consider the case, where X and Y have normal
distribution, correspondingly N(ux,0x) and N(uy,ovy).
The real probability of the shortage absence in this case
can be calculated as follows:

®=P{D, >SS, }=PD, =S, >0},

m

It is known, that the distribution of this difference also
has normal distribution. Therefore,

®(u,6) :1—(D 0_(mxp'x _m}’u}')
\/ m,G +m,c,
If we try to estimate this probability, the classical
approach supposes the estimation of the parameters
p=(@U,,u,), o=(c,,0,) using available sample
populations. We have the estimator:

0_(mxu:( _myl’t;)

O =0"(n",6')=1-0 a :
\/mxc)f +m,c;

Then the expectation and the second moment of this
estimator have the following expressions:

E@ )=

o 0 o

= [0t .o, Wi f, )1, (0 ity dodo,

—0—00—%

E(@C*Z) —

= f f f ©'(,6') f,, W) S, (61)1, (0))di,,do o,

—0—00—%

where distribution density function f, (x) of the

m,u, —m,p, has normal distribution with parameters

mu, —mu, and \/cxsz( /n,+c,'m’/n, , and
distribution density function f, (x) of the nc,"/c; has

“chi-square” distribution with n,—1 degrees of

freedom, i={X,Y}. Then the expression for variance of
O is: V(O)=E(@“?)- E(®)* and for the mean
square error ER(O)=V(O@)+(@-E(@))*.

NUMERICAL RESULTS

Consider the case when r.v. X and Y have normal
distribution with parameters p, =p, =2, 6, =6, =1.
The real estimators of probabilities of the shortage
absence are presented in the Table 1.

Let our sample sizes be equal n=n, =n,, and we
consider the m-th unit’s demand and different initial

inventory levels K=0.3. All calculations have
performed for » = 1000 realizations.

We intend to compare the variance of estimators of
resampling-approach with the mean square error of
classical approach. It is so because of resampling-
approach estimators are unbiased, but classical ones on
the contrary have bias.

Table 1 Real probabilities of shortage absence ®

®
K=0 K=1 K=2 K=3
n=6, m=3 .5 .814 - -
n=10, m=5 .5 748 921 988
n=10, m=4 5 775 .949 -—
n=12, m=6 .5 727 .897 977

Table 2 Experimental results for Classical ® and
Resampling O estimators

k=0 | k=1 |K=2 |K=3
n=6 V() .067 .034 -
m=3 e 0 022 | —
ER©®) | 067 |.035 |— |—
V(@) 112 .047 -
n=10 | y@~) | 061 | 043 | 015 | .002
m= Tpe~) |0 028 | .029 |.013
ER(©®°) | 061 |.044 |.015 |.002
y©") | 087 | 055 |.014 |.001
=10 | y@~) | 053 | 032 |.006 |-
"= B(O) 0 021 | .018 |-
ER(®<) | .053 |.033 |.007 |—
y©°) | 069 | 039 |.005 |-
=12 | y@~) |06 |.045 | 019 | 004
m=6 Trecy 10 028 | .033 | .019
ER(©®) | .06 |.046 |02 |.004
y@©©) | 085 | 058 |02 |.002

In the Table 2 and at the fig. 1 we can see the
resampling-estimators’ variance V(@) comparing
with classical approach estimators’ variance V(©"),
bias B(®¢"), and mean square error ER(®°"). The

table shows how changes the results depending on
different sample sizes n, unit’s number m and initial
inventory level K.




Classical and resampling approaches results, n=10,
m=5, K=0..3
— —— —Classical variance

—a— Classical mean error
---A--- Resampling variance

0,12 4

0,084 "

0 0,5 1 1,5 2 25 3 3,5

Initial inventory level K

Figure 1 Classical and resampling-approach results

Analyzing table’s results we can draw the conclusion
that the variance and corresponding mean square error
of both approaches decreases with the increasing of
sample sizes n, m, and initial inventory level K. The
variance of resampling-estimators is almost always near
the traditional one. However resampling-estimators are
unbiased. Taking as the criterion the mean square error
resampling gives even better results for big values of K.

CONCLUSION

Resampling-approach can be successfully used for
obtaining the estimators of parameters of interest of the
renewal processes. Obtained formulas allow calculating
the variance of the estimators for resampling and
classical approaches. Numerical examples show the
efficiency of suggested approach, taking estimators’
mean square error as efficiency criterion. This approach
can be good alternative to traditional one.
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APPENDIX

Below the proof for formula (17) is given:

Riele)=1-|G,  (y+o)f, . (»dy=
max(0,-c) :

- Jroiod- jT(y | @)dy.

max(0,—

Let us consider the parts of this integral separately:

max(0,~c) max(0,~¢ )

[rolwar="[G ., +afl., (=

-0 -

max(0,-c)

j £, )y =F, (max(0,~c)).

Let us for future calculations define m, —a, =a,

m,—a,=>b:

[y aydy = IGZ (y+o)f )y =
max(0,—c) max(0,—

+0

_ J‘ ,VUH)ZV()H'C) ( ) e dy =

B i! (a-1)!

max(0,-c)
-vena  b-1 i +o
_ e N 'ZV_' J‘ o Oy Z(tp)yl pta-] lcpdy _
(a_l)' -0 L max(0,-c) p=0

-vena  b-1 L

+0
e Y ; , :
_ i V4 —(A+v)y _ i-pt+a-l _
=1 _1),2 5 (;)e fe yrtdy =
a S0 I ps0 max(0,~¢)

e N VY (l. )c'” (i-pta-1!
P

= (a - 1)' pary il = (}\,+ V)u*pﬂ'
max(0,-c) (l -p +a— 1)!

Below the proof for formula (18) is given:

foleloy= [ £E+e)fl ()dv =

[1r+of, (dy=
max(0,—c)
_ [ MOoro™ PRt Vi) edy =
max(0,~c) (ax -D! (uy -D!

__ et pfer—l) o re, —p-2)t
@ D, 0 p S G

+ —p-2 —p-
@ yd)«+ﬂX % (7\‘+V)d)(+ﬂy P

(a, +a, —p-2)!

—(+v)y

dy.

max(0,—c)
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