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ABSTRACT

In recent years, micromagnetic simulation has evolved
into a vital tool for understanding and optimizing the
electronic and dynamic properties of magnetic
structures on the nanometer scale. The main focus of 
current research has moved from establishment of 
correct models and simulation tools to understanding
the results furnished by such tools, with the exception of
two major fields that are currently given much attention.
The first is the study of the interaction between the
magnetization or spin of a ferromagnetic material with
electric currents, and secondly the study of the dynamic
properties in such nanomagnets when switching
between different magnetization states, e.g., spin wave
modes, damping, etc. We have adapted an existing
simulation code by optimizing its performance for
dynamic simulations, integrated a feature that computes
one type of current-spin interaction, and computed the
Fourier transformation into frequency space thus
revealing the spin wave modes of typical nanomagnetic
structures. In this paper, we present the fundamental
equations and methods implemented in the simulation
of current-spin interactions and in the calculation of spin
wave modes, as well as results from these simulations
and computations.

INTRODUCTION

With the current progress in processing power and 
storage density, several challenges arise from
fundamental physical limitations. Fundamentally new
storage devices will be needed when the current
semiconductor technology will have become exhausted.
One of the most promising advances for fast, high-

density storage is the use of magnetic random access 
memory (MRAM) cells. Storage of information in
MRAM cells has several key advantages:
-

-

-

It is non-volatile, because its information is stored by
magnetic rather than electric states so that the
information remains even when a device is switched
off.
It consumes less power than DRAMs or SRAMs,
because it doesn’t need bit refreshment.
It is potentially faster (d’Aquino et al. 2004; Ouna-
djela 2004) than DRAM or SRAM.

Figure 1 illustrates how an MRAM cells works in
general:

Figure 1: How an MRAM cell works: The cell is made up out 
of several layers, a soft magnetic layer (green) that can alter its 
magnetization direction in the presence of external magnetic
fields, and hard magnetic layers for reference. A current 
running perpendicularly through the layers (via the purple read
line) detects the resistance due to the relative alignments of the
spins in the different layers; a current through a write line
(yellow) creates an external field strong enough to flip the
magnetization in the soft magnetic layer.



Due to these and other features, i.e., the easy inclusion 
into existing CMOS fabrication processes (Ounadjela
2004), MRAMs can revolutionize the  way computers
architectures are designed. With MRAMs, one can 
easily include larger inexpensive permanent data storage
elements very close to the processing units, thus elimi-
nating the need for complicated multi-level CPU-archi-
tectures. Ultra-fast and large memory units onchip with
CMOS-processing units would also allow for innovative
multiprocessor architectures, which  would more ad-
equately meet current computing power demands.
To understand and produce reliable non-volatile
memory cells, the several requirements must be guaran-
teed. The information that is stored in these cells must
be stable for several years, and the writing to and
reading from the cells has to be reliable for every one
out of several hundred thousand memory cells in a 
device in order to make the technology feasible for mass
production.
Among the questions to be answered are:
-

-

-

The minimal distance between neighboring MRAM
cells, i.e., the distance in which nearest-neighbor-
interference from stray-field interaction between the
cells becomes minimal;
Understanding and control of the switching behavior
in minimal time (Savtchenko et al. 2003);
An investigation of new methods to accelerate the 
switching processes, for example, by heating the
storage cells with an electric current (heat assisted 
magnetic switching – HAMS) or by using the
interaction of conduction electrons and the electrons 
within the ferromagnet responsible for the magnetic
moments (Current-induced switching – CIS) (Weller
2004).

In this paper, we present recent results of our 
simulations that have helped to receive answers to the 
questions mentioned above. We first outline the
underlying model, discuss some advancements on our
simulation program that have helped to speed up the
computation by two orders of magnitude, and show
some results, especially to answer the question 
concerning the interaction of neighboring nanometer-
sized multilayer ferromagnets. We also show some
simulation results of current-spin interaction via the
anisotropic magnetoresistance effect.

THE MODEL

The micromagnetic model is described in great details
in standard works (Aharoni 1996; Brown 1963, Hubert
and Schäfer 1998) and has been laid out at a previous
conference (Bolte et al. 2004).

Acceleration of the simulation

The Runge-Kutta integration scheme is chosen as a first
step toward greater computing speed because it is well 
established and very robust and reliable. The authors of
“Numerical Recipes” (Press et al. 2002) suggest it as a 

good start to numerical integration, especially when 
details of the problems, like their smoothness or stiff-
ness, are unknown. They call it “their workhorse”, and 
present a rather competitive implementation of it.
Their version, found by Cash and Karp, a fourth order
Runge-Kutta integration with a fifth order error estimate
and adaptive time steps is given in (Press et al. 2002),
but the algorithm had to be applied to the specific
problem domain and fitted into the object oriented
micromagnetic framework. With OOMMF’s (Donahue
and Porter 1999) flexible module structure the former
Euler-integrator could then easily be substituted for a 
Cash-Karp Runge-Kutta evolver. Extensive tests and
performance evaluations confirmed the correctness of
the implementation.

Numerical Stability

The error estimation for the Runge-Kutta
implementation follows the algorithm of Cash-Karp as
given by
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where y is the function values of two approximations at
time step n+1, c the weights of derivatives k, 0 the
allowed and 1 the actual step errors, and h0 and h1 the
next and current step size, respectively. If the allowed
error per time interval is chosen too large, then the time
step can be so wide, that the integration „jumps“ beyond 
the optimal path in the energy terrain. Also the
numerical error can increase continually so that the
boundary condition G 0 can be violated. If on the
other hand, the allowed error is chosen too small, then
the step size will automatically decrease according to 
formula (2) until a stable average time step is reached. 
A smaller time step directly corresponds to longer com-
puting time, so that an optimal value between the two 
extremes needs to be found. Figure 2 plots the results of
an evaluation of several test runs with different error
boundaries. The problem solved for this test run was a 
small 100x100x10 nm³ permalloy square with medium
damping ( 0.1) relaxing from a uniform magnetization
in x-direction with an external magnetic field of 14 mT
that is aligned diagonally in positive x-y-direction
switched on at time t=0. This field was applied to ensure
that there would be one path into equilibrium, unlike the
other cases where several energetic minima exist.
The graphs reveal that all the allowed errors between
0.1 and 0.0001 degrees per nanosecond lead to stable
solutions, but that for very small error bounds the time
step needs longer to converge to its optimal value of 
around 6.5 10-12 s. For values higher than one the
system becomes instable. The least iterations were
needed for an error boundary of 0.01 degrees per nano-
second. An alteration of the damping factor  revealed
that  the border of stability is shifted towards smaller
values for the allowed error, because dynamic problems



naturally require a smaller time step to adequately
represent the precession of the magnetization. For very
small damping factors, errors beyond one degree per
nanosecond led to unstable systems. The size of the
problem didn’t seem to have much of an  influence on
the numerical stability. In all following simulations, the 
allowed error value was set to a default of 0.01 degrees
per nanosecond to achieve maximum speedup.

Figure 2: Stepsize of a Runge-Kutta-solver for different error 
boundaries.

Correctness

One way to test complex numerical calculations for 
their correctness is to establish solutions through
different algorithms for certain simple or standardized
problems, ideally those, for which an analytical solution
is known. Such standard problems have been designed
by µMAG (Micromagnetic Modeling Activity Group) for
micromagnetic simulation, located at the National
Institute of Standards and Technology (NIST).
The Runge-Kutta implementation was tested with
hundreds of trial runs, comparing not only the final
magnetization configuration, but also the energy path
the individual algorithms took towards equilibrium. For
example, a systematic scan through the problem space
was performed to derive a phase diagram to compare
the performance of Euler versus Runge-Kutta as 
functions of the damping coefficient  and the problem 
size N (see Figure 4). It was also tested on three of the
four µMAG standard problems, namely problems #1, 
#2, and #4. Problems #1 and #2 deals with the correct 
computation of an energetic ground state by solving the
basic micromagnetic equations (Bolte et al. 2004), while
problem #4 is requiring all the simulation variables to
agree with prescribed values for every simulation step, a 
much stricter demand than simply agreeing in the final
result. As will be explained in detail later, the Runge-
Kutta implementation didn’t perform well for problems
with large damping parameter, and so for the static 
standard problems #1 and #2, the Runge-Kutta was
outperformed by the Euler method. But for standard
problem #4, where an external magnetic field causes a
switching in a sample’s magnetization, Runge-Kutta
was 9.1 times faster than the conventional Euler algo-

rithm. In all cases, Runge-Kutta yielded very similar
results to those already given as solutions on the website
of µMAG and similar to results by the Euler method.
For example, there is basically perfect agreement in the
values of the key variables (see Figure 3).

Figure 3: Second part of the µMAG standard problem #4: 
Component of the spatially averaged magnetization of the 
sample as a function of time. Top: My-components as derived
by Runge-Kutta for a cell size of 1 nm. Bottom reference
values from (Buda et al. 2001) for two cell sizes. 

However, slightly different results between the two 
methods are to be expected since they don’t have the
same time steps and therefore calculate different deriva-
tives dm/dt at each step, leading to different paths.
Generally, the deviations in the final results are mini-
mal. Results from the second approach will be
compared to experimental techniques in the following
section, including magnetic-force microscopy (MFM)
(Barthelmess et al. 2004, Bolte et al. 2005), magnetic
transmission x-ray microscopy (MTXM) (Fischer 2002,
Bolte et al. 2005) and measuring the anisotropic
magnetoresistance (AMR) (Steiner et al. 2004, Steiner
et al. 2005) effect. 

Performance

The implementation of the Runge-Kutta-evolver was
examined upon its computational performance by
solving problems with various damping coefficients and 
number of simulation cells. It was initially expected that
a Runge-Kutta integration with adaptive step size would
be one to two orders of magnitude faster than the “slow”
Euler method (Press et al. 2002). What was found was a
performance gain that strongly depends on (a) the size



of the problem and (b) the damping coefficient, and that
for strong damping and large problems the Euler would
actually outperform the Runge-Kutta implementation.
The speedup factor found by simulating the microma-
gnetic problems at sample points in the problem space is
shown in Figure 4. The problems investigated were
square permalloy blocks with homogeneous magnetiza-
tion along one of the long axis as starting configuration.
Five different sizes were used for these blocks: 100,
200, 400, and twice 1000 nm in xy-direction having 10,
20, 40, 10, and 100 nm thickness, respectively. The cell
size was taken 10 nm throughout the whole set of
problems. The damping factor was altered for each of
these sizes between 0.01 and 0.7 with a total of six
different values. Each problem was run for both
integration methods, most of them several times for
statistical purposes.

Figure 4: Phase diagram of the performance of the Runge-
Kutta implementation in relation to the Euler method as a
function of damping factor and the problem size N.

The speedup was deduced as the quotient of the total
computational times needed to relax a micromagnetic
problem into equilibrium with the Runge-Kutta versus
the Euler method (for small problems) or by computing
a problem for a given simulated time and then
comparing the computing time (for larger problems). It
was ensured that other boundary conditions of the
simulation, such as the number of outputs and input
parameters were equal, because these factors influence
the computation time. From the data retrieved, the
average step size, average computing time per time step
and the total computing time for each sample point were
calculated.  The phase diagram for the speedup factor as
a function of damping coefficient and size of the
problem (Figure 4, note the logarithmic scale for the
speedup factor) shows that the performance of the
Runge-Kutta in relation to Euler decreases with 
increasing size and damping; the damping has a greater
effect on the performance than the size of the problem.
There is a small area where the benefit of the Runge-
Kutta algorithm is one to two orders of magnitude faster
than Euler; this is for small damping (0.01 to 0.1). The 
Runge-Kutta does better than the Euler in a large region

where either the damping is less than 0.2 or the size of 
the problem is very small. For the remainder of the
problems Euler was actually faster than the Runge-
Kutta implementation.
Because this size and damping dependent behavior is 
not intuitive, two questions can be asked:
-

-

Why does the Runge-Kutta implementation scale 
with the size of the problem?
Why does it scale with damping ?

The answer to the first question stated above is simply
this: Due to the higher time complexity of the
demagnetization routine, O(N logN) instead of O(N) as
the other terms, the algorithm needs more and more
time for increasingly large problems sizes N to compute
the solution as compared to the Euler method, because
the logarithm grows faster than any constant value. An
increasing percentage p of the total computing time will
be spent in the O(NlogN)-routine as opposed to the per-
centage of time q spent in the recurring O(N)-routines
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until nearly all of it is spent in calculating the stray-field
energy, converging into the constant speedup
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Here,  are the simulation time steps per iteration for the
Runge-Kutta (RK) and the Euler (Eu) algorithm, and t
the computing time needed to further the simulation by
one step by the corresponding algorithm.
To answer the second question, one needs to look at the
ratio of the simulation time steps , the other part of the
speedup in (4), a clear picture appears. The ratio of time
steps decreases by one-and-a-half orders of magnitude
between low and high damping values. A closer look
reveals that the time step for the Runge-Kutta does not
change as significantly as does the step size for the
Euler method. The Euler algorithm is able to take more
advantage of the accelerated simulation for higher
damping than the Runge-Kutta. For very high damping,
the Euler steps are almost as large as the Runge-Kutta
steps, which makes it clear that in no way can the
Runge-Kutta outperform the Euler method for static
problems.

EXTENSIONS TO THE STANDARD PACKAGE 

The speedup achieved by the Runge-Kutta implemen-
tation greatly facilitates the use of micromagnetic
simulation in the study of magnetic switching processes.
Runge-Kutta is only the first of many possible
numerical integration schemes (Fidler and Schrefl
2000). Several extensions to the OOMMF package were
developed in order to mimic magnetoresistance
measurement and to allow spectral analysis of dynamic
switching effects, and to implement current-
magnetization interaction currently not included in the



standard micromagnetic model. With these extensions,
the study of dynamic processes in magnetic micro- and
nanostructures is greatly facilitated.

4x2 µm² 70 nm
Initial S-state 

4x2 µm² 20 nm
Initial S-state 

4x2 µm² 40 nm
Initial S-state 

4x2 µm² 20 nm

Figure 5: Measurement and simulation of the anisotropic 
magnetoresistance of a 4x2 µm² permalloy rectangular
ferromagnet with varying thicknesses. The graphs depict the
absolute values of the potential difference between two gold
contacts situated on top of the magnets. Note the good 
quantitative agreement between the simulation and the
measurements. With the exception of the yellow curve, the
bottom curve is from the measurement, and the top curve from
simulation. See (Steiner et al. 2005) for details. Taken from 
(Steiner et al. 2005).

SIMULATION OF THE STRAY-FIELD
INTERACTION OF MRAM CELLS 

For an introduction to the physics of magnetic-force
microscopy, magnetic transmission X-ray microscopy,
and magnetoresistance measurements, we refer the
reader to (Hubert and Schäfer 1998; Fischer 2002;
McGuire and Potter 1975). A brief outline to the results
furnished by the combined use of micromagnetic
simulation , MTXM and MFM is given in the following
paragraphs, for more detail refer to (Meier et al. 2004;
Bolte et al. 2005). Meier et al. in their publication show
that the magnetic configurations of Fe/Ni-double
layered microstructures as seen by MFM and MTXM
can be compared by using micromagnetic simulation as
a bridge between the measuring techniques. The
simulation also allows a more detailed interpretation of
experimental data, as shown in (Bolte et al. 2005). Here,
the simulation yields information about the internal
magnetic configuration and energy distribution which
information is not accessible by experimental methods.

The difference in energy between two observed
magnetic configurations was determined to be about 12
percent of the total energy. By reformulating the
integrals of the stray-field energy calculation, the stray-
field interaction of two neighboring magnetic
microelements and even the local distribution of the
stray-field can be determined. The results of this
computation is shown in Figure 5.

(a (b (d(c

Initial C-state, top contact 

(e

Figure 5: (a) MTXM measurement of Fe/Ni double layered
microelements at +8 mT. (b) Simulated magnetization with a 
black rectangle indicating the pinned region, (c) simulated
stray field of magnetization shown in (b), colors represent 
field strength along the long axis (from red to blue). (d)
alternative simulated magnetization when no pinning is 
assumed. (e) Enlargement of the stray-field distribution within
the gap showing interaction between the domains. The arrows
represent the averaged strength and direction of magnetization
or stray-field of a cluster of simulation cells.

It provides evidence for the existence of pinned
magnetization, i.e., impurities in the material that cause
the magnetization to resist changes in an external
magnetic field, in the investigated microelements. The
stray-field energy outside of the elements amounts to
32% of the total stray-field energy of the double contact
or roughly 11% of its total magnetic energy. Figure 5(c)
shows the local stray-field strengths in direction of the
long axis, with black representing 50 mT or higher. It
reaffirms that most of the stray field is stored inside the
domain walls. Figure (e) shows the distribution of stray
fields inside the small gap between the elements, having
local densities up to 50 mT, and average values across 
the gap of 0.6 mT (center) to 10 mT (left edge). Taken
from (Bolte et al. 2005). 

CONCLUSION

Through implementation of a more efficient numerical
integration algorithm, a micromagnetic simulation tool



experiences a speedup of one to two orders of
magnetitude for dynamic (lowly damped) problems.
Further extensions enable the simulation of the
anisotropic magnetoresistance, current-magnetization
interaction and spectral analysis. Those extensions are 
important to gaining a deeper understanding of fast and
current-driven switching processes that are necessary to 
the development of fast, non-volatile magnetic random
access memory devices.

REFERENCES
Aharoni, A. 1996. Introduction to the Theory of Ferroma-

gnetism. Clarendon, Oxford. 
Barthelmess, M.; Thieme, A.; Eiselt, R.; and Meier, G. 2003.

“Stray fields of iron electrodes for spin-polarized
transport”. J. Appl. Phys 93, 8400-8404.

Barthelmess, M.; Pels, C.; Thieme, A.; and Meier, G. 2004.
“Stray fields of domains in permalloy microstructures -
measurements and simulations”. J. Appl. Phys. 95, 5641

Bolte, M.; D. P. F. Möller; and Meier, G. 2004. “Simulation of 
Micromagnetic Phenomena”. Proceedings of the 18th
European Simulation Conference. SCS Publishing House. 
407-412.

Bolte, M.; Eiselt, R.; Eimüller, Th.; Fischer, P.; and Meier, G.
2005. “Micromagnetic simulation as a bridge between
magnetic-force and magnetic-transmission x-ray
microscopy”. J. Magn. Magn. Mat. 290-291, 723-725.

Brown, W. F. Jr. 1963. Micromagnetics. Interscience 
Publishers, New York.

Buda, L. D.; Prejbeanu, I. L.; Demand, M.; Ebels, U.; and
Ounadjela, K. 2001. The 8th Joint MMM-Intermag
Conference 2001 Proceedings.

d’Aquino, M.; Scholz, W.; Schrefl, Th.; Serpico, C.; and
Fidler, J. 2004. “Numerical and analytical study of fast 
precessional switching”. J. Appl. Phys. 95, 7055. 

Donahue, M. J. and Porter, D. G. 1999. “OOMMF User's
Guide, Version 1.0” Interagency Report NISTIR 6376,
National Institute of Standards and Technology,
Gaithersburg, MD (Sept 1999) 

Fidler, J. and Schrefl, Th. 2000. “Topical Review: Micro-
magnetic Modelling – the Current State of the Art”. J. 
Phys. D: Appl. Phys. 33, R135. 

Fischer, P.; Eimüller, Th.; Schütz, G.; Denbeaux, G.; Lucero,
A.; Johnson, L.; Attwood, D.; Tsunashima, S.; Kumazawa,
M.; Takagi, N. Köhler, M.; and Bayreuther, G. 2001. Rev. 
Sci. Instr. 72, 2322.

Hubert, A. and Schäfer, R. 1998. Magnetic Domains: The
Analysis of Magnetic Microstructures. Springer.

Meier, G.; Eiselt, R.; Bolte, M.; Barthelmess, M.; Eimüller,
Th.; and Fischer, P. 2004. “Comparative study of magneti-
zation reversal in isolated and stray field coupled micro
contacts”. Appl. Phys. Lett. 85, 1193.

Ounadjela, K. 2004. “Industrial Applications for Nano-
Magnetism”. IFF Spring School “Magnetism goes Nano” 
lecture, Institute of Solid State Research, Jülich, Germany.

Press, W.; Teukolsky, S.A.; Vetterling, W.T.; and Flannery,
B.P. 2002. Numerical Recipes in C, The Art of Scientific
Computing, 2nd Ed. Cambridge University Press, New 
York, NY 

Rüdiger, U.; Yu, J.; Thomas, L.; Parkin, S.S.P.; Kent, A.D.
1999. “Magnetoresistance, Micromagnetism, and Domain 
Wall Scattering in Epitaxial hcp Co Films” Phys. Rev. B
59, 11914-11918.

Savtchenko, L.; Korkin, A. A.; Engel, B. N.; Rizzo, N. D.;
Deherrera, M. F.; and Janesky, J. A. 2003. US Patent No. 
US 6,545,906 B1. Apr. 8. 

Steiner, M.; Pels, C.; and Meier, G. 2004. “Reversible and
irreversible magnetoresistance of quasi-single domain
permalloy microstructures”. J. Appl. Phys. 95, 6759.

Steiner, M.; Pels, C.; Barthelmess, M.; Kruse, J.; Bolte, M.;
Merkt, U.; Meier, G.; Holz, M.; and Pfannkuche, D. 2005.
“Magnetotransport measurements and simulations of 
complex domain patterns in permalloy microstructures”.
Submitted.

Weller, D. 2004. “Assault on storage density of 1 Terabit/sq-in
and beyond”. Spring conference lecture of the Deutsche
Physikalischen Gesellschaft, Regensburg, Germany.

AUTHOR BIOGRAPHIES

MARKUS-A. B. W. BOLTE is currently
working on his Ph.D. in Physics at the
University of Hamburg, Germany, on the
topic of simulation of micromagnetic
structures. Last year, he received his masters

in computer science and physics on the same topic. 

GUIDO D. MEIER is a division leader in
the research group of Prof. U. Merkt at the
Institute of Applied Physics of the
University of Hamburg, Germany. His
research activities include semiconductors,
ferromagnets and hybrid devices of both

materials on the micro- and nanometer scale.

DIETMAR P. F. MÖLLER is a professor
of computer science and engineering and
chair of computer science at the University
of Hamburg, Hamburg, Germany. He is 
currently working on embedded computing
systems, virtual and augmented reality, mo-

deling and simulation, mobile autonomous systems, soft
computing, medical informatics and nanostructures.


	c0: Proceedings 19th European Conference on Modelling and SimulationYuri Merkuryev, Richard Zobel, Eugène Kerckhoffs © ECMS, 2005ISBN 1-84233-112-4 (Set) / ISBN 1-84233-113-2 (CD)


