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ABSTRACT

The “Trace-driven simulation” is often employed in
practical problems for the validation of a considered
stochastic model. In this paper we propose a quite
general model for description of this method by use of
embedded semi-Markov process. It allows us
investigating its efficiency.

INTRODUCTION

“Trace-driven simulation” is an approach that is used
for validation of considered model (Kleijnen et al.
1999). This approach can be described by the following
way. We suppose that a real system of interest has
observed input A4, A4,,...,4, and output or replicate
W Wy s W, . -
sequence of arrival times of customers into a queuing

system, W, W5,..W,, form a sequence of sojourn

times of the customers in the system or the output times
from the system. The output series are evaluated
through a performance measure (response) X, the
average sojourn time of the customers, for example.

n

For example, Ay, A4y ..., 4 form a

We have a simulated system as well. We should verify
its adequacy to the real system: it is the so-called null
hypothesis. For this purpose we use the same “trace”
Al,Az,...,An and produce the simulation B times. As a

result we get B simulated outputs (replicates)

VIN/I(F),VIN/Z(F),..., Wm(r)’ where 7 is a run number of the

simulation, » =1,2,...,B. Let )?(1),)?(2),...,)?(3) be a
corresponding  sequence of the performances
(responses).

To validate the simulation model (to test the null-
hypothesis), the real and simulated performances X

and X (1),)? (2),...,)? (B) should be compared
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statistically. Some solutions of this problem were given
in (Kleijnen et al. 1999).

We consider another approach. The simplest way
supposes a sorting of the simulated performances
X (1),)? (2),...,)? (B ). It gives the order statistics
X(l)’X(z)"“’X(B) and the estimated «-quantile of

distribution X (Baly- This procedure gives, for
example, a two-sided (1—« )-confidence interval for the
original value X, ranging from the lower estimated
a/2-quintile to the upper (1-«/2)-quintile. If X

value falls outside this interval then we reject the
simulated model (the null-hypothesis). In addition, the
significance level of this testing is equal to « .

Our aim is to investigate the efficiency of the described
approach for quite general case of complex system. We
shall consider these systems as composite two-
components embedded semi-Markov process.

The next section presents the mathematical model of
considered systems. Section 3 describes a validation
procedure. Section 4 is devoted to a calculation of a
power function for proposed approach. A special case of
queueing system GI/M /S 1is presented in section
5.The last section contains some concluding remarks.

MATHEMATICAL MODEL

We shall suppose that observed input {4,,} corresponds
to a semi-Markov process A(¢) . The last is described by

discrete set ¢ 4 of states, matrix of one-step transition
probabilities P = (F; j) and the distribution function
F;(t) of sojourn time in each state i € & 4 . Obviously,

S B =l Fe)=l
jEEA

ViEEA.

Remind (Ross 1992, p.86) that ““...semi-Markov process
(A(t)) records the state of the process at each time

point ...”. So we have these states and their durations as
considered input.



Further we suppose that the inner structure of our
simulated system is described by a stochastic process
S(t) with discrete set of states g . If state J e ¢ 4 of

Semi-Markov process A(f) takes place then process
S(¢t) behaves as independent Semi-Markov process
with matrix S/ of one-step transition probabilities
and distribution function Fl.S"](~) of sojourn time in

the state i £g-

We shall name jumps (transition) of process A(¢) as

jumps of the first type and supplemental jumps of the
process S(¢) only as the jumps of the second type. Note

that the probability having a jump of the process A(¢)
at the time ¢ does not depend on state of S(¢).

Let ¢* be a time moment when a jump of the first type
takes place, J_ = A(t*-) and J 4 =A(t*+) be states

of the process A(t) immediately before and after this
time moment. Let J_S =S(t*-) and J+S =S@t*+)

be the same for the process S(¢). If J_ is entered, the

next state J _f of the process S(¢) is chosen according

J . J
to the transition probabilities g ¢ E If the state

. J
J f is chosen, then the time until the next transition of
o S,
process S(¢) has distribution function F s as
J
+

usually for S(7).

Now we consider sequence of time moments 7,7,
yooe

when all jumps occur. Every one of such moments can
produce random variable VIN/I,VIN/Z,... — output of our

system. To describe corresponding  stochastic
mechanism, we introduce the following notations for the
jump of the first type at the time moment ¢*: 7(¢*)—

length of an interval between the previous and current
jumps of the first type; U(t*) — the time since the last

jump of the processes S(¢)till #*, so-called age of
current state at ¢*. Then the probabilities

S S % %
Pr(J_,J, ,J_",J, 7, 7 ),U( ) to produce the

random variables W are functions of

J_,J+,J_S,J+S,z'(t*) and U(¢*). For the jumps of
the second type this probability is denoted by
Pry(J, J_S,J +S , U (t*)) . If the corresponding random

variable W is produced, then its distribution function is
given by formulas

% *
G5 a0 5,05 e ueh) =

> S S Nt
=P <x/J_,J,,J_5,J. 5 2t U )},

sk
GyS (x;0,0 5,0, S,U™)) =

=P <xig,J 5,75 U0y
VALIDATION PROCEDURE

The sequence {Vl7i} is an output from the simulated

system with the inner structure that is described by the
process S(¢) . Let the inner structure of the real system

is described by random process B(¢#). The null-
hypothesis supposes that process B(t) is similar to
process S(t). Let W|,W,.,... denote the output for real
process B(¢) if the same input A=(A1,A2,...,An)
takes place. We must compare two sequences {//;} and
{VIN/Z-} statistically. For this purpose we use some

performance measure X =5, W5,...) and

X = EW)Wy,..).

Let us calculate a conditional distribution function
Rg (x| A) of X by condition that input (trace) A4 is
fixed:

Rg (x| A)=P{X <x| A}.

Let RS_I(;/|A) be the corresponding ¥ -quantile:

Rg(Rg™ (| )| )=y, Rp(x| A)= PIX <x| A} -
be corresponding notation for the random variable X
and process B(¢) instead of Rg (x| A) for X and S(9).

Now we are able to test the null hypothesis H, that

random processes B(f) and S(¢f) have the same

probabilistic structure against the alternative hypothesis
H, that they have different structures. Let us suppose

(without restriction of generality) that if the alternative
hypothesis H is true then the performance measure X

is stochastically greater than X . In this case we reject
the null-hypothesis for the significance level o if fixed

value X exceeds Rgl(l—a|A). In other words a
decision interval for the null-hypothesis H( is
O,Rg (1-a|4)).

If hypothesis H| is true, the probability that X falls

outside the interval (0, R§1(1—a | A)) determines value
of a power function:



BUHY | A) = Pg{X > Rg' (1= | 4)| A} =

=1-Rg(Rg\(1-a| A)| A). (1)

Also the conditional power function S(H;|A) for

fixed input 4 may be calculated. Note that often
corresponding  calculations can be  produced
analytically, numerically or by simulation. We use the
simulation as it was described in the Introduction.

To get the unconditional power function F(H;)we

have to use averaging in accordance with the
distribution of the input A (trace). The simplest method
of this averaging consists in Monte-Carlo use.

Also, we produce k realizations of Monte-Carlo. In the
[ -th realization (/=12,..,k) we generate input
A(l) = (A4 (D), Ay (D), ..., An(l) (/)) and calculate the

power function S(H; | A(l)) as it was described above.

Now we are able to average given results to get
estimator

0 1k
B (H1)=ZIZI,3(H1 | A(7)) ()

of unconditional power function S(H;). The law of
Large Numbers states that with probability one
ﬂo (H))tends to S(H;) when k tends to the infinity.

CALCULATION OF THE CONDITIONAL
DISTRIBUTION FUNCTION OF X

A subject of our consideration is numerical calculation
of the conditional distribution function Rg (x| A) of the

performance measure X . The distribution function
Rp(x|A) of X has a similar presentation. Therefore it
allows us calculating the power function (1). Below we
shall suppose that performance measures X and X has
additional structure, namely X = VIN/I +VIN/2 +... and

X:W1+W2 +....

Then we consider the random process (A(z),S(¢)). Let
((J1.T7)s (J,T5), ... (J,,,T,)) be a sequence of
states and sojourn times in these states that has been
registered in the given realization of A(¢) . We denoted
itby A and named “trace”.

Note that our process (A(¢),S(¢)) produces an

embedded Markov chain for the time moments
CO =0, Cl =T1, C2 =C1 +T2’ ceey Cl’l =Cn_1 +Tl’l .

Our aim is to calculate a conditional distribution of
random variables &,.Z, ), v =12,..., by condition that

trace A is fixed and Yy =k, Z =0. Here Y, denotes
a state S(C|,+) immediately after time moment

(.2, denotes a cumulative sum of W for this

moment. We denote corresponding conditional
distribution function

R, (k2| A)=P{Y, =k, Z,, <z| A}.

Let Q; j(u,z;t,J) be a probability that semi-Markov

pSJ

process S(-) with characteristics and

{Fl-S"], ie 55} goes from state ie £g to state
J € &g at the time 7, its cumulative value of Z will be

less than z, age U(f) of state j at the time ¢ will be
less then u :

Qi)j(uoz;taJ):P{S(t):ja
U@)su, Z(t)<z| A) =
=J,0<¢ <t S(0)=i,U(0)=0,Z(0)=0}.

Note that values of Q;; are calculated on the base of
Pry(-) and G5 ().

The technique of these transition probability calculation
is well known (Ross 1992) and we regard ones are
known.

Usual Markov type relationships give us the following
expressions:

Retez - T K=k 20 G
BZ =
0 0 otherwise.
0 JJ
Ry ykz| )= ¥ [R,GdS|4) T ¢;%p """
I€EEy _ o jegS ’
Tl/
I =Py ik Ty ) )

0

L,
~Qi’j(du,z—§;Tv,Jv)+ _[Prl(JvaJv+lajakaTvau)'
0

0 S .
’ J Gl (dW;JV,JV+1,j,k,TV,u),

(e}

Qi,j(du,z—é/—w;TV,JV j},
kegS, Vz € (—©,), v=0,,.,n-1.

Finally we have

Rg(x|A)= ¥ R, (kx|A). (5)

kESS



It should be noted that in the last formula the expression
for R, could be modified to take into account the end of
the considered process.

SPECIAL CASE

We consider queueing system GI/M /S : an arbitrary
renewal process of customer arrivals, exponential
distributed service time and the number of servers
equals S. We suppose that originally system is empty.
We observe a number n of customer arrivals, the
sequence C} =0,C5,....C, of arrival times and the

sequence V1,V5.....V, of their output times from the

system. As performance measure we have common
sojourn time of all arrived customers

~ n
X=3 ;-C).
i=1

Our aim is to verify statistical hypothesis (null-
hypothesis H)) that service time has exponential
distribution with parameter /4, against alternative

hypothesis H that this parameter equals 4 < 4.

In this case it is convenient to consider only one state of
process A(#): &4 ={1}. Then the observed input

{4,} is a Renewal Process 1. 7Ty,...T, (Ross 1992),
where 71 =C, T, =C,-C, v=23,..n Let the
stochastic process S(¢) denote the number of customers

in the system at time moment ¢. S(¢) is a death process

S . S,1
for C, <t<C, | so Pii—l =1 for matrix P“°",
moreover for >0

S1 - _ﬂolt, 0<i<§,
F77 () =
z -ApSt .
l1-e , 1>8

Here the jumps of the first and the second type
correspond to customer arrivals and outputs from the
system. Therefore

1,1
=1, Prn()=0, Pry()=1.
- 10 50)

To use our general results for X = VI71 +VI~/2 +...+V17n

calculation we are able to consider new “output”

W, =V, —C,, . It was shown in Appendix that for j < i
<8, t<T,

i —2gt) "/
Qi’j(Tv,z;t,l)z(jJ(l—e 0 j :

—Ay it
. 0 _ s . .
e Fi—j(z Jjb), jt<z Lit,

where

F o =(—e oy ms) (—Dv(m)
V=0 v

- — m—1 NN
le /lovt_e Agx s ﬂg (x—vit)

c=0’ &
0<x<mt,v(x)=min{m—1|x/t]}, |x/t] - whole
part of x/t.

The analogous formulas for the cases i > j > S and
Jj <S8 <iare given in the Appendix.

Now we are able to perform the calculation in
accordance with the formulas (1) — (4). If after the last
arrival the system contains k customers, then their rest
sojourn time has Erlang distribution with parameters k&
and Ay. Therefore the distribution function (5) of the
total sojourn time

Rg(r|A)= 3 | R,(kx—z|4)-
o (©)

k-1 1 -
'20(102) 'm'e ;LOZ, x>0.

Note that the queueing systems GI/G/© and
GI/M /S were considered before by use of quite
complex algebraic computation (Andronov 2000, 2001).
Our numerical approach allows avoiding such
difficulties.

NUMERICAL EXAMPLE

Let us consider the previous case for S = 1. Therefore
we have a single queueing system. It allows us to
simplify the general formulas:

1 if k=1 2>0,

0 otherwise,

Rl(kaZ|A)={

R (kz|A) =Y [RG:z=x) 0, (T,.dxT, ).

i=k-1 o

The formulas for Q;; calculation (see Appendix) have
the following expressions. Since S = 1 the case
2)j<i<S§is absent (it is covered by other cases). In the
case 1) i > j > 1 the formula (6) takes place for S = 1.



In the case 3) j = 0 < 1 <, instead of (8) we have the
formula:

t
0,0, z:1,1) = 4, I 0,,(z,z;7,)dr.
0

Let us consider the following numerical data. The
number n of considered customer is equal to 3, the first
customer arrives into the empty system (C; = 0), the
next customers arrive at the time moments C, = 0.5 and
C; = 1.5. Our null hypothesis Hy is 4 = 4y =1. Let the
significance level a=0.1.

As a criterion of the hypothesis testing we use the total
sojourn time of all customers. Their distribution
function is defined by formula (6). The Table 1 contains
its numerical values. We see that

Rg'(1—a| A) = Rg'(0.9| A) ~ 6 . The Table 2 contains
values of the power function FAA) for the alternative
hypothesis 4 < 1. We see that the Trace-driven

simulation allows quickly detecting a deviation from the
null hypothesis.

Table 1. The conditional distribution function
Rg(x | A) under the hypothesis Hy: 1 =1

X 3 4 5 6 7

Rs(x|A) | 0.487 | 0.671 | 0.809 | 0.897 | 0.948

X 8 9 10 11

Ry(x | A) 0.974 0.988 0.994 0.998

Table 2. The power function £ (1)
for the alternatives H;: A <1

A 1 0.9 0.8 0.7 0.6

A | 0.103 | 0.146 | 0.205 | 0.283 | 0.382

A 0.5 0.4 0.3 0.2 0.1

LA | 0503 | 0.641 | 0.783 | 0.907 | 0.983

CONCLUDING REMARKS

We considered the quite general mathematical model
for description of Trace-driven simulation that is used
for stochastic model validation. This approach is based
on the theory of embedded two-dimensional semi-
Markov processes. This allows us to use proposed
numerical algorithm for the efficiency investigation of
the Trace-driven simulation. The future research will
deal with applications of considered approach to
different practical problems of stochastic model
validation.
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APPENDIX

Let us derive formulas for the calculation of
Pi,j(t’x):Qi,j(Tv’X;t’l)' It means that we have

queuing system G/M/S with § servers. Service time
has exponential distribution with parameter 4. We
suppose that I customers are in the system at the
beginning and new customers do not arrive during time
t. Then P, ;(#,x) is probability that j customers will be

in the system at time ¢ and total sojourn time of all

customers in the system during time ¢ will be less than
x . The probability F; j(t,x) depends on values i and

Jj - Let us consider three possible cases separately.

1) i2j>S. In this case S customers are served

constantly. The total service intensity is equal to AS.
The output flow of served customers is the Poisson
process with this intensity. Therefore, probability that
i — j customers will be served during the time ¢ equals



L (sfie St s< <,
(i=n!
Now we use the following useful statement (Ross 1992,
p-18): “under the condition that m events of the Poisson
process have occurred in (0, #), the times at which
events occur, considered as unordered random variables,
are distributed independently and uniformly in the
interval (0, £).” Therefore the total sojourn time of all
customers in the system during time ¢ is equal to sum
of m = i — j random variables that are distributed
independently and uniformly in the interval (0, 7) plus jz
(sojourn time of j remaining customers). The

distribution function of the sum is (Feller 1971):

0, for x <0, m=0,
U, (x)=11, for x > 0, m=0,
—Z( l)( ](x v)l', x20, m>0,
t"'m! v=0
where
0 ) <wt,
(x-vt), = lf e
xX—ut if x>vt.
Therefore

B (t,x) = ﬁ(m)’ TSy (x= o, ()

S§S<j<i, x2jt

2) j<i<S§.In this case a number of served customers
during the time ¢ is a number of success in the Bernoulli
trials for I trials and the success probability
1—-exp(—Az). Therefore, probability to complete a
service of i —j customers during the time ¢ is equal to

[i,][(l —exp(-A 1)/ exp(-jAn),0< j<i<S.
J

Therefore the total sojourn time of all customers in the
system during time ¢ is equal to j¢ plus sum of m =i — j
independent random variables that have truncated in ¢
on the right exponential distribution with parameter A .
It can show that the distribution functions and
probability density function of this sum are given by
formulas, correspondingly:

0, x<0, m=0,
1, x20, m=0,

. v(X) m
F,(x)= (1-e™*) m‘EO (—l)V[VJ~ 0<x<mt,m>0,

| At _ g ’”z‘l P (x—v)®
&=0 &y

where v(x)= min {m—l,Lx/tJ} , Lx/tj - whole part of
x/t,

ime—ix (1 _ e—/lt)—m .

Sm(¥)=

(m 1)'
mZ_l (—l)v(mj(x i)™ 0<x<me
v=0 v

Finally

B (%)= ( i.j[l —exp(-40)]
J

.exp(—jﬂ[)F}_j(x—jl), j <i< S, jt <x<it.

3) j < S <i.In this case there exists some time moment
u, 0 <u <t, that the number of customers in the
system at u changes from S to S—1. The probability
that S customers are in the system and the total sojourn
time is less than x — y at the time moment ¢, is equal to
P, s5(u, x—y). The probability of service completion
during interval (u, u+du) is equal to ASdu +O(du) .

The probability, that after residual time 7—u we will
have j customers in the system and the total sojourn

time will increase less than on y, is equal to
Pg_1,j(t—u, y)+0(dy). As the moment u and the

increment y are random variables then

t
Pt = JAORcwx-y)
0 (t—u)j
t Au) S—1
Pgyj(t —u,dy)ASdu= | [ P g(ux— y)[ . j
0(t—u)j J
[1—exp (- At —u)]*" - ()

exp(—jAt ) fs_1_j (v —(t—u)j) AS dy du,
j<8<i, x=20,

where A (u) =min {x —uS, (S—1) (t—u)}.
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