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ABSTRACT 
 
The “Trace-driven simulation” is often employed in 
practical problems for the validation of a considered 
stochastic model. In this paper we propose a quite 
general model for description of this method by use of 
embedded semi-Markov process. It allows us 
investigating its efficiency. 
 
INTRODUCTION 
 
“Trace-driven simulation” is an approach that is used 
for validation of considered model (Kleijnen et al. 
1999). This approach can be described by the following 
way.  We suppose that a real system of interest has 
observed input nAAA ,...,2,1  and output or replicate 

mWWW ,...,2,1 . For example, nAAA ,...,2,1  form a 
sequence of arrival times of customers into a queuing 
system, mWWW ,...,2,1  form a sequence of sojourn 
times of the customers in the system or the output times 
from the system. The output series are evaluated 
through a performance measure (response) X, the 
average sojourn time of the customers, for example. 
 
We have a simulated system as well. We should verify 
its adequacy to the real system: it is the so-called null 
hypothesis. For this purpose we use the same “trace” 

nAAA ,...,2,1  and produce the simulation B times. As a 
result we get B simulated outputs (replicates) 

)(~,...,)(
2

~,)(
1

~ r
mWrWrW , where r  is a run number of the 

simulation, Br ,...,2,1= . Let )(~,...,)2(~,)1(~ BXXX  be a 
corresponding sequence of the performances 
(responses). 
 
To validate the simulation model  (to test the null-
hypothesis), the real and simulated performances X  

and )(~,...,)2(~,)1(~ BXXX  should be compared 

statistically. Some solutions of this problem were given 
in (Kleijnen et al. 1999).  

 
We consider another approach. The simplest way 
supposes a sorting of the simulated performances 

)(~,...,)2(~,)1(~ BXXX . It gives the order statistics 

)(
~,...,)2(

~,)1(
~

BXXX  and the estimated α -quantile of 

distribution  )(
~

αBX . This procedure gives, for 
example, a two-sided ( α−1 )-confidence interval for the 
original value X , ranging from the lower estimated 

2/α -quintile to the upper )2/1( α− -quintile. If X  
value falls outside this interval then we reject the 
simulated model (the null-hypothesis). In addition, the 
significance level of this testing is equal to α . 
 
Our aim is to investigate the efficiency of the described 
approach for quite general case of complex system. We 
shall consider these systems as composite two-
components embedded semi-Markov process. 
 
The next section presents the mathematical model of 
considered systems. Section 3 describes a validation 
procedure. Section 4 is devoted to a calculation of a 
power function for proposed approach. A special case of 
queueing system SMGI //  is presented in section 
5.The last section contains some concluding remarks. 
 
MATHEMATICAL MODEL 
 
We shall suppose that observed input }{ νA  corresponds 

to a semi-Markov process )(tA . The last is described by 
discrete set Aε  of states, matrix of one-step transition 

probabilities ),( jiP= P  and the distribution function 

)(tiF  of sojourn time in each state Ai ε∈ . Obviously,  

,1, =∑
∈

jiP
Aj ε

    1)( =∞iF     Ai  ε∈∀ . 

 
Remind (Ross 1992, p.86) that “…semi-Markov process 

))(( tA  records the state of the process at each time  
point …”. So we have these states and their durations as 
considered input. 



Further we suppose that the inner structure of our 
simulated system is described by a stochastic process 

)(tS  with discrete set of states Sε . If state AJ ε∈  of 

Semi-Markov process )(tA  takes place then process 
)(tS  behaves as independent Semi-Markov process 

with matrix JS ,P  of one-step transition probabilities 

and distribution function )(, ⋅JS
iF  of sojourn time in 

the state Si ε∈ . 
 
We shall name jumps (transition) of process )(tA  as 
jumps of the first type and supplemental jumps of the 
process )(tS  only as the jumps of the second type. Note 
that the probability having a jump of the process )(tA  
at the time t  does not depend on state of )(tS . 
 
Let *t  be a time moment when a jump of the first type 
takes place, )*( −=− tAJ  and )*( +=+ tAJ  be states 

of the process )(tA  immediately before and after this 

time moment. Let )*( −=− tSSJ  and )*( +=+ tSSJ  

be the same for the process )(tS . If +J  is entered, the 

next state SJ+  of the process )(tS  is chosen according 

to the transition probabilities .
   , 

  ,
SJSJ

JJ
q

+−

+− If the state 

SJ+ is chosen, then the time until the next transition of 

process )(tS  has distribution function +

+

JS
SJ

F
,

 as 

usually for S(t). 
 
Now we consider sequence of time moments ,...2,1 tt  

when all jumps occur. Every one of such moments can 
produce random variable ,...2

~,1
~ WW  − output of our 

system. To describe corresponding stochastic 
mechanism, we introduce the following notations for the 
jump of the first type at the time moment *t : *)(tτ − 
length of an interval between the previous and current 
jumps of the first type; *)(tU  − the time since the last 
jump of the processes )(tS till t*, so-called age of 
current state at *t . Then the probabilities 

,,,,(1Pr SJSJJJ +−+−  ))*(),*( tUtτ to produce the 

random variables W~ are functions of 

 tSJSJJJ )*(,,,, τ+−+− and U(t*). For the jumps of 
the second type this probability is denoted by 

))*(,,,(2 tUSJSJJPr +− . If the corresponding random 

variable W~  is produced, then its distribution function is 
given by formulas 

=+−+− ))*(),*(,,,,;(1 tUtSJSJJJxSG τ  

)},*(),*(,,,,/~{ tUtSJSJJJxWP τ+−+−≤=  

=+− ))*(,,,;(2 tUSJSJJxSG  

)}.*(,,,/~{ tUSJSJJxWP +−≤=  
 
VALIDATION PROCEDURE 
 
The sequence }~{ iW  is an output from the simulated 
system with the inner structure that is described by the 
process )(tS . Let the inner structure of the real system 
is described by random process )(tB . The null-
hypothesis supposes that process )(tB  is similar to 
process )(tS . Let ,...2,1 WW  denote the output for real 

process )(tB  if the same input ( )nAAA ,...,, 21=A  
takes place. We must compare two sequences }{ iW  and 

}~{ iW  statistically. For this purpose we use some 

performance measure ,...)2,1( WWX ξ=  and 

,...).2
~,1

~(~ WWX ξ=   
 
Let us calculate a conditional distribution function 

)|( AxSR  of X~  by condition that input (trace) A  is 
fixed: 
 

}.|~{)|( AA xXPxSR ≤=  
 
Let )|(1 Aγ−

SR  be the corresponding γ -quantile: 

γγ =− )|)|(1( AASRSR , }|{)|( AA xXPxRB ≤=  - 
be corresponding notation for the random variable X  
and process )(tB instead of )|( AxSR for X~ and S(t). 

Now we are able to test the null hypothesis 0H  that 

random processes )(tB  and )(tS  have the same 
probabilistic structure against the alternative hypothesis 

1H  that they have different structures. Let us suppose 
(without restriction of generality) that if the alternative 
hypothesis 1H  is true then the performance measure X  

is stochastically greater than X~ . In this case we reject 
the null-hypothesis for the significance level α  if fixed 

value X  exceeds )|1(1 Aα−−
SR . In other words a 

decision interval for the null-hypothesis 0H  is 

))|1(1,0( Aα−−
SR .  

If hypothesis 1H  is true, the probability that X  falls 

outside the interval ))|1(,0( 1 Aα−−
SR determines value 

of a power function: 



 

  SRXBPH =−−>= }|)|1(1{)|1( AAA αβ  

                      ).|)|1(1(1 AAα−−−= SRBR                 (1) 
 
Also the conditional power function )|( 1 AHβ  for 
fixed input A  may be calculated. Note that often 
corresponding calculations can be produced 
analytically, numerically or by simulation. We use the 
simulation as it was described in the Introduction.  
 
To get the unconditional power function )( 1Hβ we 
have to use averaging in accordance with the 
distribution of the input A  (trace). The simplest method 
of this averaging consists in Monte-Carlo use.  
 
Also, we produce k  realizations of Monte-Carlo. In the 
l -th realization ),...,2,1( kl =  we generate input 

),(2),(1()( lAlAl =A ))()(..., llnA  and calculate the 

power function ))(( 1 lH A|β  as it was described above. 
Now we are able to average given results to get 
estimator 
 

                       ))(|1(
1

1)1(0 lH
k

lk
H Aββ ∑

=
=              (2) 

 
of unconditional power function )( 1Hβ . The law of 
Large Numbers states that with probability one 

)1(0 Hβ tends to )1(Hβ  when k tends to the infinity. 
 
CALCULATION OF THE CONDITIONAL 
DISTRIBUTION FUNCTION OF X~  
 
A subject of our consideration is numerical calculation 
of the conditional distribution function )|( AxSR  of the 

performance measure X~ . The distribution function 
)|( AxBR  of X  has a similar presentation. Therefore it 

allows us calculating the power function (1). Below we 
shall suppose that performance measures X~  and X  has 
additional structure, namely ...2

~
1

~~
++= WWX  and 

...21 ++= WWX .  
 
Then we consider the random process )).(),(( tStA  Let 

)),(  ...  ),2,2(  ),1,1(( nTnJTJTJ  be a sequence of 
states and sojourn times in these states that has been 
registered in the given realization of )(tA . We denoted 
it by A  and named “trace”.  
 
Note that our process ))(),(( tStA  produces an 
embedded Markov chain for the time moments 

,,0 110 TC  C ==  ,212 TCC += …, nTnCnC +−= 1 . 

Our aim is to calculate a conditional distribution of 
random variables ,...2,1),,( =ννν   ZY , by condition that 

trace A is fixed and 00,00 == Z  kY . Here νY  denotes 

a state )( +νCS  immediately after time moment 

νν ZC ,  denotes a cumulative sum of W~  for this 
moment. We denote corresponding conditional 
distribution function  
 

}.|,{)|,( AA zZ  kYPzkR ≤== ννν  
 
Let ),;,(, JtzujiQ  be a probability that semi-Markov 

process )(⋅S  with characteristics JS ,P  and 

},,{ Si  JS
iF ε∈  goes from state Si ε∈  to state 

Sj ε∈  at the time t , its cumulative value of Z  will be 
less than z , age )(tU  of state j  at the time t will be 
less then u :  
 

  jtSPJtzujiQ ,)({),;,(, ==  

( ) ,  ( ) |U t u Z t z≤ ≤ 1( )A ζ =
}.0)0(,0)0(,)0(  ;0  , ===≤≤= ZUiStJ ζ  

 
Note that values of Qi,j are calculated on the base of 
Pr2(⋅) and )(2 ⋅SG . 
The technique of these transition probability calculation 
is well known (Ross 1992) and we regard ones are 
known.  
Usual Markov type relationships give us the following 
expressions: 
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It should be noted that in the last formula the expression 
for Rn could be modified to take into account the end of 
the considered process.  
 
SPECIAL CASE 
 
We consider queueing system SMGI // : an arbitrary 
renewal process of customer arrivals, exponential 
distributed service time and the number of servers 
equals S. We suppose that originally system is empty. 
We observe a number n of customer arrivals, the 
sequence nCCC ,...,2,01 =  of arrival times and the 

sequence nVVV ,...,2,1  of their output times from the 
system. As performance measure we have common 
sojourn time of all arrived customers 
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~
iCiV

n

i
X −∑

=
=  

 
Our aim is to verify statistical hypothesis (null-
hypothesis 0H ) that service time has exponential 

distribution with parameter 0λ  against alternative 

hypothesis 1H  that this parameter equals 0λλ < .  
 
In this case it is convenient to consider only one state of 
process } 1 {  :)( =AtA ε . Then the observed input 

}{ νA  is a Renewal Process nTTT ,...,2,1  (Ross 1992), 

where .,...,3,2, ,111 n  CCT  CT  =−== − νννν  Let the 
stochastic process )(tS  denote the number of customers 
in the system at time moment t . )(tS  is a death process 

for 1+<< νν CtC  so 1,
,

1

1
=

−
S

ii
P  for matrix ,1SP , 

moreover for t > 0 
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Here the jumps of the first and the second type 
correspond to customer arrivals and outputs from the 
system. Therefore 
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To use our general results for nWWWX ~...2
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calculation we are able to consider new “output” 
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The analogous formulas for the cases i ≥ j ≥ S and            
j < S ≤ i are given in the Appendix.  
 
Now we are able to perform the calculation in 
accordance with the formulas (1) – (4).  If after the last 
arrival the system contains k customers, then their rest 
sojourn time has Erlang distribution with parameters k 
and λ0. Therefore the distribution function (5) of the 
total sojourn time   
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Note that the queueing systems ∞// GGI  and 

SMGI //  were considered before by use of quite 
complex algebraic computation (Andronov 2000, 2001). 
Our numerical approach allows avoiding such 
difficulties. 
 
NUMERICAL EXAMPLE 
 
Let us consider the previous case for S = 1. Therefore 
we have a single queueing system. It allows us to 
simplify the general formulas: 
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The formulas for Qi,j calculation (see Appendix) have 
the following expressions. Since S = 1 the case 
2) j ≤ i ≤ S is absent (it is covered by other cases). In the 
case 1) i ≥ j ≥ 1 the formula (6) takes place for  S = 1.  



In the case 3) j = 0 < 1 ≤ i, instead of (8) we have the 
formula: 
 

∫=
t

ii dzQtztQ
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1,00, )1,;,()1 ,;,( τττλ . 

 
Let us consider the following numerical data. The 
number n of considered customer is equal to 3, the first 
customer arrives into the empty system (C1 = 0), the 
next customers arrive at the time moments C2 = 0.5 and  
C3 = 1.5. Our null hypothesis H0 is λ = λ0 =1. Let  the 
significance level  α = 0.1.  
 
As a criterion of the hypothesis testing we use the total 
sojourn time of all customers. Their distribution 
function is defined by formula (6). The Table 1 contains 
its numerical values. We see that 

6)|9.0()|1( 11 ≈=− −− AA SS RR α . The Table 2 contains 
values of the power function β(λ) for the alternative 
hypothesis λ < 1. We see that the Trace-driven 
simulation allows quickly detecting a deviation from the 
null hypothesis. 
 

Table 1. The conditional distribution function 
RS(x | A) under the hypothesis H0: λ = 1 

x 3 4 5 6 7 

RS(x | A) 0.487 0.671 0.809 0.897 0.948 

 
x 8 9 10 11 

RS(x | A) 0.974 0.988 0.994 0.998 
 

Table 2. The power function β (λ)  
for the alternatives H1: λ < 1 

 
λ 1 0.9 0.8 0.7 0.6 

β (λ) 0.103 0.146 0.205 0.283 0.382 
 

λ 0.5 0.4 0.3 0.2 0.1 

β (λ) 0.503 0.641 0.783 0.907 0.983 

 
 
CONCLUDING REMARKS 
 
We considered the quite general mathematical model 
for description of Trace-driven simulation that is used 
for stochastic model validation. This approach is based 
on the theory of embedded two-dimensional semi-
Markov processes. This allows us to use proposed 
numerical algorithm for the efficiency investigation of 
the Trace-driven simulation. The future research will 
deal with applications of considered approach to 
different practical problems of stochastic model 
validation. 
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APPENDIX 
 
Let us derive formulas for the calculation of 

),(, xtjiP = )1,;,(, txTjiQ ν . It means that we have 

queuing system G/M/S with S  servers. Service time 
has exponential distribution with parameter λ . We 
suppose that i  customers are in the system at the 
beginning and new customers do not arrive during time 
t. Then ),(, xtP ji  is probability that j customers will be 
in the system at time t and total sojourn time of all 
customers in the system during time t will be less than 
x . The probability ),(, xtjiP  depends on values i  and 

j . Let us consider three possible cases separately.  
 
1) Sji ≥≥ . In this case S  customers are served 
constantly. The total service intensity is equal to Sλ . 
The output flow of served customers is the Poisson 
process with this intensity. Therefore, probability that 

ji − customers will be served during the time t  equals  
 



( ) ijS   StejiSt
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,
)!(

1 λλ . 

 
Now we use the following useful statement (Ross 1992, 
p.18): “under the condition that m  events of the Poisson 
process have occurred in (0, t), the times at which 
events occur, considered as unordered random variables, 
are distributed independently and uniformly in the 
interval (0, t).” Therefore the total sojourn time of all 
customers in the system during time t  is equal to sum 
of m = i − j random variables that are distributed 
independently and uniformly in the interval (0, t) plus jt 
(sojourn time of j  remaining customers). The 
distribution function of the sum is (Feller 1971): 
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2) Sij ≤≤ . In this case a number of served customers 
during the time t is a number of success in the Bernoulli 
trials for i  trials and the success probability 

)exp(1 tλ−− . Therefore, probability to complete a 
service of i – j customers during the time t is equal to  
 

[ ] .0),exp())exp(1( Sij t jt 
j
i ji ≤≤≤−−−






 − λλ  

 
Therefore the total sojourn time of all customers in the 
system during time t is equal to jt plus sum of jim −=  
independent random variables that have truncated in t 
on the right exponential distribution with parameter λ . 
It can show that the distribution functions and 
probability density function of this sum are given by 
formulas, correspondingly: 
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Finally 
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3) iSj ≤< . In this case there exists some time moment 

,0, tu  u <<  that the number of customers in the 
system at u changes from S  to 1−S . The probability 
that  S customers are in the system and the total sojourn 
time is less than x – y at the time moment t, is equal to 

).,(, yx  uP Si −  The probability of service completion 

during interval ),( duu  u +  is equal to )(0 duSdu +λ . 
The probability, that after residual time ut −  we will 
have j  customers in the system and the total sojourn 
time will increase less than on y , is equal to 

)(0),(,1 dyy  utP jS +−− . As the moment u  and the 
increment y  are random variables then 
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0
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xtjiP S  

=−− SdudyutP jS λ),(,1 ⋅






 −
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∆

− j
S

yxuiP
t u

jut
S
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),(,

0

)(
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                         [1 – exp (- λ(t − u))]S-1-j ⋅                    (8) 
 

,))(())(exp( 1 du  dy  S jutyfutj jS λλ −−−−⋅ −−  
,0, ≥≤< x    iSj     

 
where ∆ (u) = min {x – uS, (S – 1) (t – u )}. 
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