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ABSTRACT

The aim of the present paper is to show how the
statistical inference equivalence principle (the idea of
which belongs to the authors) may be employed in the
particular case of finding the effective statistical
solutions for the multi-product newsboy problems with
constraints. To our knowledge, no analytical or efficient
numerical method for finding the optimal policies under
parameter uncertainty for the multi-product newsboy
problems with constraints has been reported in the
literature.  Using  the  (equivalent)  predictive
distributions, this paper represents an extension of
analytical  results obtained for unconstrained
optimization under parameter uncertainty to the case of
constrained optimization. An example is given.

INTRODUCTION

The last decade has seen a substantial research focus on
the modeling, analysis and optimization of complex
stochastic service systems, motivated in large measure
by applications in areas such as transport, computer and
telecommunication networks. Optimization issues,
which broadly focus on making the best use of limited
resources, are recognized as of increasing importance.
However, stochastic optimization in the context of
systems and processes of any complexity is technically
very difficult. Most stochastic models to solve the
problems of control and optimization of system and
processes are developed in the extensive literature under
the assumptions that the parameter values of the
underlying distributions are known with certainty. In
actual practice, such is simply not the case. When these
models are applied to solve real-world problems, the
parameters are estimated and then treated as if they
were the true values. The risk associated with using
estimates rather than the true parameters is called
estimation risk and is often ignored. When data are
limited and (or) unreliable, estimation risk may be
significant, and failure to incorporate it into the model
design may lead to serious errors. Its explicit
consideration is important since decision rules that are
optimal in the absence of uncertainty need not even be
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approximately optimal in the presence of such
uncertainty.

In this paper, we propose a new approach to solve
constrained optimization problems under parameter
uncertainty. This approach is based on the statistical
inference equivalence principle, the idea of which
belongs to the authors. It allows one to yield an
operational, optimal information-processing rule and
may be employed for finding the effective statistical
solutions for problems such as multi-product newsboy
problem with constraints, allocation of aircraft to routes
under uncertainty, airline set inventory control for
multi-leg flights, etc.

STATISTICAL INFERENCE EQUIVALENCE
PRINCIPLE

In the general formulation of decision theory, we
observe a random variable X (which may be
multivariate) with distribution function F(x;0) where a
parameter O (in general, vector) is unknown, 8€®, and
if we choose decision d from the set of all possible
decisions ¥, then we suffer a loss /(d;0). A “decision
rule” is a method of choosing d from ¥ after observing
xe Z; that is, a function u(x)=d. Our average loss (called
risk) Eg{l/(u(X);0)} is a function of both 8 and the
decision rule u(-), called the risk function r(u;0), and is
the criterion by which rules are compared. Thus, the
expected loss (gains are negative losses) is a primary
consideration in evaluating decisions. We will now
define the major quantities just introduced.

Definition 1. A general statistical decision problem is a
triplet (©,7,]) and a random variable X. The random
variable X (called the data) has a distribution function
F(x;0) where 0 is unknown but it is known that 6€®. &~
will denote the set of possible values of the random
variable X. 0 is called the state of nature, while the
nonempty set ® is called the parameter space. The
nonempty set ¥ is called the decision space or action
space. Finally, / is called the loss function and to each
0<0 and de Y it assigns a real number /(d,0).

Definition 2. For a statistical decision problem (©,%,)),
X, a (nonrandomized) decision rule is a function u(-)



which to each xeX assigns a member d of 7: u(X)=d.

Definition 3. The risk function »(u;0) of a decision rule
u(X) for a statistical decision problem (®,7,]), X (the
expected loss or average loss when O is the state of
nature and a decision is chosen by rule u(:)) is
1(u;0)=Ep{{(u(X);0)}.

This paper is concerned with the implications of group
theoretic structure for invariant loss functions. Our
underlying structure consists of a class of probability
models (Z; o/, ), a one-one mapping i taking 9”onto
an index set ©, a measurable space of actions (7, 9),
and a real-valued loss function

1(d:0) = Eg{ I (d; X)) 1)

defined on ® x ¥, where [°(d;X) is a random loss

function with a random variable Xe(0,00) (or (—o0,00)).
We assume that a group G of one-one oo/ - measurable
transformations acts on Z°and that it leaves the class of
models (Z, o/, 9?) invariant. We further assume that
homomorphic images G and G of G act on © and 7,
respectively. (G may be induced on ® through y; G
may be induced on & through /). We shall say that [ is
invariant if for every (0, d) € ® x ¥

I(gd;g0) =1(d;6), geG. 2

A loss function, /(d;0), can be transformed as follows:
I(d;8) = I(Z,'d; 2,'0) = I" (m: V), (3)

where V=V(0,0) is a pivotal quantity whose
distribution does not depend on unknown parameter 0;
n:n(d,é) is an ancillary factor; 0 is a maximum

likelihood estimator of ® (or a sufficient statistic for 0).
Then the best invariant decision rule (BIDR) is given by

" =d =17 r".0), )
where
n" =arginf E{l#(n;V)} (5)
n

and a risk function
r(uBIDR;e) =Ee{l(uBlDR;e)}=E{l#(n*;v)} (6)

does not depend on 0. Consider now a situation
described by one of a family of density functions
fix;u,0) indexed by the vector parameter 6=(, o), where
w1 and o(>0) are respectively parameters of location and
scale. For this family, invariant under the group of
positive linear transformations: x—ax+b with a>0, we
shall assume that there is obtainable from some

informative experiment (a random sample of
observations X=(X, ..., X)) a sufficient statistic (M,S)
for (1,0) with density function s(m,s; o) of the form

h(m,s; 1,0) =0 "h,[(m— )/ o,s/ 0] (7N

such that
h(m,s; u,o)dmds = h, (v, v,)dv,dv,, (8)
where Vi=(M-p)/ o, V,=S/o. We are thus assuming that
for the family of density functions an induced

invariance holds under the group G of transformations:
m—am+b, s—as (a> 0). The family of density functions

flx; 1, 0) satisfying the above conditions is, of course, the

limited one of normal, negative exponential, Weibull
and gamma, with known index, density functions. The
structure of the problem is, however, more clearly seen
within the general framework.

Suppose that we deal with a loss function
['(dB)=Ey {I°(d; X)} = w(c)I(d;0), where & 0) is some
function of o and @(o)=w.(V>,S). In order to obtain an
equivalent conditional loss function [°(d;m,s), which

is independent on 0 and has the same optimal invariant
statistical solution given by (4), i.e.,

argmin/*(d; M, S) =d" =u™™, )

with a risk given by
Eg 1" "™ M. 8)} = ax(c)r(™™:0),  (10)

we define an equivalent predictive conditional
probability density function of a random variable X
(with a probability density function f{x;z,0)) as

£resm,s)= ([ £@ms, v, kO, v;)dvidv,, (1)

VIbV2

where
f(x;m,s,vl,vz)=f(x;,u,0'), (12)

a):l(vz,s)h,(vl,v2)

w:l (vy,8)h, (v, v,)dv,dv, .

he(vy,v,) = J‘J‘ (13)

VI,V
Then [°(d;m,s) is given by
I(dim.s) = E, \I'(d: )= [I'(d:X) £* (i, s)d.

(14)

Now the conditional loss function [°(d;m,s) can be
used to obtain efficient frequentist statistical solutions



for constrained optimization problems, where the
known approaches are unable to do it.

NEWSBOY PROBLEM WITH NO
CONSTRAINTS

Preliminaries

The classical newsboy problem is reflective of many
real life situations and is often used to aid decision-
making in the fashion and sporting industries, both at
the manufacturing and retail levels (Gallego and Moon
1993). The newsboy problem can also be used in
managing capacity and evaluating advanced booking of
orders in service industries such as airlines and hotels
(Weatherford and Pfeifer 1994). A partial review of the
newsboy problem literature has been recently conducted
in a textbook by Silver et al. (1998). Researchers have
followed two approaches to solving the newsboy
problems. In the first approach, the expected costs of
overestimating and underestimating demand are
minimized. In the second approach, the expected profit
is maximized. Both approaches yield the same results.
We use the first approach in stating the newsboy
problem. For product j, define:

X; quantity demanded during the period,
a random variable,
Jix;;14,0;)  the probability density function of X,
0=(u;,0) the parameter of fi(x;1,0;),
Fi(x;;1,0;) the cumulative distribution function of X,

M

i overage (excess) cost per unit,

@)
¢
d; inventory/order quantity, a decision
variable.

underage (shortage) cost per unit,

The cost per period is

d. -X), if X, <d,,
l;(dj;Xj)= fz) J J . j j (15)
(X, -d), if X, 2d,.

Complete Information

A standard newsboy formulation (see, e.g., (Nahmias
1996)) is to consider each product j’s cost function:

dj
[/(d;:0,)=c} j(dj = x5 u5,0 ) )dx,

w e [, =d ) (xj3,00 ) ). (16)
dj

Expanding (16) gives

4
17(d;:8,)=—c]’ Ix/f/ (x344;,0,)dx,

(2) .
+¢; jxjf].(xj,yj,aj)dxj

d;

J J

(2)

C.

(O] (2) . J
+(V+cNd | Fd sy, 0)-————| (@17
(./ J ) ,/[ /( J /u/ A/) C(_1)+C(_2)J ( )

Let the superscript * denote optimality. Using Leibniz's
rule to obtain the first and second derivatives shows that

17(d;;0;) is concave. The sufficient optimality
condition is the well-known fractile formula:

e)
F(du,o,)=—"—0. (18)
JNTJG T M (2)

;) +cf

It follows from (18) that
c®
d=F'—L .u.,o | 19
J J C;l) + C;Z) ’uj J ( )
At optimality, substituting (18) into the last (bracketed)
term in Eq. (17) gives
M, @y * c?
(c; +¢;7)dy| Fy(dypy.0)) T 0T 0. (20)
Hence (17) reduces to
d/
11(d7;0,) = cPE{X } - (' + cﬁ.z))J.xjfj(xj;yj,O'j)dxj.
0
21
Parameter Uncertainty

Let us assume that the functional form of the probability
density function f{(x;;44,0;) is specified but its parameter
0=(1,05) is not specified. Let X=(Xj;, ..., Xj;) be a
random sample of observations on a continuous random
variable X;. We shall assume that there is obtainable
from a random sample of observations X;=(Xj1, ..., Xj,)
a sufficient statistic (M,,S;) for 8=(u;,0;) with density
function of the form (7),

. _ -2
hym;,s;sp;,0) =0 h,(m; — ;) o,,s;/0,], (22)
and with
hy(m;,s s p;,0 )dmds; =h,;(v;,v,,)dv,;dv,;, (23)
where V=(M—p)/ 0, V>=S// c;.

Using an invariant embedding technique (Nechval et al.
2000; 2001), we transform (16) as follows:

l;‘r(dj;ej):wj(G/)lj(ﬂj;Vj)s (24)

where o(0)=0;

Y2 +h;

BV = [ap + V=21,



©

&) (
*C I 77/ 2j

ni¥V2j+N;

VG, (25)

Z=(X;-w)/o; is a pivotal quantity, f{(z) is defined by
S344,0), ..
1(zZ)dz; = (x50, 0))dx; (26)

V=(V;,Vy) is a pivotal quantity, 7=(d-M,)/S; is an
ancillary factor. It follows from (24) that the risk

BIDR

associated with u ;" (or 77; ) can be expressed as

rj(BIDRe) E, { (BIDRO)}

= 0,0 )EL 013V} @7
where
WP =gt =M+ 7S, (28)
7; = argmin £{17(n,:V))}. (29)
B V= [[1010002 0,000 v2 v, v,

ViV

(30)

The fact that (30) is independent of ©; means that an
ancillary factor 77; , which minimizes (30), is uniformly

best invariant. Thus, d; given by (28) is the best

invariant decision rule.

Relative Efficiency of Decision Rules

Consider two decision rules based on a sample of
observations  X=(Xj,....X,), say, u;=u(X;)and

u;=u(X;) having risk function 7 (u;;0,) and
7(;0,), respectively. Then the relative efficiency of

,
u; relative to u; is given by

releff. . {1,,7,:0,} =1 (@,:0,)/r(@,:0,). (D)

When rel.eff. , {u,,u,;8"} <1 for some 6", we say
FRLIELIES .
that u;

leff. {u..0.:001<1
rel.e r;{u],uj, i

is more efficient than ﬁj at 05.0). If
for all O, with a strict

inequality for some 6", then u, is inadmissible in

relation to & Iz

EXAMPLE

Assuming that the demand for product j, X, is
exponentially distributed with the probability density

function,

Sxzo=(1/gexp(=x;/g5) (x>0), (32)
it follows from (16), (19) and (21) that

d.
Ii(d;0,)=c"d,—o)+ (" +cP)o, exp(— G—’}

J

(33)
C(Z)
d;=0c;In 1+, (34)
C.
J
and
C(Z)
l;d;;o )—c o,In 1+T’ (35)
/
respectively.
Consider the case when the parameter o; is unknown.

Let X~=(Xj1, ..., Xiu) be a random sample of observations
(each with density function (32)) on a continuous
random variable X;. Then

s =Yx, (36)

is a sufficient statistic for gj; S; is distributed with

1 —1 S
h(s:o)=— " exp| — L >0), (37
’QQ)WW%X%Q]@ ). G7)

so that

h,,(v,)) = " (1y>0). (38)

! —_—V,
TORN
It follows from (27) and (33) that

o (M?IDR;O']-) _ EU/ {l;' (quDR;O_j)}

J

=9 _[ 1073592y (v3)dvs
0

o) C(-l) + C(Z)
=o, ¢ (n; —D+——1-1, (39)
J1 J (1 + 77/)
where
BIDR — ’7/51 , (40)

1) (2)

* : @ J J
c=argmino .| c. (nn, —-1)+ —"—
7; = argmino;| ¢ (nry; ~1) W)

(2) M)
{HT} 1. (41)

J



For comparison, consider the maximum likelihood
decision rule (MLDR) that may be obtained from (24),

@
MLDR = ¢ J MLDR
u; =0, ll’l{l + “o |z 7 S_/ 5 (42)
€
where o, =Sy/n is the maximum likelihood estimator of

BIDR

o;. Since u;™* and u}"" belong to the same class

€ ={u,u, =15}, (43)

MLDR

it follows from the above that u y is inadmissible in

BIDR

relation to u ;-

If, say, n=1 and cﬁ.z) / c}” =100, we have that

MLDR BIDR ,
rel.eff.r/_+ ;" u; "0}

_ BIDR , MLDR ,
=r/(u; 50, )/ (o))

(@Y e 14?70 )
- nnj _1+ *\N nnj _1+ MLDR \n
(I+7;) (I+n;,7)

—0.84. (44)

Thus, in this case, the use of u} " leads to a reduction

in the risk of about 16 % as compared with """ . The

absolute risk will be proportional to o; and may be
considerable.

In order to obtain an equivalent conditional loss
function /7(d ;s;), which is independent on o; and has

the same optimal invariant statistical solution given by
(40), i.e.,

argrrtliinl;(dj;S_/) =d; =u;"", (45)
with a risk given by
E, L™ s b= 0l ™o ) @)

we define (on the basis of (11)) an equivalent predictive
conditional probability density function of a random
variable X; (with the probability density function

fix;0)) as

—(n+2)
£1(x38,) = ”:I[H?J (x,>0). (47

J J

Then 77(d,;s;) is given by

1(dis) = E LX) = [10d ) f7 05,5
0

N

| d d )’
= c_(,-l)(n—’ - 1J + (e +c)? )(1 + —’J - (49)
n Sj Sj

Now the equivalent conditional loss function l; (d;5s,)

can be used to obtain efficient frequentist statistical
solutions for constrained optimization problems, where
the known approaches are unable to do it.

NEWSBOY PROBLEM WITH CONSTRAINTS
Complete Information

Define w; (>0) as product j's per-unit requirement of a
constrained resource, and wsy as the maximum
availability of the resource. The formulation for
minimizing the total expected cost of N products subject
to one capacity constraint is as follows:

Minimize

N N 4
20 =2 ) ¢ I(dj =X (x 5 05,0,)dx;
= A0

+cf? I (x; =d;) f; (x5 p4,0,)dx, “49)
dj
Subject to
N
zwjdj < Wy (50)

The above problem can be solved as follows:

Compute d; for each product j with Eq. (19) and check

whether Zj w/.a’; exceeds ws. If it does not, the
capacity constraint is non-operative, and the optimal
order quantity is d;, Vj=1(1)N. Otherwise, the
constraint is set to equality and the Lagrange function is

introduced as in the following (note that A is the
Lagrange multiplier):

N d
L= 2(05‘1) j(dj =x,)f;(x;50,,0,)dx;
j 0

J=1

©

N
+c;.2) (x; =d ) f;(x;51;,0,)dx; +/1[Zw]dj —wz}

d; J=1

(1



Again, using Leibniz rule and differentiating, we obtain
the optimal solution under capacity constraint

. c? —w,
ok - J J . P —
A =F W’ﬂ,ﬁ, , Vi=1()N,  (52)
where the value of the Lagrange multiplier 4 can be

determined by solving the single-variable (1) non-linear
equation

N . P = Aw,
- J J . —
E Wijj W,,Uj,ﬁj —WZ—O. (53)
J J

J=1

Parameter Uncertainty

In this case, the problem is as follows:

Minimize the total conditional expected losses
N N d;
. — 1 .
2hdms )= e J‘(d/ =X (xj3myss )y,
J=1 J=1 0

+c;” I(xj —d ) f7(xm;s;)dx, (54)
dj

Subject to
N
D wd; < wy. (55)
j=1

In the same manner as above, we can obtain the optimal
statistical solutions under capacity constraint.

CONCLUSION

In this paper, we propose a new approach to solve
constrained optimization problems under uncertainty. It
is especially efficient when we deal with asymmetric
loss functions and small data samples. The results
obtained in this paper agree with the simulation results,
which confirm the validity of the theoretical predictions
of performance of the suggested approach.
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