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PREFACE
The 33rd edition of the ECMS conference, a widely consolidated interdisciplinary forum
for simulation and modeling researchers and practitioners that keeps its reference
position year after year, brings with it two novelties: a new name and a new form of
publication. In fact, to better catch in the name the actual situation of participants, the
European Council for Modelling and Simulation decided to rename the event as
“ECMS International Conference on Modelling and Simulation". This year, we also start
a new book series of annual volumes, namely “Communications of the ECMS”, which
replaces the name "Proceedings" in order to acknowledge the recognition and
reputation of the scientific community of simulation.
This year the chosen conference venue is in Caserta, Italy. The Università degli Studi
della Campania “Luigi Vanvitelli”, previously known as Seconda Università degli Studi
di Napoli, a state-owned university founded in 1990 with the explicit mission of meeting
the cultural demand of the population living in the northern part of Campania. Caserta,
famous for its wonderful royal palace, whose facilities will host the conference, is a city
with a long history, already inhabited in the 5th century BC. It flourished in the middle
age and then in the XVI-XVII century AD, surrounded by a geographical area rich of
historical relevance that was under Roman influence.
The university is characterized by its diffusion over the territory of the province of
Caserta, having its 16 departments located in Caserta, Aversa and Santa Maria Capua
Vetere, and Napoli, in which its roots can be found: the most of the departments are
located in historical landmarks, that have been saved and recovered by specific
agreements and funding. More than 25000 students from Italy and abroad study at
Vanvitelli University enrolled in bachelor, master and PhD. curricula, taught as well in
Italian as in English, and covering different aspects of mathematics, physics, data
analytics, engineering, law, economics, political sciences, medicine, nursery,
biotechnology, pharmacy, environmental sciences, cultural heritage, literature,
psychology, tourism, design and architecture.
We are honored to offer, besides the scientific program of the conference, consisting
in more than 65 high quality accepted papers, a rich and various series of social events,
as usual for the spirit of this conference.
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Thanks to the precious effort of our track chairs and to the submissions coming
from 16 countries and two special contributions by our excellent invited speakers,
Alexander H. Levis, full professor at George Mason University and Andrea Bobbio,
honorary professor at Università del Piemonte Orientale “Amedeo Avogadro”, the
event will offer an exceptional program.
We hope that this first volume of “Communications of ECMS” will be a good reference
for the readers and the practitioners in simulation and modelling, and that our efforts
to organize a pleasant stay, a cultural social program and a fruitful environment may
be enough to thank all authors and reward them for their contributions. We also wish
to thank for their always precious work: Martina-Maria Seidel, who runs the ECMS
office, Lars Nolle, President of ECMS, and all board members, all track chairs and
referees, the Dipartimento di Matematica e Fisica at Università degli Studi della
Campania “Luigi Vanvitelli”, all institutions and sponsors who supported this
conference.
Special thanks go to Michele Mastroianni, Lelio Campanile, Angelo Santangelo and
Giuseppe Giannini, who voluntarily donated their time for local organization matters.
Wishing all the best for ECMS,
Mauro Iacono, Marco Gribaudo, Massimo Ficco and Francesco Palmieri
Caserta, June 2019
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MODELING AND SIMULATION OF ORGANIZATIONAL
ARCHITECTURES
Alexander H. Levis
George Mason University
Electrical and Computer Engineering
Fairfax, VA 22030, USA
alevis@gmu.edu

Human organizations supported by IT are by definition
distributed intelligence systems; modern organizations
are distributed and are connected through networks. If
the organizational architecture is described by a graph,
then the nodes of the graph can be humans, or humans
supported by an IT system, or computers processing
information and making decisions autonomously (e.g.,
think of artificial intelligence). These nodes are referred
to as Information Processing and Decision Making Units
or DMUs for short.

KEYWORDS
Organization design, Petri Nets, cultural dimensions,
adaptive architectures
ABSTRACT
A computational theory for the design of organizational
architectures is presented in which interacting Decision
Making Units process information and make decisions.
An algorithm is used to derive all the possible structures
that meet some structural and user constraints. The results are structured as lattices with feasible organizations partially ordered with the least connected at the
bottom and the maximally connected at the top. The theory is extended to address cultural dimensions and their
effect on organization design and to the design of adaptive architectures.

A key objective in designing systems is to relate
structure to behavior. This requires the development of
a model for the DMU and then use it to develop
algorithms for obtaining possible designs that meet a
wide variety of constraints. Furthermore, to analyze
behavior and evaluate performance, an executable
model of the design is needed, i.e., a formal
mathematical model with characteristics that are
traceable to the static architecture designs. Fortunately, a wealth of theoretical results on discrete event
dynamical systems, in general, and Colored Petri Nets,
in particular, can be used for the executable model.
This approach is presented in the second and third
section of this paper.

INTRODUCTION
One of the key impacts of the pervasive presence of
Information Technology is the enablement and proliferation of distributed intelligence systems. These
are defined as those systems in which the capacity for
reasoning is dispersed across its component
subsystems. Minsky (1986) defined distributed processes as those in which each function is spread out over
a range of locations, so that each part's activity contributes a little to each of several different functions. A
common dictionary defines intelligence as the capacity
for reasoning, understanding, or for similar forms of
mental activity - clearly, human characteristics. These
distributed intelligence systems carry out a number of
functions, sometimes in sequence and sometimes concurrently. This is done for a variety of reasons: The
processing capacity of individual components may be
limited; their memory may be limited; the time available to perform a function may be severely constrained, leading to the need for parallel processing;
or stringent requirements for fault tolerance or survivability of the function, say to cyber exploits, may
be in place. The allocation of several decomposed
functions to different nodes (also known as task allocation) must be done in such a manner that the resulting architectures do not violate a number of structural
and cognitive constraints in addition to meeting functional and non-functional performance requirements.

The growth of multi-national organizations and
globalization, in general, has given rise to a different
problem. DMUs located in different countries may
have differences in equipment, differences in organizational structures, differences in constraints under
which they can operate, and, last but not least, differences in culture. The differences in equipment and in
operational constraints can be handled easily in the
fixed structure design modeling framework. One of the
real challenges is how to incorporate cultural differences in these models of organizations. This requires
the introduction of attributes that characterize cultural
differences to investigate whether they result in
significant changes in structure. Specifically, the
attributes or dimensions defined by Hofstede (2001)
are used in the design in the form of constraints on the
allowable interactions within the organization. This
will be explored in the fourth section.
A design example that uses CAESAR III, a software
application for the design of organizational architectures,
is presented in the fifth section.
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When the tasks that the organization needs to execute
are characterized by strong time constraints and
uncertainty, especially in the availability of all nodes, it
follows that no single organizational structure is optimal
for all situations and the DMUs that constitute the organization need to be adaptive to meet changing situations. Time constraints in such situations are such that
indirect coordination is required between DMUs to
identify the need for change, select a new feasible
configuration, and implement it in a distributed manner
while continuing to execute the organization’s task. The
design of adaptive architectures is explored in the sixth
section.

stage when the decision maker is receiving a second input. This input must be generated from another decision
maker and can be the output of the SA or RS stage. In
the CI stage, the decision maker can receive command
information as the input v’. This is also externally generated and must originate from another decision maker's
RS stage.
The interactions between two DMUs are limited by the
constraints enumerated above: the output from the SA
stage, z, can only be an internal input to another decision
maker's IF stage as z0, and an internal output from the RS
stage, y, can only be input to another decision maker's
SA stage as x, IF stage as z”, or CI stage as v’.

The domains of application of such organizational design are very broad. Examples include Air Traffic Control especially with the ongoing effort to abandon air
corridors and use the whole airspace with airplanes having access to data for the space around them; satellite
constellations with their worldwide ground stations and
monitoring and control centers; and emergency response organizations consisting of police departments,
fire departments, the Coast Guard, and emergency
health services operating as a coalition for disaster relief
and humanitarian assistance. A simple air interdiction
example is presented in section seven.

Stimulus-Response model
Situation
Assessment

x(t)

Information Sharing
Input

SA

Response
Selection

y(t)

Command Input

IF

TP

Information Sharing

CI

RS

Output

Results Sharing

THE DECISION MAKING UNIT MODEL
Figure 1: The interacting Decision Making Unit

The five-stage interacting decision making unit
(DMU) model (Levis, 1992) had its roots in the twostage Stimulus-Response model of March and Simon
(1958); it was expanded to allow interactions among
DMUs. As shown in Fig. 1, the DMU receives inputs
from the external environment or from another DMUs.
The Situation Assessment (SA) stage represents the processing of the incoming information to obtain the assessed situation that may be shared with other DMUs.
The DMU can also receive situation assessments from
other DMUs within the organization; these inputs are
then fused together in the Information Fusion (IF) stage
to produce the fused situation assessment. The fused information is then processed at the Task Processing (TP)
stage to produce a signal that contains the information
necessary to select a response. Direction or commands
from superiors may also be received by the DMU depending on its role in the organization. In the Command
Interpretation (CI) stage internal and external guidance
is combined to produce the input to the Response
Selection (RS) stage. The RS stage then produces the
output to the environment and/or to other DMUs.

In the Petri net representation of the DMU model, Fig.
2, the transitions stand for the algorithms and the directed
arcs for the precedence relations between these
algorithms. A token in a place means simply that an item
of information or a resource is available to the output
transition(s) of that place. If the tokens carry specific
information, then a Colored Petri net representation is
used.

Figure 2: Petri Net model of the interacting DMU
As shown in Fig. 2 a DMU can only receive inputs at
the SA, IF and CI stages, and produce outputs at the SA
and RS stages. These conditions lead to the set of admissible interactions between two DMUs shown in Fig.
3. For clarity, only the connectors from DMUi to DMUj
are shown; the interactions from DMUj to DMUi are
identical.

The key feature of the model is the explicit depiction
of the interactions with other organization members and
the environment. These interactions follow a set of rules
designed to avoid deadlock in the information flow. A
decision maker can receive inputs from the external environment only at the SA stage. However, this input x
can also be another decision maker's output. A decision
maker can share his assessed input with another organization member. This is depicted as the z” input to the IF

The mathematical representation of the interactions
between DMUs is based on the connector labels ei, si, Fij,
Gij, Hij and Cij of Fig. 3; they are integer variables taking
values in {0, 1} where 1 indicates that the corresponding
directed link is actually present in the architecture, while
0 reflects the absence of the link. These variables can be
aggregated into two vectors e and s of dimension n, and
four n x n matrices F, G, H and C to represent the
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interaction structure of an organization consisting of n
DMUs. The six-tuple {e, s, F, G, H, C} is called a welldefined net (WDN) of dimension n. A WDN can be
represented in two different ways: (a) the six-tuple
representation; and (b) the Petri net representation, given
either by the graph or the incidence matrix of the net,
with the associated labeling of the transitions. These two
representations of a WDN are completely equivalent.

Constraint R1 eliminates structures that do not represent a single integrated organization and ensures that
the flow of information is continuous within an
organization. Constraint R2 restricts the organization’s
structures to acyclical ones. Constraint R3 states that
the output of the RS stage of one DMU can be
transmitted to another DMU only once: it does not
make much sense to send the same information to the
same DMU at several different stages. The rationale
behind Constraint R4 is that information should not be
merged at the SA stage; the IF stage has been specifically introduced to perform such fusion.
To introduce user-defined constraints that reflect the
specific application domain the designer is considering,
appropriate 0s and ls can be placed in the arrays {e, s,
F, G, H, C} defining a WDN. The other elements will
remain unspecified and will constitute the degrees of
freedom of the design. The set of user-defined
constraints is denoted Ru, while the complete set of
constraints will be denoted R.

Figure 3: Admissible interactions from DMUi to
DMUj

THE LATTICE ALGORITHM

While WDNs constitute the framework within which
information structures will be designed, each WDN is not
necessarily a valid organizational structure. Since there
are four possible links between any two different DMUs,
the maximum number of interconnecting links that an ndecision-maker organization can have is kmax = 4n2-2n.
Consequently, if no other considerations were taken into
account, there could be 2kmax alternative organizational
forms. This is a very large number: 290 for a five-person
organization. Additional constraints to restrict the set of
WDNs to useful information structures are needed. There
are some WDNs corresponding to combinations of
interactions between components that do not have a
physical interpretation; e.g., DMUs can exchange
information - Fij and Fji can coexist - but commands are
unilateral- either Cij or Cji or none, but not both. Those
WDNs should be eliminated, if realistic organizational
forms are to be generated. A set of four structural
constraints that define what kinds of combinations of
interactions need to be ruled out has been formulated that
applies to all organizational structures being considered.
R1

A directed path should exist from the source node
to every node of the structure and from every
node to the sink node.

R2

The structure should have no loops; i.e., the
organizational structures should be acyclical.

R3

There can be at most one link from the RS stage of
a DMU to each one of the other DMUs; i.e., for
each i and j, only one element of the triplet {Gij, Hij,
Cij} can be nonzero.

R4

Information fusion can take place only at the IF and
CI stages. Consequently, the SA and RS stages of
each DMU can have only one input.

A feasible structure is a WDN that satisfies both the
structural and the user-defined constraints. The design
problem is to determine the set of all feasible structures
corresponding to a specific set of constraints R. Note
that this approach is not concerned with the optimal
organizational structure, but with the design of a whole
family of feasible structures. By assigning attribute
values to the tokens of the Petri net and by specifying
the contents of the algorithms embedded in the
transitions, we can address the performance problem on
the basis of which optimal designs can be obtained. At
this stage, we are only concerned with the structure and
information flows, i.e., the development of the set of
feasible organizational forms. This set will become the
admissible set in an optimization problem that will
consider performance measures.
The notion of subnet defines an order (denoted <) on
the set of all WDNs of dimension n. The concepts of
maximal and minimal elements can therefore be
defined. A maximal element of the set of all feasible
structures is called a maximally connected organization
(MAXO). Similarly, a minimal element is called a
minimally connected organization (MINO). Maximally
and minimally connected organizations can be
interpreted as follows. A MAXO is a WDN such that it
is not possible to add a single link without violating the
set of constraints R. Similarly, a MINO is a WDN such
that it is not possible to remove a single link without
violating the set of constraints R. The following
proposition is a direct consequence of the definition of
maximal and minimal elements: For any given feasible
structure P, there is at least one MINO Pmin and one
MAXO Pmax such that Pmin < P < Pmax. Note that the net
P need not be a feasible one. There is indeed no
guarantee that a well-defined net located between a
MAXO and a MINO will fulfill the constraints R, since
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enterprises or coalition operations subjective parameters
must be included in the interacting DMU model that can
represent national differences that have an effect on
organizational performance.

such a net need not be connected. To address this
problem, the concept of a simple path is used.
Let P be a WDN that satisfies constraint R1 and whose
source and sink nodes have been merged together into a
single external place. A simple path P is a directed
elementary circuit which includes the (merged) source
and sink places.. The simple paths of a given WDN are
themselves well-defined nets. The following proposition
characterizes the set of all feasible organizational
structures: P is a feasible structure if and only if P is a
union of simple paths, i.e., P is bounded by at least one
MINO and one MAXO. Note that, in this approach, the
incremental unit leading from a WDN to its immediate
superordinate is a simple path and not an individual link.
In generating organizational structures with simple
paths, the connectivity constraint R1 is automatically
satisfied.

Hofstede (2001) distinguishes dimensions of culture
that can be used as an instrument to make comparisons
between cultures and to cluster cultures according to behavioral characteristics. Culture is not a characteristic of
individuals; it encompasses a number of people who have
been conditioned by the same education and life
experience. Culture, whether it is based on nationality or
group membership such as the military, is what the individual members of a group have in common (Mooij,
1998). To compare cultures, Hofstede originally differentiated them according to four dimensions: uncertainty
avoidance (UAI), power distance (PDI), masculinityfemininity (MAS), and individualism-collectivism (IND).
The dimensions were measured on an index scale from 0
to 100.

The algorithm developed by Remy (1988) generates,
once the set of constraints R is specified, the MINOs and
the MAXOs that characterize the set of all organizational
structures that satisfy the designer's requirements. The
next step of the analysis consists of putting the MINOs
and the MAXOs in their actual context to give them a
physical instantiation. If the organization designer is
interested in a particular (MINO, MAXO) pair because
it contains interactions that are deemed desirable for the
specific application, he can further investigate the
intermediate nets by considering the chain of nets that is
obtained by adding simple paths to the MINO until the
MAXO is reached.
This design methodology has been implemented in an
application called CAESAR III developed in the System
Architectures Lab at GMU. (Levis 2016) The design
interface is shown in Fig. 4. Decision making units
(DMUs) are created by the user in the workspace on the
right and the type of interconnection between two
DMUs is selected from the palette on the left. Below the
workspace the matrix representation of the design is
generated automatically (not shown in Fig. 4). CAESAR
III incorporates the Lattice algorithm and generates the
Hasse and lattice diagrams (Fig. 5) as well as the Petri
net representation of the information flow paths and the
various MAXOs and MINOs. It also generates an
exportable file that can be read by CPN Tools, a Colored
Petri Net application (CPN Tools, 2018). Therefore,
having developed a set of organizational structures that
meets the set of logical constraints R and is, by
construction, free of structural problems, the
performance evaluation problem can be addressed
through simulations and application of tools such as
state space analysis.

Figure 4: The CAESAR III design interface

Figure 5: Lattice of feasible organizational structures
The Power Distance dimension can be defined as "the
extent to which less powerful members of a society accept and expect that power is distributed unequally"
(Hofstede. 1991). An organization with a high power
distance value will likely have many levels in its hierarchy and convey decisions from the top of the command
structure to personnel lower in the command structure;

INCORPORATING CULTURAL DIMENSIONS
Up to this point, the attributes that characterized the
decision making units – information structures and the
algorithms that processed the data – did not include cultural differences. In some cases such as multi-national
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centralized decision making. Organizations with low
power distance values are likely to have decentralized
decision making characterized by a flatter organizational structure; personnel at all levels can make decisions when unexpected events occur with no time for
additional input from above.
Uncertainty Avoidance can be defined as "the extent to
which people feel threatened by uncertainty and ambiguity and try to avoid these situations" (Hofstede, 1991). An
organization which scores high on un- certainty avoidance will have standardized and formal procedures;
clearly defined rules are preferred to unstructured situations. In organizations with low scores on uncertainty
avoidance, procedures will be less formal and plans will
be continually reassessed for needed modifications.
Klein et al. (2000) hypothesized that during complex operations, it may not be possible to specify all possible
contingencies in advance and to take into account all
complicating factors.

dY = c + α(PDI) + β(UAI) + γ(MAS) + δ (IND)
where Y is the number of type F or G or H or C interconnections.
This led to the C-Lattice algorithm that is an extension
of the Lattice algorithm; it allows cultural constraints to
be imposed as additional structural constraints on the solution space. For a cultural constraint example such as
{#F ≤ 2, #G = 0, 1 ≤ #H ≤ 3, #C = 3} the additional
constraints take the form:
• R5: The number of F type interactions must be between 0
and 2
• R6: The number of G type interactions must equal 0
• R7: The number of H type interactions must lie between 1
and 3
• R8: The number of C type interactions must equal 3
The flowchart in Fig. 6 explains the generation of the
culturally constrained solution. MAXOs and MINOs are
generated using the Lattice algorithm described in the
previous section. The “Build Lattices” step checks if a
MINO is contained within a MAXO. If it is, then the
MINO is connected to that MAXO and forms part of a
lattice. For each lattice, the MINO is checked to see if it
violates the cultural constraints. For example, if the
number of F type interactions in the MINO is 2 and cultural constraint allows only one, then the MINO does not
satisfy the cultural attributes and since the MINO is the
minimally connected structure, no other structure in that
lattice will satisfy the constraints. Hence the lattice can
be discarded. If the MINO does pass the boundary test,
then simple paths are added to it to satisfy the cultural
constraints R5 to R8. The corresponding minimally
connected organization(s) is now called the CMINO(s)
(culturally bound MINO). Similarly, by subtracting simple paths from the MAXO, C-MAXO(s) can be reached.
The step “Build C-Lattices” connects the C-MINOs to the
C-MAXOs. The advantage of using this approach is that
the designer does not have to know the cultural attributes
at the start of the analysis. They can be added at a later
stage; this makes it possible to study the same
organization structure using different cultural entities and
select the allocation of tasks so as to maximize performance.

The basic hypothesis in incorporating cultural differences is that these dimensions may affect the interconnections between DMUs working together in an organization. Messages exchanged between DMUs can be
classified according to three different message types: information, control, and command ones. Information
messages include inputs, outputs, and data; control messages are the enabling signals for the initiation of a subtask; and command messages affect the choice of subtask or of response. The messages exchanged between
DMUs can be classified according to these different
types and each message type can be associated with a
subjective parameter. For example, uncertainty avoidance can be associated with control signals that are used
to initiate subtasks according to a standard operating
procedure. A decision maker with high uncertainty
avoidance is likely to follow the procedure regardless of
circumstances, while a decision maker with low uncertainty avoidance may be more innovative. Power distance can be associated with command signals. A command center with a high power distance value will respond promptly to a command signal, while in a command center with a low power distance value this signal
may not always be acted. The tradeoff between time and
accuracy can be used to study the effect of both power
distance and uncertainty avoidance.

COALITION MODELING USING CAESAR III

Using Cultural Constraints.

The described approach for computational design of
organizations that incorporates cultural differences is illustrated using a hypothetical example in which an
emergency situation in an island nation requires rapid
humanitarian assistance and disaster relief as well as securing a high value asset. The alternative architecture
designs and the associated simulations to evaluate performance were carried out using CAESAR III. The scenario depicts a situation in which anarchy has risen on
an island due to a recent earthquake that caused substantial damage. The infrastructure and many of the government buildings are destroyed in the island’s capital.

Cultural constraints help a designer determine classes
of similar feasible organizations by setting specific conditions that limit the number of various types of interactions between decision makers. Cultural constraints are
represented as interactional constraint statements. An
approach for determining the values of these constraints
has been developed by Olmez (2006). The constraints
are obtained using a linear regression on the four dimensions to determine the change in the range of the number
of each type of interaction that is allowed.
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rapid assistance in coordination with each other and the
design question becomes the allocation of different tasks
to the three partners in this ad-hoc coalition.

Country A maintains a satellite ground station on that
island that receives data from space assets. It is concerned about the rising tensions, as there has been some
opposition to its presence on the island. As a result,
Country A decides to send an Naval Group (NG) that is
sailing in the vicinity of the island to: (1) provide timely
Humanitarian Aid/ Disaster Relief (HA/DR); and (2) to
assist the island’s government in maintaining peace
(e.g., avoid looting) and counteract the effects of any
possible actions by insurgents which may impede the orderly operation of the HA/DR mission and threaten the
security of the ground station.

This is a multi-level design problem in which interactions between different decision making units need to be
determined both at the higher level (Level-1) as well as
at the lower level (Level-2). The top level interactions
correspond to interactions between culturally homogenous subunits, while the bottom level design problem
consists of designing the internal structure of these homogenous subunits based on a defined set of interactional
constraints and culture. Based on the structure of the NG,
one can impose user constraints to design the Level-1
organization. Figure 7 shows the block diagram of this
organization as designed in CAESAR III:

Figure 7: Level-1 organizational block diagram.
Figure 8 shows the result of running the lattice algorithm
on Level-1 organization. The solution space contains one
MINO, Fig. 9, and one MAXO, Fig. 10. The designer can
pick a structure from this space and use it to design the
sub-organizations at Level-2.

Figure 6: Flowchart for culturally constrained solution
As the NG is away for the first critical day of the operation, neighboring countries B and C offer help to support the mission and agree to take part in a Coalition
Task Force that would be commanded remotely by the
NG commander. It is assumed that both countries B and
C can provide different first responder elements which
can be deployed in a matter of hours. It is decided that
an organization of five DMUs will manage this operation. Each DMU has its sub-organizations and staff to
perform the tasks allocated to it. The five DMUs are: (1)
CC: Commander and the Command staff; (2) MC-Maritime Unit Commander and the subordinate elements;
(3) AC-Air Element with its Commander and sub-organizations; (4) GC-Ground Element with its Commander and sub-organizations; and (5) SSE- Service
Support Element with its Commander and sub-organizations. It is assumed that country B can provide support
as AC, GC and SSE while country C can only provide
support as GC and CSS. The roles of CC and MC remain
with Country A. The three countries are able to provide

Figure 8: Solution space for Level-1 organization design as seen in CAESAR III

Figure 9: MINO of Level-1 design
Level-1 design is free of cultural constraints. However
Level-2 design uses the C-Lattice algorithm to include
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cultural attributes to form the various coalition options.
Figs. 11, 12 and 13 show the respective block diagrams
for the sub-organizations of AC, GC and SSE as designed by CAESAR III. Since Country A always performs the roles of CC and MC, these sub-organizations
are not decomposed further.

based on culture. These are imposed as additional structural constraints on the solution space of the sub-organizations. The cultural constraints for the three sub-organizations are shown in Tables 1, parts (a) to (c). Maximum indicates the limit placed on the number of interactions by user constraints.
Table 1: Hofstede’s dimension values for the three
countries and resulting Cultural Constraints

Figure 10: MAXO of Level-1 design

(a) For AC

(b) For GC

Figure 11: Block diagram for AC

(c ) For SSE
Using the C-Lattice algorithm, the solution space for
each sub-organization is computed for each culture and a
suitable structure is selected by the user. These structures
are then used to form the different coalition options and
analyze the performance. In view of the limited space, the
complete solution spaces are not shown here. Figures 1416 show the structures selected by the user for each
country for GC. A similar approach can be used to select
different structures to be used for AC and SSE.

Figure 12: Block diagram for GC

Figure 14: GC structure selected for Country A

Figure 13: Block diagram for CSSE
Table 1 gives the Hofstede’s scores for the four attributes,
Power Distance (PDI), Individualism-Collectivism
(IND), Masculinity-Femininity (MAS), and Uncertainty
Avoidance (UAI) for Countries A, B and C. Using a
multiple linear regression model, these scores are converted into limits to be placed on allowable interactions

Figure 15: GC structure selected for Country B
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This simple example illustrates that cultural differences
have a strong impact on the performance of a multinational organization and that taking these differences
in consideration when task allocation is carried out can
lead to significant improvements in performance.
ADAPTIVE ARCHITECTURES
Adaptation in organizations is a subject that has been
explored extensively and from a variety of viewpoints.
The formulation of the adaptive organization problem
follows the argument for variable structure organizations
in which three types of variable structure organizations
were defined: (1) those that adapt the structure of
interactions among the DMUs to the inputs or tasks the
organization receives from the environment; (2) those
that adapt to changes in the environment, and (3) those
that adapt because of changes in the availability of
internal resources - increase or decrease in the number of
DMUs (expanding or contracting), or in the resources of
the supporting information system.

Figure 16: GC structure selected for Country C
For the given scenario, based on the availability of
support from Countries B and C, eight coalition options
are possible, excluding the homogeneous option of all
Country A DMUs. The five sub-organizations are
combined together using the Level-1 MINO. The Petri
Nets of the eight options developed by CAESAR were
exported to CPN Tools where they were simulated to
study performance in terms of tasks served. The
following assumptions were made. Each process
(transition) needs 50 units of processing time. Each additional incoming link increases this time by 50 units.
The reasoning is that the additional input(s) will require
more processing. Hence, structures that have more interactions will take more time to process the tasks,
which will affect the overall performance. Figure 17
shows the results of this analysis for all combinations.
The x-axis shows the percentage of tasks not served.
Based on these results, the allocation by country A-AA-C-B performs best. Most options with Country C assigned the SSE role perform badly. This is because
country C needs a high number of command relationships and the structure of SSE allows for this to occur,
thereby increasing the processing delay. User constraints on GC allow for very similar cultural constraints
for all countries and hence changing the ordering in this
role does not change the performance very much. Similar results were obtained when the coalition options
were simulated using a Level-1 MAXO organization.

One approach to the problem is to design alternative
organization structure and switch from one structure to
another (re-organize) to meet the requirements of the
changing situation. This can be referred to as the quasistatic solution. However, most organizations cannot
cease their activities to switch from one structure to another. Switching has to occur smoothly without interfering with current operations, i.e., the adaptation has to be
dynamic. To accomplish this, adaptation has to be incremental - a sequence of small changes that transition
the organization from one structure (the current one) to
the desired or target structure, while maintaining the
requisite functionality. (Perdu 1997) This incremental
adaptation can be visualized as a morphing process.
Morphing is a visual effect technique which builds the
necessary sequence of frames (in-between images) to
make the transition from one source image to a different
target image. In this sequence, frames have features that
differ more and more from the source image and become
closer and closer to the target image. Morphing
organizations are adaptive organizations that enable
smooth and progressive switching from one structure to
another. Because of the distribution of processes (functions) across DMUs for the accomplishment of the organizational task, coordination between DMUs is essential for successful incremental adaptation or morphing.
Coordination between DMUs is required to identify the
need for change, to select the new configuration, and to
implement it. This takes the form of coordination rules
allocated to DMUs that specify how to implement
switching from one configuration to another in a distributed environment. These rules are defined for each DMU
and specify under what conditions to perform some
functions and where to send the function output. The
derivation of these coordination rules is a critical part of
the design of adaptive structures.

Figure 17: Percent of tasks not served by different task
allocations (CC, MC, AC, GC, SSE) to coalition members

A restricted class of organizations is considered. It is
assumed first that the DMUs operate as a team. A team
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is defined as an organization in which the nodes have a
common goal and have activities that must be coordinated so as to achieve a higher effectiveness. In the case
of humans as nodes, it is further assumed that they have
the same interests and same beliefs, are well trained for
the tasks that they have to perform, and that they do not
learn during the execution of a particular task.

successful team performance; the processes performed
by the different DMUs are interdependent. Each
individual contribution needs to be coordinated to
produce the final team and communication is central to
team activity. This results into two design constraints: (1)
Activities must be synchronized during the execution of
the process, and (2) Information processed by the
different DMUs must be consistent.

Adaptive Teams and Tasks
The tasks the DMUs are to perform are determined by
carrying out a functional decomposition based on the
operational concept. This decomposition process can
then be applied further to sub-functions until each subfunction corresponds to an elementary task that can be
allocated to a single DMU. The interactions among
functions are determined by deriving a process model
that specifies the data exchanged among sub-functions.
The process model, by itself, is not sufficient to define
the organizational architecture. In addition to the interrelationships among functions, there needs to be a definition of the data elements and data structures that are
used in the information exchanges among functions or
tasks, as well as a set of rules, a rule base, that defines
the conditions under which tasks are executed.

A mode of operations is defined as the allocation of
functions to the DMUs. If n functions need to be performed and if the k-th function is allocated to ik DMUs
in the responsibility definition matrix, there are i1 x i2 x
... x in different possible modes of operations. The order
of back-up implementation for each function introduces
a partial ordering in these modes of operations. Let mi be
a mode of operations where each function fk is allocated
to an agent. Let R(fk, mi) denote the priority of execution
of function fk allocated to a DMU, obtained from the
responsibility definition matrix. Let us define the relation
<< on the modes of operations as:
mi << mj if and only if for all k, R(fk, mi) ≤ R(fk, mj)
This means that mode mi has higher priority than mode
mj if, for all functions, the priority in mi is higher than the
priority in mj. The set M of all possible modes of
operations derived from a given responsibility definition
matrix together with the relation << is a partially ordered
set denoted by (M, <<) and indeed it is a lattice that can
be represented graphically by a Hasse diagram called the
Mode Transition Graph. Each node corresponds to a
mode of operation. A directed link between two nodes
indicates that a function has been transferred from one
DMU to another in the order specified in the
responsibility definition matrix. The lower bound of M is
the normal mode of operation, the upper bound is the
back-up mode where each function has been allocated to
the team member in the lowest priority of the responsibility definition matrix.

Adaptive teams are teams that have the ability to adapt
to task demands. Organizational adaptation requires a
modification of the allocation of responsibilities and resources to the DMUs that constitute the team. It may
also involve the inclusion of additional team members
or the exclusion (down-sizing) of some. The focus of
this model is on this dynamic organizational adaptation
that involves a redistribution of responsibilities to team
members to satisfy the task demands. This redistribution
has to occur in real-time and initiated by the team
members themselves.
To specify the different types of operations, it is easier
to specify for each function an order of allocation to
different DMUs. This order/priority assignment can be
the result of an analysis of foreseen cognitive load on
the DMU or be dependent on his ability and/or training
to perform the function. This information can be depicted in the form of a responsibility definition matrix.
The rows of the matrix represent the individual DMUs,
while the columns depict the various functions/tasks
that must be carried out as defined by the functional architecture. The entries in the matrix indicate which
functions/tasks can be carried out by which DMUs and
can be encoded to indicate the priority scheme under
which he can execute different tasks. In adaptive teams,
the set of possible configurations is limited and strongly
constrained by the expertise or capabilities of each team
member. Not all members can perform all tasks; on the
contrary, a degree of specialization is assumed as well
as a functional “chain of command” consistent with the
specialization. It is precisely this information that is
encoded in the responsibility definition matrix.

The methodology is summarized in Fig. 18. It consists
of seven steps. From a Process Model that specifies the
different functions to be carried out and the data exchange between them (step 1), redundant responsibilities
are defined by allocating each function to several DMUs
based on their expertise and role in the organization (step
2). A priority for back-up implementation is defined for
each function and is used to construct the Responsibility
Definition Matrix.
This redundant responsibility definition allows the determination of all possible configurations, called modes
of operations, available to the team. The set of all modes
of operations is characterized by Mode Transition Graph
(step 3). From the Responsibility Matrix, the Fully Connected Graph that represents all the defined function allocations and all the required data exchanges between
team members can also be constructed (step 4). Coordination rules need to be defined and allocated to team

Individual skills and knowledge are not sufficient for
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Missions” has led to the five functions listed in Table 2.
The data being exchanged between functions are listed
in Table 3.

members to specify exactly the conditions under which
each team member has to perform the back-up of a function and where to send its output (step 5). Different candidate designs can be obtained at this time and need to
be evaluated and compared. A Colored Petri net model
of each candidate design can be constructed in step 6, to
be used in the evaluation phase in step 7. The latter two
steps are not covered in this paper but are available in
Perdu and Levis (1998).

Table 2: Functions of the Air Interdiction Planning
System

AN ADAPTIVE ARCHITECTURE FOR AIR INTERDICTION
Let us consider a fictitious example of an Air Force
Air Interdiction mission planning system. Air Interdiction aims at targets behind the front line to reduce as
much as possible the support of the enemy forces: logistics support, reserves. It requires fast planning and
action to be effective. The planning of these missions is
performed by a team, which receives (1) real time information about adversary positions and friendly positions,
and (2) requests for air support. The team has to do the
detailed planning of the missions to satisfy these requests.

Table 3: Data Exchanged

The operational concept is to analyze the requests in
the context of the prevailing situation and plan missions.
The decomposition of the “Plan Air Interdiction

Figure 18: Methodology for Adaptive Team Design and Evaluation
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function allocations. Figure 22 displays the team operation obtained by folding together the two function allocations of Fig. 21. Note that the dashed line boxes are
to help show graphically the function allocation to the
DMUs; they are not part of the Petri Net formalism.

The ordinary Petri Net representation of the process
model derived from this description of the functions is
shown on Fig. 19. Processes are shown as transitions
while data or messages are shown as places. Inputs from
the environment, a and b, are processed respectively by
functions f1 and f2. The output of f1, c, is processed by
function f3, while f4 needs d, the other output of f1, and
e, the output of f2, to execute. Function f5 needs the
results f and g of functions f3 and f4 to produce the team
output, h.

Figure 19: Petri Net Representation of a Process Model
In the next step, functions are allocated to team members subject to the limited processing capabilities of
each member, and to the limited capacity of the communication network connecting the different DMUs.
Redundancy of processes and back-up strategies are
considered at this stage.

Figure 21: Different Function Allocations for Implementation of Back-up

The responsibility definition matrix of Fig. 20 shows
the order in which the back-up of each function is implemented. There is no back-up envisioned for f1 and
f2, which are respectively performed by DMUs denoted
as DMU1 and DMU2. The reason is that other DMUs
would need to get the same inputs from the environment
to perform this back-up. DMU3, DMU4 and DMU5 are
responsible, respectively, for functions f3, f4 and f5 in
the normal mode of operation. In a back-up mode,
DMU1 can perform f3 and DMU2 can perform f4. Finally, the back-up of f5 is performed first by DMU4 and
then, if needed, by DMU3.

Figure 22: Function f5 from DM5 to DM4
Figure 23 shows the Mode Transition Graph for the
example. Each mode has been assigned a label X.Y
where X indicates the number of back-up operations that
have occurred in the mode of operations and Y is an
index for the modes having the same number of backups. Consequently, Mode 0 is the baseline mode, and
Mode 4.1 is the mode with the maximum number of
back-ups (4).
Suppose then, that the organization needs to adapt from
Mode 0 to Mode 2.3. It can do that incrementally by
transitioning from Mode 0 to Mode 1.3 and then from 1.3
to 2.3. It could also have transitioned from 0 to 1.2 and
then to 2.3. The directed arcs in the mode transition graph
in Fig. 23 show the transitions for increasing degrees of
back-up. If the direction of all arcs is reversed, then the
graph would show the transitions for reducing back-up.
Therefore, the lattice of Fig. 23, but with undirected arcs,
shows all the feasible paths for morphing from one
structure to another.

Figure 20: Responsibility Definition Matrix for the Example
Figure 21 shows two different function allocations to
DMUs for the process model of Fig. 19. The upper part
of the figure corresponds to the distribution of responsibilities in a normal mode of operations: the allocation
defined by the “1”s on the diagonal of the matrix in Fig.
20. The lower part is the distribution of responsibilities
in a back-up mode where DMU5 has been removed and
function f5 is performed by DMU4

The Petri Net representation of the Fully Connected
Graph (step 4) is shown in Fig. 24. This is not any particular mode of operation. Rather, it represents all the
functional allocations and all the information flows of all
the modes of operation folded together.

A representation of the team operation is then obtained
by folding together the representations of different
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CONCLUSION
A computational theory for the design of organizational architectures has been presented in which interacting Decision Making Units process information and
make decisions. The approach has been developed over
a 35 year period and has been applied to a wide variety
of problems, especially in the design of military or civilian command centers. It was initiated by looking at
information processing and decision making organizations at the tactical level but as the research matured it
started being applied to the operational and strategic
levels. At the core of the methodology is the Lattice algorithm that allowed the taming of the combinatorial
explosion problem. The results are structured as lattices
with feasible organizations partially ordered with the
least connected at the bottom and the maximally connected at the top. By moving up in the lattice accuracy
is usually improved (and resilience) while moving down
on the lattice improves timeliness. The theory has been
extended to address cultural dimensions and their effect
on organization design, to the design of adaptive architectures, and more recently to the design of organizations that are resilient to cyber exploits.
Figure 23: Mode Transition Graph for the Example

Figure 25: Active Links for the Normal Mode of Operations (Mode 0
Figure 24: Fully Connected Graph for the Example
In a given mode of operation, only a subset of
transitions and their interconnected places are active.
Figure 25 shows in bold the active places and transitions
in the normal mode of operation (Mode 0). Figure 26
shows the active places and transitions for the back-up
mode 1.3 defined in the lattice of Fig. 23. Figure 27
indicates the active links when DMU4 performs f5 and
f4 is transferred to DMU2 (Mode 2.3). This sequence
represents two transitions along the lattice or a two stage
morphing by the organization.
One can see by looking at Figs. 25 to 27 that the
transfer of responsibility from some DMUs to others
leads to important changes in the pattern of interactions
between the DMUs.

Figure 26: Active Links for Mode 1.3
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ABSTRACT
Technological objects (as well as natural and biological beings) age in time reducing
the ability to perform their functions until, eventually, a final catastrophic breakdown
occurs. We adopt the term dependability to identify the ability of a system to deliver
service that can justifiably be trusted [1]. Dependability is an integrating concept that
encompasses various attributes like reliability and availability.
The behavior of these attributes in time cannot be described by deterministic laws,
and then, we are led to resort to stochastic models based on the laws of probability
[2]. Many stochastic formalisms have been proposed since the beginning of reliability
engineering that can be broadly classified based on whether component behaviors
are considered statistically independent or statistically dependent.
The modeling power of a formalism refers to its ability to correctly incorporate details
of the real system, and the decision power refers to the ability to analytically compute
characterizing measures. The success of any formalism depends on the balance
between its modeling power and its decision power.
The formalisms that adopt the simplifying assumptions that the component failures
and repairs are statistically independent events (Reliability Block Diagrams, Network
Reliability and Fault Trees), exploit the product rule of probabilities and have low
modeling power but high analytical tractability.
Statistical independence if often unrealistic: The most common types of phenomena
that induce dependencies in the failure process are load dependencies, functional
dependencies, common cause failures and coincident faults. In the repair process,
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usual causes of dependencies are preventive or deferred maintenance and shared
repair capabilities. When considering dependencies, more sophisticated formalisms
are necessary, able to incorporate the possible conditional dependence of each
component state on the state of the other components, thus resorting to the system
state space. Homogeneous Continuous Time Markov Chains (HCTMC) are the basic
state space model; they have a very compact close form solution but have the
restriction that the random time variables must be exponentially distributed, i.e. with
constant failure and repair rates. To remove the exponential assumption and, at the
same time, modelling dependencies, various extensions are possible. If the
transition rates are dependent on global time, then the system behavior can be
represented as a Non Homogeneous Continuous Time Markov Chain (NHCTMC)
that still satisfies the Markov property. A semi-Markov process (SMP) permits the
random time distributions to be non-exponential, but the epoch of entry into each
state must be regeneration points; and then the transition rates depend on the
sojourn time in each state. A Markov Regenerative Process (MRGP) is a
generalization of the above stochastic processes [3,4]. In a CTMC (homogeneous
or non-homogeneous) any time epoch satisfies the Markov property, in an SMP the
Markov property is satisfied at all the time instances at which the process undergoes
a state transition, in an MRGP the Markov property holds only when the process
enters a subset of specific states called regeneration states.
The formalisms considered up to now have a closed form analytical expression even
if the numerical solution may be quite cumbersome. However, they require to be
defined over the global state space of the system, thus incurring into the well-known
state-space explosion problem.
The state-space description appears often over specified with respect to the real
modeling needs since it is very unusual to encounter real applications in which each
component changes its stochastic behavior according to the state of all the other
components of the system. To mitigate the state explosion problem dependencies
could be confined locally. In a hierarchical approach, the system model is partitioned
into independent submodels (possibly of different model types) that are combined
by exchanging quantities across submodels [5].
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To avoid the generation of the global state-space and with the aim of providing a
flexible and scalable framework for modeling various kinds of local and conditional
dependencies among interacting objects, we have recently defined an analytical
model, called Markovian Agent Model (MAM) [6,7]. MAM is formed by a spatial
collection of interacting Markovian Agents (MAs) whose transition kernel is
composed by two components a local transition matrix and an induced transition
matrix. The local matrix contains a fixed component that depends on the MA
structure and its position in the space while the induced matrix depends on the
interaction of a MA with the other Mas.
Several examples will illustrate all the above techniques.
1. Avizienis, A., J.C. Laprie, B. Randell and C. Landwehr (2004). Basic concepts
and taxonomy of dependable and secure computing. IEEE Trans Dependable
and Secure Computing 1, 11-33.
2. K. Trivedi and A. Bobbio, Reliability and Availability Engineering, Cambridge
University Press, 2017.
3. E. Cinlar, Introduction to Stochastic Processes. (Prentice-Hall,Englewood Cliffs,
1975)..
4. V.G. Kulkarni, Modeling and Analysis of Stochastic Systems. (Chapman&Hall,
1995).
5. H. Sukhwani, A. Bobbio and K. Trivedi, “Largeness avoidance in availability
modeling using hierarchical and fixed-point iterative techniques,” International
Journal of Performability Engineering, vol. 11, no. 4, pp. 305–319, 2015.
6. D. Bruneo and M. Scarpa and A. Bobbio and D. Cerotti and M. Gribaudo. An
Intelligent Swarm of Markovian Agents, Performance Evaluation, In: Springer
Handbook of Computational Intelligence, J. Kacprzykand W. Pedrycz Eds.,
Springer,1345-1359, 2015
7. A. Bobbio and D. Cerotti and M. Gribaudo and M. Iacono and D. Manini.
Markovian Agent Models: A Dynamic Population of Interdependent Markovian
Agents, In Seminal Contributions to Modelling and Simulation, K. Al-Begain and
A. Bargiela (Eds.), Springer, 185-203, 2016
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system type or version, dependence on frameworks or on
installation of programming languages.
A solid open culture supports web development and web
technologies. In fact, a set of open standards, establishes
the basis of the web’s current ubiquity by allowing
websites to use the same conventions without obstacles
imposed by proprietary restrictions. There are multiple
benefits in adopting this openness in the development of
engineering simulation. From the point of view of
scientific research, the openness assures that other
researchers can verify and validate the simulation and its
results. From the point of view of development, it
facilitates the creation of simulations by providing access
to libraries and frameworks for diverse purposes.
Conversely, by publishing a simulation as an open web
app, one allows others to reuse any element of the
simulation, from 3D models to source code.

ABSTRACT
A web-based approach gives advantages regarding
sharing, compatibility, open source development and
interactivity of engineering simulations. This work
introduces the approach with a simple damped harmonic
oscillator, presenting mathematical formulation, numeric
solution method and visualization of the results both in
graphical and in 3D. Vessel.js, a more advanced
JavaScript library, is used to exemplify web-simulations
of complex marine engineering problems, such as vessel
motion with six degrees of freedom in calm water and
vessel motion with mooring lines. A gallery of open
source simulation for conceptual ship design and marine
engineering is presented, with detailing of three other
examples previously developed: motion response of
multiple vessels in regular wave, simulation of pendulum
motion of a lifted load and simulation of fuel
consumption in transit. A next step of the work intends to
focus on further development of time-domain models for
maritime and subsea operations in general. The paper
closes with a call for future digital twin applications to be
developed in open web-based platforms.

Compared to traditional engineering programming
environments, web technologies provide more options
and freedom for the creation of sophisticated user
interfaces. The developer of a web application may use
sliders, text fields and buttons to gather inputs from the
user. Results can be presented as formatted text, tables,
plots or interactive visualizations, either 2D or 3D.
Multiple textual and graphic elements can be combined
in dashboards to present a cohesive experience to the
user, allowing them to vary inputs and observe the effects
of the variation on the results in real-time.

WHY WEB-BASED SIMULATIONS?
Web-based simulations provide advantages in terms of
sharing, compatibility, open source development and
creation of graphic user interfaces, or GUIs (Gaspar,
2018).

Web development typically relies on three main
languages: Hypertext Markup Language (HTML),
Cascading Style Sheets (CSS) and JavaScript. The first
two define the content of web pages and the presentation
style of the content, respectively. Focus is given on the
rest of the paper on the later, and we propose that
JavaScript language as key success to develop open and
collaborative software in engineering since. As expressed
by Gaspar (2017), the language excels in speed,
compatibility among different platforms, user interface
capabilities and large use by the community.

The fact that it is possible to share web simulations with
anyone who has access to an internet connection makes
the approach convenient to give distributed users access
to the same model. This centralization also allows unified
support of the application, as once the developer deploys
a new version of the source code online, all users
instantly obtain access to it.
Such applications are compatible with any modern
device with a web browser. While at this point most
consumers take it for granted that a web service is going
to work seamlessly on their devices, this advantage, in
the context of engineering simulations, overcomes
common compatibility issues related to operational

Given the aforementioned advantages of JavScript and
the web-based approach, it is natural that developers
pursue ways to bridge other programming languages to
the web. At this time, there are already applications that
interpret and execute source code from other
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programming languages, for instance Python
(https://jupyter.org/), or C (https://webassembly.org/) on
web environments. However, for being a native
programming language of the web environment,
JavaScript allows a more complete realization of the
approach, and thus is employed in the examples
presented in this work.

output the evaluated derivatives (as in the right side). For
a free oscillator, it will be:

FUNDAMENTALS

Finally, the following lines solve the equation with initial
conditions x = 1 m and ẋ = 0 m/s from time 0 to 100
seconds. The RKDP method uses adaptive time-step, so
no standard time-step size is specified. If necessary, the
default tolerance can be tuned.

function freeMotion(t, x_arr) { // x_arr = [x, xdot]
var F = 0; // N
var xdotdot = (F - c * x_arr[1] - k *
x_arr[0])/m;
return [x_arr[1], xdotdot];
};

This section applies the principles presented in the
introduction to a simple example of a dynamic problem.
The problem is formulated mathematically, implemented
as a web simulation and then visualized with different
approaches.

var tmax = 100; // in seconds
var sol_free = numeric.dopri(0,
freeMotion);

Formulating the Problem
We formulate a simple problem of a block vibrating in
one direction while attached to a spring and damper, i.e.,
a damped harmonic oscillator. The block is subject to an
external force, as shown in Figure 1 below.

tmax,

[1,

0],

This creates an object (sol_free) with the all the
positions, velocities and accelerations calculated by the
solver.
Graphical Visualization
Besides inspecting the simulation results in the
programming console or printing them as formatted text,
it is also possible to create visualizations of relevant
simulation variables. The plots presented in this section
use Flot, a JavaScript library that offers good
compatibility with Numeric.js. Other useful visualization
libraries are D3.js (https://d3js.org) and plotly.js
(https://plot.ly/). Figure 2 shows a plot of the block
position x in relation to the neutral position over time as
calculated for the free oscillator.

Figure 1: Scheme of Modelled Oscillator
Equation (1) below expresses the motion of the block
over time.
F = mẍ + cẋ + kx

(1)

This equation can be solved in JavaScript using the
Runge-Kutta
Dormand-Prince
solver
(RKDP),
implemented in the Numeric.js library (Loisel, 2019). To
do so, we need to provide the solver the initial time, final
time, initial conditions (position and velocity) and a
function containing the equation to be solved. To model
the oscillator, we start defining the constant parameters:

Figure 2 Block Position (X) for Free Oscillator
It is also possible to simulate and visualize the motion for
a forced oscillator. Equation (4) defines the force as a
sinusoidal.

var m = 30; // kg
var k = 20; // N/m
var c = 2.9; // (N*s)/m

F = 10sin(t/5)

By making both the initial position and velocity equal to
zero and solving the problem again with the new force,
we obtain the plots for the force and position in Figures
3 and 4, respectively.

Now the function representing the differential equation
needs to be defined. To do that, Equation (1) is
rearranged in a system with Equations (2) and (3).
d(x)/dt = ẋ
d(ẋ)/dt = ẍ = (F - cẋ - kx)/m

(4)

(2)
(3)

The function will receive as input an array with the
position and velocity, respectively x and ẋ (the arguments
of the derivatives in the left side of the equations) and
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Figure 3 Oscillating Force
Figure 6: 3D Model of the Oscillator
Figures 2, 3, 4, 5 and 6 are available online at
https://shiplab.github.io/vesseljs/examples/ECMS_2019
.html
Besides aiding the creation of 3D models from scratch,
the Three.js library also allows loading of 3D models
stored as external files. It supports formats such as STL,
a format of triangulated surfaces originally developed for
3D printing; and COLLADA, a file format for exchange
of 3D models. This allows the user to create complex
engineering models using dedicated CAD software and
then convert them to a convenient format that can be
directly loaded to a web scene.

Figure 4 Block Position for Forced Oscillator
3D Visualization
The web-based approach supports complex 3D graphics
with textures. The WebGL library allows rendering of 2D
and 3D graphics in any compatible browser. In this work,
the Three.js (https://threejs.org/) library is used to aid the
creation and manipulation of 3D objects with WebGL,
reducing the effort necessary to build a meaningful
visualization.

Linking Formulas to the 3D Visualization
The 3D model can be linked to the mathematical
formulation of the problem to visualize the oscillator’s
motion. This is done with some adaptations to the
methods presented so far. The numeric solver is
configured to calculate the shift in position of the block
at the refresh rate of the animation, so it is possible to
render the motion as it happens in real-time. At each
refresh of the animation, the algorithm calculates the
position of the block with the solver and updates the
corresponding x coordinate in the 3D visualization. The
algorithm also moves and scales the spring and damper
cylinders to make them accompany the motion of the
block. Figure 7 shows a sequence of screenshots of the
final motion animation.

After a 3D scene is created and configured in the browser
with Three.js, a cuboid (or, as it is called in the library, a
“block geometry”) can be added to it with the following
excerpt:
var geometry = new THREE.BoxGeometry(1, 1, 1);
var material = new THREE.MeshBasicMaterial({
color: "blue"
});
var cube = new THREE.Mesh(geometry, material);
scene.add(cube);

Which creates a box in the scene, as shown in Figure 5
below.

Figure 5 Block in a 3D Scene
Continuing to model the visualization, two cylinders are
created to represent the spring and damper; and a thin
cuboid is created to represent the base. The geometries
are arranged in space with operations of rotation and
translation to assemble the 3D model of the oscillator
seen in Figure 6.

Figure 7 Different Positions of the harmonic oscillator
for differents times.
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SIMULATING ENGINEERING PROBLEMS

accounts for one block. The application display results as
a summary list of weights and stability coefficients
calculated with Vessel.js. Every time the user changes the
inputs, the application recalculates the result, then
updates the list and the draft of the 3D barge model in the
visualization.

This section applies the web-based approach to the
simulation of some problems in marine engineering. The
simulations are developed with Vessel.js (hhtp://
http://vesseljs.org), an open and collaborative objectoriented library for conceptual ship design (Gaspar,
2018).
Multiple Blocks – The Case of a Ship
In Vessel.js, a ship is defined as a structure comprised of
hull, decks and bulkheads, and a collection of “blocks”
representing different tanks and compartments, as
visualized in Figure 8.

Figure 9: 3D Visualization and Input Pane of the Ship
Stability Web-App
6 DOF Ship Motion
Just as the oscillator motion was solved and visualized
with a web-application, the vessel motion is also
simulated using the libraries presented so far. To
accomplish that, an algorithm including a system of
equations accounting for the six degrees of freedom of
the vessel’s motion was developed (Oliveira, 2019). For
simplification of the mathematical model, a square barge
is considered so the motion coefficients can be more
easily established for small amplitudes, and only the
condition in calm water is simulated, so no wave forces
along the hull need to be considered (Figure 10). In that
formulation, the vessel motion occurs only as response to
the initial conditions set by the user with sliders in the
GUI.

Figure 8: Visualization of a Simple Prismatic Barge
with Three Compartments (Gaspar, 2018)
Each block has the same starting point as the mass from
the previous harmonic oscillator example, with relevant
attributes added according to the object that is modeled,
such as weight, which is the sum of its own lightweight
and the weight of its content. A “states” object collects
the respective positions and filling ratios of every block
inside the vessel. The user can modify these states to
represent different weight configurations and/or different
loading conditions of the vessel, for instance a fuel or
cargo tank full or empty. The Vessel.js library is able to
combine the weights of the individual blocks and of the
structural components to calculate the total displacement
of the vessel and its center of gravity numerically. These
results can be used to further calculate the floating
condition of the vessel, i.e. draft, small angles of trim,
hydrostatic and stability coefficients.
The web-app in Figure 9 illustrates the calculation of
such parameters. In it, the user can edit the prismatic
barge by adding, moving or deleting blocks and
modifying their weights. The application gathers user
inputs in text fields arranged as tables where each row

Figure 10: Simplified mathematical model for a moored
square barge (Oliveira, 2019)
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To make the visualization more realistic, a sky and ocean
were added to the scene using a shader for Three.js.
Figure 11 shows the 3D visualization of the barge in calm
water, with no mooring. The sliding controllers on the
top-right corner were created with the dat.GUI library.

physical properties and geometric configuration of the
problem, i.e., the length, hanging point and density of the
lines, the radial distance from the anchoring points and
the seabed depth. The simulator calculates the horizontal
and vertical forces applied to the barge following an
iterative procedure (Andrade et al., 2016). The results are
used to calculate the mooring forces and moments
applied to the barge, which are included in the equations
of motion solved during the simulation.
When modelling the 3D visualization of the simulation,
the “line” geometry provided by Three.js allowed the
creation of the mooring lines attached to the barge. Once
created, the algorithm moved the geometries to follow
the motion of the barge during the simulation. Figure 13
shows a screenshot of the 3D visualization in a stationary
position.

Figure 11: 6 DOF Simulator of Vessel Motion in Calm
Water without Mooring
Despite the fact that the simulation accounts for the six
degrees of freedom of the barge, the sliders only allow
the user to set the motion modes which have restoring
components, so the response oscillation can be observed.
Those motion modes are heave, pitch and roll. They also
allow configuration of viscous damping coefficients for
different motion modes of the vessel, as it is difficult to
estimate these coefficients before having access to
experimental data. Furthermore, it is also possible to vary
the filling ratio of the barge’s compartment in order to
observe how the cargo loading influences the motion
response.

Figure 13: Lower Perspective of the Moored Barge
Showing the Hull, Mooring Lines and Seabed

As soon as the user drags the slider, the algorithm starts
calculating the barge motion response and oscillating it
in the 3D visualization, as shown in Figure 12. Gradually,
the damping dissipates the motion and the barge
converges to a stationary position.

VESSEL.JS EXAMPLES GALLERY
The Vessel.js website presents a gallery with various
open source examples of simulations focusing on topics
related to ship design and marine engineering in general.
This section presents three of them. As they are now, the
applications are not intended to aid real life design
decisions, but mostly to demonstrate the potential of the
web-based approach to simulations and establish a base
upon which the development of such simulations can
continue.
Multiple Hulls in Regular Ocean
The application simulates the motion response for heave,
pitch and roll of multiple vessels in an ocean created from
a single regular wave, as shown by the screenshot in
Figure 14. Differently from the previous motion
simulations, which solved differential equations of
motion, this app calculates the response amplitudes of the
vessels with closed-form expressions (Jensen et al.,
2004). Then, it converts the response amplitude to a time
series, synchronizing the motion of the 3D models of the
vessels with the wave animation over time. As the motion
is calculated with closed-form expressions, it does not
take into account interaction among the motions of the
vessels or their interference on the wave.

Figure 12: Barge Subject to Different Motion Modes in
the Simulator
Mooring Lines
The vessel motion simulator can be used as a basis upon
which to expand the simulation model to account for new
effect, such as the barge moored to the seabed with four
lines (Figure 10).

The application allows the user to control wave
characteristics, i.e., amplitude, period, direction and
phase with sliders. The wave length is automatically

The mathematical model accounting for the effects of the
mooring lines in the barge’s motion receives as inputs the

27

derived from the wave period following the dispersion
relation for deep waters. The user is also able to adjust
the number of ships floating simultaneously in the
simulation with a slider, and to add model of new ships
by uploading a JSON file.

(Fonseca et al., 2018). It aims to provide metrics for the
evaluation of the suitability of different vessel designs for
a given operating region based on their respective
consumptions.

Figure 16 Organization of the States in the Pendulum
Simulation

Figure 14: Simulation of Multiple Vessels in Regular
Ocean

The application generates the different vessel designs
from a combination of parent ship specification, list of
power plant specifications and list of propeller
specifications. A scatter diagram listing the annual wave
occurrences describes the intended operating region of
the vessel.

Vessel with A-frame in Regular Ocean
This application simulates a ship with a suspended load
moving in a regular wave. The vessel motion response to
the regular wave induces a pendulum motion to the
suspended load, as shown in the screenshots in Figure 15.

When performing the simulation, the algorithm creates
new ship specifications by linearly scaling the main
dimensions of the original parent ship specification, as
illustrated in Figure 17. The scaling is constrained to keep
the gross volume constant. Then, the algorithm combines
the scaled specification with a power plant specification
and a propeller specification to establish a complete
design for the simulation. The algorithm simulates that
final design in a trip with all the sea states listed in the
scatter diagram, deriving an estimation of fuel
consumption for the given combination. The process is
repeated for all combinations of scaled ship, propeller
and power plant specifications, allowing a comparison
among the performances of different design options.

Figure 15: Simulation of Load Pendulum in Regular
Ocean with the Load Pendulum in Detail
The vessel motion response is calculated with the same
closed-form expressions as the previous example with
multiple hulls. The pendulum motion is solved with the
Lagrangian equations of motion for a spherical pendulum
with a moving pivot (Myhre, 2019). The equations are
solved in real time as the application renders the 3D
visualization of the motion on the web browser. The user
is able to reconfigure wave characteristics with the GUI
sliders and visualize the motion response for different
incident waves.
This simulation reconciles several types of vessel states:
loading condition, floating condition, hull response to
waves and pendulum motion. The Vessel.js library
organizes these states in one object with two main
groups: continuous and discrete, as shown in Figure 16.
Discrete states are can be stored for longer spans of the
simulation, while continuous states are updated in realtime and linked to the 3D visualization.

Figure 17: Four Examples of Scaled Vessels Evaluated
in the Fuel Consumption Simulation
.
BENEFITS AND A CALL FOR WEB-BASED
DIGITAL TWIN APPLICATIONS
As demonstrated through this paper, the web-based
approach is already a viable solution for the development
of several engineering simulations and presents
advantages in terms of speed, compatibility, development
tools and user interface. Such advantages reflect on the

Fuel Consumption in Transit
This simulation uses semi-empirical expressions to
perform estimations of fuel consumption in transit
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characteristics of the various examples presented in the
previous sections here summarized:
• Platform-independent and can be used without
prior set-up or installation, working on modern
computers, tablet or mobile.
• Extensive use of available open libraries, e.g.,
for solution of mathematical models, creation of
2D plots and rendering of 3D scenes.
• Interactive GUIs, allowing the simulations to
convey meaning easily to users, including those
who do not have an engineering background.
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Speed is a high-point: a regular consumer laptop, or even
a smartphone, is capable of executing the applications in
real-time, solving the mathematical models and
rendering the 3D scenes. Given the scope of the
examples, this includes simultaneous solution of
differential equations, manipulation of 3D geometries
and rendering of textures in the web browser. For such
reasons, it becomes apparent that the approach still
provides unexplored potential for further work.
In this context, we conclude this paper with a call for
more web-based approach to simulations, given that it
has the potential to become an important enabler for the
implementation of digital twins. That is, the same
advantages regarding, e.g., compatibility and usage of
web simulations during the design stage of engineering
products can be extended to the operational stage. In that
context, the simulations can be used to collect data about
behavior of the physical product (feedback) and control
it during operation (feedforward). The aggregation of
asset behavior in the digital twin also opens the potential
to reuse the operational data to aid design decisions of
later products, thus “closing the loop” of data use in the
product’s life cycle.
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inflow of fresh groundwater and recirculated seawater
from the sea floor into the ocean (Figure 1) (Moore
2010). The freshwater that flows into the ocean
represents a continuous and significant source of
nutrients for the costal marine environment (Nelson et al.,
2015).

KEYWORDS
SGD, coastal recirculation, cellular automata,
optimisation, Parallel Asynchronous Particle Swarm
Optimisation.
ABSTRACT
The long term goal of this research is the development of
a distributed autonomous low-cost platform for marine
exploration. One application of such a platform could be
the search for Submarine Groundwater Discharges
(SGD) in a coastal environment. In order to design and to
test new search strategies for such a platform, a
simulation that effectively models the diffusion of
groundwater discharge in shallow coastal waters is
required. The simulation allows the evaluation of new
search strategies without running the risk of losing
expensive hardware during the field testing.
In this paper a simulation based on cellular automata was
adapted in order to resemble the behaviour of an existing
physical model of a SGD. To speed up the optimisation
process, a novel adaptation of the Parallel Asynchronous
Particle Swarm Optimisation (PAPSO) algorithm was
proposed.

Figure 1: Submarine Groundwater Discharge of Freshand Recirculating-Water, modified after Evans and
Wilson (2016)

Experiments showed that the novel PAPSO was able to
reduce the time needed for optimisation by 69.1 %.
Furthermore, the results found by PAPSO are 2.1 %
better than the results of the Parallel Synchronous
Particle Swarm Optimisation (PSPSO) algorithm.

Marine scientists are interested in analysing these
discharges, because the nutrients discharged by SGD
have a significant influence on the marine ecosystem
(Dugan et al., 2010; Beck et al., 2017; Kröncke et al.,
2018). However, due to the harsh environmental
conditions, locating and analysing SGD requires
technical effort (Nelson et al., 2015). Different tracers,
including chemical substances, for example Radon
(Santos et al., 2009; Kelly et al., 2018), Fluorescent
Dissolved Organic Matter (FDOM) (Nelson et al., 2015),
conductivity or temperature (Kelly et al., 2018; Röper et
al., 2014) can be used to locate SGDs in coastal
environments. In this research the temperature was
chosen to trace the distribution of the inflow via SGD.

INTRODUCTION
The long term goal of this research is the development of
a distributed and autonomous low-cost platform for
marine observation. The observatory consists of an
autonomous surface vehicle and a small swarm of
autonomous underwater vehicles (AUV). Such a system
could be used for locating submarine sources of interest,
e.g. dumped waste or lost harmful cargo. The problem at
hand is the localisation of submarine groundwater
discharges (SGD) in coastal waters. SGD consist of an
Communications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
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To guide the observatory towards the points of interest, a
search strategy is needed. In this project the strategy will
be based on Artificial Intelligence methods (Tholen et al.,
2018; Tholen & Nolle, 2017). To fine-tune the search
algorithms developed, many test dives need to be
conducted. To reduce the costs of development and the
risk of losing expensive hardware, computer simulations
should be used during the design phase. Previously, a
simulation based on a cellular automaton was developed
(Tholen et al., 2017).

temperature of an existing discharge at the position of the
cell x. All values will be multiplied by the volume of the
cells or by the volume flow rate of the spring
respectively. The sum will be divided by the sum of the
volume of all cells in the neighbourhood. The rule is
given in Equation (1). Here I is representing the
temperature in °C and V is representing the volume of the
cells in m3.
𝐼𝑥𝑡+1 =

In this paper, this simulation was adapted in order to
resemble the behaviour of a physical SGD model. For
this adaptation, real measurement data gained from the
physical model was used together with Parallel
Asynchronous Particle Swarm Optimisation (PAPSO)
(Kennedy & Eberhart, 1995; Koh et al., 2006).

𝐼𝑥𝑡 ∗ 𝑉𝑥𝑡 + ∑(𝐼𝑦𝑡 ∗ 𝑉𝑦𝑡 ) + 𝐼𝑠𝑡 ∗ 𝑉𝑠𝑡
𝑉𝑥𝑡 + ∑(𝑉𝑦𝑡 ) + 𝑉𝑠𝑡

(1)

Where:
Ixt+1: temperature of cell x in iteration t+1
Ixt: temperature of cell x in iteration t
Vxt: Volume of cell x in iteration t
Iyt: temperature of neighbour cell yn in iteration t
Vyt: Volume of neighbour cell yn in iteration t
ISt: temperature of spring located at cell x in iteration t
VSt: Volume flow of spring located at cell x in iteration t

SIMULATION
The simulation used here is based on cellular automata
(CA). This section introduces the basic concepts of CA
and introduces the rules developed during this research.

In addition to the rule, the behaviour of a CA also
depends on the chosen neighbourhood and cell shape
(Tholen et al. 2017).

Cellular Automata
Cellular automata (CA) are mathematical models used
for the simulation of complex systems. A CA discretises
a system in space and time (Wolfram, 1984). It consists
of a finite collection of identical cells. Each cell has a
current state, which is updated after each time step and is
based on its own previous state and the previous state of
its neighbours. The neighbours are defined by the chosen
neighbourhood scheme. The most popular schemes are
the Moore-neighbourhood and the von-Neumannneighbourhood. Figure 2 shows an example of a twodimensional cellular automaton with the dimensions 3 x
3. It uses the von-Neumann-neighbourhood, where the
black cell’s state depends on its neighbour´s (grey cells)
states.

PHYSICAL SGD MODEL
The physical model used in this research was developed
at Jade University. It consist of a basin with dimensions
200 cm x 200 cm x 20 cm, a peristaltic pump and a heat
exchanger to simulate the inflow of an SGD. The position
of the SGD is located at position (x = 40 cm, y=130 cm).
36 temperature sensors are installed at the bottom of the
basin. In addition, an infrared camera is mounted on the
top to measure the surface temperature of the water. A
second pump and a vent are installed to enable the
simulation of tides and currents. Figure 3 shows a picture
of the physical SGD model containing the infrared
camera at the top, a shielding against disruptive infrared
radiation from the environment and the SGD composed
of the peristaltic pump and the heat exchanger.

Infrared Camera
Figure 2: Cellular Automaton of Size 3 x 3

Shielding

The implemented simulation environment covers an area
of 200 cm x 200 cm. This area is divided into a number
of symmetric cells. Each cell has an x- and a y-position
as well as a depth and a temperature.
The interaction of cells with their neighbours is based on
a set of application specific rules. These rules define the
dynamic behaviour of the model (Wolfram, 1984;
Tholen et al., 2017).

SGD

The developed CA is based on a single simple rule only;
the temperature of a cell x at time step t+1 is calculated
as the weighted average of the temperatures of the cell x
and its neighbouring cells yn and, if present, the

Figure 3: Physical SGD Model with mounted Infrared
Camera and Shielding against disruptive Infrared
Radiation from the Environment
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PARTICLE SWARM OPTIMISATION

Parallel Asynchronous Particle Swarm Optimisation

PSO is modelled on the behaviour of collaborative real
world entities (particles), for example fish schools or
flocks of birds, which works together to achieve a
common goal (Kennedy & Eberhart, 1995). Each
individual of the swarm searches for itself. However, the
other swarm members also influence the search
behaviour of each individual.

Due to the high computational costs needed for the
optimisation process of real world problems, different
parallel adaptations of the PSO were proposed in the past
(Schutte et al., 2004; Koh et al., 2006). Parallel
optimisation algorithms can be divided into synchronous
and asynchronous algorithms (Koh et al., 2006).
The majority of parallel algorithms proposed in the
literature use a synchronous software architecture
(Koh et al., 2006). However a great disadvantage of using
synchronous optimisation algorithms is the need of
balancing the workload of all workers, to avoid idle states
of workers. This cannot be guaranteed, if the time for
fitness evaluation depends on the input vector of the
fitness function (Koh et al., 2006).

In the beginning of a search, each particle of the swarm
starts at a random position and a randomly chosen
velocity for each direction of the n-dimensional search
space. Then, the particles move through the search space
with an adjustable velocity. The velocity of a particle is
based on its current fitness value, the best solution found
so far by the particle (cognitive knowledge) and the best
solution found so far by the whole swarm (social
knowledge) (2):
𝑣⃗𝑖+1 = 𝑣⃗𝑖 𝜔 + 𝑟1 𝑐1 (𝑝⃗𝑏 − 𝑝⃗𝑖 ) + 𝑟2 𝑐2 (𝑔⃗𝑏 − 𝑝⃗𝑖 )

The version of the Parallel Asynchronous Particle Swarm
Optimisation (PAPSO) introduced by Koh et al. (2006)
avoid the disadvantages of the synchronous version of the
PSO. This PAPSO algorithm follows the master-slave
principle. The master thread containing a queue of all
particles ready for evaluation. Also the master performs
the decision making process, i.e. calculating the next
position, of all particles. The master assigns the first
particle, i.e. candidate solution, in the queue to a free
thread, i.e. a slave. The slave does the evaluation of the
fitness function and returns the fitness value to the
master. The master checks if the returned value is better
than the personal best of the particle or the global best. If
that is the case, the master will update the appropriate
value. Subsequently, the master assigns the next particle
in the queue to the slave. The task-queue shall ensure that
all particles will perform approximately the same number
of function evaluations (Koh et al., 2006).

(2)

Where:
𝑣⃗𝑖+1 : new velocity of a particle,
𝑣⃗𝑖 :
current velocity of a particle,
𝜔:
inertia weight,
𝑐1 :
cognitive scaling factor,
𝑐2 :
social scaling factor,
𝑟1 :
random number from range [0,1],
𝑟2 :
random number from range [0,1],
𝑝⃗𝑖 :
current position of a particle,
𝑝⃗𝑏𝑒𝑠𝑡 : best known position of a particle,
𝑔⃗𝑏𝑒𝑠𝑡 : best known position of the swarm.
After calculating the new velocity of the particle, the new
position 𝑝⃗𝑖+1 can be calculated as follows:
𝑝⃗𝑖+1 = 𝑝⃗𝑖 + 𝑣⃗𝑖+1 ∆𝑡

In this work a different implementation of the PAPSO is
introduced. This novel implementation does not use the
master-slave principle. Instead, all particles are
implemented as independent workers. The individual
particles compete for the computing resources available.
If a particle finds a new best position, it shares the
information with the other particles.

(3)

Where:
𝑝⃗𝑖+1 : new position of a particle,
𝑝⃗𝑖 :
current position of a particle,
𝑣⃗𝑖+1 : new velocity of a particle,
∆𝑡:
time step (one unit).

EXPERIMENTS

In (3) ∆t, which always has the constant value of one unit,
is multiplied to the velocity vector 𝑣⃗𝑖+1 in order to get
consistency in the physical units (Nolle, 2015). In this
research the control parameter values for all experiments
were chosen as follows (Eberhardt & Shi, 2000):
𝜔 = 0.729,
c1 = 1.49,
c2 = 1.49.
The values of the velocity vector 𝑣⃗0 will be initialised to
zero, to speed up the search of the PSO (Engelbrecht,
2012).

In the first step, the physical model was allowed to run
for approximately three hours with constant inflow rate
and inflow temperature. During this time the infrared
camera at the top took one picture of the surface
temperature per minute. These pictures were stored for
post processing. From each picture 25 positions were
selected and the temperature profile of this points over
time was used for the optimisation of the simulation.
Figure 4 shows the position of the measurement points
(circles) selected for the optimisation process as well as
the position of the SGD (diamond shape).
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The interaction between the different components of the
optimisation process can be depicted from Figure 5. The
fitness function represents the key part of the
optimisation process. During the fitness evaluation, the
measurement data from the physical SGD model are
compared with the simulated temperature data generated
by the CA (Equation 4). The output of the fitness
function, i.e. the fitness for a specific set of design
parameters, is used by the optimiser to generate new
suitable values for the design parameters. The descried
interaction represents one iteration for one particle.

Figure 4: Selected Points for Optimisation and Position
of the SGD (Diamond)

physical
model

In the next step, the simulation based on a CA was
optimised using PSPSO, PAPSO, and the temperature
profiles of the measurement points. To adapt the
behaviour of the CA five different design parameters
were defined. The first parameter x1 is the size of the
cells. The value of the cell size can be set to each value
of the range 1cm ≤ x1 ≤ 100 cm. The second design
parameter x2 define the cell shape and the neighbourhood.
The value of the design parameter x2 can be set to integer
values in the range 1 ≤ x2 ≤ 4. Table 1 provides maps the
different values for the design variable x2. The third
parameter x3 represents the inflow rate of the SGD in
arbitrary units. The value of the parameter can be set to
any value of the range 0.01 ≤ x3 ≤ 100. The parameter x4
represents the inflow temperature of the SGD in °C. The
value of the temperature can be set to any value of the
interval 20.5 °C ≤ x4 ≤ 90 °C. The last design parameter
represents the time base of the simulation, i.e. the time
per iteration in milliseconds. The value of this parameter
can be set to any integer from the interval
500 ms ≤ x5 ≤ 60000 ms, with the constraint x5 modulo
60000 ms = 0.

fitness
function

CA model

x1 ,x2 ,x3, x4, x5

Meaning

1
2
3
4

Moore neighbourhood
Von-Neumann neighbourhood
Hexagon shaped cell same perimeter length
Hexagon shaped cell same area covered

fitness

simulated temperatures

PAPSO

Figure 5: Interaction between the different components
(physical model, CA and PAPSO) for the optimisation
It is assumed that the selected values of the design
parameters will have a huge impact on the computing
time required for fitness function evaluation. To test this
assumption, experiments were carried out were only one
design parameter was changed at a time, whilst the others
were kept constant. Figure 6 depicts the normalised
computing time needed to evaluate the fitness function,
using the specific input values of the design parameters.
It can be observed from Figure 6, that the computing time
needed for fitness evaluation depends on the cell size (x1),
the cell shape and neighbourhood (x2) and the time per
iteration (x5). The computing time needed for the fitness
evaluation is independent from the inflow rate (x3) and
the inflow temperature (x4).

Table 1: Lookup Table for Design Variable x2
Value

temperature measurements

The following cost function was used for the optimisation
of the cellular automaton:
𝑝𝑚𝑎𝑥

2

fitness = √[∑𝑡𝑚𝑎𝑥
́ ) )]
𝑡=0 (∑𝑝=1 (𝑥𝑝,𝑡 − 𝑥𝑝,𝑡

(4)

Where:
𝑥𝑝,𝑡 :
Temperature value of the physical model at
position p and time t,
𝑥𝑝,𝑡
́ :
Temperature value of the simulation at position
p and time t,
𝑝𝑚𝑎𝑥: Number of measurement points (25),
𝑡𝑚𝑎𝑥: Total time of experiment in minutes (168).

Figure 6: Normalised Computing Time for the different
Design Variables
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To compare the performance of PSPSO and the novel
PAPSO, both algorithms were allowed to run for 200
iterations with using different numbers of particles. The
total time needed for the optimisation process and the gbest
value over time as well as the parameter set of the best
position are compared for the different settings.

Where:
𝑥𝑝,𝑡 :
Temperature value of the physical model at
position p and time t,
𝑥𝑝,𝑡
́ :
Temperature value of the simulation at position
p and time t,
𝑝𝑚𝑎𝑥: Number of measurement points (25).

RESULTS

Figure 8 shows the RMS errors of the solutions found by
PSPSO and PAPSO. It can be seen from the figure that
the RMS of the solution found by PAPSO is slightly
better than the RMS of the solution found by PSPSO.

Figure 7 shows the change of the gbest value over time for
PAPSO and PSPSO for different swarm sizes. It can be
obtained from Figure 7 that the novel PAPSO
outperforms PSPSO in terms of time needed for the
optimisation and in terms of best fitness values found by
the swarm.

Figure 8: RMS over Time for the Best Solutions, found
by PSPSO and PAPSO using a Swarm size of 50
Particles

Figure 7: Cost as Function of Optimisation Time (sec) for
PAPSO and PSPSO with different Swarm Sizes
Table 2 presents the values of the five design parameters
for the best solution found by the PAPSO with a swarm
size of 50 particles. The fitness value of this solution was
gbest = 47.21 (arbitrary units).

Table 3 summarises the simulation results. It can be seen
from the Table that the performance of the PAPSO with
a swarm size of 50 particles is approximately 3.2 %
better, than the performance of the PSPSO with the same
swarm size. However for this swarm size, the PAPSO
operates 6.4 times faster than the PSPSO.

Table 2: Optimal Values for the Design Parameters
found by PAPSO

Table 3: Performance of PSPSO and PAPSO for
different Swarm Sizes

Design
Parameter
x1

Algorithm

x2
x3
x4
x5

Optimal Value
37.6 cm
Hexagon shaped cell same perimeter
length
50.16
47.72
600 ms/iteration

PAPSO –
Swarm 16
PAPSO –
Swarm 50
PSPSO –
Swarm 16
PSPSO –
Swarm 50

To compare the performance of the best solutions found
by the PSPSO and the PAPSO, the simulation was set up
using the optimal values for the design parameters found
by the optimisers. During the run the Root Mean Square
Error (RMS) over the time was measured following
Equation 5:

RMS =

𝑝𝑚𝑎𝑥

gbest (arbitrary
units)

7,228

49.65

19,967

47.21

34,708

51.24

64,572

48.21

CONCLUSION AND FUTURE WORK
In this research, a computer simulation based on cellular
automata was optimised, in order to resemble the
behaviour of a physical SGD model. To speed up the
optimisation process, a novel adaptation of the Parallel

2

√(∑𝑝𝑚𝑎𝑥
́ ) )
𝑝=1 (𝑥𝑝,𝑡 −𝑥𝑝,𝑡

Time for
Optimisation
(sec)

(5)
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Schutte, J. F. et al., 2004. Parallel global optimization with the
particle swarm algorithm. Int. J. Numer. Meth. Engng., 61,
pp. 2296-2315.
Tholen, C., El-Mihoub, T., Nolle, L. & Zielinski, O., 2018. On
the robustness of self-adaptive Levy-flight. Kobe (Japan),
IEEE.
Tholen, C. & Nolle, L., 2017. Parameter Search for a Small
Swarm of AUVs Using Particle Swarm Optimisation.
Artificial Intelligence XXXIV. SGAI 2017. Lecture Notes
in Computer Science (10630), pp. 384-396.
Tholen, C., Nolle, L. & Zielinski, O., 2017. On The Effect Of
Neighborhood Schemes And Cell Shape On The
Behaviour Of Cellular Automata Applied To The
Simulation Of Submarine Groundwater Discharge.
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Asynchronous Particle Swarm Optimisation (PAPSO)
algorithm was proposed.
It was shown, during experiments that the novel
adaptation of the PAPSO was able to reduce the time
needed for optimisation, i.e. the optimisation process
took only 30.9 % of the optimisation time of the PSPSO.
Furthermore, the results found by the PAPSO were
slightly better, i.e. 2.1 %, than the results of the Parallel
Synchronous Particle Swarm Optimisation (PSPSO)
algorithm.
In the next phase of this research, developed search
strategies for a single AUV (Tholen et al., 2018) and for
a small swarm of AUVs (Tholen & Nolle, 2017) will be
tested using the tuned CA. Moreover, the performance of
the PAPSO will be investigated further in future research.
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dumped waste and lost ship containers are also examples
of these applications (Zielinski et al. 2009).

Informed search algorithms, localisation problem,
autonomous underwater vehicles.

In these search applications, usually at least one AUV
explores a predefined search area to locate mobile or
stationary points of interest (Nolle 2015). A huge number
of search algorithms has been successfully applied to
solve real-world problems. However, selecting a suitable
search algorithm to guide an AUV towards a point of
interest is not an easy task (El-Mihoub et al. 2018).

ABSTRACT
The efficiency of locating a target by autonomous
underwater vehicles (AUVs) depends on the selected
search strategy. The selected search strategy should take
into consideration all aspects of the nature and the
behaviour of the search agent, which executes the search.
It should also take into account the nature of the search
environment. The long-term goal of this research is to use
a small cooperative swarm of AUVs to locate a
phenomenon of interest in a predefined marine
environment. In this paper, some characteristics of search
models that can promote constructive collaboration
between AUVs for effective search are discussed. Two
heuristic algorithms to locate a target are proposed. These
heuristics do not use the exact location of the AUV to
decide on the next search action as a mean to alleviate the
impact of the localisation problem. The two heuristics
outperform blind search algorithms in a search
environment with two targets of different priorities. The
impact of the localisation problem is considered by
evaluating the performance of the algorithms in the
presence of localisation errors. The results show that one
of the proposed informed search heuristics is able to
improve the search performance even in the presence of
localisation errors.

Designing a cost-effective system of cooperative AUVs
depends on the quality of the sensors, communication
quality, performance requirements, energy constraints,
localisation and navigation capabilities and others
(Tholen et al. 2019). A cooperative search strategy can
be used to guide a group of AUVs, as search agents,
towards the most promising region. This higher-level
search strategy should have the capability to analyse the
search information gathered by AUVs to suggest the best
path to the target. Different population-based search
algorithms have the capabilities of efficient utilisation of
search information to locate a global optimum. However,
in real-world applications, there might be limitations on
the number of search agents that can be used. This
narrows down the list of potential search algorithms to
only which are efficient with small population sizes.
Particle swarm optimisation (PSO) is an example of a
search algorithm that can be efficient with a small
number of searchers (Tholen et al. 2018a).
The efficiency of a population based search algorithm
depends on its ability to utilise the shared search
experience to capture a global view of the search problem
(El-Mihoub et al. 2006). Building a global view of the
search problem depends on the quality of the shared
search information. The quality of the search information
depends on the quality of the sensors that collect the
search information and the value of the information. For
example, sharing known or useless information cannot
help in guiding the search to better locations. In addition,
sharing the search experience requires reliable
communication between search agents (Tholen et al.
2019).

INTRODUCTION
The development of inexpensive autonomous mobile
robots becomes possible as a result of rapid evolution in
the techniques of micromechanical fabrication, sensors,
effector, control and processing (Gage 1992). The
advancements in these techniques have enabled the
development of different types of autonomous
underwater vehicles (AUVs) and facilitated using them
in different applications (Paull et al. 2014). AUVs have
been used for oceanographic surveys and bathymetric
data collection in marine and riverine environments
(Wynn et al. 2014). Searching is a part of an important
class of AUVs applications. For example, AUVs are used
for detecting mines. They are also used for locating
groundwater discharge points. Searching for harmful

Reliable cooperative search algorithms necessitate that
each search agent should be able to explore the search
space using its own strategy without relying on the shared
search information. The search agent should be able to
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use the information that it has to move towards the search
target. The search agent should have the ability to
proceed in discovering the search space even in the case
of lack of useful search information. Blind search
patterns can be applied to explore a search space with the
aim of locating search targets in the case of no guiding
search information (El-Mihoub et al. 2018). Both
deterministic and random search models have been
applied as search patterns. A pre-planned blind search
patterns can locate a point of interest within an expected
accuracy taken into account the size of the search space
and the available search resources. In random blind
search algorithms, a search pattern is defined by taken
random steps in the search space aiming to find the search
target.

SEARCH ALGORITHMS AND LOCALISATION
ERRORS
Search algorithms aim to maximise the chances of
locating a search target. Deterministic search patterns can
be followed to increase these chances. Since there is no
prior knowledge about the location of the target in the
search space, a predefined path, in these deterministic
search methods, is selected to minimise the maximum
distance between this path and each point in the search
space. On the other hand, random search patterns assume
that implicit relations exist between the locations of the
search target of any search space and the random steps
taken. The success of deterministic or random patterns
depends on the details of the search problems and the
performance requirements (El-Mihoub et al. 2018).

The AUV, as real-time search agents, impose constrains
on selecting a suitable search algorithm. The energy
constrains of the AUV might necessitate that deciding on
exploitation should be taken immediately and should not
be delayed for collecting more search information. Such
a delay may mean going forwards and backwards
between already visited locations. An AUV needs to
move to a suggested search location to collect
information about the search environment. This
limitations on the AUV’s movements impose additional
constrains on deciding on the next search point. The next
selected search point should be reachable within a
specific period of time to validate the decision for
selecting this search point. For example, genetic search
algorithms (Goldberg 1989), which can produce search
points scattered over the whole search space, might not
an efficient real-time search strategy within these
constrains.

The performance of both deterministic and random
search patterns can be improved by making use of search
information to refine search decisions. The performance
of Levy search was boosted by incorporating some
information about the search progress within the inertiaLevy flight algorithm (Tholen et al. 2018b). A smart
utilisation of search progress information can improve
the search capabilities of the search agents. However, in
the case of using an AUV as a search agent, the search
information should be handled with care due to the
localisation and navigation problems.
Autonomous mobile robots need to estimate their true
location in space in order to navigate in their mission
space. The localisation process is characterised by
inherent uncertainty and operational bias that lead to
estimation errors. These errors depend on the properties
of the emitted signals, the characteristics of the
surrounding environment, the details of the localisation
task, and the capabilities of the signal receiver (Letowski
and Letowski 2011). For AUVs, navigation and
localisation in underwater environments is particularly
challenging. The attenuation in the radio frequency
signals of the Global Positioning System (GPS) and low
bandwidth and unreliable underwater communications
due to the unstructured nature of the marine environment
aggravate the localisation problem (Paull et al. 2014).

When navigate to explore the search space, AUVs are
prone to localisation and navigation errors (Paull et al.
2014). There are different ways to overcome localisation
and navigation problems. Different algorithms have been
proposed to correct the AUV positioning errors (Jian-hua
et al. 2015). However, an effective search strategy for
directing an AUV to the most promising region of the
search space should consider these errors. The exact
location of the global optimum is required as an end
result of the search process. However, a search strategy,
which avoids using exact location information to decide
on the next search action, can help to alleviate the impact
of localisation errors on the search results. Blind search
patterns can be an example of search algorithms that do
not use location information to decide on the next search
action. However, these patterns do not benefit from the
available search information to accelerate locating the
search target.

However, promising underwater localisation algorithms
have been proposed by applying simultaneous
localisation and mapping technology (SLAM) and
making use of the advancements in acoustic
communications (Jian-hua et al. 2015). Nevertheless,
some of these methods are still not well formalised and
tested (Paull et al. 2014).
Different strategies can be followed to tackle the impact
of the localisation problem on an AUV as a search agent.
The first strategy is to minimise this impact by
minimising the localisation errors and then use search
algorithms considering only other constrains imposed by
using an AUV as a search agent. Another possible
strategy is to study the impact of localisation errors on
the different potential search strategies and adapt these
search strategies to minimise its impact on the search

In this paper, two local search strategies that do not rely
on the exact AUV’s position are proposed. The impact of
the localisation problem on their performance is studied.
This paper also explores the effect of localisation errors
on the actual value of the fitness function of the search
environment.
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results. It is also possible to combine both strategies to
alleviate the influence of localisation problem in locating
the search target. In this paper, the possible impact of the
localisation problem on the behaviour of the search
algorithm behaviour is investigated. This investigation
can help in proposing search methods that are robust
against localisation errors.

space into equally sized sub-areas. It estimates the fitness
of different sub-areas through evaluating the fitness of
points on the edges of these sub-areas. The fitness of the
current evaluated sub-area is compared with the expected
fitness of the sub-areas to be explored. This comparison
can be used to decide to further explore this sub-area
using a horizontal or a vertical pattern if it is a promising
region. A kind of tournament between the current
evaluated sub-area and the remaining sub-areas is
conducted. The tournament size can be defined based on
the budget allocated for exploitation, the aimed accuracy
of the exploitation and cost of exploitation. A tournament
selection might lead to exploring under-average subareas. This can increase the possibilities of finding the
search target in the case that the fitness of the edges does
not reflect the fitness of the sub-area. This algorithm
starts by passing through the edges of the search space
and use the fitness of these points as a base for expecting
the fitness of the edges, which have not evaluated yet.

HEURISTIC INFORMED SEARCH METHODS
The search strategy that can be followed by an AUV as a
search agent to locate a point of interest should avoid
using the exact location of the AUV. It should also have
the capabilities discussed in the introduction section. The
required capabilities can be summarised in the following:
•
•
•

The algorithm should be able to decide on the next
search location even in the case of no useful search
information.
The next search location should be reachable by the
AUV to validate the decision taken before taking
the next search decision.
The algorithm should be able to utilise the search
information, but not the exact location information,
to decide on the next search location.

1
2
3

start
path=define deterministic path (Horizontal, Vertical or Spiral)
set the AUV position to the position of the first point in the
path
4 set the AUV direction to follow the path
5 read the sensor to evaluate the fitness of the current position
6 while the AUV is moving
7
if the fitness of the new position < the fitness of the last
position
8
explore the area around the current position : by changing
the direction of the AUV to a direction that is
perpendicular to the current direction
9
change the direction back to follow the predefined path
10
end if
11 end while
12 stop

Blind deterministic and random search methods can
explore the search space without any feedback from the
search process. These search methods can be, easily,
modified to use search information to explore the
promising regions of the search space (Tholen et al.
2018b). These methods can switched back to the blind
mode if no further search information can be extracted.
Simple methods can be used to utilise the search
information within the mentioned above constrains. The
search can be directed towards the promising search area
based on the fitness of that region and using its relative
position with respect to the current position of the AUV.

Pseudocode of algorithm-B is provided in Figure 2. The
energy budget for exploration and exploitation need to be
defined before starting the algorithm.

Two heuristic search algorithm are proposed. Both
follow an initial deterministic path to explore the whole
search space taking into account the energy constrains.

1
2
3

Figure 1: Pseudocode of Algorithm-A

The first algorithm, which is referred to as algorithm-A
in this paper, can leave the defined path when finding a
promising region. A decrease in the fitness value can be
an indication of leaving a promising region. The
algorithm, in this case, starts exploiting the
neighbourhood by changing the AUV direction to a new
direction that is nearly perpendicular to the current
direction of the current path. The AUV will continue
exploiting this area by moving in this new direction if
there is no decrease in the fitness. The AUV starts
exploring the area on other side of the predefined path if
a decrease in the fitness value is found. The AUV will
return to its predefined path if there is no further
improvement in the fitness. The predefined path can have
a horizontal, vertical or spiral pattern. Pseudocode of
algorithm-A is provided in Figure 1.

4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23

start
path=spiral deterministic path
divide the search area to sub-areas of equal sizes based on the
energy budget for exploration and cost of movement and change
direction
expect the cost of exploring a sub-area given the aimed accuracy
and using the energy budget for exploitation
determine the tournament size
set the AUV position to the position of the first point in the
path
initiate the AUV direction
while the AUV is moving
while the AUV on the edges of the search area
evaluate the fitness of the edges and assign them to their
sub-areas
end (while the AUV on the edges…)
assign the average fitness of the evaluated edges as the
expected fitness of all unvisited edges
for all the sub_areas
evaluate the fitness of the current_sub_area
winner=tournament(current_sub_area,tournament_size)
if cuurent_sub_area is winner
further explore the current_sub_area
end if
amend tournament_size
go back to the main spiral path
end for all the …
end while (the AUV is moving)
stop

Figure 2: Pseudocode of Algorithm-B

The second algorithm is referred to as algorithm-B. This
algorithm explores the search space using a spiral pattern
as a predefined path. The algorithm divide the search

Figure 3 shows a sample run of algorithm-A for a specific
search space with two optima. A sample run of
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algorithm-B on the same search space is shown in Figure
4.

The first set of experiments compares the performance of
algorithm-A with the pure pre-defined path patterns,
referred to as algorithm-C, without considering the
localisation problem. The algorithms were executed 100
times using the mentioned above search environment and
randomly selected locations for the two optima.

400

350

300

The results of these experiments are shown in Figure 5.
The figure shows that algorithm-A outperforms the
algorithm-C with three different patterns. Algorithm-A
was able to locate the global optimum with an accuracy
of less than 5 meters in about 80% of the experiments.
On the other hand, algorithm-C was able to find the
global optimum with the same accuracy in less than 30%
of the experiments.

250
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The performance of algorithm-B was evaluated in the
absence of localisation errors. This algorithm was tested
with a ratio of exploration to exploitation budgets of 7:3.
The performance of algorithm-B, in most cases, is better
than algorithm-C using the spiral pattern. Algorithm-B
was able to locate the global optimum with an accuracy
of less than 5 meters in more than 60% of the
experiments. However, its performance is outperformed
by algorithm-A using the same pattern (Figure 6).
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Figure 3: A Sample Run of Algorithm-A
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Figure 4: A Sample Run of Algorithm-B.
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SIMULATION AND RESULTS

20

Algorithm-C (Spiral)

A set of experiments was conducted using the proposed
heuristic search algorithms to locate the global optimum
in a search space of two optima with Gaussian shapes
(Nolle, 2015). The area of the search space is set to
400m x 400m (El-Mihoub et al. 2018). The stopping
criteria for search is consuming the energy stored on the
AUV. The energy is translated in terms of meters
travelled by the AUV which is set to 4500 meter (Tholen
et al. 2018b). The cost of changing the direction is
expressed in meters depending on the angle of change in
the direction. The cost of changing the direction by an
angle of 180° is assumed to be equivalent to travelling 4
meters. The locations of the two optima are chosen
randomly in the search space. The experiments were
conducting with the assumption that the AUVs are using
ideal sensors and the AUV can navigate with zero
navigation error. The algorithms’ performance criterion
is defined as the distance between the global optimum
and the best solution found by the algorithm.
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Algorithm-C (Vertical)
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Figure 5: Comparing the Performance of Algorithm-A
and Algorithm-C without Considering Localisation
Errors
Another set of experiments was conducted to investigate
the impact of the localisation errors on the heuristics
performance. In these experiments, 100 randomly
selected locations for the two optima were combined with
pairs of 20 randomly selected basin sizes to produce 2000
different search environments. The performance of
algorithm-A is compared with algorithm-B and
algorithm-C using the spiral pattern only for fair
comparison.
An accumulated localisation error is assumed in these
experiments. The localisation error is assumed to be a

40

result of errors in estimating the current navigation
direction and estimating the AUV speed. The standard
deviation of the error in estimating the AUV speed was
set to 0.5 cm (Paull et al. 2014). The standard deviation
of the error in estimating the current navigation direction
is set to 2° (Paull et al. 2014).

CONCLUSION AND FUTURE WORK
The impact of localisation error on the search can be
lightened by designing an algorithm that relays on other
search information rather than the exact position of the
promising solutions. Algorithm-A, which uses the fitness
value of the current solution and the relative position of
any promising region without using the exact location of
the solution, was able to maintain its superiority over
algorithm-B and algorithm-C even in the existence of
localisation errors. On the other hand, the performance of
algorithm-B, which does not use the exact location of the
solution, was comparable with the blind search
algorithm-A in the presence of localisation errors.
Algorithm-B uses implicit location information more
heavily than algorithm-A. The decision for exploitation
in algorithm-B depends on the implicit position relations
of a large number of points that define the sub-area edges.
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Figure 6: The Impact of the Localisation Problem on the
Search Algorithms
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The results show that the localisation errors degrade the
performance of the search algorithms. However, the
algorithm-A outperforms algorithm-B and algorithm-C
in the presence of the localisation problem. The
experiments also show that the localisation problem has
its least impact on the performance of algorithm-C,
which is a blind algorithm. There is no significant
difference between the performance of algorithm-B and
algorithm-C in the presence of localisation errors. The
degradation in the performance of algorithm-B can be
due to the impact of the localisation errors on dividing
the search space to sub-areas. The division process
depends on location information. Algorithm-B uses
implicit location information more heavily than
algorithm-A.
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Figure 7: The Effect of the Navigation Errors on the
Algorithms Performance
Figure 8 shows the impact of the localisation on a fitness
function. In Figure 8, two graphs that illustrate the impact
of a normal distributed localisation error with two
different standard deviation values and their impact on
the fitness function of two optima with Gaussian shapes.
The graphs show that localisation errors can introduce
noise in the fitness functions. Search algorithms that are
able to locate global optima in noisy environments might
help to tackle the localisation errors in searching
applications.

Relying on the current position information with
localisation errors to navigate through the pre-defined
path can lead to errors in the navigation. The influence of
the navigation errors as a result of localisation errors on
the performance of the different algorithms is shown in
Figure 7. This graph shows the distance between the real
position of the best found solution and the global
optimum by each algorithm while navigating using
position information with localisation errors. This graph
shows that the effect of this navigation problem is small
compared to that of the localisation errors.

The next step in this research is to combine these
heuristic algorithms using a cooperative search strategy.
The impact of the localisation and communication errors
on the performance of this combination will be studied
and investigated.
Another possible direction of the current research is to
study search algorithms, which can succeed in exploring
noisy environments. Selecting and utilising the most
suitable algorithm to locate search targets in the existence
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of the localisation problem will be evaluated and
investigated.
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KEYWORDS
Even though the Bison Algorithm faces the boundaries
very often, no study has been done on the border handling
methods; all the prior literature uses the hypersphere
strategy. This article aims to find the optimal border
strategy for the Bison Algorithm.

Bison Algorithm, boundary strategy, hypersphere.
ABSTRACT
The Bison Algorithm is a recent swarm optimization
algorithm based on bison behavior. The algorithm
divides the population into two groups, simulating
exploitation and exploration patterns separately. The
exploration is particularly linked with crossing the search
space boundaries. This paper compares several boundary
violation protocols: the hypersphere, reflection, random
positioning, and clipping strategies on IEEE CEC 2017
benchmark and seeks the most fitting method for the
Bison Algorithm.

The paper is structured as follows: Section 1 describes
the Bison Algorithm. Section 2 specifies selected
boundary violation methods. Section 3 contains the
methods, and results of the experiment. And finally,
Section 4 concludes the findings and its meaning for
future development.
BISON ALGORITHM WITH THE RUN SUPPORT
STRATEGY

INTRODUCTION

The Bison Algorithm is a recent swarm optimization
algorithm to solve continuous optimization problems
(Kazikova, Pluhacek, Viktorin, et al. 2018). The
algorithm divides the population into two groups, each
performing different characteristics of bison herds:

Classic methods of solving complex optimization tasks
often come with a pitfall of unreal time and
computational requirements. Where others fail,
metaheuristics rise. Spite the fact that they cannot
guarantee to find the optimal solution, metaheuristics
offer a fair solution in a reasonable time (Talbi 2009).

Algorithm 1: Pseudo code of the Bison Algorithm
with the Run Support Strategy

Many metaheuristics find inspiration in nature since
nature has been optimizing for millions and millions of
years. There are optimization algorithms built upon the
ground of evolution (Back 1996), genetics (Goldberg and
Holland 1988), or swarm intelligence such as the flight
patterns of birds (Kennedy 2011), hunting tactics of
wolves (Mirjalili, Mirjalili and Lewis 2014), bats’
echolocation (Yang 2010a), and many others (Karaboga
and Basturk 2007; Yang 2010b).

Initialization:
Objective function: 𝑓(𝑥) = (𝑥1 , . . . , 𝑥𝑑 )
Generate: swarming group randomly,
running group around 𝑥𝑏𝑒𝑠𝑡 ,
run direction vector (Eq. 4)
For every iteration 𝑖 do
Determine the swarming target:
If 𝑓(𝑟𝑢𝑛𝑛𝑒𝑟𝑖−1 ) < 𝑓(𝑠𝑤𝑎𝑟𝑚𝑒𝑟𝑖−1 ) then
𝑡𝑎𝑟𝑔𝑒𝑡 = 𝑟𝑢𝑛𝑛𝑒𝑟𝑖−1
Else
𝑡𝑎𝑟𝑔𝑒𝑡 = 𝑐𝑒𝑛𝑡𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑖𝑡𝑡𝑒𝑠𝑡 (Eqs. 1,2)
For every swarmer do
Compute sol. candidate 𝑥𝑛𝑒𝑤 (Eq. 3)
If 𝑓(𝑥𝑛𝑒𝑤 ) < 𝑓(𝑥𝑜𝑙𝑑 ) then move to 𝑥𝑛𝑒𝑤
End
Adjust run direction vector (Eq. 5)
For every runner do
Move in run direction vector (Eq. 6)
End
Copy successful runners to swarmers
Sort the swarming group by 𝑓(𝑥) value
End for

But whatever inspiration a metaheuristic adopts, seeking
the global optimum of a multi-dimensional area is always
closely linked with borders trespassing. How to deal with
roamed solutions? There is a wide variety of bound
handling strategies, and each can be suitable for a
different kind of metaheuristic or optimization task
(Helwig, Branke and Mostaghim 2013; Kadavy et al.
2017b; Kadavy et al. 2018).
The Bison Algorithm is a new swarm metaheuristic
developed by Kazikova et al. (Kazikova, Pluhacek,
Viktorin, et al. 2018). The algorithm divides the
population into the exploiting and exploring groups.
While the first one utilizes the fittest solutions, the latter
systematically goes through the search space seeking
new solutions.
Communications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
ISBN: 978-3-937436-65-4/978-3-937436-66-1(CD) ISSN 2522-2414
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the first group is exploiting the search space by swarming
closer to the center of the strongest individuals, while the
second group systematically runs through the search
space and explores new areas. When an explorer finds a
promising solution, it is copied to the swarming group
and replaces the center of the swarming movement for
the next iteration (the last action is called the Run Support
Strategy (Kazikova et al. 2019)). Algorithm 1 outlines the
main loop of the Bison Algorithm.

THE BOUNDARY VIOLATION STRATEGIES

Swarming behavior

This method allows the Bison Algorithm to keep the run
direction vector only slightly altering throughout the
optimization process. This was convenient, as a sudden
change of the running direction is quite challenging for
the running herd in real life as well. This strategy was
implied in (Kazikova et al. 2018a; Kazikova et al. 2019;
Kazikova et al. 2019; Kazikova et al. 2018c; Kazikova,
et al. 2018b).

Hypersphere strategy
The hypersphere strategy (also called the periodic
method) considers the upper and lower boundaries of the
search space to be neighboring. When a solution crosses
the borders, it appears on the other side of the dimension
(Kadavy et al. 2017b). Fig. 1 shows the hypersphere
strategy adopted by the Bison Algorithm.

First, the target of the swarming movement is determined
as the center of several strongest solutions by default
(Eqs. 1, 2). However, if the running group found a
promising solution in the last iteration, the target is
changed to the new solution. The swarmers then move
towards the target if it improves their quality and can
exceed the target by the value of the 𝑜𝑣𝑒𝑟𝑠𝑡𝑒𝑝 parameter
(Eq. 3).
𝑤𝑒𝑖𝑔ℎ𝑡 = (10, 20, … ,10 ∙ 𝑠)
𝑤𝑒𝑖𝑔ℎ𝑡𝑖 ∗𝑥𝑖

(1)

𝑐 = ∑𝑠𝑖=1 ∑𝑠

(2)

𝑥𝑖+1 = 𝑥𝑖 + (𝑐 − 𝑥𝑖 ) ∙ 𝑟𝑎𝑛𝑑𝑜𝑚(0, 𝑣)

(3)

𝑗=1 𝑤𝑒𝑖𝑔ℎ𝑡𝑖

𝑥𝑖′ = 𝑙𝑏 + [𝑥𝑖 𝑀𝑂𝐷(𝑢𝑏 − 𝑙𝑏)]

Where:
- 𝑢𝑏 and 𝑙𝑏 are upper and lower boundaries of the
search space as is in all the following equations
(Eqs. 7-10).

Where:
- s is the elite group size parameter,
- xi and xi+1 represent the current solution and the
new solution candidate,
- c is the target of the swarming movement,
- 𝑣 is the overstep parameter.

Reflection strategy
This strategy reflects the emerged solutions to the
feasible space of solutions as shown in Fig. 2.
𝑢𝑏 − (𝑥𝑖 − 𝑢𝑏), 𝑖𝑓 𝑥𝑖 > 𝑢𝑏
𝑥𝑖′ = { 𝑙𝑏 + (𝑙𝑏 − 𝑥𝑖 ), 𝑖𝑓 𝑥𝑖 < 𝑙𝑏
𝑥𝑖 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Running behavior
The running group shifts in the run direction vector (Eq.
6), which is randomly generated during the initialization
(Eq. 4) and only slightly altered after each iteration
(Eq. 5).
𝑢𝑏−𝑙𝑏

𝑢𝑏−𝑙𝑏

𝑟 = 𝑟𝑎𝑛𝑑𝑜𝑚 (
,
)
45
15
𝑟 = 𝑟 ∙ 𝑟𝑎𝑛𝑑𝑜𝑚(0.9, 1.1)
𝑥𝑖+1 = 𝑥𝑖 + 𝑟

(8)

Random positioning strategy
The random positioning strategy is a simple method,
which generates a completely new position in the crossed
dimension. The method is presented in Fig. 3.

(4)
(5)
(6)

𝑟𝑎𝑛𝑑(𝑙𝑏, 𝑢𝑏), 𝑖𝑓 𝑥𝑖 > 𝑢𝑏 𝑜𝑟 𝑥𝑖 < 𝑙𝑏
𝑥𝑖′ = {
𝑥𝑖 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Where:
- r is the run direction vector,
- 𝑢𝑏 and 𝑙𝑏 are the upper and the lower boundaries,
- xi+1 and xi represent the current solution and its
previous state.

(9)

Clipping strategy and flipping the run direction
The original clipping strategy stops the solutions at the
borders. However, this approach would only lead to
trapping the exploring herd on the borders. In this case
the run direction of the whole running group is flipped
over in the crossed dimension (Fig. 4).

Table 1. Parameters of the Bison Algorithm
Parameter Description
Population
Elite group
size
Swarm
group size
Overstep

(7)

Recomme
nded value
50
No. of best solutions for center
20
computation
No. of bison performing the
40
swarming movement
The maximum length of the
3.5
swarming movement (0 = no
movement; 1= max to the center)

𝑥𝑖 = 𝑢𝑏, 𝑟𝑢𝑛 = −𝑟𝑢𝑛, 𝑖𝑓 𝑥𝑖 > 𝑢𝑏
𝑥𝑖′ = { 𝑥𝑖 = 𝑙𝑏, 𝑟𝑢𝑛 = −𝑟𝑢𝑛, 𝑖𝑓 𝑥𝑖 < 𝑙𝑏
𝑥𝑖 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(10)

Where
- 𝑟𝑢𝑛 is the run direction vector used by the bison
explorers
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Fig. 1. Hypersphere strategy

Fig. 2. Reflection strategy

Fig. 3. Random positioning strategy

Fig. 4. Clipping strategy with the run direction vector flip
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COMPARING THE BORDER STRATEGIES
The mentioned border violation strategies were
compared on the 30 functions of IEEE CEC 2017
benchmark (Wu, Mallipeddi and Suganthan 2016) in 10
and 30 dimensions. We carried out 51 independent runs,
each
consisting
of
10 000 ∙ 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙𝑖𝑡𝑦
evaluations of the objective function. The Bison
Algorithm implemented the parameter configuration
recommended in Table 1.

crossing. Reversely the highest rate was carried out by
the clipping strategy.
Next, we compared the quality of the optimization given
different border strategies. The final solution qualities of
the CEC 2017 benchmark were compared with the
Friedman rank test (Fig. 6) in 10 dimensions and in 30
dimensions (Fig. 7). Table 3 compares the quality of the
two most successful strategies with the Wilcoxon rank
sum test (α=0.05).

First, we compared the frequency of the border crossing.
Table 2 shows the number of cases, where one strategy
had a significantly lower number of roamed solutions
according to the Wilcoxon Rank-Sum test (α<0.05). Fig.
5 compares the roaming quantity with the Friedman
Rank test. The Friedman test is valid when 𝑝 < 0.05,
which was met in both 10 and 30 dimensions.

The quality-oriented results show that the best
performance was carried out with the hypersphere and
random positioning strategies. Interestingly, in the
comparison studies performed on the Firefly Algorithm
(Kadavy et al. 2018) or the PSO (Kadavy et al. 2017a;
Kadavy et al. 2017b), the results were reversed: the
algorithms performed the best with the reflection and
clipping strategies.

According to the Wilcoxon and Friedman tests, the
reflection strategy provides the lowest rate of the border

Table 2. Number of functions with a significantly lower amount of getting out of bounds (Wilcoxon α=0.05)
Dimensionality
10
30

Hypersphere
0
1

Reflection
19
13

Random
0
0

Clipping
0
0

None
11
16

Fig. 5. Friedman rank test comparing the number of boundary violations in 10 dimensions (left) (p=6.22 𝐸 − 35) and 30
dimension (right) (p=8.95 𝐸 − 22)
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Fig. 6. Friedman rank test comparing the quality of solutions in 10 dimensions (p=6.22 E-5)

Fig. 7. Friedman rank test comparing the quality of solutions in 30 dimensions (p=1.18 E-7)
Table 3. Number of significantly better results comparing the hypersphere and random border policy (Wilcoxon
α=0.05)
Dimensionality
10
30

Hypersphere
1 (F6)
3 (F8, F17, F21)

Random
2 (F10, F25)
1 (F3)
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None
27
26

CONCLUSION
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We confirmed that different metaheuristics require
different border strategies. While the Particle Swarm
Optimization and the Firefly Algorithm might prefer the
reflection and clipping methods, the Bison Algorithm
performed best with the hypersphere and random
positioning strategies.
Considering the design of the algorithm, the border
crossing problem is mostly encountered by the
exploring group of solutions. The success of the random
positioning might point to the possibility, that the
accomplishments of the running bison group may not lie
within the closeness of the herd. Which brings up a new
question: what would happen, if the bison runners
employed a larger degree of randomness?
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Parallel systems can be classified using Flynn's
taxonomy (Flynn 1972). Modern multi-core processors
can run different programs simultaneously, processing
different data. Hence they fall into the MultipleInstruction Multiple-Data (MIMD) category of Flynn’s
taxonomy. Often, Random-Access Memory (RAM) is
shared and equally accessible to all computing cores.
This is called Uniform Memory Access (UMA)
(Coffin
1992)
or
Parallel
RAM
(PRAM)
(Casanova et al 2009) and allows for the exchange of
information between different parallel programs.

KEYWORDS
Parallel processing, Online-monitoring, Optimisation,
Hill Climbing, Asynchronicity
ABSTRACT
Previously, a variation of Asynchronous Population
Based Hill Climbing was applied to a discrete
optimisation task from the field of electronic circuit
design with a challenging 9 dimensional search space.
The algorithm exhibited a certain behaviour, which is
analysed in this new research. A problem was the
asynchronous nature of the search algorithm, which did
not allow the search threads to save the internal state data
into log files. Instead, a novel monitoring strategy had to
be developed, which accesses this internal data via shared
memory in specified times intervals. It was possible to
show that the algorithm under investigation is capable of
switching between exploration and exploitation of the
search space during the search. This prevents the
algorithm from being stuck in a local optimum.

In order to use parallel computing, the problem at hand
needs to be parallelised. One approach is to partition the
problem and to let each computing core work on one
partition in parallel. When all partitions have been
processed one instance of the problem has been solved.
The other approach, which was taken in this work, is to
have each computing core to process one instance of the
problem in parallel. Since the processing time of one
fitness evaluation might depend on the input data, it is
advantages not to synchronise the parallel processes,
because otherwise a fast process would waste computing
time waiting for slower processes to catch up. This led to
the development and successful application of
Asynchronous Population-Based
Hill Climbing
(APBHC) (Nolle and Werner 2019), which is introduced
in the next section.

INTRODUCTION
In modern engineering it is usually important to design
systems that not only satisfy the functional requirements
but are also as cheap as possible. Here, computational
optimisation methods can help to find optimal designs
automatically (Nolle et al. 2016). Various direct search
methods have been proposed in the literature, for
example Genetic Algorithms (GA) (Holland 1975,
Goldberg 1989),
Simulated
Annealing
(SA)
(Kirkpatrick et al. 1984), Particle Swarm Optimisation
(PSO) (Kennedy and Eberhart 1995), or Ant Colony
Optimisation (ACO) (Dorigo and Gambardella 1997).
Such algorithms start with initial solutions, which are
stepwise refined according to a method-dependent
strategy. A large number of these refinements are
typically needed to arrive at a near-optimal solution. In
this process, the bottleneck is often the evaluation of the
quality, or fitness, of a new solution. A single evaluation
might take anything from minutes to days
(Emmerich et al. 2002). Since many modern computers
have more than one computing core, parallel computing
could offer a solution to this problem.

ASYNCRONOUS POPULATION-BASED HILL
CLIMBING
In Hill Climbing (HC) (Chandra and Hereendran 2014),
which is a well-established optimisation strategy, a trial
solution from the neighbourhood of a current solution is
evaluated. If the new solution is better than the current
one, the new solution becomes the current solution,
otherwise the current solution remains the same. This
will be repeated until a stopping criterion is fulfilled.
However, the performance of HC crucially depends on
the definition of neighbourhood, i.e. the chosen step size
(Nolle 2004): If the step size is too small, HC will
eventually get trapped in the nearest local optimum. If a
larger step size is used instead, the probability to escape
local optima is increased, but at the same time, the chance
of reaching the global optimum is decreased.
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This led to the development of adaptation schemes like
Self-Adaptive Stepsize Search (SASS) (Nolle 2006),
which is a population based Hill-Climbing algorithm that
uses sampling to adjust the step size dynamically. This
can be seen as collaboration between search entities,
which are often called particles. In previous work, a
parallel version of SASS, Asynchronous PopulationBased Hill Climbing (APBHC) (Nolle and Werner 2017),
was introduced. It allowed for n parallel, asynchronous
threads to perform hill climbing, where n is the number
of CPU cores available. The search strategy analysed in
this work is a variation of APBHC and is explained
below:

thread has found a better solution than the global best
during its search, it updates the global best solution g.
This process is repeated until a stopping condition holds.
Once all the threads have finished their search, the global
best solution g is returned as the overall solution.
Since the memory that stores the global best solution g is
shared by all the threads, two or more threads might try
to access this location at the same time. This potentially
can result in data corruption. Hence it is necessary to
protect the memory location whilst writing by setting a
lock. Any other thread that tries to write has to wait until
the lock is removed before it can update the global best
solution.

Initially, a random solution is generated and evaluated.
Since at this point in time it is the only solution, it
becomes the global best solution g. This global best
solution is stored in shared memory, i.e. memory that can
be read by all the threads simultaneously. Subsequently
the n threads are started in parallel. Figure 1 shows the
UML activity diagram for the main program.

search
initialise solution x
randomly
evaluate fitness f(x) of
current solution x

initialise global
solution g randomly

[stopping condition]

evaluate fitness f(g)
of global solution g

search

search

...

unlock shared memory
g
x їg

generate trial solution x'
by making a random
step in the direction of
global best g
evaluate fitness f(x')

search

lock shared
memory g
[ f(x) < f(g) ]
[ f(x) > f(g) ]

[ f(x‘) < f(x) ]
output solution g

x' їx

[ f(x') > f(x) ]
generate trial solution x'
by selecting a random
nighbour of x

Figure 1: UML activity diagram for the main program.

evaluate fitness f(x')

If n is larger than the number of processing cores
available on the computer system, multiple threads have
to share a CPU core, potentially causing race conditions.
This requires that the threads are non-blocking. Each
thread executes then the search procedure depicted in
Figure 2: A thread starts with a random current solution
x. If x is the global best solution, a direct neighbour from
x is chosen to become the new trial solution x'. Else, a
new trial solution x' is generated by making a random
step in the direction towards the global best g. If the
fitness f(x') is better than the fitness f(x), x becomes x'.
Otherwise, in contrast to APBHC, another trial solution
x' is chosen randomly from the direct neighbourhood of
x. If the fitness f(x') is better than the fitness f(x), x
becomes x', otherwise x stays unchanged. Next, if a

[ f(x‘) < f(x) ]
[ f(x') > f(x) ]

Figure 2: UML activity diagram showing the strategy of
a single thread.
In the early stages of the search, the particles are
randomly distributed across the search space and located
near different local optima. Each particle performs Hill
Climbing to continuously find better solutions in its
vicinity. If a particle is not the current global best it
means that there is at least one particle, which is located
at a better position. Each particle now has a chance to
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escape from its local optimum by trying a random step
towards the current global best solution, otherwise it
continues to decent into its own local minimum. This
enables the population to explore the entire search space.
Eventually, the particles home in onto the region
containing the best local optimum found during the
search, resulting in an exploitation of the most promising
region of the search space.
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error
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In order to understand these features, the inner workings
of the algorithm were monitored: the number of jumps
out of a local optima was counted and logged over time.
The search threads are working in parallel and
asynchronously. That means that some threads may have
to share a computing core and therefore run slower than
others. Therefore, it was not possible to let the search
threads to report about their number of jumps, say, after
a fixed number of iterations or fitness evaluations,
because different threads might take different lengths of
time for the same number of iterations. Instead, an
additional monitor thread was introduced and started
simultaneously with the search threads (Figure 5).

10-8
10-10
10

1

At the beginning of the search, the decrease of the error
value is relatively small. After approximately
0.03 seconds, the start of a steep drop can be observed,
which lasts until approximately 0.15 seconds. The next
significant change in behaviour begins at approximately
11 seconds. After 54 seconds, the error value remains
almost the same. A similar behaviour could be observed
in each of the 10 simulations, which were carried out
(Figure 3).

10-2

1

0.1

Figure 4: Error value over time for a single typical
search run in logarithmic scale.
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102
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In previous work, APBHC was successfully applied to a
practical problem from the field of electric circuit design
(Nolle and Werner 2019). This challenging problem is a
discrete optimisation problem and has 9 design
parameters. When plotting the error values of the global
best solution g over time for different search runs, it was
observed that each graph displayed two characteristic
features. Figure 3 shows 10 new examples of this
behaviour: All graphs exhibit two distinctive drops in the
error value. Besides those drops, the graphs show a rather
flat decline in error values over time.

10-12
0.001

10-4

100

computing time / seconds

Figure 3: Error values for 10 exemplary search runs.
In order to get more insight into the dynamics of the
algorithm, an analysis of its internal behaviour has been
carried out and is presented below.

Each search thread increments a shared variable every
time when jumping out of the local optimum. This shared
variable has to be protected from being accessed
simultaneously by more than one thread by locking and
unlocking it by a thread when access is granted. The
monitor thread waits for 10 milliseconds. It then reads out
the total count of jumps for all the threads and writes it
into a log file. It then checks if there are still any active
search threads. If so, it loops back, otherwise it finishes
(Figure 6).

ANALYSIS
A common way of evaluating the performance of search
strategies is to plot the development of the error function
value over time. As mentioned above, when plotting the
error values for different search runs, it was observed that
each graph displayed two characteristic features. Figure 4
shows the development of the error value over time for a
single exemplary search run where the same control
parameter
settings
were
used
as
in
(Nolle and Werner 2019).
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DISCUSSION
The logged data from a typical search run is plotted in
Figure 7. It shows the total number of jumps over time.
In addition, the time derivative, i.e. jumps per computing
time, is presented in Figure 8 for the same exemplary run.
From these graphs it can be seen that the significant
reduction of the error function starting after 0.03 seconds
is in good agreement with the strong rise of the jump rate
(from around 15 to more than 100 jumps per
millisecond). During this period of time (approximately
0.14 seconds) the error function declines by a factor of
105. In the subsequent time window (up to 1 second) the
jump rate stays at around zero jumps per millisecond.

initialise global
solution g randomly
evaluate fitness f(g)
of global solution g

monitor

search

...

search

After about 1 second computing time, a burst in the jump
rate can be observed, which lasts for about 9 seconds. It
then drops back below 10 jumps per millisecond until it
is followed by another burst, lasting for about 33 seconds.
During this burst, another steep decline in the error value
can be observed (Figure 4). After this, no significant
improvement of the error values takes place. This
correlation of the jump rate and the error convergence
was observed in all simulations that were carried out.

output solution g

Figure 5: UML activity diagram with additional
monitor.

This observation supports the assumption made above
that at the beginning of a search run the particles carry
out an exploration of the search space. They then go over
into exploitation. Yet, they still have the ability to escape
their local optima as it can be seen from the sudden burst
in the jump rate (Figure 8). Each jump indicates that a
particle has jumped to a better solution, which means into
a more promising region of the search space. It later
exploits this region via Hill Climbing. Toward the end of
the search, all the particles are located in the most
promising region and therefore no more jumps out of that
region can be observed.

monitor
wait for 10 msec

read total number of
jumps

Nevertheless, based on this finding, it is not
recommended to use the jump rate as a stopping criteria,
because, as seen in Figure 8, sudden rises in the jump rate
might occur, allowing for better exploration of the search
space and hence may result in better solutions.

save total number of
jumps to disk

total number of jumps / 1000

[ Number of active searchers > 0 ]

[ Number of active searchers == 0 ]

Figure 6: UML activity diagram of the monitor thread.
The number of active search threads is counted in a
shared variable. On start, each search thread is
incrementing this variable, and on finishing it decrements
it. Hence, this variable always holds the current count of
active searchers. This setup was then used to examine the
real-time behaviour of the search algorithm, which is
discussed in the next section.
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Figure 7: Total number of jumps over computing time
for the exemplary search run in Figure 4.
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Figure 8: Jump rate over computing time for the
exemplary search run in Figure 3.
CONCLUSIONS
In previous work, a variation of Asynchronous
Population Based Hill Climbing (APBHC) was
successfully applied to a discrete optimisation task from
the field of electronic circuit design. In this work, the
characteristic behaviour of APBHC observed previously
was analysed. A challenge here was the asynchronous
nature of the search algorithm, which did not allow the
search threads to save the internal state data into log files
because they took different lengths of time. Instead, a
new monitoring strategy was developed. Here, a separate
monitor thread reads accesses internal data of the search
threads via shared memory in specified time intervals
until no more search thread is present. It was shown that
APBHC is well capable of escaping local optima whilst
still using the local search capability of Hill Climbing. A
strong correlation between the error convergence and the
jump rate could be observed. Therefore, APBHC is able
of switching between exploration and exploitation of the
search space adaptively during a search. The online
monitoring of the jump rate made this observation
possible.
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Second, the trade impacts of the observed price
movements are estimated.
This twofold analysis is structured as follows. The next
two chapters present the key problem: the basic challenge
of common currencies and the potential role of prices in
solving that issue. The chapter thereafter introduces our
approach (decomposition equations) to measure trade
performance in this specific context. The second half of
the paper includes the empirical application. After a brief
description of the scope, data and the applied logic, we
analyse the price changes in question. Then panel
econometrics is utilized to uncover the relationship of
prices and trade performance. The paper ends with
drawing conclusions.

ABSTRACT
The expected results of price adjustment have been lying
at the core of recent internal devaluation policies in
Europe’s Economic and Monetary Union (EMU), and
stretch back to the questions of common monetary
policy. Price changes have been presented in the
literature as an important channel of adjustment of
asymmetric developments, making common monetary
policy more sustainable. However, price flexibility and
its effects cannot be taken for granted in reality. Thus,
this paper aims to empirically investigate the size of price
changes and their effects on intra-area trade in the EMU
after 2010. Notably, we examine two questions. The first
is to what extent export prices and domestic prices have
adjusted in member states. The second question is
whether the observed price changes have sparked
recovery via increased market shares of exports and
import substitution in the crisis countries. This is
investigated by applying decomposition equations to
separate these “true” trade outcomes as a starting point.
According to our findings, mild effects are partly in
connection with the necessity of relying on slowly
adjusting prices in the common currency framework. It is
therefore advisable to place even greater emphasis on
other risk mitigation mechanisms that underpin the
viability of the euro.

THE THREAT OF COMMON CURRENCIES
Single currencies have been attracting much attention
particularly since the beginning of monetary unification
in Europe. The starting point of this literature is the
inherent risk of common currencies (Mundell 1961;
McKinnon 1963; Kenen 1969; De Grauwe 2012). Joining
a currency area involves the loss of the own nominal
exchange rate, and more broadly, much less space for
monetary policy customization. This can have its
consequences, likely even in the case of small, open
economies which are often thought of as having little
room for individual monetary action anyway (Boros
2017). In a monetary union, any short-term adjusting
effect of nominal exchange rate movements is by
definition impossible (in relation to co-members).
Furthermore, the central bank responsible for setting a
single monetary policy may face a dilemma – which is in
itself inescapable.

INTRODUCTION
The relationship between prices and the trade balance is
of particular relevance in monetary unions as it affects
the magnitude of risks inherent in common currencies.
The euro crisis has been traced back, at least in part, to
uniform monetary conditions by many authors (see most
prominently Stiglitz 2016). In a situation where the
drawbacks of having a single currency can be deemed
plausible, empirical research is needed to uncover the
performance of possible mitigating mechanisms. Price
changes are among those naturally coming to mind as a
channel of adjustment, i.e. getting members’ actual
output patterns more aligned. This paper aims to examine
this channel in the post-crisis EMU by addressing two
questions. First, we investigate to what extent intra-area
export prices and domestic prices have changed at all.

If members are at the same time affected by asymmetric
shocks or are in opposite phases of the business cycle, no
optimal interest rate decision can be made. An interest
rate hike is supposed to tackle inflation in booming
economies, but worsens unemployment in recessive
ones, exerting deflationary pressure. Conversely, an
interest rate cut, while suitable to avoid the latter
outcome, would inflict more inflation on economies
already experiencing price increases. The stalemate is
less obvious, but still exists if actual economic
developments are symmetric throughout the area, but
magnitudes differ.
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The impacts of this bad feedback are even more striking
when considering macro-financial links. A rate too low
for parts of the area threatens with over-indebtedness and
asset price bubbles in those economies. A connected
problem intrinsic in monetary unions is that credit tends
to be extended by co-members, substituting for external
financing (Hale and Obstfeld 2014). This is primarily due
to lower transaction costs of intra-area financing and the
absence of nominal exchange rate risk. As a result, credit
risk is mostly run by partners, triggering a zone-level
crisis if the endogenous incentive to pile up debt results
in defaults eventually. (Note also that debtors without a
background of monetary independence are often seen to
be more prone to debt crises. This is because they seem
not to be able to create money completely on their own
[De Grauwe 2013].)

firms’ revenues, business continuity and survival. This is
largely connected to financing. Given the procyclicality
of financial intermediation, stable revenues are crucial
for firms not to lose day-to-day financing. However,
price reductions typically decrease revenues until sales
rise sufficiently (provided that this happens as foreseen
by theory). Moreover, less revenues make debt servicing
more burdensome as nominal debts are unchanged. (And
bad loans could further aggravate the credit crunch.)
Customers may be discouraged to order from firms
struggling to survive even if they could shop at
favourable prices (Stiglitz 2016). Third, this depressive
process is not constrained to the tradable sector. By
contrast, exchange rate adjustment, in itself and directly,
does not change the income of the non-tradable sector,
neither does it affect the servicing of debts denominated
in domestic currency.

RISK MITIGATION BY PRICE ADJUSTMENT?

These immediate recessionary effects and vicious circles
have prompted research to evaluate the outcome of the
recent internal devaluation efforts of some eurozone
members. Examples include Malliaropulos and
Anastasatos 2011, 2013; Uxó et al. 2014; Kersan-Škabić
2016; Villanueva et al. 2018). Most of them are
understandably concerned with austerity measures forced
by EU-IMF creditors as a no-other-way policy. However,
it must be highlighted here explicitly that downward
wage and price adjustment is not only a matter of policy.
It is also an automatic market process: recession, in its
most forms, is expected to involve falling/stagnating
prices as a matter of course. This can prove to be an
“automatic stabilizer” in a currency union if it is both
quick and highly effective to create competitive
advantage. If so, no hard and socially unjustifiable policy
action would be put on the agenda in most recessive
episodes and immediate bad consequences would be
provisional. Thus, the question is in large part about
flexibility and elasticities.

According to the literature of currency areas referenced
so far, flexible price adjustment can be one of the “tools”
to avoid the trap. This view has also gained ground in the
European Commission’s proposals for “structural
reforms” after the crisis (EC 2015). In theory, price
changes compensate for the loss of the nominal exchange
rate as they analogously influence exports and imports
and so, output (at least in the short run). Price decreases,
as part of the so-called internal devaluation, are expected
to create relative price advantage for the subset of
members in recession. This helps to restore symmetry,
freeing the central bank from its dilemma. To be precise,
more exports and less imports may also be achieved
merely through “more moderate price dynamics” in
economies in need of recovery. That is, price decreases
are not necessary if other economies performing
relatively better see their price levels increase.
One can argue that it is uncertain to what extent prices
adapt and influence trade balance. This is exactly what
this paper seeks to examine. It is essential to have
empirical insight into this as internal devaluation policies
also have their severe drawbacks. Although we do not
focus on wages here, it must be kept in mind that price
developments considerably rely on wage changes.
Therefore, “standard internal devaluation”, both as a
market process and a policy, can be hardly exempt from
nominal wage cuts (or freezing nominal wages at best).

DETECTING “TRUE” TRADE PERFORMANCE
What makes it difficult to measure these characteristics
is first of all the correct determination of trade
performance in this special regard. Price changes aim for
substitution in favour of goods and services of particular
economies. Nonetheless, “headline” export and import
figures also reflect impacts other than this. Changes of
demand, both aggregate and for certain product groups,
are key determinants of trade data, but reveal no
information on choices among competing offers of
different suppliers (i.e. economies in this case). To assess
the results of internal devaluation, only this latter is of
interest.

The consequences of relying on the moderation of wages
and prices are manifold. First, adjustment tends to take
time, due to the short-term rigidity of prices discussed in
macroeconomics (De Grauwe 2012). The time factor gets
even clearer when compared with the speed of exchange
rate changes of floating currencies. Second, downward
adjustment is “painful” what in fact partly explains its
slow pace (beyond standard reasoning like costs of
repricing and long-term contracts). Krugman (2011) and
Stiglitz (2016) point out that even though possibly
desirable at the macro level, wage and price cuts have
immediate adverse impacts at the micro level, namely on

Not all studies pay attention to this distinction. Among
those that do so, Malliaropulos and Anastasatos (2013)
focus on overall market shares of exports. While this
approach truly helps to filter out the change of aggregate
demand, it does not allow to get rid of changes of demand
for particular product groups. This is because the overall
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market share of a particular exporter can still increase
even if there is no change in its shares in any submarkets,
but its exports are concentrated on products selling better
than the growth of total demand. Uxó et al. (2014) and
Villanueva et al. (2018) separate the impacts of demand
and price-induced substitution by controlling for both in
model equations.

impact of internal devaluation because it can only
become positive if exports manage to outperform
demand growth for at least some product groups. In other
words, to produce positive XCs, exports must expand to
the detriment of competitors. And this is exactly what
marks the success of internal devaluation.
Imports can be decomposed by analogy with Equation
(1). Equation (2) is created for this purpose:

This paper is even more straightforward on the separation
of demand and substitution effects by directly
quantifying the contribution of aggregate demand,
composition and relative competitiveness to trade
performance. In case of exports, this decomposition
relies on Equation (1) (see Oblath 2010):

𝐾

∆𝐹
∆𝑓𝑘 ∆𝐹
∆𝐵 = 𝐵 0 + ∑ [𝑏𝑘0 ( 0 − 0 )] +
𝐹
𝑓𝑘
𝐹
0

𝑘=1

𝐽

∆𝑋 = 𝑋 0

(2)

𝑘=1

∆𝑚𝑗 ∆𝑀
∆𝑀
+ ∑ [𝑥𝑗0 ( 0 − 0 )] +
𝑀0
𝑚𝑗
𝑀

In general, B denotes the total real imports of a country
(hereinafter importer), and bk refers to its import volume
of product group k, accordingly (∑bk = B). Demand for
imports is represented by the domestic use (F) of the
importer (i.e. the sum of final consumption expenditure
and gross capital formation). Imports of product groups
are matched with corresponding categories of domestic
use (fk, ∑fk = F, see the practical application later). The
analogy with Equation (1) is clear. Here, the first term
measures the extent to which change in imports is
attributed to the overall rise or fall of domestic use. It is
especially important to filter this effect out when
evaluating internal devaluation episodes as those take
place in recessionary times when demand indeed
decreases. While this in itself may “help” to restrain
imports and “control” the external position, it has nothing
to do with relative price advantage. This fall in imports
would occur anyway, independently from relative prices.
Similarly, composition effects (the second term), in
relation to the possible rearrangement of spending on
different kinds of goods, are largely a matter of consumer
needs and trends and current income constraints on the
one hand, and inland production capacities on the other
hand. This second term separates the impact which
comes from different patterns of demand for product
groups of different relevance within imports, while
assuming that the imports/domestic sales ratio is
unchanged. We are interested, however, in the change of
this ratio, i.e. the growing purchase of domestic products
instead of imported ones of the same kind. This “import
substitution effect” (MS) is captured by the third term.

𝑗=1

𝐽

∆𝑥𝑗 ∆𝑚𝑗
)]
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In general terms, X refers to the total real exports of an
exporting country, sold in a specific target market. M
refers to the total real imports of that target market (i.e. a
chosen set of importing countries). As such, M represents
the overall demand of the target market. As usual, Δ
denotes the change between two consecutive periods of
time, with 0 marking the earlier period. Product groups
are indexed by j = 1, …, J. So, xj means the export volume
of product group j, sold by the exporting country in the
target market (∑xj = X), and mj refers to the import
volume of product group j, purchased by the target
market (regardless of the source, ∑mj = M). For product
groups, any classification can apply that covers the whole
spectrum of traded goods and services. (See the next
chapter on the classification used in this paper.)
Equation (1) separates three channels of change in export
volumes. The first term on the right-hand side captures
how exports of the country in question would have
changed due to aggregate demand exclusively (all other
things being equal). The second term reflects the
composition effect, i.e. how much of the change in
exports has happened because the exporter had set up
capacities to produce kinds of goods lately selling better
than other kinds (ceteris paribus, i.e. with unchanged
market shares). Note that similarly to the first, this
component embodies demand effects. Notably, it
accounts for changes in demand for certain product
groups, which can differ from the aggregate. This
difference favours the exporting country if it has been
specializing in products with currently above-average
demand growth. Hence, this effect does not come from
more competitive offers relative to others of the same
kind, but from “lucky” export composition. In contrast,
competitive advantage is captured by the third term, the
so-called “export competitiveness effect” (XC). It sums
up the gains and losses in export volumes purely
attributed to increased or decreased market shares in
different product markets. XC is key to measuring the

SCOPE AND METHOD OF ANALYSIS
The post-crisis EMU is a “great” field of research to
investigate the relationship between prices and trade.
This is not only because internal devaluation policies had
to be applied by some members at the insistence of EUIMF creditors. It is also because the differences in the
drop of economic activity have created a (repeated)
situation not perfectly ideal for single monetary policy.
While there was a common need for monetary easing in
the tense years, questions on its magnitude and duration
have been indeed raised since then. Surely, the South has
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been in need for any further boost, may it come from a
truly effective price advantage.

2012 and 2016. Still, there were differences, even though
slight, indicating the internal devaluation efforts of the
Mediterranean countries and Ireland. While most of their
price reductions were less pronounced than those of the
East (partly also in crisis), moderation was noticeable
relative to the Core (and somewhat more so without
Ireland). Price decreases were the most apparent in
Cyprus where average price cuts reached 3% p.a. every
year between 2013 and 2016. Greece and Portugal
recorded a decline of at least 1% in two years. Compared
to Austria and Germany displaying stagnating or slightly
increasing export prices in the same period, this can be
deemed as more restrained price dynamics.

So, the question arising here is twofold. First, the
evolution of prices has to be examined to evaluate the
size and speed of the adjustment after the eruption of the
euro crisis. Second, the relationship between prices and
trade performance shall be explored. For this purpose, we
utilize XC and MS as dependent variables in the
respective panel equations. In case of XC, the target
market is the eurozone as intra-area adjustment is of our
primary interest. (Besides, nominal exchange rate
movements of the euro would otherwise blur the picture.)
Similarly, MS relies on imports from the euro area.
Product groups correspond to the Broad Economic
Categories Classification (BEC) in all cases. Data on
trade, including price indices, are derived from Eurostat’s
E-COMEXT database. Additional data on services are
gathered from Eurostat’s main statistical tables and in
case of one time series, from IMF statistics.

The same relative patterns are observed when excluding
fuels and lubricants, i.e. the most obvious examples of
commodities among the main BEC product groups used
(Table 2). It is worth noting that non-fuel exporters have
tended to get away with less price reductions in all
regions, including the South plus Ireland. This points to
price inflexibility/ price smoothing behaviour which can
be underpinned by market structure (see Encaoua and
Geroski 1986) or more generally, supply-side factors
such as participation in well-established supply chains,
creating switching barriers or the prioritization of less
price sensitive clients. In the Mediterranean, the
abovementioned price cuts of Greece and Portugal
virtually disappear when fuels are dropped. Although
actual reductions remain only in Cyprus, core countries
still retain slightly stronger price dynamics for the most
part. In theory, this provides a chance for rearranging
market positions which is examined in the next section.

PRICE ADJUSTMENT SINCE THE CRISIS
Export Prices
To evaluate overall export price developments, the
weighted averages of yearly price changes of exported
goods and services are calculated for all EMU members
for each year between 2010 and 2017 (see Table 1 for
regional averages). Weighted averages are calculated in
the following way. For price changes of exported
products, we use the unit value indices of intra-area
exports given in the E-COMEXT database per country.
To capture price changes of exported services, we are
only able to use the Eurostat service producer price index
(SPPI) covering many, but not all types of services (e.g.
accommodation and food services are not included).
(Databases provide chain-linked indices, 2010=100.
Based on them, we calculate yearly indices both in the
case of products and services.) Weights for producing the
averages of these price changes correspond to the goods
/services ratio in the respective member’s intra-area real
exports in the given year.

Table 2: Yearly Average Price Changes of Intra-EMU
Exports, Excluding Fuels and Lubricants, %
Reg
Med
Core
East

Med
Core
East

10

11

Years, 2010-2017
12 13
14 15

3.3
3.7
6.1

4.1
5.8
7.4

1.4
2.2
1.5

-0.9
0.0
-0.5

-0.5
-0.4
-1.5

-0.4
0.3
-1.2

16

17

-1.0
-1.0
-1.2

3.4
3.8
4.7

11

Years, 2010-2017
12 13
14 15

16

17

2.6
3.1
4.2

3.4
4.5
5.7

1.1
1.7
1.1

-0.2
0.1
-0.3

2.6
3.3
4.1

-0.5
0.4
0.1

-0.2
0.4
-0.7

0.8
1.7
1.0

For regional coverage, see Table 1.

To conclude, the moderation of the Mediterranean and
the Irish export prices was slow and not meaningful in
itself (except for Cyprus). It only started in 2012-2013
after the first waves of the euro crisis had already been
causing severe slowdown, in continuation of 2008-2009.
Small changes were spanning over years. Beyond market
structure considerations, this underlines the possible role
of firms striving to maintain prices in times of severe debt
problems and bank loans drying up.

Table 1: Yearly Average Price Changes of Intra-EMU
Exports, %
Reg

10

Med: CY, ES, GR, IT, PT + IE; Core: AU, BE+LU, DE, FR, NL;
East: EE, FI, LT, LV, SK, SI.

Import vs. Domestic Prices
This subsection examines the differences between
average changes in import and domestic prices (Table 3).
This is to uncover whether there has been an incentive to
switch to domestic goods and services in countries facing
internal devaluation. Intra-EMU import price indices are

The three EMU regions have been basically exhibiting
the same pattern regarding the directions of change.
Exporters in all regions were on average showing
moderate price dynamics for intra-area sales between
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calculated as weighted averages of price changes of
goods and services imported from the eurozone,
excluding fuels and lubricants. For products, unit value
indices of intra-EMU imports from E-COMEXT are
used. Developments in prices of imported services are
again proxied by SPPI, or more precisely, SPPIs of EMU
partners weighted by their share in service imports.
Weights again correspond to the goods/services ratio in
intra-EMU real imports. Domestic price indices cover
producer prices in industry and the importer’s own SPPI,
weighted by shares in gross real value added. We choose
producer prices instead of CPI because inland trade
would distort the comparison with import prices. It can
be reasonably assumed here that domestic distribution
channels affect prices of goods and services of any origin
in the same manner, so prices at source are of key
importance. Besides, though relevant in many aspects,
we do not account for the import content of domestic
production here as internal devaluation requires inland
players to “pick up the tab” anyway when it comes to
encourage final import substitution.

exports. The next section also studies whether this has
proved to be enough to invoke import substitution gains.
THE RELATIONSHIP OF PRICES AND TRADE
PERFORMANCE
Prices and the “Export Competitiveness Effect”
To check the basic “tenet” of internal devaluation, i.e. the
relationship between prices and export performance, we
first calculate the “export competitiveness effect” (XC)
for intra-EMU exports for every single euro area
member. This means that the decomposition in Equation
(1) is separately carried out for each member as an
exporting country, with the target market being the other
member states. The values of XC are then put into a panel
equation as the dependent variable, regressed on yearly
export price changes (discussed in the previous chapter).
(Note here that throughout this paper, we apply chainlinked indices to get trade volumes. Moreover, fuels and
lubricants are excluded. To account for differences in
size, components of “true” trade performance are
expressed as a ratio to real GDP.)

Table 3: Average Difference between Indices of IntraEMU Import Prices and Domestic Prices,
percentage points
Reg
Med
Core
East

10

11

Years, 2010-2017
12 13
14 15

16

17

0.6
1.0
0.8

0.3
1.6
0.0

-0.5
0.6
0.3

3.0
1.3
2.4

0.7
1.2
0.8

1.6
0.9
0.3

1.4
1.1
0.2

2.6
2.2
3.3

XCs help to clarify the picture for sure. Total export data
would automatically lead to the conclusion that internal
devaluation has been successful as Cyprus, Greece, Italy,
Portugal and Spain all increased their intra-area real
exports in most years of relative price moderation (20132016). However, we record negative XCs for Greece,
Italy and Portugal for 3 years in this period, meaning that
their exports lost relative ground in EMU markets in
aggregate terms. Still, we should be cautious to draw
conclusions at this point since values need to be
examined in the context of the complete data set. (For
example, some other EMU members also fell behind at
the same time: Austria, France and Germany display
negative XCs in 3 years, too.) This is why we look at
panel results.

For regional coverage, see Table 1. Positive values indicate
stronger average dynamics of import prices (i.e. higher increase or
smaller decrease compared to domestic price changes).

Note that on average, import price indices surpassed
domestic ones in all regions in the whole period, except
for the Mediterranean and Irish average in 2012. In line
with still increasing export prices at the same time (see
Table 2), this may also point to the observed delay of
price moderation in the wake of the crisis. From 2013 to
2016, however, domestic price levels in the South and
Ireland were evolving much more moderately than
import prices, compared to any other parts of the EMU
(and this holds even more so when disregarding Ireland).
With a one-time exception of Greece, the difference
remained positive in the South throughout the period,
often reaching as much as +2 percentage points. These
results entailed actual decreases of inland producer
prices (more than 1% on yearly average in all 5
countries). That is, falling unit revenues became reality
for a substantial part of Mediterranean producers during
that time. The biggest price advantage of domestic
production can be recorded in Cyprus where the
difference between price indices exceeded +4.5
percentage points (and the domestic price level decreased
by at least 2.5%) in 3 out of the 4 years in question.

Working estimates have indicated different behaviour on
the part of the Mediterranean economies regarding the
relationship in question. (The coefficient of the price
variable has turned out to be positive for the whole data
set, switching to negative when restricting data to the
South.) Therefore, we introduce a dummy variable
(Med_dummy), taking the value of 1 in case of Cyprus,
Greece, Italy, Portugal and Spain, and 0 otherwise. This
dummy is used to create an interaction (Interact) with the
price index marking the yearly average change of export
prices (XP, %). We start with a full model containing
both contemporaneous and lagged (t-1) values of XP and
their respective interactions. Keep in mind that for the
sake of staying focused, we do not use any other nonprice explanatory variables in this study which means
that impacts identified here could be smaller indeed.
After testing for conditions for fixed- and random-effects
models and backward selection based on the Akaike
Information Criterion (AIC), we adopt the model shown
in Table 4.

In sum, price developments of the South in terms of
imports have turned out to be more notable than those of
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It is salient at first glance that this model (with minimum
AIC) does not include the contemporaneous variables.
Put otherwise, it is prominently the preceding year’s

South (see Malliaropulos and Anastasatos 2011). Product
group level data shows that the growth of nonMediterranean sales of capital goods, transport
equipment and services was at least 2 percentage point
higher than that of import demand for these items in most
of the period. This coincided with stronger price
dynamics of these very sales.

Table 4: Fixed-Effects Model for Intra-Area Exports
Dependent variable: XC (as % of real GDP)
Indep. var.

Coefficient

Std. error

p-value

Constant

-5.48

5.51

0.322

XP_lag1

0.13

0.06

0.040**

Interact_lag1

-0.24

0.13

0.064*

As for effect size, estimates reveal a 0.13 percentage
points rise in XC in the Core and East, expected in case
of a 1% average increase in their export prices. By
contrast, a 1% rise of the price level of Mediterranean
exports results in a drop of XC by 0.11 percentage points,
or what is the same, a 1% price decrease should come
with a boost of 0.11 percentage points. To evaluate the
magnitude of these two coefficients, it is reasonable to
compare them with the respective values of XC. In the
Core and East, country averages range from -0.48% for
Belgium and Luxembourg and 1.56% for Slovakia. Here,
an addition of 0.13 percentage points is not really
remarkable for the most part. In the South, we record
country averages between -0.12% (Greece) and 0.35%
(Cyprus), i.e. an additional 0.11 percentage point is not
negligible in this sense. (This impact on exports might
have been more impressive were it not for the
unfavourable starting point in terms of price
competitiveness as a result of pre-crisis developments.)
The effect size is similar to what was found by
Villanueva et al. (2018) in case of Spanish exports
between 2010 and 2017 (+0.36% volume increase in
exports for 1% decrease in export prices). However,
when it comes to the key idea of macro level output
smoothing, these magnitudes could produce meaningful
results only in case of uncommonly vast price
movements, coming preferably in one step.

LSDV R-sq: 0.235; Within R-sq: 0.050; Betw. R-sq: 0.105
No. of observations: 119; No. of groups: 17; No. of years: 7
MT excluded due to data gaps. BE and LU considered together.
Data coverage: 2010-2017. Without fuels and lubricants. Variables:
XC: “Export Competitiveness Effect” based on Equation (1). XP:
Price index marking the annual average change of export prices
(%). XP_lag1: 1-year lag of XP. Interact_lag1: interaction of
XP_lag1 and Med-dummy. Med-dummy = 1 in case of Cyprus,
Greece, Italy, Portugal and Spain; 0 otherwise.

average price change which affects the current market
position of exports. This underscores the relevance of
time discussed earlier. It points to the probable
difficulties of customers (especially businesses) in
adapting to perceived price changes, e.g. getting
information on new suppliers and products, integrating
and testing new inputs, contracting etc. Nonetheless, this
part of slowness would be possibly the same if nominal
exchange rates existed. The problem lies more in the pace
of price adjustment itself. In case of slow price changes,
impacts estimated here are fragmented over years. This
is of course even more disadvantageous if the effects are
small and/or curtailed by counteracting intra-group
characteristics.

Thus, our conclusion regarding exports is twofold. On the
one hand, we have presented some findings which
question the rationale for relying on prices, but would be
possibly valid even if economies could resort to nominal
exchange rates. These involve the reaction time of
demand and the role of non-price factors (also indicated
by the small explanatory value of our model). Though not
specific to currency unions, these aspects are relevant as
they may hinder the smooth functioning of the common
monetary policy. On the other hand, we have uncovered
problems which are specific to the single currency,
namely the actual unavailability of the benefits of price
changes that are though limited, but not excluded. This is
because it would take an unrealistic degree of price
flexibility to reap them. This forms the real basis of our
conclusion, at least in terms of exports, that internal
devaluation is not a solution to ground the euro’s future
on.

Regarding the latter, our model suggests the existence of
such impediments. In economies other than the
Mediterranean ones, price increases are expectedly
accompanied by an improvement in export
competitiveness. This may be a hurdle in cases like the
recent crisis when higher prices of one group ought to
catalyse the sales of other exporters. Even though we
obtain a negative coefficient for the interaction (meaning
that the price index has indeed a negative sign in case of
the South), this impact could be boosted were it not for
the difference in question.
The positive sign of XP may be surprising from a demand
perspective, though less so when considering the supply
side. As suggested above, firms reasonably tend to
expand in markets and segments where they can push
through higher prices. If this effort goes along with good
product quality and other perceived benefits for
customers (such as recognisable brand names and
distribution channels), companies can end up with selling
at above-market growth rates in spite of their prices
creeping up. Such characteristics are less typical for the

Prices and the “Import Substitution Effect”
To check whether internal devaluation has invoked
import substitution, MS values are calculated for each
member state as an importer. This is carried out by
calculating Equation (2) for every member separately,
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considering intra-area imports. To determine fk values,
we create pairs of BEC product groups (i.e. product
groups of imports) and categories of domestic use.
Demand (fk) for food and beverages, consumption goods
and services is represented by corresponding household
consumption, while capital goods and transport
equipment (considered together) are matched with gross
capital formation and household purchases of vehicles.
Since demand for industrial supplies (at this level of
aggregation) can be proxied only by total inland use, we
do not account for composition effects in this single case.
The calculated MS data shows that it is Cyprus, Finland,
Greece, Malta, the Netherlands and Spain who managed
to have negative values for more than 2 years. That is, in
4 Mediterranean countries, domestic products gained
certain ground to the detriment of imports.

import expansion or even a relative shrinkage of imports.
Regarding the contemporaneous price difference, the
inverse relationship holds for the whole EMU.
Interestingly, import demand seems somewhat less
elastic in the Mediterranean region in this case, while
more so in terms of the preceding year’s price
developments. Based on the incidence of negative MS
values at the product group level, Mediterranean
customers switched to domestic products most
consistently in case of food and beverages and consumer
goods. This can indicate that these economies are better
prepared to produce these items anyway and/or
customers have traditionally more experience with
domestic products of these sorts. At the same time, it was
service imports that gained ground most clearly in
Austria, Belgium and Luxembourg, France, Germany
and the Netherlands. This could have supported
Mediterranean exports, but not surprisingly in light of the
above, this did not happen to a meaningful extent.

In Table 5, we relate this to the import vs. domestic price
difference (MP) specified in the previous chapter.
Interactions are again created to detect any possible
difference between the South and other members.
According to AIC, this full model is retained, meaning
that both contemporaneous and lag1 price differences
inform substitution decisions. Although only MP turns
out to be significant, it must be noted that what we have
here is the whole population, not a sample, at least in
cross-sections. It is thus not worth overlooking
interactions that arrange for favourable impacts for the
Mediterranean economies, leastwise regarding signs.
Due to them, the final coefficients of the price difference
reveal import substitution taking place in case of stronger
import price dynamics. So, if Southern import prices
evolve to surpass changes of domestic producer prices by
1 percentage point on average, MS is expected to decline
by 0.18 percentage points (contemporaneous case) or 0.7
percentage points (lag1 case). Remember Equation (2)
showing that a decrease in MS means more moderate

Note that magnitudes are very similar here as in the case
of exports. This result is again in line with Villanueva et
al. (2018) who estimated that price elasticity of imports
was 0.25% in Spain (for a unit change in domestic/import
price ratio). Villanueva et al. (2018) therefore assert that
the bulk of import reduction followed from collapsing
aggregate demand, and not domestic substitution. The
same finding is presented in Uxó et al (2014).
While the conclusion regarding the operability of internal
devaluation is quite the same here as in the previous
subsection, we should add an auxiliary remark. Even
though export and import price effects do not differ in
size, some more adjustment can be expected for imports.
This is because we find that domestic producer prices of
the South adjusted more firmly (in aggregate terms, from
2013) than their export prices. This can point to different
pricing behaviour of export- and domestically oriented
producers, subject to future research.

Table 5: Random-Effects Model for Intra-Area Imports
Dependent variable: MS (as % of real GDP)
Indep. var.

Coefficient

Std. error

0.85

0.28

0.002***

-0.30

0.14

0.033**

Interact

0.12

0.22

0.573

MP_lag1

0.06

0.14

0.669

-0.13

0.22

0.545

Constant
MP

Interact_lag1

CONCLUSIONS

p-value

This paper has examined the size and effects of price
adjustment in the post-crisis euro area. This topic is
highly relevant not just because of the internal
devaluation policies that had to be implemented in the
crisis countries on creditors’ demand, but also because
the underlying theory seems to offer a solution to the
problem key to currency areas. The essence of this
remedy is the smoothing effect that prices could even
automatically have on the actual output of members,
helping to avoid the trap of common monetary policy.
However, instead of adopting this as a standard
assumption in a way of wishful thinking, empirical
insight is needed.

Within R-sq: 0.055; Betw. R-sq: 0.000; Overall R-sq: 0.045
No. of observations: 126; No. of groups: 18; No. of years: 7
BE and LU considered together. Data coverage: 2010-2017.
Without fuels and lubricants. Variables: MS: “Import Substitution
Effect” based on Equation (2). MP: Difference between the annual
index of intra-EMU import prices and domestic producer prices
(percentage points). Interact: interaction of MP and Med-dummy.
MP_lag1: 1-year lag of MP. Interact_lag1: interaction of MP lag1
and Med-dummy. Med-dummy = 1 in case of Cyprus, Greece,
Italy, Malta, Portugal and Spain; 0 otherwise.

This paper has aimed to provide such an insight by
addressing two questions. First, we have analysed the
extent to which intra-area export prices and domestic
prices changed in the EMU between 2010 and 2017.
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What we have found is rather limited price adjustment,
pointing to the possible role of “side-effects” of price
cuts. Our second effort has been to measure the impact of
the observed relative price changes on export expansion
and import substitution. These are of interest as they have
been supposed to help members more severely hit by the
2010-2012 crisis to bounce back, creating more sync
within the EMU as a whole.
To examine the second problem, it is challenging to find
the suitable methodology, especially in terms of
measuring trade performance. It is only the market
expansion and substitution effects that can be considered
as true results of relative price developments. We have
separated these effects using decomposition equations.
Thereafter, the relationship between the outcome and
price changes have been analysed.
Our results show that it is questionable to build farreaching policies or expectations on price adjustment.
This is not only because the effects on trade look to be
mild, but mostly because of the observed sluggishness of
price adjustment itself. With slow and limited price
changes, any effects are fragmented over years. This is
less useful for aligning output patterns for more obvious
monetary policy decisions. Instead of automatically
drawing the conclusion, however, that prices need to be
put under even more pressure and/or be made more
flexible in general, we should further improve our
understanding of whether more price flexibility would
invoke any changes to current findings, possibly in
interaction with other risk mitigation mechanisms of
currency unions. It also follows from this that even more
emphasis should be placed on other channels of
adjustment, both market and institutional, that
underscore the viability of the euro. These include
investments in real competitiveness and the early
prevention of excessive endogenous risk taking in the
financial sector (in relation to the banking union).
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children in families (Becker, Murphy and Tamura
1990).
Researchers are more unanimous with regard to the
influence of socio-cultural factors on birth rates. These
factors include the spread of “social norms for the
number of children” (ideas about a “normal” number of
children for a family), the level of “a need for children”,
youth’s ideas about the “optimal” age for having
children, advantages of a family lifestyle, etc.
(Arkhangelsky 2012; Antonov et al. 2016).
From a historical perspective, religious factors were
connected to birth rates in a more comprehensible way.
Religious doctrine forms its own social norms, which
determine the number of children in a family. In
traditional societies, religious norms tend to require the
continuity of sexual and reproductive behavior; they
condemn birth control measures. The reproductive
behavior of deeply religious people often lacks choice:
they do not question the number of children.
Consequently, the larger the share of the population
which is deeply religious, the higher the birth rate in a
country.
The factors of internal policy which affect birth rates
are public policy measures aimed at changing or
maintaining the current demographic situation. Such
measures can be aimed at stimulating or reducing the
birth rate. For example, the use of contraception may be
prohibited - in this case, the measure is aimed at
increasing the birth rate. On the other hand, the spread
of contraceptives is oriented at reducing the birth rate
(this policy is implemented in many African countries).
Public policy measures may involve a variety of
resources: ideological and moral (for example, the
creation and propagation of family values, etc.);
economic and financial (for example, child benefits,
maternity leave, etc.); medical (for example,
development of a network of medical institutions for
children and parents, etc.); or legal (in particular,
measures aimed at optimizing the combination of
maternity and employment, etc.).
The impact of these factors determines the dynamics
of the international birth rate. At the same time, there is
no clear idea about the extent to which these factors
impact the birth rate or the possible effects arising from
their joint impact. The issue of birth rate dynamics
determinants in Russia remains unsolved. A comparison
of the dynamics of Total Fertility Rate (TFR) in Soviet
and post-Soviet Russia with the impact of the
aforementioned groups of factors is given in Table 1.

KEYWORDS
Dynmics modelling, clustering, birth rate, Russian
regions
ABSTRACT
Birth rate dynamics are affected by several groups of
factors. Their impact in Russia is markedly
differentiated across regions. The purpose of our study
is to use cluster analysis to reveal groups of Russian
regions with similar birth rate dynamics over the past 30
years of post-Soviet Russia and to define the
determinants of these dynamics in region clusters. We
used hierarchical cluster analysis to model Russian birth
rate dynamics and segment regions with comparable
determinants in this dynamic. We used the Total
Fertility Rate and its indices for all regions over three
important periods in the demographic history of Russia.
The analysis revealed 5 clusters of regions with similar
birth rate dynamics. The results of our analysis made it
possible to identify the regions most and least sensitive
to the impact of various groups of factors. Such
modelling allows us to develop demographic policy
(and to plan budgets for their implementation) in
various types of regions in the most efficient way.
INTRODUCTION
Birth rate is one of the key indicators of social,
economic, and political situations. Researchers study the
dynamics and determinants of birth rates in different
countries using various modelling methods. Correlation
and regression analyzes are the main methods. They are
used for dynamic (matching of time series) and
stationary (studying correlations in separate territories
or different population groups) data.
Demographers believe that, in general, birth rate
dynamics are affected by the following groups of
factors: economic, socio-cultural, religious, political.
The impact of economic factors on birth rates is
estimated differently (Balbo, Billari and Mills 2013;
Shubat and Bagirova 2018). Some researchers believe
that the improvement of the economic situation and the
economic conditions of life in a country contributes to
an increase in birth rates (Martin 2004). Others,
however, claim that economic growth leads to an
increase in the financial, time and labor costs connected
with having children, which results in a reduction of
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Table 1: Periods in the demographic history of Russia.

and “sensitivity” to the effects of certain groups of
factors.
We consider cluster analysis as the most appropriate
method for studying regional differences in the
dynamics of the birth rate. It is rarely used in
demographics for this purpose (Table 2). This may be
due to the following reasons: a small number of regions
within the studied country; lack of relevant competences
among researchers; lack of understanding of its
advantages; and the lack of a “trend” for the use of this
tool in demography.

- transformation of
life values after
the collapse of
- economic the USSR;
State policy
crisis;
of “non- discrediting of
interference”
- low
“Soviet” norms
in
standard of behavior;
demographic
of living
processes
- spread of extramarital affairs,
alcoholism

Table 2: The application of cluster analysis in
demographic studies (according to Web of Science and
the Russian Science Citation Index (RSCI)).

RSCI

- youth’s lack of
concern about
Targeted
the possibility of
state
relative
economic shocks
policies
economic
and the collapse aimed at the
stability
of the estastimulation
blished system;
of fertility

Web of
Science

2013
2014
2015
2016
2017
2018

- relative strengthening of
traditional
values;

RSCI

economic
growth

The need for
policies
aimed at the
stimulation
- spread of the
of fertility is
ideas about the
declared,
priority of
but it is
individual values
absent in
among young
reality
people

Web of
Science

- social norms of
having fewer
children;

RSCI

Share
of articles
Number
in the subject
Number
of articles in the
area
of articles
subject area
“demography”
in the subject “demography”
in which
area
in which
cluster
Year “demography” cluster analysis
analysis
is applied
is applied,
%
Web of
Science

2007 – the present
Relative stabilization of TFR

2000-2006
Increase of TFR

1990-1999
Catastrophic decline of TFR

Factors potentially related to birth rate
Years and
dynamics
features
General
Internal
of TFR
Socio-cultural
political
dynamics economic
factors
factors
factors

1412
1489
1933
2200
2118
1298

3803
5630
7519
4968
4069
2433

1
2
4
4
3
1

7
10
14
13
9
8

0.07
0.13
0.21
0.18
0.14
0.08

0.18
0.18
0.19
0.26
0.22
0.33

We believe that cluster analysis makes it possible to
segment regions according to specific indicators,
distinguish groups with similar trends and find the
potential to implement similar demographic policy
measures. Understanding the factors active in Russia in
certain historical periods allows us to also use cluster
analysis to identify the birth rate determinants in certain
groups of regions. In addition, given that the
demographic processes occurring in countries and
regions traditionally have a high degree of
indeterminacy, there is hope that the use of another
research method can reduce the existing gap between
the birth rate dynamics and the understanding of its
determinants. Thus, the goal of our study is to use
cluster analysis to reveal groups of Russian regions with
similar birth rate dynamics over the past 30 years in
post-Soviet Russia and to define the determinants of this
dynamic in clusters of regions.

- people’s
understanding of
the importance of
a high birth rate
for the state

Despite the general trends, the impact of various
groups of factors in Russia is markedly differentiated
across regions. Different standards of living; varying
socio-cultural conditions more or less associated with
the religious factor; slightly different regional measures
aimed at the birth rate stimulation – all of these factors
lead to a potential difference in the birth rate and its
dynamics across Russian regions. In addition, there is a
possibility that the population has different “reactions”
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Table 3: Minimax and quartile values of clustering
variables.

DATA AND METHODS
1. To achieve this goal, we conducted a hierarchical
cluster analysis of Russian regions. The analysis was
carried out on the basis of Euclidean distance and
Ward’s method. These measures allowed us to obtain
the clearest separation of the regions under study into
homogeneous segments.
2. The basic variable in our analysis is Total
Fertility Rate (TFR). On the basis of this indicator, we
calculated each region’s indices which characterize the
change in birth rate over three important (special)
periods in the demographic history of Russia:
The first index (Х1) shows the changes that
occurred in the birth rate from 1990 to 1999. The
second index (Х2) characterizes the changes that
occurred in from 2000 to 2007. The third index (Х3)
shows the change from 2007 to 2017. All three indices
were used as clustering variables – groups of Russian
regions with similar birth rate dynamics during
specified periods of time were identified on this basis.
3. Russian regions with full sets of birth rate data
were included in the study. Two republics - Chechnya
and Ingushetia - were not included in the analysis due to
the fact that there were no official birth rate statistics in
these regions in the 1990s (both republics had military
conflicts during this period). In addition, a number of
regions were not included in the analysis due to changes
in territorial boundaries. Processes of administrative and
territorial division, related to the unification of a number
of regions and the changes in the geographical
boundaries of Russian subjects, occurred in the country
during the studied period. The regions which were not
involved in processes of administrative and territorial
division were included in the studied population to
ensure the comparability of the data. As a result,
clustering was carried out based on the data of 79
Russian regions.
4. The profiling of the identified clusters was
performed based on the interpretation of cluster
centroids. We calculated the mean and median values of
the clustering variables in each cluster and tested them
for significant differences. We used the non-parametric
median test, since some of the mean values in the
identified clusters could not be considered as typical
values (their Relative Standard Deviation exceeded the
threshold of 33%).

Indicator
Minimum
1st quartile
2nd quartile
3rd quartile
Maximum

Х1
-48.8
-41.7
-40.1
-37.1
-6.5

Х2
-9.0
18.5
22.9
27.6
44.6

Х3
-20.3
6.0
12.0
16.4
37.2

2. The analysis revealed 5 clusters of regions with
similar patterns in birth rate dynamics. The dendrogram
of the clustering process is shown in the Appendix. The
statistics of cluster centroids are presented in Table 4.
Table 4: Statistics of cluster centroids.
Cluster

1

2

3

4

5

RESULTS
1. The feasibility of cluster analysis of Russian regions
was confirmed by the high variability of the initial data.
The minimax and quartile values of clustering variables
presented in Table 3 indicate that the birth rates in
Russian regions were radically different. While a
decline in birth rates was observed in all regions of the
country from 1990 to 1999 (although the decline was
different in intensity), the differences in regional birth
rates in the next two periods were drastic. Some of the
regions showed a significant decrease in the birth rate,
while other regions demonstrated impressive growth.

Statistics
N
Mean
Median
Std. Deviation
Relative Std.
Deviation, %
N
Mean
Median
Std. Deviation
Relative Std.
Deviation, %
N
Mean
Median
Std. Deviation
Relative Std.
Deviation, %
N
Mean
Median
Std. Deviation
Relative Std.
Deviation, %
N
Mean
Median
Std. Deviation
Relative Std.
Deviation, %

Х1
19
-38.2
-39.1
4.8

Х2
19
20.7
19.4
6.7

Х3
19
2.4
3.7
5.0

13

32

212

17
-40.6
-40.2
1.8

17
24.8
25.9
2.1

17
11.6
11.7
1.3

4

9

12

12
-39.6
-40.0
2.0

12
9.8
9.2
5.0

12
14.6
15.1
5.9

5

51

53

10
-44.0
-43.5
2.6

10
33.8
32.9
4.5

10
12.8
13.0
2.8

6

13

25

21
-37.5
-37.2
4.0

21
25.0
25.0
4.7

21
20.6
18.2
6.5

11

19

59

As follows from the data presented in Table 4, each
of the identified clusters has its own specific features.
Thus, cluster 1 is characterized by the fact that its
regions showed the smallest increase in the birth rate
from 2007 to 2016 (Х3), the period when the birth rate
grew in all clusters without exception.
The highest birth rate during this period was
observed in the regions of cluster 5 – it also experienced
the smallest drop in TFR between 1990 and 1999
relative to other clusters.
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Cluster 3 was the only one where, after the fertility
decline of the 1990s, the birth rate gradually increased
in the subsequent two periods.
The birth rate in cluster 4 is the most dramatic – it
has the largest decrease in TFR in the late 1990s and
then the smallest increase in the early 2000s.
One feature can be noted about cluster 2: the decline
and growth rates of fertility in this cluster occupied a
middle position among the indicators of other clusters in
all periods. Non-parametric tests for the difference of
median values confirmed their significance (Table 5).

cluster 1
cluster 5

cluster 4

Х1
79
-40.1100
13.242
4
0.010

Х2
79
22.9500
29.566
4
0.000

DISCUSSION
Х3
79
12.1400
45.450
4
0.000

The analysis of birth rate dynamics in the clusters shows
a unidirectional but varied intensity in the identified
trends in the five groups of regions. The analysis
allowed us not only to assess birth rate dynamics in
various clusters of regions, but also to assess the impact
of key birth rate determinants on this dynamic. We
consider the factor of economic recession at the end of
the 1990s and the factor of the state’s pronatalist policy
since 2007 to be such determinants.
We consider it possible to use the results of birth
rate dynamics modelling to evaluate the effectiveness of
state policies aimed at stimulation of the birth rate for
the following reasons:
1. In 2006, unprecedented measures aimed at
stimulating the birth rate were announced in Russia.
Federal law introduced so-called “maternity capital” –
the amount of money paid to a mother for the birth of
her second child. At the time of its implementation, it
amounted to 7,082 euros, while the average annual
income of a Russian citizen was 5,100 euros. We
consider this measure as both economic and political in
character. On the one hand, it allows families to
improve their living conditions (this is what the money
is most often spent on). On the other hand, this measure
is a kind of a signal to the population from the state
communicating the priorities of state policy. The time
period following the implementation of this measure
can definitely be considered as the period when the
demographic situation in the country changed under the
influence of this measure.
2. In demography, studies aimed at identifying the
impact of various state policies on the birth rate do not
have a unified methodology. Different authors use
different approaches. Most often, authors compare
cohort and period (for hypothetical cohort) fertility data.
In the late 1980s, Klupt compared actual age-specific
birth rate coefficients at a time when state demographic
policies were in place with hypothetical birth rate
coefficients calculated by various conditions. At the
same time, he used a statistical model that showed
possible timing shifts – the earlier births of generations
of a child-bearing age (Klupt 1988). Avdeev and
Monnier used a different approach. They evaluated the
effect of the 1980s demographic policy by comparing
the cumulative fertility of the 1950–1960s female
cohorts with the fertility of the cohort born in 1945,

3. Since the mean values of clustering variables
could not be considered as effective characteristics of
cluster centroids in some cases, we profiled the
identified clusters based on medians. In this case, we
used the graphical method (Figures 1-3) to represent
standardized median values. In order to contrast changes
in the birth rate that occurred in clusters at different
times, we used normalization, which scales medians in
the range [0,1] according to the following formula:
𝑥𝑁𝑜𝑟𝑚 =

𝑥−𝑥𝑚𝑖𝑛

(1)

𝑥𝑚𝑎𝑥 −𝑥𝑚𝑖𝑛

cluster 1
cluster 5

cluster 2

cluster 4

cluster 3

Figure 1: Differentiation of clusters by the level of the
birth rate decline from 1990 to 1999
cluster 1
cluster 5

cluster 4

cluster 3

Figure 3: Differentiation of clusters by the level of the
birth rate increase from 2007 to 2017

Table 5: Median test.
Indicator
N
Median
Chi-Square
df
Asymp. Sig.

cluster 2

cluster 2

cluster 3

Figure 2: Differentiation of clusters by the level of the
birth rate increase from 1999 to 2007
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which was not influenced by this policy (Avdeev and
Monnier 1995).
We propose a fundamentally different methodology
- identifying and describing groups of regions based on
the rate of fertility growth during important periods in
the country’s demographic history. In this case, we used
multidimensional methods of analysis. Thus, we
estimate the potential impact of key determinants, which
are different in specific time periods, on the birth rate
dynamics in the clusters.
The results of our analysis showed that the regions
of the first, second, and third clusters had the same
average decline in birth rate during the economic
recession. However, they came out of the demographic
crisis of the end of the 1990s differently.
In the regions of the third cluster, the birth rate grew
gradually – from the extremely low growth rate at the
beginning of the 21st century to the high growth rate
during the period of the state birth rate policies. It can
be said that it took time and active state measures for
the population of these regions to overcome the
“memory” of the economic crisis of the late 1990s.
Consequently, the economic measures that were
implemented as a matter of state policy were quite
effective.
In the regions of the second cluster, a different
situation was observed at the beginning of the 21st
century - the birth rate increased noticeably during this
period. The birth rate growth continued after the
commencement of state policy measures, but not so
intensively. We believe this indicates that the population
of these regions had a fairly high reproductive potential,
the realization of which was postponed due to the
economic crisis of the late 20th century in Russia. The
population realized their postponed reproductive
potential as soon as the economic situation stabilized.
The state policy measures that began in 2007 were not
as effective in these regions.
The regions of the first cluster reacted to state
policies even less noticeably. These regions had an
average decline in the birth rate at the end of the 20th
century, which led to equally average growth in the
following years and extremely low growth during the
state program aimed at stimulating the birth rate.
Apparently, other groups of factors had an impact in
these regions – for example, socio-cultural and religious
factors. They allowed an increase in the birth rate
immediately after the economic crisis and reduced the
response to the later implemented state demographic
policy.
In contrast to the previous clusters, the fourth cluster
of regions reacted to the economic crisis of the late
1990s with a sharp decline in the birth rate. In the early
2000s, this cluster experienced the most noticeable
positive trend in the birth rate dynamics, which was
smoothed out in subsequent years. Therefore, the
regions of this cluster are most sensitive to the impact of
the economic factor, both negative and positive. It can
be predicted that the birth rate in these regions is most

susceptible to drastic changes due to irregularities in the
economic situation.
The fifth cluster of regions is interesting because the
decline in the birth rate during the economic crisis was
the least noticeable; equally, the highest increase in the
birth rate occurred during the period of the demographic
policies. Hence, this cluster was the most sensitive to
measures aimed at the stimulation of the birth rate. It
may also mean that the state measures proved to be the
most effective in the regions of this cluster.
The results of our analysis also allowed us to arrange
clusters of regions based on two grounds: in descending
order of the impact of the general economic factor on
the birth rate (Figure 4) and in descending order of the
impact of state demographic measures on the birth rate
(Figure 5).
Cluster 4
Impact

Cluster 2
Cluster 3
Cluster 1
Cluster 5

Figure 4: The ranking of clusters according to the
impact of the economic factor on the birth rate
Cluster 5
Impact

Cluster 3
Cluster 2
Cluster 4
Cluster 1

Figure 5: The ranking of clusters according to the
impact of state demographic policy on the birth rate
It can be noted that the sensitivity of the birth rate to
the economic context and to the impact of demographic
policy is directly opposite to each other. For example,
clusters 4 and 5 turned out to be the least sensitive to the
action of one factor, but the most sensitive to the effect
of the other.
CONCLUSIONS
The analysis led us to the following conclusions.
Firstly, using the variables’ indices rather than
variables themselves during the clustering process
allows us to gain better knowledge of the demographic
situation in the region than studying the stationary
values of the variables. We consider that the
identification of groups of regions which are similar in
terms of the development trends of demographic
processes is more reasonable than the revealing of
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groups according to the achieved level of a particular
demographic indicator.
Secondly, the results of cluster analysis, compared
with key determinants which objectively operated in
different periods of Russia’s demographic history, made
it possible to identify the regions most and least
sensitive to the impact of various groups of factors. This
would be impossible if cluster and correlation analysis
were applied separately.
Thirdly, the results of the study have a potential for a
practical application because they allow us to develop
demographic policy and to plan budgets for its
implementation in various types of regions in the most
efficient way.
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same state measures aimed at the stimulation of fertility
and parenthood are implemented.
It is possible to solve the latter problem using the
convergence / divergence models. There are several
approaches to defining convergence in the scientific
literature. The researchers speak of σ-convergence,
absolute and relative β-convergence, -convergence,
club convergence (e.g. Sala-I-Martin 1996; Barro and
Sala-I-Martin 1992). At the same time, they note that
the convergence / divergence of the studied processes
can be investigated using a different set of statistical
measures.
The method of convergence / divergence of
Russian regions may be applied not only to the study of
the direct indicators of the birth rate but also to the
study of the dynamics of interregional variation of the
potential determinants of fertility, as well as its
conditions and resources.
The resource approach to the study of fertility is
associated with an understanding of the multifactorial
nature of this demographic process. Fertility resources
are defined as certain conditions, change or
development of which can help to obtain the desired
result in the form of a definite quantity and quality of
the country's human capital. These resources are
conditions of fertility, which can be observed in various
areas of social and individual life. For example, there
are economic resources of fertility – material well-being
of the population, housing provision, availability of
stable employment, etc. The correlation of these
resources with the birth rate is studied by many scholars
(e.g. Raute 2019; Comolli 2017). The infrastructure
resources include, in particular, the availability of
maternity hospitals with high-quality medical
equipment, children's hospitals, kindergartens, schools,
organizations of additional education for children, etc.
There are a number of studies showing the correlation
of this resource with the birth rate (Sinitsa 2018).
In our opinion, it is necessary to accentuate the
reproductive resource of fertility. This is the
reproductive potential of the population, the
measurement of which is possible both through
objective and subjective indicators. For example,
Shabunova and Lastochkina include reproductive
health,
reproductive
behavior,
and
so-called
reproductive loss in the reproductive potential
(Shabunova and Lastochkina 2006). Reproductive

KEYWORDS
σ-convergence, β-convergence, fertility resources,
Russian regions.
ABSTRACT
The problem of low fertility is one of the most
important in Russia, and the imbalance in regional
demographic development is historically relevant in
Russia The purpose of our study is to investigate the
processes of convergence/divergence of Russian regions
on indicators reflecting the reproductive resource of
fertility. Convergence was studied on the basis of two
different models: σ-convergence and β-convergence
(Barro regression). The use of the convergence analysis
method made it possible to identify the features of
regional differentiation of the reproductive resource of
fertility and its dynamics in Russia. The results showed
that Russian regions are markedly differentiated by the
level of individual components of the reproductive
resource, as well as by its integral indicator. The level of
regional differentiation by these indicators has increased
over the past almost two decades. The results of the
study have a potential practical application, because
they allow us to develop measures for a more complete
realization of the reproductive resource of fertility in
Russian regions based on the identified trends. Our
results and the controversial issues arising from them
provide an opportunity to determine the direction of
further research.
INTRODUCTION
The problem of low fertility is one of the most
important in Russia. The solution to this problem, which
would lead to the increasing fertility, has economic,
social, domestic and foreign political importance. It is
obvious that stable demographic dynamics in the
country cannot occur in conditions of a pronounced
regional imbalance, whereas in Russia the problem of
the imbalance of the regional demographic development
is
historically
relevant.
Nowadays,
Russian
demographers face a certain challenge. They assess the
dynamics and identify the birth rate determinants, but
they also need to have an analytical understanding of
the reasons for differences in fertility dynamics and
related indicators in the Russian regions, where the
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behavior is studied through opinions, intentions and
subjective assessments of the population, whereas data
on health and reproductive losses (in particular,
abortions) are collected by official Russian statistics.
We analyzed the correlation between five different
fertility resources and the birth rate in our previous
study (Bagirova and Shubat 2018). A statistically
significant positive correlation was found only on
indicators of reproductive resources. Therefore, the
purpose of our study is to investigate the processes of
convergence/divergence of Russian regions on
indicators reflecting the reproductive resource of
fertility.

The second convergence model in our study is the
so-called β-convergence (beta-model), which was
estimated on the basis of the Barro regression (Barro
1991) (2):
1
𝑇

1
𝑇

𝑉𝜎 = 𝑥̅ ∙ 100 =

𝑛

𝑥̅

(2)

𝑦𝑖,𝑡+𝑇

ln (

𝑦𝑖,𝑡

) – average annual growth of the

If the regression coefficient is statistically significant
and it is less than zero, then the so-called “catch-up”
effect is present in the studied data. This effect can
manifest itself in two ways.
It is possible that regions with initially lower levels
of the studied indicator show higher growth rates and,
thus, “catch up” with regions with initially higher levels
of the indicator. As a result, there is the effect of the
regional convergence. This situation occurs when an
upward trend is observed in the source data. If there is a
downward trend in the dynamics of the studied
indicator, the effect of convergence is manifested
slightly differently. Regions with initially higher levels
of the indicator show higher rates of decline and, thus,
"catch up" with regions with lower levels of the studied
indicator. This is also the effect of the convergence of
regions.
The following features of the relationship of the two
types of convergence can be noted. Firstly, σconvergence is a sufficient, but not a necessary
condition for β-convergence. This, in particular, was
shown by Sala-I-Martin (Sala-I-Martin 1996). Secondly,
the presence of β-convergence is a necessary, but not
sufficient condition for σ-convergence. This, in
particular, was shown in the work of Young and his coauthors (Young, Higgins & Levy 2008).
4. We converted the original data in order to obtain a
generalized (integral) indicator of the reproductive
resource. A standardization procedure was used, which
reduced all data to the 0 to 1 range (3):

𝑧𝑖 =

𝑥𝑖 −𝑥𝑚𝑖𝑛
𝑥𝑚𝑎𝑥 − 𝑥𝑚𝑖𝑛

,

(3)

where хi – actual value of the indicator;
xmin / max – minimum and maximum value of the
indicator.

2

,

) = α + β ∙ ln 𝑦𝑖,𝑡 + 𝜀𝑖,𝑡 ,

indicator in region i in the studied period of time
(t, t+T);
α – constant;
β – regression coefficient;
𝜀𝑖,𝑡 – random errors.

1. A database of regional indicators was formed for the
study. The following indicators constitute the
reproductive resource of fertility in the region:
- population incidence rate (per 1000 people);
-/abortion rate (per 1000 women of reproductive
age);
- abortion rate (per 100 births).
It can be noted that this list of indicators is not
complete and should include other indicators. However,
the capacity of the Russian official statistics allowed us
to form only this set of valid indicators of the
reproductive resource.
The data required for the study is publicly available
on the resource of the Unified Interdepartmental
Information-Statistical System of Russia. The analysis
covered the period from 2000 to 2017, when an increase
in the total fertility rate (TFR) was registered. The
study included all Russian regions with a complete set
of necessary data for all the years of research (78
subjects of the Russian Federation).
2. The analysis was conducted in two stages. At the
first stage, regional convergence / divergence was
studied separately for each variable of the reproductive
resource. At the second stage, a similar analysis was
carried out for the integral indicator of the reproductive
resource.
3. Convergence / divergence were studied on the
basis of two different models, which evaluated regional
convergence / divergence tendencies in different ways.
The first model is σ-convergence (sigma-model),
which manifested in the fact that the interregional
variation decreases with time. The scientific literature
most often suggests using two well-known statistical
indicators to measure σ-convergence: the standard
deviation σ and the coefficient of variation Vσ, which is
calculated on its basis (1):
√(𝑥𝑖 −𝑥̅)

𝑦𝑖,𝑡

where 𝑦𝑖,𝑡 and 𝑦𝑖,𝑡+𝑇 – levels of the studied indicator in
region i at the initial and final point in time;
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𝜎

𝑦𝑖,𝑡+𝑇

ln (

(1)

The integral indicator of the reproductive resource
level in the region (arithmetic mean of standardized
indicators) was calculated on the basis of standardized
values of variables for each region. Both variables that

where xi – regional value of the indicator;
𝑥̅ – average value;
n – number of regions in the study.
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characterize the same phenomenon - the number of
abortions - were taken with a weight of 0.5 in order to
maintain parity in assessing the contribution of each
variable to the total value of the integral indicator.
5. Boxplot and distribution percentiles were used for
more in-depth study of data structures. For each year,
we built a boxplot that showed the variation of regional
values of the integral indicator of the reproductive
resource. We carried out a comparative analysis of such
graphs in order to identify trends in the convergence or
divergence of regions by the level of this indicator. A
comparative analysis of the distribution percentiles of
the reproductive resource integral indicator for different
years has also been used to obtain additional
quantitative
characteristics
of
the
convergence/divergence trends of the Russian regions.

Table 1: Model Summary (for the incidence rate)

0.16

F

Sig.

14.82

0.00

Table 2: Coefficients (for the incidence rate)
Unstandardized
Coefficients
t
B Std. Error
0.12
0.03
4.02

0.00

0.01

0.00

Constant
Ln (population
incidence rate,
-0.02
initial point in time)

RESULTS

Sig.

-3.85

We also note that, in general, it is impossible to
determine a clear downward trend or, conversely, an
increase in the incidence of the population in the
country. In 60 regions, the incidence rate of the
population was higher in 2017 than in 2000. At the
same time, this indicator decreased in 28 regions.
2. The study of the variable “number of abortions
per 1000 women” revealed the following features.
Firstly, the trend of reducing the number of
abortions was characteristic of all regions of the country
during the study period (unlike the situation with the
incidence rate).
Secondly, the sigma-model analysis of the
convergence allowed us to make an unambiguous
conclusion about regional divergence. In the period
from 2000 to 2017, there is an increase in the imbalance
of regions in terms of abortion rates (Figure 2).

1. The study of the incidence rate variable did not allow
us to make a confident conclusion about the regional
convergence/divergence trend on this indicator. On the
one hand, the sigma-model analysis of convergence
showed that the imbalance of regional incidence rates
has been growing since 2014 – the coefficient of
variation has increased markedly since 2014. However,
in our opinion, it is impossible to speak of convergence
or divergence in the longer term. The period from 2000
to 2014 can be characterized rather as a period of some
volatility of the variation coefficient (Figure 1).
Vσ, %
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19,5
19
18,5
18
17,5
17
16,5
16

Std. Error
Durbinof the
Watson
Estimate
0.15
0.008
2.06

R
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Square R Square

Vσ, %
40
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35

2016

30
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Figure 1: Regional σ-convergence of the incidence rate
in Russia

years

20
2000

The study of the regional convergence based on the
beta-model also did not allow us to speak unequivocally
of the convergence tendency. On the one hand, the β
parameter in the equation is negative. Consequently,
regional incidence rates are somewhat unified. The
situation with the incidence of the population in the
regions with the initially higher levels of incidence is
improving more rapidly than in the regions where the
situation was initially better. On the other hand, the
explanatory power of the Barro-regression is very low –
the coefficient of determination is only 16% (Tables 12).

2004

2008

2012

2016

Figure 2: Regional σ-convergence of the number of
abortions per 1000 women in Russia
Thirdly, the beta-model analysis of convergence did
not show that the growth of regional imbalance is due to
the internal systematicity of this process. Model
parameters are statistically insignificant, the coefficient
of determination is close to zero (Tables 3-4).
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Table 3: Model Summary
(for the number of abortions per 1000 women)
R
Adjusted Std. Error of
Square R Square the Estimate
0.00
-0.01
0.02

- the beta-convergence model did not confirm the
presence of any trends in the rate of abortion decline in
different types of regions - prosperous and
disadvantaged (Table 5-6).

DurbinF Sig.
Watson
2.66 0.07 0.80

Table 5: Model Summary
(for the number of abortions per 100 births)

Table 4: Coefficients
(for the number of abortions per 1000 women)

Constant
Ln (number of
abortions per 1000
women,
initial point in time)

R
Adjusted Std. Error of
Square R Square the Estimate
0.10
0.08
0.02

Unstandardized
Coefficients
t
Sig.
B Std. Error
-0.06
0.02
-2.60 0.01
0.00

0.01

0.26

Table 6: Coefficients
(for the number of abortions per 100 births)

0.80

Unstandardized
Coefficients
t
B Std. Error
0.02
0.04
0.58

0.56

0.01

0.01

Constant
Ln (number of
abortions per 100
-0.02
births,
initial point in time)

Thus, we cannot claim that Russian regions are
converging or diverging due to different growth rates of
the number of abortions in two types of regions –
relatively prosperous and disadvantaged. Both types of
regions may show identical rates of decline in the
number of abortions, or, on the contrary, regions of the
same type can demonstrate completely different rates of
decline in this indicator.
Note that the process of evaluating the Barro
regression for the variable “number of abortions per
1000 women” revealed outliers – regions with
atypically low indicators which noticeably “stretched”
the regression line. As a result, the quality estimates of
the model and its parameters were overstated. These
outliers are two Caucasian regions - Dagestan and
Ingushetia. The estimates presented in Tables 3 and 4
were obtained after the exclusion of these regions from
the analyzed population.
3. We obtained similar results in the process of
investigating the variable “number of abortions per 100
births”:
- a decrease in the level of this indicator was
recorded in all regions of the country in the period from
2000 to 2017;
- a divergence of Russian regions by the “number of
abortions per 100 births” indicator is observed in the
studied period of time (Figure 3);

-2.62

Sig.

4. The study of the integral indicator of the region's
availability of reproductive resources yielded the
following results.
Firstly, the sigma-model confirmed the presence of
regional divergence. Thus, the growth of regional
imbalance of reproductive resources in Russian regions
is observed in the period from 2000 to 2017 (Figure 4).
Vσ, %
40
35
30
years

25
2000

2004

2008

2012

2016

Figure 4: Regional σ-convergence of the integral
indicator of the reproductive resource in Russia
Secondly, the beta-model of convergence, as
expected, did not reveal the presence of any pattern in
changing the rate of decline / growth of the integral
indicator in different regions. Model parameters were
not statistically significant (Table 7-8).

Vσ, %
40
30

Table 7: Model Summary
(for the integral indicator of the reproductive resource)

years

20
2000

DurbinF Sig.
Watson
2.46 6.86 0.01

2004

2008

2012

R
Adjusted Std. Error of DurbinF Sig.
Square R Square the Estimate Watson
0.02
0.01
0.02
2.07
10.46 0.23

2016

Figure 3: Regional σ-convergence of the number of
abortions per 100 births in Russia
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Table 8: Coefficients
(for the integral indicator of the reproductive resource)

Constant
Ln (integral indicator
of the reproductive
resource,
initial point in time)

decades. It is important to note that the observed
inequality occurs at the time identical federal measures,
which are aimed at supporting and stimulating fertility,
being
implemented
throughout
the
country.
Consequently, these measures cannot provide a univocal
increase in the level of reproductive resource, which is
in positive correlation with the total fertility rate. This
fact makes it necessary to admit that the state measures
aimed at the stimulation of fertility, which have been
implemented in recent years, are not effective enough.
In our opinion, results of the analysis primarily draw
attention to the problem of the dynamics of the number
of abortions, which is directly related to the dynamics of
the birth rate. Note that one of our previous studies
revealed this positive correlation in Russian regions
(Bagirova and Shubat 2018 - MSED). The reasons for
the positive correlation between TFR and the number of
abortions among women of childbearing age for the
totality of Russian regions can be different. These
reasons may include, for example, different prevalence
of contraceptives among women in different regions;
the “qualitative composition” of the category of women
of fertile age by age, marital status, education,
employment level that varies in regions; sexual activity
of the population that differs in Russian territories (for
example, in different climatic zones), etc. Testing
hypotheses regarding the influence of these factors on
the identified correlation is a topic for separate studies.
It should be noted that full or partial abortion ban is
considered today as a measure of increasing the birth
rate in a number of countries. In this case, it is most
likely assumed that abortion ban creates conditions for a
more complete realization of the reproductive potential
of the population.
The experience of Soviet history shows the
ineffectiveness of abortion bans. Consequently, other
measures are necessary to ensure a systematic increase
in the birth rate due to this component of the resource.
In particular, the following measures may be introduced
at the federal level:
- legal measures (for example, the state’s guarantee
that it will pay for minor children
in case of
impossibility of collecting alimony from the father of
the child);
- economic measures (for example, earlier provision
of children who are brought up by single parents with
municipal kindergartens);
- socio-psychological measures (for example, free
psychological counseling for single parents; promotion
of a positive image of all parents, including single
parents).
Regional measures are also important. For instance,
socio-psychological measures should certainly take into
account national, cultural, religious contexts of
individual Russian regions. Consequently, we consider
it necessary to have a two-level type of attention to the
problem of abortion in the regions. The first level is
federal, which implies the introduction of systemic legal
and economic measures by the government
(authorities). The second level is regional, which draws

Unstandardized
Coefficients
t
Sig.
B Std. Error
-0.02
0.00
-5,78 0.00
0.01

0.01

1,21

0.23

Thirdly, the study of boxplot revealed the following
trend. In the period from 2000 to 2009, three Russian
regions
(Ingushetia,
Kabardino-Balkaria
and
Karachaevo-Cherkessia) were identified as outliers due
to low values of the reproductive resource indicator.
Boxplot for the 2002 is given as an example (Figure 5).
However, over time, the trend towards a decrease in the
values of the integral indicator in the regions led to the
fact that these territories were no longer identified as
outliers. There have been no outliers at the bottom of
distribution graphs since 2013. Boxplot for the 2014 is
given as an example (Figure 5).
integral
indicator
1.0

0.5

0.0

2002

2014

years

Figure 5: Boxplot of the distribution of Russian regions
by the level of the integral indicator of reproductive
resource availability in 2002 and 2014
The downward trend of the integral indicator is
confirmed by the distribution percentiles. Thus, 10% of
Russian regions in 2000 had an integral indicator of the
reproductive resource below the value of 0.37. In 2017,
a third of all regions (33%) had an indicator below this
value.
DISCUSSIONS
The results of the study showed that Russian regions are
markedly differentiated by the level of individual
components of the reproductive resource, as well as by
its integral indicator. Moreover, the level of regional
differentiation, or regional inequality, by these
indicators has increased over the past almost two
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public attention to the problems of single parents. It
must take into account the socio-cultural characteristics
of the population in a particular Russian region. Such a
two-level impact will reduce the divergence of the
Russian regions in this component of the reproductive
resource and therefore increase the birth rate in certain
Russian territories.
The development and implementation of regional
measures should also take into account the possible
presence of the spatial dependence of the distribution of
the reproductive resources level throughout Russia. For
example, it can be determined on the basis of the
calculation of the Moran's spatial autocorrelation indices
(Moran 1950). The Moran’s index shows whether the
values of a certain attribute (in this case, the
components of the reproductive resource of fertility) in
the neighboring territories are more or less close to each
other than they would be if the distribution of this
attribute was random. For instance, an analysis of
mortality, which was conducted by Russian scientist
Inna Danilova, showed the presence of high spatial
autocorrelation (Danilova 2018). One of the conclusions
of her study suggests that the neighboring territories of
regions with lower life expectancy will most likely also
have a lower life expectancy. Conversely, neighboring
territories of regions with high life expectancy also
often have higher values of life expectancy.
The analysis of fertility resources in Russian regions
may bring to similar results. In this case, the design of
unique measures for each region separately is not
relevant. It makes sense to implement a series of steps
typical for neighbouring regions, which have similar
fertility resource dynamics.

(for example, dependencies between neighboring
regions) underlies this approach
It is advisable to study interregional birth rate
convergence in Russia on the basis of other betaconvergence models: conditional convergence models,
time series, panel data models. Each of these models
allows analyzing specific features of the regional
differentiation of fertility. In addition, a complementary
use of two fundamentally different approaches can be
effective in modeling regional differences: 1) cluster
analysis with the identification of groups of regions with
a similar situation in the population reproduction; 2)
analysis of the regional convergence of the reproduction
state
with
the
identification
of
the
convergence/divergence tendency for regions.
In addition, the most important research task is to
identify the causes of divergent tendencies in the
Russian demographic sphere. This requires separate
studies based on correlation and regression analysis and
modeling. It is important to note that the specificity of
the studied processes requires the inclusion not only of
quantitative (statistical) indicators in the analysis, but
also of qualitative indicators obtained, for example,
during sociological surveys. In our opinion, analysis
based on mixed-methods research is promising in this
case. Conducting such research is our future priority.
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INTRODUCTION

Default fund, central counterparty, stress test, GBM

The 2008 crisis exposed how vulnerable our financial
system was. Since then was straightforward, that there
is an urgent need to reinforce the financial stability and
to strengthen the resilience of the system. In the “nonbanking” field of finance major improvements have
been started and as a result, central counterparties
gradually became systematically important institutions
on the financial markets. Through their valuation
process and novation, CCPs enhance transparency, so
procedures for outstanding positions of defaulting
members to surviving members are also in the main
focus. “CCPs also have so-called assessment powers
over surviving members to specify the replenishment of
the funds used in the mutualized loses of the defaulting
members” (Markose et al, 2017. pp. 114).
Robustness to default risk is crucial for all CCPSs,
therefore a default waterfall system is operated. Murphy
(2017) presents the three typical resources of the
waterfall system: the initial margin, the so-called skinin-the-game aka a small amount of the CCP’s own
capital and the default fund. This latter item is a
mutualized layer of resources provided by clearing
members. In our analysis we omit the role of the skinin-the-game.

ABSTRACT
The role of the central counterparties on the market is to
take over the counterparty risk during the trading on
stock exchanges. To fulfill its role, a CCP needs to
maintain financial resources that can absorb losses in
case of the default of a clearing member. A default
waterfall system is operated by CCPs, one of which
element is the default fund (DF) contribution by
members. Our paper focuses on the default fund design
a central counterparty (CCP) operates and the stress test
applied to quantify the size of it. There is always a tradeoff between the margin requirements and the default
fund regarding risk-sharing and their sizes. Two
possible designs are presented, therefore, our paper
analyzes the default funds, and the cross-guarantee
between CMs, from the viewpoint of having a joint or
separated default fund for different markets. In the risk
management system of several CCPs the size of the
default fund is linked to the result of the stress tests.
Applying stress on the proposed model, results show
that from the market participants’ perspective that are
present only on the spot market a merged market is not
in their favour, while for those, who are present on both
markets benefit from the merged markets. From the
CCPs point of view, on one hand the most prudent step
to take is to clear the markets separately, since the
overall value of the guarantees would be higher in this
case, but on the other hand from competition point of
view, the lower margin and default fund values can
strengthen a CCPs position in acquiring and keeping
clearing members.

Contribution to literature
Our paper addresses the design of an overall riskbearing among the clearing members in two scenarios.
We analyze the effect of the default fund designs by
considering it is better to have segregated funds for
different markets, in this case for spot and derivative
trades on the securities’ market, or a common default
fund shall be operated among the clearing members of
the CCP. It is a major aspect of how the presence of the
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central counterparty changes the risk-bearing
mechanisms. Theoretically, the positions of the spot
market may have an effect on the prices of the
derivatives market and vice versa. Our research aim is
to analyze how spot and derivative positions affect each
other and how the default fund contributions to
segregated and aggregated funds would behave. We
calculate the size of the default fund based on the result
of stress tests. CCPs’ beneficial presence in different
markets is proven by several researchers. Central
counterparties do mitigate counterparty risk and are
prepared to withstand under “extreme but plausible
market conditions”. However, the default of the CCP
itself becomes a systemic risk, triggering the collapse or
at least weakening the resilience of an industry or
economy. Duffie et al. (2015) claims that this event on
the financial stability would have dramatic effects.
Based on this, we search how does aggregated and
separated funds have different effects, putting different
financial burden on market participants, which we will
measure with the size of the default funds and the size
of the margin requirements.
The paper proceeds as follows: At first the regulatory
background is presented followed by current research
and results in this field. The second part of the paper
gives insight of the model used. Results and further
researches are then followed by conclusion.

responsibilities of a CCP in managing a default. The
default waterfall is the financial safeguards available to
a CCP. An order is also specified in which they would
be expended in the event of a clearing member’s (CM)
default. To fulfill its role, a CCP needs to maintain
financial resources that can absorb losses. These are the
elements of the so called default waterfall including the
following items (EMIR, Article 48.):
Initial margin of defaulting member
Default fund contribution of defaulting member
Dedicated own resources of CCP
Default fund contribution of non-defaulting member
Other financial resources of the CCP

Figure 1: Default waterfall
The first resources available are the margin
requirements. According to Figure 1, a CCP can only
use the margin of the defaulting member, but not the
survivors’, to cover losses. Based on EMIR Article 41
and chapter VI. of the regulatory technical standards
(RTS, 2013), the level of margin requirements shall be
set to cover potential market losses in the clearing
member’s positions in normal market conditions, based
on the calculation of a statistical model. The parameters
of the statistical model should be the following in case
of non-OTC financial assets: confidence level at least
99%; lookback period is 250 days that includes a
stressed period, liquidation period is at least 2 days –
since the settlement on the stock exchanges is T+2 days.
Procyclicality shall also be taken into consideration –
different procyclicality handling methods are analyzed
by Berlinger et al. (2018).
The second layers of protection are the default fund
contribution sources of the defaulting members (EMIR
Article 42, RTS Chapter VII.). Regulators ask CCPs to
implement an internal policy framework for defining the
types of extreme but plausible market conditions that
could expose it to greatest risk. As it can be seen in
Figure 1, the fourth layer of the default waterfall is not
only for cover losses to extreme market conditions, but
it is also a cross guarantee between clearing members.
The default waterfall has an important role in identifying
liquidity risk as well regarding the default of the clearing
members. Principle 7 CPSS-IOSCO and the EMIR
regulation states that CCPs should meet the Cover 2
requirement, which means that CCPs should have
sufficient liquidity – guarantee fund and skin-in-thegame – to cover the simultaneous default of the two
clearing members – and their affiliates - that would
generate the largest exposure to the CCP (Parkinson,
2014).

Regulatory background
Risk allocation, therefore, is a crucial point in the
strategy of a CCP. Armenti, et al. (2018) argue that the
risk management of banks and CCPs have an effect on
the risk in the financial system from a systemic point of
view. They also point out the importance of the losses
regarding these institutions during the analysis of their
systemic effect. Biais et al. (2012) explain the risk
allocation implications of central clearing activity. Due
to moral hazard problems, they bring reason that CCPs
shall not offer full insurance against counterparty credit
risk. Later in 2016, they show that margin requirements,
together with central clearing, can preserve the riskprevention incentives by inducing the optimal level of
risk monitoring and can accomplish the mutualization
benefits of risk-sharing (Biais et al., 2016).
Many have criticized the risk CCPs carry as “being too
big to fail” due to their constant growing importance
(Cont, 2015, Berlinger et al. 2018). Markose (2012)
introduces the concept of too interconnected to fail as
well. Authorities have put great attention to strengthen
the global safeguards for central clearing, by adopting
the CPMI-IOSCO Principles for Financial Market
Infrastructures in 2012, dedicated Financial Stability
Board guidance and the European Market Infrastructure
Regulation in 2012.
Authorities implementing the EMIR have included
skin‑in‑the‑game (SIG) requirements for CCPs. CCP
SIG is given precedence in the waterfall structure ahead
of the loss mutualization based on the prefunded default
fund contributions of surviving CCP members (Markose
et al., 2017). EMIR Article 48 outlines the key
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If all resources of the defaulting member are exhausted,
own funds of the CCPs, namely the skin-in-the-game,
the non-defaulting member’s assets within the default
fund will be used in order to protect the whole system.
Afterward, if the default waterfall is still insufficient,
recovery and resolution regimes are being put into force
(Cont, 2015).
According to this, there is always a trade-off between
the margin requirements and the default fund regarding
risk-sharing and their sizes. Namely, if the margin is
greater/lower, causing the default fund to be
lower/greater, the cross-guarantee will be lower/greater
within the default waterfall.
In our paper, the focus will be on the default funds, and
the cross-guarantee between CMs, from the viewpoint
of having a joint default fund of different markets –
derivatives and spot market – by using stress test. We
apply this method, since in the risk management system
of several CCPs the size of the default fund is linked to
the result of the stress tests (KELER CCP, 2019).
According to EMIR (2012, Article 49.), stress tests
should be used for testing and measuring the risk
management models of the CCPs in extreme but
plausible market conditions. The supplementation of
EMIR, the RTS (2013) states, that historical and
hypothetical scenarios should be used, and the default of
the CM with the highest, or the second and third highest
(max(1;2+3)) exposure should be covered by CCPs.

Since central counterparties are becoming the great
pillars of the financial system, they opened the field for
researchers as well. The regulatory framework may be
vague in several aspects, so many studies aim to add
knowledge in order to find the most suitable
methodologies and models for the CCPs and for
regulators, too. A wide variety of models have been
developed in order to determine the adequate
methodology of stress testing. The design of stress
scenarios were analyzed by Canabarro (2013).
Poce et al. (2018) tested the adequacy of the default fund
from a network-based stress test point of view, where
they analyzed the network of CMs on the fixed income
market. Their main result was, that setting a default fund
to cover insolvencies only on a cover 2 basis may not be
adequate, and only very conservative default funds –
that cover the losses of several CMs – can face the losses
resulting
from
distress
spillovers.
The
interconnectedness of the financial markets was also
analyzed by Battiston et al., 2016 and Iori et al. (2006)
and was also proven that the “financial distress spreads
among financial institutions through direct exposures
and indirect exposures through common assets
ownership” (Acemoglu et al., 2015). Capponi et al.
(2017) provide evidence in relation to studies that aim
to analyze the effectiveness of the current standard in
absorbing default losses in distressed market scenarios
by emphasizing the equilibrium and socially optimal
choice of risk-taking. The Cover 2 proposal by the
regulator is highly criticized. Paddrik and Young (2017)
show that the simultaneous failure of two members
could cause network contagion and further lead to
insufficient funds at the CCP. Menkveld (2017) shows
that crowded trades of dealers could amplify losses of
CCPs in stressed scenarios. Campbell and Ivanov (2016)
argues that the losses could be more substantial if the
exposures of large CCP members are positively
correlated than if they are independent.
Ghamami and Glasserman (2017) found that lower
default fund requirements reduce the cost of clearing but
make CCPs less resilient.
Baker et. al (2016) analyze the distribution of losses to
default fund contributions and contingent liquidity
requirements for each clearing member identifying
wrong-way risks among defaulting parties. Their main
conclusion suggests that liquidity is the most important
when it comes to members assessing the risks and costs.

Stress tests
Stress tests are techniques that measure the effects of
rarely occurring events that are not measurable by the
usual toolkit on financial institutions (Madar, 2010).
Typically, institutions or regulators define independent
event systems, outline changes in risk factors, and then
determine the extent of losses suffered in different
scenarios. The exact course of preparing stress tests is
described in detail by Hilbers and Jones (2004). These
tests have two purposes, on the one hand, to ensure the
availability of adequate resources at the level of
individual institutions and, on the other hand, to identify
systemic risks on the financial markets. There are
several types of stress tests based on different grouping
principles by:
1) complexity: sensitivity analysis or scenario building
(BCBS, 2009),
2) source of scenarios: historical or hypothetical (Hull,
2015),
3) number of risks taken into account: one or more risk
factors (Banai et al. 2013),
4) number of assets tested,
5) time horizon of the survey: from days to years
analysis
6) bottom-up or top-down analysis (DNB, 2017, MNB,
2016),
7) examination of individual institutions or a complete
financial system (Cihák, 2007).

EU wide stress test
Both banks and CCPs are considered as systematically
important financial institutions, and based on this the
regulators carry out regularly EU-wide stress tests for
both type of institutions. Compared to the functioning of
banks, the “specialties” of CCPs is presented by
Berlinger et al. (2016), which will have an effect on their
risk management system: 1) high degree of
specialization, 2) symmetric exposures, 3) balanced
position, 4) cross-guarantee system, 5) deposit
dependency and 6) dynamic risk management.

Literature of stress test
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One of the objectives of EMIR is to promote central
clearing and ensure safe and resilient CCPs. For CCPs
the European Securities Market Authority (ESMA) at
least annually initiates and coordinates EU-wide stress
tests, the latest was published in February 2019 (ESMA,
2019). Together with local authorities, ESMA applies
common methodologies for assessing the effect of
different stress scenarios and to identify the
shortcomings in the resilience of the institutions.
During the tests, credit-, liquidity-, concentration risk,
and reverse credit stress are analyzed. The latest results,
communicated in 2017 by ESMA show that since the
first test the performance of CCPs have improved and as
per their communication “ESMA remains committed to
further improve and evolve the methodology and scope
of the CCP stress tests and address residual limitations
in future exercises” (ESMA, 2018).
Further on, our model will be presented, that includes
the methodology used to determine the margin
requirements, the stress test applied and the price
modelling methodology.

with a Poisson process, while the extent of the shock will
be modelled with lognormal distribution.
The parameters for the model are the following
according to Table 1:
Table 1: The parameters of the price simulation
Stock
Currency
Parameters of the arithmetic Brownian
motion
a
10%
5%
s
15%
10%
S0
1000 EUR 1000 EUR
dt
1 day
1day
shock parameters that effect the value
of the shock
m
-20
-20,6
standard deviation
0,7
0,8
decrease of shock
0,97
0,99
shock parameters that effect the date of
the shock
l
0,005
0,0045

MODEL

The correlation at the time of the shock will be increased
to 0,9, and it will decrease by 0,95 every day, and the
minimum value of correlation is set to 0,5.
A realisation of the stock price and one realisation of the
shock can be seen in Figure 2 and 3:

Our model is built up as follows:
There will be one CCP on the market, and two financial
assets, a stock and a currency. Trades can be fulfilled on
the spot market only for the stock, while on the
derivative market both call and put options; futures
contracts are available for both financial assets.
The price of the two assets will be simulated with
arithmetic Brownian motion (ABM) according to
Equation 1:
𝑑𝑌 = 𝛼 ∙ 𝑑𝑡 + 𝜎 ∗ √𝑑𝑡 ∙ 𝑁(0,1)

(1)

where dY is the change in the logreturn during dt time
period, 𝛼 is the expected value of the logreturn, 𝜎 is the
standard deviation for the logreturn, and N(0,1) is a
standard normal random variable. The price will be
determined by Equation 2:
𝑆𝑡 = 𝑆0 ∙ 𝑒 𝑌𝑡

Figure 2: one realisation of stock price

(2)

where t stands for time, and S stands for the price of the
asset. We simulate the prices with this method for 7500
days, namely for 30 years, since the EMIR regulation’s
Technical Standard states that the stress scenarios
should be based on the data of the last 30 years (RTS,
Article 30). We also assume correlation between the two
financial assets’ prices, with Cholesky decomposition,
which means that the relation between the random
variables will be the following, based on Equation 3,
where 𝜖 will be a random number used in the ABM of
the currency:
𝜖 = 𝜌 ∙ 𝑁(0,1)𝑆𝑡𝑜𝑐𝑘 + √1 − 𝜌2 ∙ 𝑁(0,1)𝐶𝑢𝑟𝑟𝑒𝑛𝑐𝑦 (3)

Figure 3: one realisation of shock

We also simulate stresses in the time series of assets.
The occurrence of the stress/shock will be modelled

Four clearing members are present on the market, with
different positions. According to Table 2:
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Table 2: Number of positions of the clearing members

The risk array will contain scenarios for the portfolio
according to Table 3. This means that the positions will
be revalued with the new underlying prices, and new
standard deviations. The scenario that will give the
biggest loss will be considered the margin of the
portfolio of a certain CM.
We simulate the margins two different ways, once when
the margin and DF will be calculated for the spot and
derivative markets as merged markets, and once when
they are separated. To calculate the DF, we need to run
the stress tests. In case of the stress test, we will use six
different scenarios, and calculate, whether in case of
each scenario’s price change the margin was sufficient
to cover the potential losses of each clearing member in
case of default, or not, on the last day of our simulation.
The value of the default fund will be the scenario, that
has the highest loss of the max(1;2+3) exposures
according to EMIR. The parameters of the scenarios:
- 4 historical scenarios: 1 & 2: Min/max stock:
lowest/highest stock return during the 7500 days,
and taking the currency return the same day; 3 & 4:
Min/max currency: lowest/highest currency return
during the 7500 days, and taking the stock return
the same day.
- 2 hypothetical scenarios: Hypothetical one: stock:
5%, currency: 5%.; Hypothetical two: stock: -5%;
currency: 5%
As a final step, the default fund (DF) has to be split up
between the clearing members according to their ratio of
margin payment within the total margin value on the
market, according to Equation 4:

Clearing
Members:
CM1
CM2
CM3
CM4
Asset:
Stock Currency Stock
Currency Stock
Currency Stock Currency
Name of
position:
Long put

long
long
protective
staddle staddle +
Futures
put
+ spot futures
3

5

3

-

5

5

3

5

5

Short call
Long
futures
Short
futures
Long
underlying
Short
underlying

Spot

2

Short put
Long call

covered
Short
call +
straddle
short put

5
5
4

2

3
9

The margin of the underlying assets will be calculated
by the method of Béli and Váradi (2016), while the
SPAN (Standard Portfolio Analysis of Risk) method
will be used to calculate the margins in the case of
portfolios. This means the following according to Figure
4. We assume that there will be only risk array, and
SOM, which will be 10% of the underlying asset’s
margin.

𝑀𝑎𝑟𝑔𝑖𝑛𝐶𝑀1

𝐷𝐹𝐶𝑀1 = ∑4

𝑡=1 𝑀𝑎𝑟𝑔𝑖𝑛𝑡

(4)

RESULTS
We run the simulation 101 times. Figure 5 shows the
values of the default funds in the cases of merged and
separated
markets
in
all
of
our
101
realizations/simulations.

Figure 4: SPAN methodology
Table 3: SPAN scenario parameters

Scenario
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

the change in spot
the change in
price will be
standard deviation
multipled by this will be multipled by
amount
this amount
0,00
1
0,00
-1
0,33
1
0,33
-1
-0,33
1
-0,33
-1
0,67
1
0,67
-1
-0,67
1
-0,67
-1
1,00
1
1,00
-1
-1,00
1
-1,00
-1
2,00
0
-2,00
0

Figure 5: Default fund values
As an overall view, we can say that in only 5 times out
of 101 exceeds 20 000 the value of the default funds.
Although there is no visible difference on Figure 5
between the merged and separated markets regarding
the value of DF as it differs only in 20 cases out of 101.
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In 18% of the simulations, the merged DF exceeds the
separated DF. The difference varies from 1% to 71,4%
with the average of 35,7%. In 2% of the simulations, the
separated DF is higher than the merged but the
difference is only 0,05%.
What is more interesting is that the total amount of
margin was always higher on the separated market, no
matter whether the DF was equal with each other or they
were different. On average this difference was 13,87%
of the margin value of the separated market’s margin.
The reason is, that those who traded on both markets had
to pay margin for both the underlying asset and for its
derivatives separately, while on the merged markets,
they could be valued as a portfolio, and the possible risk
reducing effect could have been taken into account. This
is confirmed on the CM level margin as well since those
who had assets from both markets could reduce margin
on the merged market, while CM4, who was present
only on the spot market had to pay the same margin in
the merged market, too.
Our other main goal was to examine how the
contribution to the default fund changes per each CMs
if we calculate on separated or merged markets. As we
already stated, the value of the DF does not depend on
whether the markets are separated or merged in 80% of
the simulations. However, the contribution of each
member differs obviously in the two cases.
The rate of contribution of CM3 is lower at every
simulation in the merged market compared to the
separated markets. In contrast, CM4 should add in more
if we operate in the merged market.
In 80% of the simulations, a positive correlation can be
noticed between the rate of contribution of CM1 and
CM2. In 80% of the realizations, if CM1 adds in more
on the merged market, CM2 follows the pattern.
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distinction of the definition will be remarkable as the next
chapter proves it.

KEYWORDS
Progression, Optimal Income Taxation, Negative Income
Tax, Basic Income.

Optimal income tax rates by an “irregular”
progressive schedule

ABSTRACT

The paper investigates graduated progressive tax
schedules in which the subventions are included. The
subvention can be interpreted as basic or guaranteed
income as well. When the tax base is zero the tax payer
get this amount and the tax payment will be negative. The
first statement is that: if we add the transfers (as a
negative income tax) to the tax schedule the marginal tax
rate can be decreasing while the average tax rate is
increasing (in case of special assumption). This unusual
“decreasing” version can be called as irregular
progression. It is important to emphasize that the
progression works only if the marginal tax rate above the
bracket limit is higher than the average tax rate at the
bracket limit (formally see later in Equation (8)). Below
the bracket limit, the negative income tax ensures the
progression. (See more details in Varga, 2013)
First of all, let us investigate the regular graduated
progressive tax schedule with the extension of negative
income tax. In case of regular progressive tax system, the
marginal tax rate is increasing. In a two-bracket tax
system, a lower marginal rate is used in the first (lower)
bracket while a higher rate is used in the second (higher)
bracket. Let us denote the lower marginal rate by ݉ and
the higher marginal rate by ݉ . So:

The paper analyses an interesting innovation from the
field of taxation. A progressive tax schedule in which the
marginal rates are decreasing is compared with the
traditional progressive solution (with increasing marginal
rates) and with the case of linear rate. The effects on
social inequality and distortion are investigated. To
measure these features the applied indices are S80/S20
and relative deadweight-loss. According to the model
(calibrated on Hungarian data), progression with
decreasing marginal rates and base income is a liminality
in a sense that: (1) it is more equitable than linear rate
meanwhile less equitable than regular progression and
(2) its distortional effect is less than regular progression’s
but higher than in the linear case.

HYPOTHESIS
A tax system which (1) includes the subvention and (2)
its effective tax rate is increasing meanwhile (3) its
marginal tax rate is decreasing can be called efficient (as
incentive) and fair as well. This system can be a golden
mean between the linear and classical (in the paper called
as regular) progressive tax systems.

݉ ൏ ݉

PROGRESSIVE TAXATION IN THEORY

(1)

Tax function comes from the following two lines:

The question of definition

ݐଵ ሺܻሻ ൌ ܽ  ݉ ή ܻ

There is a debate about the definition of progression in
the economic literature. Blum and Kalven (1963) argue
that the marginal tax rate (the increment of the tax when
the tax base rise a “little” unit) determines it: the tax
schedule is progressive if the marginal rate is increasing.
Now, I accept the concept of Atkinson and Stiglitz (2015)
and join them in following the more conventional usage.
In this paper, a tax is called progressive if its average tax
rate (the proportion of the tax and the tax base) is
increasing (at least not decreasing) with the tax base. This

(2)

ݐଶ ሺܻሻ ൌ ܽ  ݉ ή ܮܤ  ݉ ή ሺܻ െ ܮܤ ሻ (3)
where:
ar < 0 its absolute value gives the amount of
transfer in the regular case,
Y is the tax base (now the income),
ܮܤ is the bracket limit in the regular case.
If the tax base is higher than the bracket limit the amount
of tax is defined by equation (3) otherwise by equation
(2). Equation (4) shows the total tax function:
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individuals. In all of their simulations, the optimal lowerbracket rate was higher than the upper-bracket rate.
These results supports the irregular case against the
regular schedule. Moreover, the calculated benefit from
using two-bracket irregular income tax instead of linear
tax was between 0.0002 and 0.2 % of the national
income. The main economic consideration behind this
result is the fact that lower rate causes greater labour
effort.

(4)

ݐ ሺܻሻ ൌ ሺݐଵ Ǣ ݐଶ ሻ

In case of the irregular progressive tax system, the
marginal tax rate is decreasing. In a two-bracket tax
system, the higher marginal rate is used in the first
(lower) bracket while the lower rate is used in the second
(higher) bracket. Using the notation above, the tax
function comes from the following two lines:
ݐଵ ሺܻሻ ൌ ܽ  ݉ ή ܻ

(5)

PROGRESSIVE TAXATION AND NEGATIVE
INCOME TAX IN PRACTICE: INTERNATIONAL
EXAMPLES

ݐଶ ሺܻሻ ൌ ܽ  ݉ ή ܮܤ  ݉ ή ሺܻ െ ܮܤ ሻ(6)
where:
air< 0 its absolute value gives the amount of
transfer in the irregular case,
ܮܤ is the bracket limit in the irregular case.
If the tax base is higher than the bracket limit the amount
of tax is defined by equation (6) otherwise by equation
(5). Equation (7) shows the total tax function:
ݐ ሺܻሻ ൌ ሺݐଵ Ǣ ݐଶ ሻ

Regular progressive tax rates around the world
Table 1 summarizes the applied tax rates in 8 countries
from the world. The last row shows their (unweighted)
average.
Table 1: Marginal Rates around the World

(7)

Equation (8) gives the condition of progression in the
irregular case:

China France Germany Italy Japan
3%

݉  ሺܽ  ݉ ή ܮܤ ሻΤܮܤ ൌ ܽ Τܮܤ  ݉ (8)
The left side gives the marginal rate from the bracket
limit, the right side equals the average (or effective) tax
rate at the bracket limit. Inequality (8) ensures the
progressivity of the irregular tax schedule.
Figure 1 shows the relation between regular and irregular
progressive taxes when the transfers and the bracket
limits are the same (ܽ ൌ ܽ Ǣ ܮܤ ൌ ܮܤ ).
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UK USA

0%

0%

23%

5%

-

10%
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27%

10%

0,77%

20% 10%
40% 12%

20%

30%

42%

38%

20%

0,88%

45% 22%

41%

45%

41%

23%

2,64%

24%

43%

33%

2,97%

32%

35%

40%

5,94%

35%

45%

45%

6,60%

37%

25%
30%

45%

8,80%
11,00%

40

13,20%

30

11,5%*
24%

20
10
0

25%

34%

25%

6%

35% 25%

*In Switzerland, the marginal rate over the last bracket
limit is less than in the previous bracket – this is the only
example of irregularity which I found!
The highest rate is 45 % which is applied in 5 countries.
The (unweighted) average of the averages is 25 % which
is the median and the modus of the averages as well.
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Basic income or Negative Income Tax around the
world
In the 18th century, the idea of a basic income was born
in the United States (where the earned income tax credit
is a valid system which works nowadays). The most
famous advocate of Negative Income Tax was Milton
Friedman (1987) in the 20th century.
In the 21st century, there are many endeavouring in the
world to introduce the basic income or negative income
tax. See some examples below.

Figures 1: Regular and Irregular Progression
Slemrod et al. (1994) investigated the optimal tax rates in
a two-bracket tax schedule. In their model, the social
welfare function was maximized subject to the revenue
constraint of the state and the utility maximization of
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Humphreys (2005) mentioned the opportunity of
Negative Income Tax with a flat tax of 30 % over 30 000
$ in Australia.
Finland (Bershidsky, 2018) made a basic income attempt
two years ago. 560 EUR was paid monthly per person to
2 000 unemployed citizens for two years. (The project
seems to fail.)
According to the Financial Times, the “universal basic
income in India is a tantalisingly close prospect”.
(Komócsin, 2019)

as Equation (12) but the bracket limit depends on the
distribution of the income in the society.
Same tax base
Now, we compare different tax schedules with the same
tax base. Henceforward, the main principle of
comparability is the same revenue. This determines the
rate of the linear tax if the total tax base and the required
revenue are given.
ݐ ൌ ܴ݁݁ݑ݊݁ݒΤܶ݁ݏܾܽݔܽݐ݈ܽݐ

ሺͳ͵ሻ



MODEL

In case of progression the application of comparability
principle depends on the distribution of income in the
society.   several opportunities to compare
regular and irregular progressive schedules. In this paper,
the lower and the higher rates will be the same but their
role in the brackets will be differing definitely. To
achieve the same revenue, the question will be that: the
bracket limit or the transfer will be fixed for the
comparison of the two systems? In the calibration, I
choose the first one.

Equivalent versus comparable tax schedules
According to Bond and Myles (2007), two different tax
schedules are equivalent if the switching has no
economic effect. The condition of equivalence means
that the optimal choice of the economic actors remains
the same in every situation. Necessarily, in case of
equivalent tax schedules, if the tax bases are differing the
rates must be differing as well to achieve the equal effect.
Equation (9) shows the requirement in linear case for the
equivalence of income and consumption tax:

Calibration of the Parameters

ݐ ൌ ݐ௦௨௧ Τሺͳ  ݐ௦௨௧ ሻ ሺͻሻ

In Hungary, a linear tax rate is used for income and its
actual value is 15 % (now disregarding the tax and tax
base exemptions and allowances). I choose this rate for
comparison. This determines obviously the desirable
revenue of the state if total tax base is known:



When we compare the economic effects of two nonequivalent tax schedules, we need to determine the
condition of comparability instead of equivalence.

(14)

ܴ݁ ݁ݑ݊݁ݒൌ ͲǤͳͷ ή ܶ݁ݏܾܽݔܽݐ݈ܽݐ

Different tax bases
If we compare tax schedules with different tax bases (like
consumption and income) the main requirement is the
same revenue. In the linear case, the tax payer’s budget
constraint with income tax is shown by Equation (10) and
with consumption tax by Equation (11).

The average incomes of the deciles for year 2017 are
available from the homepage of the Hungarian statistical
bureau (Központi Statisztikai Hivatal, 2019). Figure 2
shows the personal gross income data excluding the
social transfers (such as family and children supplies and
unemployment benefit).

 ݁݉ܿ݊ܫή ሺͳ െ ݐ ሻ ൌ ( ݊݅ݐ݉ݑݏ݊ܥ10)
 ݁݉ܿ݊ܫൌ  ݊݅ݐ݉ݑݏ݊ܥή ሺͳ  ݐ௦௨௧ ሻ (11)

Annual Gross Income of Deciles

From Equation (10) and (11) we get Equation (12) which
is sufficient for linear case:

4 000 000 HUF
3 500 000 HUF
3 000 000 HUF
2 500 000 HUF
2 000 000 HUF
1 500 000 HUF
1 000 000 HUF
500 000 HUF
0 HUF

ͳΤሺͳ െ ݐ ሻ ൌ ͳ  ݐ௦௨௧ 
ሺͳʹሻ

Equation (12) is identical to Equation (9) so the
comparable rates are equivalent rates as Bond and Myles
proved it. But in the progressive case, the consumption
and income based tax schedules have different economic
effects so the comparable rates won’t be equivalent rates
at the same time.
In the progressive case, we need the same revenue
requirement as well as in the linear case. Total revenue
depends on the marginal rates in brackets and on the
bracket limits. In Varga (2014), the comparable tax rates
come from the intratemporal budget constraint as in
linear case while the bracket limits come from the
intertemporal budget constraint. The rates are determined

1

2

3

4

5

6

7

8

9

10

Figures 2: Earnings of the Hungarian Deciles in 2017
In the model, the higher (݉ ሻand lower ሺ݉ ሻ marginal
rate of the progressive tax schedules will be 45% and 25
% in order. These amounts are derived from the
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nowadays used international valid examples as Table 1
shows.
The transfers (ܽ and ܽ ሻ can be determined if the
bracket limit is given and vice versa. In the model, the
possible levels of the bracket limit will be the average
incomes of the deciles. The schedule will be graduated
progressive if and only if the bracket limit is between the
2nd and 9th decade. If the limit equals the 1st or 10th decade
the schedule has only one marginal rate so we don’t deal
with these opportunities now.
The values of ܽ and ܽ were calculated by excel solver
at different levels of bracket limit. Table 2 illustrates the
results where:
Yi = the (average) gross income of the ith decile.

ௌ଼
ௌଶ

ൌ

భబ ି௧ሺభబ ሻାవ ି௧ሺవ ሻ

(15)

భ ି௧ሺభ ሻାమ ି௧ሺమሻ

S80/S20 shows the ratio of net incomes of the richest and
poorest people. In linear case this ratio is 9.99. Table 3
summarizes the effect of the irregular and regular tax
schedules on the social inequality.
Table 3: Social Inequality
S80/S20

Table 2: The Transfers in the Function of the Bracket
Limit

Irregular

Regular

t (BL=Y2)

5.82

3.76

t (BL=Y3)

5.24

4.11

t (BL=Y4)

4.95

4.33

t (BL=Y5)

4.67

4.60

t (BL=Y6)

4.49

4.81

a(ir)

a(r )

t (BL=Y7)

4.34

4.99

BL=Y2

-235 864 HUF

-305 206 HUF

t (BL=Y8)

4.12

5.31

BL=Y3

-270 874 HUF

-269 990 HUF

BL=Y4

-290 197 HUF

-250 667 HUF

BL=Y5

-310 452 HUF

-230 412 HUF

BL=Y6

-323 969 HUF

-216 895 HUF

BL=Y7

-334 142 HUF

-206 722 HUF

BL=Y8

-348 805 HUF

-192 059 HUF

BL=Y9

no solution

From Table 3 we find that the S80/S20 is parallel with
the amount of transfer. The distinction between the
incomes becomes less when the tax base is increasing in
the irregular case and decreasing in the regular case. All
of them is much more less than the ratio in the linear case.
Which deciles do prefer the linear, irregular and regular
tax schedules? The answer is shown in Table 4 assuming
that the deciles prefer the lowest tax obligation at every
level of bracket limit.

If the bracket limit equals the income of the ninth decile
the condition of progression (see Equation (8)) will fail
so there is no possible irregular tax schedule.
Henceforward, the paper deal with the other 7
opportunities signing the tax schedule by t (BL=Yi ) in
which the tax bracket limit equals the gross income of the
ith decile.
From Table 2, the transfer (ȁܽȁ) is increasing in the
irregular case and decreasing in the regular case if the
bracket limit become higher. The highest subvention (or
basic income) is 348 805 HUF in the irregular case and
305 206 HUF in the regular case. (These amounts are
around 1 000 EUR depending on the EURHUF exchange
rate.)

Table 4: Best Schedules for the Deciles
Preferences

Linear

Irregular

Regular

t (BL=Y2)

7,8,9,10

1,2,3,4,5,6

t (BL=Y3)

7,8,9,10

1,2,3,4,5,6

t (BL=Y4)

8,9,10

1

2,3,4,5,6,7

t (BL=Y5)

8,9,10

1

2,3,4,5,6,7

t (BL=Y6)

8,9,10

1,2

3,4,5,6,7

t (BL=Y7)

8,9,10

1,2

3,4,5,6,7

t (BL=Y9)

9, 10

1,2,3

4,5,6,7,8

The 9th and 10th (the richest) deciles prefer the linear tax
schedule in all of the investigated 7 opportunities.
The choice of 7th and 8th deciles (the “upper middle
class”) depends on the bracket limit: either the linear or
the regular schedule can be the best for them.
The 4th, 5th and 6th deciles (the “lower middle class”)
would support the regular solution.
The best schedule for the 1st, 2nd and 3rd deciles (the
poorest members of the society) can either be the regular

RESULTS OF COMPARISON
Equity
The determination of a social welfare function is
obviously vulnerable for characterising the equitable
effect of the schedules (see Slemrod at al.). Instead of
choosing this way, I calculated the S80/S20 rate given by
Equation (15).
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or the irregular progression depending on the bracket
limit.
Henceforward, I choose the fairest schedules and will
investigate the following two alternatives: ݐ ሺ ܮܤൌ ଼ܻ ሻ
and ݐ ሺ ܮܤൌ ܻଶ ሻ comparing with the linear case. These
tax functions are shown in Figure 3.

Table 5: Relative Deadweight Losses belong to the Tax
Rates

thousands HUF

Linear (15 %), Regular (25 and 45 %) and
Irregular (45 and 25 %) Progressive taxes

ܮܹܦሺ݅ሻȀܮܹܦሺ݈݅݊ሻ

ݐ

ݐȀݐሺ݈݅݊ሻ

ሺݐȀݐሺ݈݅݊ሻሻଶ

ݎܽ݁݊݅ܮ

0.15

1

1

݉

0.45

3

9

݉

0.25

1.67

2.78

Assuming constant elasticity (η), Table 6 gives the values
of the deadweight loss at different deciles if the linear
case is assumed one unit. The table contains also the total
amount of relative DWL of the different tax schedules.

1 400
1 200
1 000
800

Table 6: Relative Values of the Deadweight-losses of
the Tax Schedules

600
400
200

 ͳ

0
-200

ʹǥ ͺǥͳͲ 


0

1 000

2 000

3 000

4 000

thousands HUF

-400
Irregular (8)

Regular (2)

1

1

1

10

1

ݐ ሺͺሻ

9

9

2.78

71.33

7.133

9

9

83.78

8.378

ݐ ሺʹሻ 2.78

Linear

From Table 6, the deadweight-loss of irregular
progressive tax schedule (7.133) is less than of regular
(8.378) but higher than of linear (1). From this result the
distortion effect of irregular solution is between the
regular progressive and the linear case. The irregular tax
schedule is again in the middle.

Figures 3: The Most Equitable Irregular and Regular
Tax Schedules with Linear Rate
The less value of S80/S20 means higher equity. From this
relation, the equity rank is: ݐ ሺ ܮܤൌ ܻଶ ሻ > ݐ ሺ ܮܤൌ ଼ܻ ሻ
> ݐ . From this aspect, the irregular tax schedule is in
the middle.

CONCLUSION
The (irregular) progression with decreasing marginal
rates can be a golden mean between regular progressive
(increasing marginal rates) and linear tax schedules from
both of the aspects of equity and efficiency if the base
income is included in the progressive tax systems. In an
optimal tax system, there is a trade-off between equity
and efficiency. The irregular progression with basic
income is a competitive solution when we don’t want to
sacrifice too much equity in case of linear or too much
efficiency in case of regular progressive tax schedules.

Efficiency
From our comparability principle, these irregular
(ݐ ሺ ܮܤൌ ଼ܻ ሻ) and regular (ݐ ሺ ܮܤൌ ܻଶ ሻ) tax schedules
ensure the same revenue for the government as the linear
rate (at 15 %) if we don’t care with the labour incentive
factors which mentioned by Slemrod et al.
Henceforward, the paper analyses the question of
efficiency.
The so-called deadweight loss (DWL) or excess burden
measures the distortion effect of a tax. The higher its
value the less its efficiency. Equation (16) gives its
formula: (Stiglitz, 2000)
 ܮܹܦൌ ͲǤͷ ݐଶ ߟܳ

ݐ
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Besides the many similarities of SBC and options, there
is a significant difference: the obligee does not exercise
the option, instead receives it as an uncertain gift (or, successfully lobbies for it in the case of trouble). What is
more, the potential bailor ex-ante positively denies the
existence of the bailout option. However, such bailouts
can take place several times. A further difference is that
there is no defined strike price.

KEYWORDS
soft budget constraint, Monte Carlo simulation
ABSTRACT
In our paper, we attempt to connect Kornai’s soft budget
constraint concept with the methodology used in financial option pricing. To our knowledge, this approach is
unprecedented in the literature. Due to the option pricing
framework, the effects of bailouts are not described as
individual, socio-economic phenomena, but as statistical
ones. We show how Markov chains and Monte Carlo
simulation can be used in answering some questions arising in connection with hospitals’ bailouts. Our results
suggest that in case of more institutions, the effectiveness
of the bailouts depends primary on how much the liquidity and bankruptcy processes of the hospitals are correlated – and not on the division of the bailouts among
them.

The analysis of SBC usually concentrates on moral hazard, i.e., that the institutions in trouble expect a bailout,
which can lead to a less responsible operation on the systemic level. We have a different focus. Using MC simulation, we analyse the statistical consequences of an uncertain number of bailouts in bankruptcy situations. How
does a given probability of bailouts increase the chances
of survival?
First, we briefly discuss some features of health care
funding and the main factors influencing the expenditures (and hence the liquidity situation) of hospitals.
Then, we use the method of trinomial trees to describe
the liquidity situation of a hypothetical hospital, and how
it is affected by bailouts. We also raise the question of
how the survival of hospitals is affected if bailout efforts
are concentrated on one hospital or are divided among
them. Finally, we run simulations based on the previously
introduced model.

INTRODUCTION
One of János Kornai’s most important contributions to
economics is the concept of soft budget constraint (SBC),
the precise description of the syndrome, and the distinction between SBC and a pure bailout. The SBC syndrome
has several similarities with options. In a paper presented
at the conference celebrating the 90th birthday of Professor Kornai, two of the current authors attempted to describe the relationship between the call and put options
used in financial markets, and the SBC phenomenon (Vidovics-Dancs and Száz 2018).

FUNDING AND COSTS OF HEALTH CARE
The funding of health care systems varies from country
to country, but basically follows some schemes, mostly
based on one of the models developed between the end
of the 19th century and the mid-20th century. Reforming
the financing of care is a recurring topic in the policies of
both developing and developed countries, as the lack of
resources is a problem that is constantly on the agenda,
regardless of the current prosperity of the economy. In
recent decades, most countries have experienced a continuously increasing health care spending, both nominally and as a percentage of GDP (Table 1).

Following the methodology frequently used in option
pricing, we model the liquidity situation of a hypothetical
institution (e.g. a hospital) as a stochastic process, departing from the traditional economic, case study oriented
analysis of SBC. We restrict ourselves to the analysis of
statistical consequences, omitting the interpretation of
the wide range of specific cases.
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Table 1: Current expenditure on health care as a percentage of GDP (both public and private, source of data:
OECD 2018)
Country
France
Germany
Hungary
Japan
UK
USA
*1991

1970
5.2
5.7
…
4.4
4.0
6.2

1980
6.7
8.1
…
6.2
5.1
8.2

1990
8.0
8.0
6.4*
5.8
5.1
11.3

2000
9.5
9.8
6.8
7.2
6.0
12.5

2010
11.2
11.0
7.5
9.2
8.5
16.4

DRG-based accounting, without knowing the progressivity – the professional potential – of a hospital and the potential of its different departments, it is difficult to predict
any variable cost.

2017
11.5
11.3
7.2
10.7
9.6
17.2

Causes of increasing costs
The most important factors behind the increase in health
care costs are the development of technology and life sciences, the aging population, and changes in disease composition (Jamison et al. 2013). In addition, state-funded
systems are often burdened with overuse (Morgan et al.
2015), that is, social security-based or public funding of
health care is in itself an essential contributing factor to
increasing costs.

Costs of health care
According to the latest OECD report published in the
summer of 2018, the areas most affected by the increase
in health expenditure are outpatient care, long-term care,
retail pharmaceuticals, and inpatient care. Though the latter's expenditure has risen at the lowest rate (by 2.2%), it
accounts for a quarter of overall health expenditure. Outpatient care also receives about a quarter of overall health
expenditure, while the share of long-term care varies considerably from country to country (0.7–28%) (OECD
2018). 50–80% of community health expenditure in developing countries is spent on maintaining and operating
hospitals (Shepard et al. 1998).

One aspect of this issue is the decision makers’ insensitivity to costs: as social security covers the costs of treatments, neither the patients nor the doctors take the financial costs into account when they decide on the treatments. Therefore, they use more, or more costly treatments than if they were affected by the financial incentives. Malpractice lawsuits also give incentives to doctors
to use more treatments (even if they are probably not necessary) to protect themselves against such cases (Kessler
and McClellan 1996).

Hospital care is, therefore, a major contributor to health
spending, yet under-financing is a global problem. However, access to care and the quality of care are moral issues, so they cannot be subordinated to cost coverage
alone. Inpatient care guaranteed by the state should be
available regardless of the hospitals’ liquidity situation.
It is, therefore, an exciting question to decide on the principles of a financial rescue for providers.

The phenomenon called moral hazard also plays its part
in increasing health care costs (Arrow 1963). Moral hazard means that if someone is insured against a specific
adverse event, she will have fewer incentives to do everything to avoid that event. Social security means such an
insurance: if you have health problems, the financial
costs of the treatments will be covered by social security.
That is, you have less incentives to put every effort in
remaining healthy. The consequence is that if people put
less effort in maintaining their health (doing exercises,
eating healthy foods, etc.), then more of them will suffer
from health problems, which increases the usage of the
health care system. Naturally, this doesn’t mean that in a
social security-based system people do not care about
their health at all, because even if the financial costs of
treatments are covered, a worse health status still decreases their welfare significantly. So, moral hazard does
not mean they have no incentives to live a healthy life,
but fewer incentives to do so.

The operation and revenues of hospitals are based on uncertainties (Gaynor and Anderson 1995) because the demand for their services is unpredictable and can only be
estimated. This is especially true for acute care facilities,
where there should always be a free capacity to meet any
emerging need at any time. However, it is not necessarily
true that an empty bed is disadvantageous to the hospital,
as providing a more complicated, costly case may result
in a loss for the hospital.
According to a division of hospital care costs, there are
fixed and variable, direct and indirect costs (Weiss et al.
2014; Macario et al. 1995). The most significant fixed
items are wages, machinery and equipment, and other
services. Variable costs are mostly related to patient care,
where the cost of a case may depend on the severity of
the case and the characteristics of the patient.

A third explanation of overspending in health care is a
more general feature of public institutions and companies: their soft budget constraint (Kornai 1979). If a hospital spends more than its revenues (not necessarily on
treatments, but, e.g. on facility management or maintenance), then it can expect additional funding from the
government. The softness of the budget constraint means
that hospitals (or other public institutions) have fewer incentives to operate cost efficiently. The regular additional
funding provided by the government influences the expectations of the managers of the hospital, which can lead
to less and less efficient management.

The case-mix funding of inpatient care – after the financing based on past hospital stay and retrospective cost reimbursement – already has the ability to rely on real-time
accounting (Wiley 1992). DRG (Diagnosis Related
Groups) Funding (Fetter et al. 1980) was introduced
gradually throughout the 1990s worldwide. As a result of
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An additional factor that can lead to increased spending
is that if hospitals (or other public institutions) have
yearly budgets, they have incentives to exhaust the
budget even if they could have fewer expenditures. The
reason behind this is that if they do not do so (they have
a “profit”), they can expect that next year’s funding will
be lower as the government can conclude that a lower
amount of money is enough for the institution to operate
properly.

Next, we assume that with a given 𝑝ℎ probability, the
government bails out the hospital in case of bankruptcy.
Table 3 shows how the probability distribution is affected
if 𝑝ℎ = 0.3. If we compare the results in Tables 2 and 3,
we can see that the chance of survival improves by 12.4%
in 10 years, and by 10.6% in 20 years.
Table 3: The trinomial random walk model of liquidity,
with the possibility of bankruptcy and bailout (𝑝𝑐 = 0.4,
𝑝ℎ = 0.3)

MODELLING THE LIQUIDITY SITUATION OF A
HOSPITAL

0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

The basic model
In the following section, we show how the liquidity situation of a hypothetical hospital can be modelled by using
the method of trinomial trees. In the stylized model, the
hospital starts at the level of 𝐾 = 100, which we deem
the necessary level of liquidity. Liquidity can improve,
remain the same, or deteriorate with given probabilities:
- it improves by 𝑢 = 20 units with a probability 𝑞𝑢 ;
- it remains the same with a probability 𝑞𝑚 ;
- it deteriorates by 𝑑 = −𝑢 = −20 units with a probability 𝑞𝑑 = 1 − 𝑞𝑢 − 𝑞𝑚 .
We assume that 𝑞𝑢 = 𝑞𝑑 = 0.4 and 𝑞𝑚 = 0.2. Liquidity
cannot be lower than 0 or higher than 200. This means
that in each period the hospital is in one of 11 states (denoted by 𝑗 = −5; −4; … ; 0; … ; 4; 5).

-5
0,0%
0,0%
0,0%
0,0%
0,0%
0,1%
0,1%
0,2%
0,1%
0,1%
0,1%
0,1%
0,1%
0,1%
0,0%
0,0%
0,0%
0,0%
0,0%
0,0%
0,0%

-4
0,0%
0,0%
0,0%
0,0%
0,6%
0,4%
0,4%
0,3%
0,3%
0,2%
0,2%
0,2%
0,1%
0,1%
0,1%
0,1%
0,1%
0,1%
0,1%
0,1%
0,0%

-3
0,0%
0,0%
0,0%
2,3%
1,3%
1,4%
1,0%
0,9%
0,7%
0,6%
0,5%
0,4%
0,3%
0,3%
0,3%
0,2%
0,2%
0,2%
0,2%
0,1%
0,1%

-2
-1
0,0% 0,0%
0,0% 40,0%
9,6% 12,8%
4,2% 15,7%
4,8% 9,1%
3,1% 8,4%
2,7% 6,1%
2,0% 5,4%
1,7% 4,3%
1,4% 3,8%
1,2% 3,2%
1,0% 2,8%
0,9% 2,5%
0,8% 2,2%
0,7% 2,0%
0,6% 1,8%
0,6% 1,7%
0,5% 1,5%
0,5% 1,4%
0,4% 1,3%
0,4% 1,3%

0
100%
20,0%
29,6%
15,4%
15,4%
11,0%
9,9%
8,0%
7,1%
6,1%
5,4%
4,8%
4,3%
3,9%
3,6%
3,3%
3,0%
2,8%
2,6%
2,5%
2,4%

1
0,0%
40,0%
16,0%
21,4%
14,3%
14,2%
11,4%
10,5%
9,0%
8,2%
7,3%
6,7%
6,1%
5,6%
5,2%
4,8%
4,5%
4,3%
4,0%
3,9%
3,7%

2
0,0%
0,0%
16,0%
9,6%
13,1%
10,4%
10,7%
9,3%
8,9%
8,1%
7,6%
7,1%
6,7%
6,3%
5,9%
5,6%
5,4%
5,2%
5,0%
4,8%
4,6%

3
0,0%
0,0%
0,0%
6,4%
5,1%
7,3%
6,6%
7,1%
6,8%
6,8%
6,6%
6,4%
6,3%
6,1%
6,0%
5,8%
5,7%
5,5%
5,4%
5,3%
5,2%

4
0,0%
0,0%
0,0%
0,0%
2,6%
2,6%
3,8%
4,1%
4,7%
4,9%
5,2%
5,4%
5,5%
5,6%
5,6%
5,6%
5,6%
5,6%
5,6%
5,5%
5,4%

-4
0,0%
0,0%
0,0%
0,0%
0,6%
0,4%
0,5%
0,4%
0,3%
0,3%
0,2%
0,2%
0,2%
0,2%
0,1%
0,1%
0,1%
0,1%
0,1%
0,1%
0,1%

-3
0,0%
0,0%
0,0%
2,3%
1,3%
1,6%
1,1%
1,0%
0,8%
0,8%
0,6%
0,6%
0,5%
0,4%
0,4%
0,4%
0,3%
0,3%
0,3%
0,3%
0,2%

-2
0,0%
0,0%
9,6%
4,2%
5,3%
3,5%
3,4%
2,6%
2,4%
2,0%
1,8%
1,6%
1,4%
1,3%
1,2%
1,0%
1,0%
0,9%
0,8%
0,8%
0,7%

-1
0,0%
40,0%
12,8%
17,6%
10,7%
10,7%
8,2%
7,5%
6,3%
5,7%
5,0%
4,5%
4,1%
3,7%
3,4%
3,1%
2,9%
2,7%
2,5%
2,4%
2,2%

0
100%
20,0%
34,4%
19,0%
20,3%
15,2%
14,3%
12,0%
10,9%
9,6%
8,8%
7,9%
7,2%
6,6%
6,1%
5,7%
5,3%
4,9%
4,6%
4,4%
4,2%

1
0,0%
40,0%
16,0%
23,4%
16,1%
16,9%
14,0%
13,3%
11,8%
11,0%
10,0%
9,3%
8,6%
8,0%
7,5%
7,1%
6,7%
6,3%
6,0%
5,7%
5,5%

2
0,0%
0,0%
16,0%
9,6%
13,8%
11,3%
12,0%
10,8%
10,6%
9,9%
9,5%
8,9%
8,6%
8,2%
7,8%
7,5%
7,2%
6,9%
6,7%
6,5%
6,3%

3
0,0%
0,0%
0,0%
6,4%
5,1%
7,6%
7,0%
7,8%
7,6%
7,8%
7,6%
7,6%
7,5%
7,4%
7,3%
7,2%
7,1%
7,0%
6,9%
6,8%
6,6%

4
0,0%
0,0%
0,0%
0,0%
2,6%
2,6%
4,0%
4,3%
5,0%
5,3%
5,8%
6,0%
6,2%
6,4%
6,5%
6,6%
6,7%
6,7%
6,7%
6,7%
6,7%

5
0,0%
0,0%
0,0%
0,0%
0,0%
1,0%
1,6%
2,6%
3,2%
3,9%
4,5%
5,0%
5,4%
5,7%
6,0%
6,2%
6,4%
6,5%
6,6%
6,7%
6,7%

Table 4: The transition matrix of the Markov chain
D
-5
-4
-3
-2
-1
0
1
2
3
4
5

Table 2: The trinomial random walk model of liquidity,
with the possibility of bankruptcy (𝑝𝑐 = 0.4)
D
0,0%
0,0%
16,0%
25,0%
33,8%
40,1%
45,5%
49,7%
53,2%
56,0%
58,5%
60,5%
62,3%
63,9%
65,3%
66,6%
67,7%
68,7%
69,6%
70,5%
71,3%

-5
0,0%
0,0%
0,0%
0,0%
0,0%
0,1%
0,1%
0,2%
0,1%
0,1%
0,1%
0,1%
0,1%
0,1%
0,1%
0,1%
0,1%
0,0%
0,0%
0,0%
0,0%

In the case of one single hospital, the process can be described as a Markov chain, whose transition matrix is
shown in Table 4. If liquidity is adequate (0 ≤ 𝑗 ≤ 5),
then transition probabilities are 40%, 20%, and 40%. If
the hospital faces trouble, then the probability of bankruptcy is 40%. In the case of bankruptcy, the hospital is
bailed out with the probability of 30% and is not bailed
out with the probability of 70%. Therefore, from a potentially dangerous situation (𝑗 < 0), the hospital is bailed
out (gets back to the starting point, 𝑗 = 0) with a probability of 0.4 ∙ 0.3 = 0.12, and goes bankrupt with a probability of 0.4 ∙ 0.7 = 0.28. The original random walk
continues with the probability of 60%.

If liquidity is below the necessary 𝐾 = 100 level (𝑗 < 0),
the hospital faces the risk of going bankrupt. We assume
that the probability of bankruptcy in case of liquidity
problems is 𝑝𝑐 = 0.4. Table 2 shows the probability distribution of the liquidity states. The cell in column j and
row i shows the probability that the hospital is in the jth
state in the ith year. Column D on the left-hand side of the
table shows the probabilities that the hospital has gone
bankrupt by the given year. With these parameter values,
58.5% of hospitals cease to operate in 10 years, 71.3% in
20 years.

0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

D
0,0%
0,0%
11,2%
17,5%
24,2%
29,2%
33,8%
37,5%
40,8%
43,6%
46,1%
48,3%
50,2%
52,0%
53,6%
55,0%
56,3%
57,5%
58,7%
59,7%
60,7%

5
0,0%
0,0%
0,0%
0,0%
0,0%
1,0%
1,6%
2,5%
3,1%
3,8%
4,2%
4,6%
4,9%
5,1%
5,3%
5,4%
5,5%
5,6%
5,6%
5,6%
5,5%

D
1,00
0,28
0,28
0,28
0,28
0,28
0,00
0,00
0,00
0,00
0,00
0,00

-5
0,00
0,360
0,24
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00

-4
0,00
0,24
0,12
0,24
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00

-3
0,00
0,00
0,24
0,12
0,24
0,00
0,00
0,00
0,00
0,00
0,00
0,00

-2
0,00
0,00
0,00
0,24
0,12
0,24
0,00
0,00
0,00
0,00
0,00
0,00

-1
0,00
0,00
0,00
0,00
0,24
0,12
0,40
0,00
0,00
0,00
0,00
0,00

0
0,00
0,12
0,12
0,12
0,12
0,36
0,20
0,40
0,00
0,00
0,00
0,00

1
0,00
0,00
0,00
0,00
0,00
0,00
0,40
0,20
0,40
0,00
0,00
0,00

2
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,40
0,20
0,40
0,00
0,00

3
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,40
0,20
0,40
0,00

4
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,40
0,20
0,40

5
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,00
0,40
0,60

Table 5 shows how the probabilities of bankruptcy and
bailout affect the probability that the hospital ceases to
operate in 20 years. Naturally, it increases as bankruptcies become more probable, and decreases if the government is more willing to bail out the hospitals.
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Table 5: The probability that the hospital ceases to operate in 20 years, as a function of the probabilities of
bankruptcy (𝑝𝑐 ) and bailout (𝑝ℎ )
60,7%
0%
10%
20%
30%
40%
50%
pc

0%
0
0,459
0,610
0,676
0,713
0,738

10%
0
0,424
0,574
0,643
0,683
0,710

15%
0
0,406
0,555
0,625
0,666
0,695

20%
0
0,388
0,534
0,606
0,648
0,678

30%
0
0,349
0,490
0,562
0,607
0,638

40%
0
0,307
0,440
0,512
0,558
0,591

It is important to mention that in the previous calculation
we did not take into account that if one of the hospitals
go bankrupt, then after that point the bailout efforts can
be concentrated to the other hospital, even if initially they
were divided among the hospitals. That is, the timing of
bankruptcy matters.

ph

SIMULATION OF THE LIQUIDITY STATES
Based on the previously introduced trinomial model, we
can run simulations on the liquidity situation of a hospital
(one realization is presented in Table 7). Using the transition probabilities above (𝑞𝑢 = 𝑞𝑑 = 0.4, 𝑞𝑚 = 0.2), a
series of random numbers define whether the liquidity
situation improves (1), remains the same (0) or deteriorates (−1) in a given period; this is shown in column X.
Column Xc shows whether the hospital would go bankrupt (1) if liquidity were below the necessary level, while
column Xh shows whether the hospital would be bailed
out (1) in case of bankruptcy. The product of these two
columns (XcXh) has a value of 1 if the hospital would
face bankruptcy in the case of low liquidity and it would
be bailed out. However, bankruptcies and bailouts can
take place only if liquidity is below the necessary level
(the variable Ytrouble takes a value of 1). Therefore, hospitals are actually bailed out if Ytrouble ∙ XcXh = 1.

The case of more hospitals
In this subsection, we turn to the case of two hospitals
and analyse how their chances of survival depend on the
bailout strategies of the government. We assume that
they are practically identical, in each period their liquidity changes in the same direction, unless one of them is
bailed out. Even if both are in the same problematic situation, it does not necessarily mean that both of them go
bankrupt – although, the risk of bankruptcy is the same.
The same trinomial process forms the liquidity situations
of the two hospitals, the only differences can be due to
bankruptcy or bailout.
If there are two hospitals, the government has to decide
whether it concentrates its bailout efforts on one of the
hospitals or treat them equally. For example, it can bail
out one of them with a 30% probability, or it can provide
a 15% bailout probability for both. Table 6 shows how
these decisions affect the probabilities that both hospitals
exist after 20 years (first row of the tables), one of them
exists (second row), or both have gone bankrupt (last
row). According to Table 5, the survival probabilities
strongly depend on the probabilities of bankruptcy and
bailout. In Table 6, we present two cases: in the left panel
the case introduced in the previous subsection (𝑝𝑐 = 0.4,
𝑝ℎ = 0.3), in the right panel the case of a much lower risk
of bankruptcy combined with a more lenient government
(𝑝𝑐 = 0.1, 𝑝ℎ = 0.4).

Table 7: A realization of our simulation

i
0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

Table 6: Survival probabilities, depending on whether
the bailout efforts are concentrated or divided
pc
40%

2
1
0

0-30
11,3%
45,4%
43,3%

15-15
11,1%
44,5%
44,4%

pc
10%

2
1
0

0-40
37,5%
48,4%
14,1%

20-20
37,5%
47,5%
15,0%

As it can be seen from Table 6, the probability that both
hospitals cease to operate in 20 years is somewhat higher
if the bailout efforts are divided among them, both in the
case of high and low risks of bankruptcy. However, concentrating the bailout efforts seem to have a smaller effect on the chance that both hospitals survive 20 years
(the difference is 0.2% and 0% in the two cases, respectively); instead, it makes it more probable that one of
them survives.

n

N

qd

qm

qu

pc

ph

20

5

40%

20%

40%

40%

30%

1

2

3

4

5

6

7

Ym
0
1
0
-1
-1
-2
-1
0
-1
0
-1
0
0
0
1
0
-1
0
0
1
2

Yst
0
1
0
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6

X

Xc

Xh

1
-1
-1
0
-1
1
1
-1
1
-1
1
0
0
1
-1
-1
1
0
1
1

0
1
1
1
0
0
0
0
0
1
1
0
0
1
0
1
1
0
0
0

0
0
1
0
1
0
0
1
1
0
1
0
0
0
1
1
0
0
1
0

0
0
1
0
0
0
0
0
0
0
1
0
0
0
0
1
0
0
0
0

0
0
1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

2

8

8

3

1

Yh Y trouble
0
1
0
0
0
0
1
0
0
-1
1
0
0
1
0
0
0
1
0
0
0
1
0
1
0
1
0
2
0
1
0
0
0
1
0
1
0
2
0
3
0

szim
8

9

XcXh bailout

sum

The first three columns show the liquidity situation of the
hospital under three scenarios, based on the random numbers in columns X, Xc and Xh. Ym shows a simplified scenario, in which hospitals cannot go bankrupt, that is, the
value of Ym in a given year is merely the sum of the X
values up to that year. The only restriction is that according to our original assumptions, it has to remain between
−5 and 5. In the scenario of column Yst we incorporate
bankruptcies, but not the bailouts. This means that if liquidity is below the necessary level and the risk of bankruptcy realizes (both Ytrouble and Xc has a value of 1),
then the hospital ceases to operate (denoted with a value
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of 6) and remains inoperational during the remaining periods. In the realization shown in Table 7, bankruptcy
takes place in the third year.
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The scenario in column Yh contains bailouts as well as
bankruptcies. As in column Yst, bankruptcy would take
place in the third year, but because Xh(3) = 1, the hospital is driven back to the starting liquidity situation (state
0) through the bailout. It can also be seen that the hospital
would have faced bankruptcy in several later periods (and
would have been bailed out in years 11 and 16), were its
liquidity below the necessary level. Bankruptcy takes
place only if both Ytrouble and Xc take the value of 1. If
Xh is also 1, the hospital is saved, if it is 0, the hospital
ceases to operate.
CONCLUSION AND FURTHER QUESTIONS
Our computerised simulations based on the structure presented in Table 7 show that in the case of more hospitals,
the main factor that affects their survival is not how the
bailout efforts are distributed among them (see the discussion regarding Table 6), instead it depends mainly on
how correlated the liquidity situations of the hospitals
are, how correlated the bankruptcy cases are. Specifically: the main question is whether columns X and Xc are
the same for the different hospitals or they are formed by
different random series.
The case of column Xh is somewhat different; it is a policy decision which hospital receives help if there is a need
and opportunity for a bailout:
- there is a preferred institution (A), and B can expect
bailout only if A does not exist;
- the hospitals receive bailouts in turns;
- the hospital in a worse situation is bailed out;
- the bailouts are random.
Another important related question is whether the government should intervene only in the case of bankruptcy
or should it try to improve the liquidity situation of a hospital even without bankruptcy if it is in the danger zone.
This could be an especially important factor in such a version of the model, where the probability of bankruptcy
depends on the amount of liquidity shortage and the
length of the period of inadequate liquidity (a longer period of low level of liquidity may more probably urge
creditors to start the bankruptcy procedure).
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ABSTRACT
With the introduction of IFRS 9, impairment recognition
of the International Financial and Reporting Standards
changed significantly in 2018. In this paper, I am
modelling the connection between impairment model
under the new IFRS 9 standard and countercyclical
capital buffer of Basel III prudential regulation. I
emphasize the behaviour of the prudential and
accounting regulation over the economic cycle. More
concretely, this means that, I am modelling the effect of
macro environment to the allowance and going to
compare it with regulatory mechanism of
countercyclical capital buffer.

The explanation and justification behind the revision of
the IAS 39 impairment models was that the old
accounting standard recognized the credit loss with
delay and less in amount as it is needed.
According to these I am examining two hypothesises,
one is related to the timing and one is related to the
amount of allowance recognition. The first hypothesis is
whether the IFRS 9 will recognise the impairment loss
earlier and the second hypothesis is that the IFRS 9 will
recognise higher impairment amount compared to IAS
39.
Old IAS 39 standard is based on incurred loss model,
which means that only already “incurred” loss could be
taken into account in impairment calculation, while
according to the new standard there is an expected loss
model (IASB 2014). It means that future losses based on
expectations about past or current circumstances - with
forward looking - should be included as well. This
change is intended to resolve the timeliness issue of the
former standard. The shortfall of the impairment amount
is resolved with the requirement referred as ‘staging
rules’. Staging rules mean that when there is a
significant change in credit risk after initial recognition
of the financial assets, than the entity should calculate
the expected credit loss for the full lifetime of the
instrument instead of for only 12 months.
Definition of significant credit risk increase after initial
recognition includes qualitative and quantitative criteria
as well. Qualitative criteria consist of day past due,
work-out, forbearance and early warning indicators,
while quantitative criteria are connected to the rating
systems as change of rating grade and probability of
default since initial recognition (Chawla et al. 2016).
In that sense the macroeconomic circumstances are
getting an important role in IFRS 9 through the
comparison of initial and current credit risk
expectations, which could be the driver of impairment
as a systematic factor. As generally there is a big
uncertainty in the estimation of macro circumstances, it
is worth to analyse the effect of a macro shock to the
impairment amount.

INTRODUCTION
In the last few decades, significant changes appeared in
the field of financial regulation. Some of them are
related to the increasing complexity and volume of
financial deals and exposures, and interdependencies
between different sectors and entities. Others are
consequences of the last big financial crisis, which
generated a regulatory dumping all over the world. The
sweeping changes of financial infrastructure have
remarkable effects to the “real” economy as well. Great
parts of the most relevant developments are connected
to the reserving capability and reserves of the banks both
from prudential - solvency capital - and accounting allowance - sides. Of course, there should be relevant
and significant differences between the prudential and
accounting regulations (Borio and Tsatsaronis 2005).
The update of the International Financial and Reporting
Standards (IFRS) is one of the main improvements at
international level. Inside IFRS the biggest impact might
be caused by the IFRS 9 for financial sector, the new
standard related to the classification, measurement and
accounting of financial instruments.
SCOPE OF THE PAPER
In my current paper I am examining the effect of the
IFRS 9 standard’s impairment model effective from
2018. I am comparing the results with the old standard
of IAS 39. Finally, I am looking at the interconnection
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 Loss given default (LGD): loss recognized after
default. Constant value of 10% is used.
 Amortisation of deals’ exposure (principal balance):
linearly up to the maturity. Default maturity is 5
years. It means, that the exposure of the given deal is
100, 80, 60, 40, 20 in the upcoming years after draw
down.
 Applicant: quantity of potential applicants is
constant at 100.
 Migration matrix (M0,1): in the calculation the
following cumulative unconditional
migration
matrix is used:

Finally, I am examining the IFRS 9 with the interaction
of Basel III prudential rules especially with
countercyclical capital buffer and aiming to highlight
the combined effects of the prudential and accounting
rules (Novotny-Farkas 2016).
MODELLING THE PROCESS OF IMPAIRMENT
CALCULATION
In this part, I am investigating the effects of the new
impairment model on a hypotatic portfolio with
characteristics - based on reasonable judgement described in chapter 3.1 Exogenous variables. The
modelling process is depicted by the following diagram:

Table 1: Migration matrix

It means that there are only two non-default rating
grades and one default category. Cumulative values
mean that the migration probabilities are cumulated
from the first value in each rows. To exclude the
effect of different rating grades, I am setting the
direct default probability to the same level, which is
0,1 as 1 minus 0,9.
 Staging rules: At initial recognition all of the
exposures are in rating A. During modelling I will
use a simplified staging criteria, namely if the
exposure migrated from rating A to rating B, then the
exposure will be in stage 2 and lifetime expected loss
has to be calculated instead of 12 months’ one.
 Macro factor: As a systematic factor, it is the state of
the economy in the given year. One baseline and one
stress scenario is used during modelling with the
following standard normally distributed variables:

Picture 1: Modelling process
This modelling process is a deterministic calculation.
The outcome of the model is the amount of provision
according to IAS 39 and IFRS 9 for sequence of periods
with different macroeconomic status. The final
provision of a given period is determined by the current
and future exposure of the deals in the portfolio
multiplied with loss given default and default
probabilities coming from migration matrix (see details
later in Table 4). Quantity of accepted deals is given by
the cut-off sensitivity of the financial entity. Cut-off
sensitivity is determined by the macro factor. Product
characteristics and migration matrix are influenced by
the macro factors as well. It is worth to note that the cutoff sensitivity is not a crucial part of the sub-model, so
the conclusions will not change, if it is ignored from the
model.

Table 2: Scenarios

Exogenous variables
Before showing the steps of the calculation process, I am
introducing the exogenous variables and the
simplifications used in the model.

The economic environment in case of the baseline
scenario is a constant mild expansion. 1 is the value
of the standard normal distribution meaning the 85th
percentile of the possible outcomes. After the 9th
period there is a shock in the stress scenario, where
the -1 means the 15th percentile of the possible
outcomes. After the 12th period the state of the
economy starts to converge to the baseline scenario.
 The cut-off sensitivity (acceptance rate of applicants
as a new debtor) is set to 10% and migration matrix
– so PD – sensitivity is set to 10%. During the
modelling process, the change of the sensitivity does
not modify the final results.

Exogenous variables and related simplifications are the
following:
 Unconditional probability of default – so where
macroeconomic circumstances are still not
incorporated - is constant at 10% for all rating
grades.
 Unconditional acceptation rate is constant 80%,
rejection rate is 20%.
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calculated in line with the next 12 months’ expected
credit loss. If the exposure is in rating B, impairment has
to be calculated for the whole lifetime (Volarevic et al.
2018). In case of default, I suppose that the exposure will
be written down to the appropriate recovery rate (1LGD) under both standards.
Based on this deduction, impairment formulas look like
the followings:

Endogenous variables
As described above, the major interactions are between
PD and macro factors, and between acceptation rate and
macro factors.
For the dependency of the PD and the acceptation rate
Vasicek formula (1) is used:

Table 4: Calculation types
(1)
The X is the macro factor with standard normal
distribution and the pA is the correlation between
macroeconomic factor and unconditional PD, and
between macroeconomic factor and acceptation rate.
PA(X) refers to the conditional PD. Acceptation rate is
calculated on the same way as conditional PD, but with
different correlation factor to the systematic macro
factor (Janecsko 2004).
If the conditional PD value has been already calculated
– as defined above -, it can be used to adjust the
unconditional migration matrix to get the conditional
migration matrix of the given year. The adjustment
process of the unconditional migration matrix with
conditional PD values (2) looks like the following
(named as z-shift adjustment):

RESULT OF THE IMPAIRMENT MODEL
After the calculation with the model introduced in
previous section the expected results have been reached.
According to this, the allowance values in IAS 39 are
less than in IFRS 9. In case of economic changes, the
velocity of impairment correction in IAS 39 lags behind
that in IFRS 9. So it seems that both hypothesises are
proved to be true.
If the IAS 39 and IFRS 9 requirements are compared
without staging rule – when all the exposures remain in
stage 1 -, then the IAS 39’s values lag behind the IFRS
9 ones. As depicted in Figure 1, the impairment rate –
impairment divided by exposure – under IAS 39 starts
to increase later at the beginning of the recession and
starts to decrease later at the end of the recession
compared to IFRS 9. At the beginning it is problematic,
because the loan loss provision appears later in the profit
and loss statement, and maybe it is resulting that the
lending activity is not moderated in time. This
characteristic is illustrated with the higher blue line (IAS
39) compared to the purple line (IFRS 9 all exposures in
stage 1) in period 11. At the end of recession, there
might be a reverse effect to the lending activity, because
higher provision values appear in the profit and loss
statement reducing the bank’s willingness to offer loans.
The effect of the increase in amount could be revealed,
if the red line (IFRS 9) is compared to the purple line
(IFRS 9 all exposures in stage 1). The variance is caused
by the staging criteria.

(2)
Where M0,1 is the unconditional migration matrix (Table
3):

Table 3: Structure of the migration matrix
If the conditional migration matrix - adjusted with the
conditional PD value - is given for all years, then the
value of the exposures in year t after initial recognition
(4) can be calculated as (Gruenberger 2012):
(4)
Having this result, the given exposure can be classified
into rating A, rating B or in default categories. In case of
non-default rating grades, the impairment under IAS 39
is calculated based on the loss of the previous year.
Under IFRS 9, if the exposure is in rating A, then
according to my assumption, impairment has to be
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Figure 1: Impairment in IAS 39 and IFRS 9
After comparing the results of IAS 39 and IFRS 9
impairment calculations in different economic
circumstances, it is worth to examine their reactions to
unexpected macroeconomic changes.
To calculate it, I will run the model with a baseline and
a stress scenario of macroeconomic factor detailed in
Table 2. Because of the fact that the IAS 39 impairment
includes only the incurred losses, such scenarios cause
no difference in expected and actual provision values.
On the other hand, stress scenario has effect to the IFRS
9 impairment because of the forward looking
characteristic of the new standard. Indeed, it is effective
only to the deals which are in stage 2 (rating B), where
lifetime expected credit loss is calculated. It is illustrated
with Figure 2, where red line shows the under-informed
and orange line shows the well-informed case regarding
the upcoming shock. Orange line is higher in its
allowance in period 7, 8 and 9, because in well-informed
case the higher lifetime provision of the unexpected
1.
shock has been already recognized. It is clear, that the
unexpected shock undermines the timeliness effect of
the IFRS 9 impairment values.

Percentage of the buffer is strictly linked to the
macroeconomic cycle. In recession it is close to 0% and
in boom it should be 2.5% or near to that rate. Linkage
to the macroeconomic cycle means that the buffer is
determined based on the credit-to-GDP ratio’s deviation
from its long-term trend (Geršl et al. 2015). This is in
connection with the forward-looking characteristic of
IFRS 9 standard as well, and this could be the starting
point of further analysis.
For the current analysis I am simplifying the calculation
of the buffer to the macroeconomic indicator, instead of
credit-to-GDP ratio.

Figure 2: Estimation accuracy

Picture 3: Effects in the extended model

COUNTERCYCLICAL BUFFER AND BASEL III

According to that, I will calculate the capital
requirement based on the internal rating model (IRB).
For the calculation, I will use the unconditional PD,
LGD parameters and portfolio exposure. After that, the
available financial resources (AFS) and the
countercyclical capacity can be determined. The value
of available financial resources is calculated as a sum of
the AFS of the previous period and expected shortfall.
Expected shortfall is the maximum of zero and
impairment amount minus expected loss of capital

Picture 2: Capital structure in Basel III

EXTENTION
OF
THE
MODEL
COUNTERCYCLICAL BUFFER

WITH

To investigate the combined effect of countercyclical
buffer and IFRS 9 impairment method, the previously
used model has to be extended with capital calculation.

The countercyclical buffer is one of the new systematic
buffers introduced in Basel III capital regulation. The
prescription of that additional capital buffer is in the
discretion of local authorities and should be between 0%
and 2.5% of the risk weighted asset (Bui et al. 2017).
This buffer should be covered with CET1 element of
available financial resources.
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calculation. Countercyclical buffer is simply a discrete
function of macro variable. So for example, if normal
distribution value of macro variable is between 0 and
0.25, then capital buffer is 0; if between 0.25 and 0.5,
then capital buffer is 1 etc. Finally, I calculate the
available financial resources equivalent effect of
countercyclical buffer and impairment amount. The last
one is indeed the expected shortfall itself.

an examination of combined effect of the IFRS 9
impairment amount and countercyclical buffer. At the
previous case, the focus was on the two main dimensions
of impairment recognition, namely time and amount. I
set up one hypothesis for each of the dimensions. I got
the result that in my examination the hypotheses are true,
so IFRS 9 recognises loan loss provision earlier and with
higher amount than IAS 39. It is also shown that the
timeliness of the provision is demolished, if there is an
unexpected shock or uncertainty in the economic
circumstances. Finally, a typical case of connection
between accounting and prudential regulation has been
shown, where negative prudential effect of accounting
rule (impairment recognition) is compensated by
prudential regulation (countercyclical capital buffer).
It is clear that further research is necessary to highlight
the detailed, combined effect of the IFRS 9’s
impairment method and the countercyclical capital
buffer, and in a wider scope the interconnection between
accounting and prudential regulation, and their effects to
the financial sector and to the economy. Some of the
issues have already been discussed in (Wezel et al. 2012,
De Lis et al 2013), where dynamic provisioning is
analysed as an expected credit loss based method, or in
(Gruenberger 2012), where capital requirement was
incorporated as well.

FINAL RESULT
After the calculation with the extended model, the
conclusion is that in recession the total effect of these
prudential and accounting regulation changes are ceteris
paribus anti-cyclical. As it is depicted on Figure 3, if
there are worsening macro conditions (red line), then the
equivalent of additional effect to the available financial
resources value (blue line) will be lower. At the end of
the recession, the increase of this additional effect is
lagging behind the macroeconomic conditions.
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Digging into the details, it is to be recognized that the
countercyclical buffer compensates the increasing
impairment amount. The impairment amount is
increasing during the recession due to expected
shortfall. This is in line with the true and fair
presentation of the situation. On the other hand, the
countercyclical buffer could compensate the cyclical
effect caused by the accounting regulation.

Figure 4: Components of effect (in units of exposure)
CONCLUSION
This paper has provided, on one hand, an analysis
between the impairment requirements of the old IAS 39
and the new IFRS 9 standards, and, on the other hand,
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in the past twenty years. This question is of particular
relevance in aging countries as the vast majority of
pension systems are under extreme financial pressure
because of the increasing number of retired years lived.
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ABSTRACT

LIFE EXPECTANCY TRENDS

Mortality trends in aging societies have become one of
the most important economic and political
considerations. Significant growth in life expectancy of
the last 20 years did not result considerable changes in
pension systems of most countries, longevity trends are
not followed by increasing official retirement ages.
Controversial tendencies lay down major challenges to
societies: on state level it has high importance to create
a sustainable pension system, and on individual level the
well-grounded personal/family life-long financial
stability is a key issue for well-being.

Life expectancy in OECD countries increases constantly
during the last decades, but difference between
developed and emerging countries have significantly
narrowed (Raleigh, 2019). However, some of these
countries already face a slowdown in life expectancy
increase since 2011, it might not be assessed whether it
is a temporary slowdown or a permanent change in
trends. Dowd et al. (2010) projected a strong upward
sloping trend in life expectancy for the next years,
moreover they were not discussing potential changes in
trend. Mortality improvements are examined by
numerous experts, as well and nowadays there are two
mainstream view: (i) the “pessimists” (Olshansky et al.
(2001), Olshansky et al. (2005), Ridsdale (2010)) say the
life expectancy increase is limited by health factors such
as obesity, diseases of older age, or cardiovascular
diseases, etc.; (ii) on the other side the “optimists”
(Christensen et al. (2009), Vaupel (2002)) indicate there
might not be any natural barrier of life expectancy
improvements thus most of people born in 21st century
would celebrate their 100th birthday. Both views indicate
urgent and necessary actions to be taken either in health
care or in pension by the social welfare systems of
OECD countries.

The employment period, i.e., the active working time
depends on – among other factors – the official
retirement age. Despite the rise of longevity, the
effective retirement age in most countries does not
increase in the same pace. We have analyzed 20 years
data of 35 OECD member countries, applied linear
factor models on the life expectancy at birth and at age
65 for both male and female population, and compared
the age-gain (defined as the difference between the two
life expectancies) with effective retirement age. This
factor model fits statistically well, however life factor
and retirement factor form orthogonal axis, meaning we
could not find correlation between longer life
expectancy and retirement age. Using hierarchical and
k-means clustering, we conclude the longevity and
retirement age does not move parallel in these countries,
we can find all combination of lower and higher life
expectancies and exit-ages.

In OECD countries the life expectancy at age 65
increased with 3 years in average in the last 20 years,
meaning the total retired period lived by a man from an
OECD country is 18 years, and 21 years lived by a
woman. This improvement puts an extra 15-20% burden
on pension liabilities. Stevens (2017) investigates full
retirement age policies, where the exit-age is dependent
on survival probabilities. Bernd et al. (2013) lists
numerous policy options to improve the quality of oldage period for retirees, not only health-care related but
also work and pension arrangements.

INTRODUCTION
In our study, we examined whether the increasing trends
of male and female life expectancy in OECD countries
has been followed by significant retirement age growth
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decomposition of correlation matrix (R) of the original
variables included in the model.

DATA AND METHODOLOGY
Our study was examining the changes in life expectancy,
as well as the correlation between the effective
retirement age (exit-age) and increasing life expectancy,
involving 35 OECD countries with their 20 years of
data. Between 1996 and 2005, data of 34 OECD
countries were examined, and Latvia was added to the
database from 2006, since we had limited access to the
reliable economic data of the country before its join to
the OECD. All life expectancy and retirement data were
analyzed both on the countries' female and male
population.

We also used clustering to identify homogenous groups
of countries based on their life expectancy and
retirement age variables. The aim of clustering is to form
groups where the within group variance in minimal,
however the between group variance is maximized. We
used agglomerative hierarchical clustering as an
explorative method and k-means clustering as
confirmatory analysis.
LIFE EXPECTANCY AT DIFFERENT AGES

To explain the changes, life expectancy variables and
economic indicators (GDP, GNP, employment,
education) were included in our models, however none
of the economic variables showed significant correlation
with the longevity variables. Considering the low
correlations with economic factors, we only included in
our final linear factor model the life expectancy and the
effective retirement age variables, each separately for
male and female. I.e. the eight variables in our final
factor model (all for male/female) are: life expectancy at
birth and 65, age-gain, and effective retirement age.

Life expectancy at birth and at age 65 are the most often
analyzed longevity variables. The age 65 is highly
important (Kovács, 2012/b), since the official retirement
age in most OECD countries is around 65, female
effective retirement age (exit-age) is slightly lower.
Figures 1 and 2 illustrate the relationship between life
expectancy at birth and age 65.
Considering male population of Hungary, the life
expectancy at birth was 72.3 years in 2015, furthermore
men alive at the age of 65 is expected to live another
14.5 years. Considering the Hungarian female
population, life expectancy at birth (79 years) is about 7
years higher than men's rate, however surplus of female
life expectancy at 65 is less than 4 years. With these
figures, Hungary is one of the lowest life expectancy
OECD countries. Italy and the South-European
countries have significantly higher life expectancy for
all sexes.

We used factor analysis which is a multidimensional
statistical method excellent to explore latent relations
derived from the original variables. From the numerous
methods of factor analysis, we applied Principal
Component Analysis (PCA) for factor extraction, where
the uncorrelated linear combination of variables is
calculated
based
on
eigenvalue-eigenvector

Figures 1: Life expectancy at birth and 65 (male, 2015)
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Figures 2: Life expectancy at birth and 65 (female, 2015)
Figure 2 also shows that in 2015, Hungary and
Mexico had the lowest female life expectancy at
birth, while Hungarian women at the age of 65 live
the lowest expected years among all the 35 countries
surveyed. At the other end of the line are Japanese
women, whose both life expectancy indicators are
far beyond other OECD countries. However,
Japanese male do not exceed significantly other
developed countries, on Figure 1 we see that male
life expectancy is more concentrated in the upper end
of the line. It is also important to point out that
among the southern European countries, Spanish
women significantly live longer than those in
countries of similar development and culture.
However, life expectancy is constantly increasing in
all OECD countries thus mortality is improving
significantly, the age-gain (Kovács, 2012/a) shrinks.
We define age-gain as the difference between male
and female life expectancy at the age of 65 and at
birth:

Figures 3: Life expectancy and age-gain trends
(male, OECD average)

𝐴𝑔𝑒 𝑔𝑎𝑖𝑛 = 65 + 𝑙𝑖𝑓𝑒 𝑒𝑥𝑝 𝑎𝑡 65 − 𝑙𝑖𝑓𝑒 𝑒𝑥𝑝 𝑎𝑡 𝑏𝑖𝑟𝑡ℎ

Figure 3 shows the male life expectancy trends and
age-gain for two decades in the average of OECD
countries.

Life expectancy at birth (male) increased by more
than 5 years in the 20 years studied, while life
expectancy at 65 increased by only 3 years, as a
result of which the age-gain fell from 7 to 5 years. In
Hungary, life expectancy figures are far behind, and
nowadays, the gap with OECD average is slowly
closed up. Due to this slow catch-up, the Hungarian
age-gain was still 2.23 years higher in 2015 than the
OECD average.
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countries is significantly lower than the life
expectancy growth trends.

AGE-GAIN AND EXIT-AGE
Table 1 shows descriptive statistics for male life
expectancy variables in OECD countries. We see
that the average male life expectancy at birth has
risen by more than 5 years (up to 77.92) in the last
20 years, furthermore average life expectancy at 65
has increased on average by app. 3 years (to 17.89
years). The female life expectancy indicators,
however show different levels of growth, life
expectancy at birth was extended by about 4 years up
to 83.16 years, and life expectancy at 65 rose by 2.5
years up to 21.14 years.

Table 2: Descriptive statistics of Exit-age
data in years
Male
Exit age
Female

Male
Life exp
at birth
Female

Male
Life exp
at 65
Female

Male
Age gain
Female

1996
2006
2015
1996
2006
2015
1996
2006
2015
1996
2006
2015
1996
2006
2015
1996
2006
2015

Mean Median
72.87 73.65
75.59 76.90
77.92 78.80
79.42 80.05
81.56 82.20
83.16 83.70
14.92 14.95
16.60 17.00
17.89 18.30
18.61 18.85
20.07 20.40
21.14 21.30
7.06
6.35
6.02
5.20
4.97
4.40
4.18
3.75
3.51
3.20
2.98
2.80

Std.
3.14
3.57
2.98
2.46
2.42
2.02
1.32
1.67
1.51
1.49
1.61
1.35
2.11
2.06
1.61
1.19
0.98
0.80

Min
64.20
65.00
69.70
71.80
75.60
77.70
12.20
12.50
14.20
14.80
15.70
18.20
4.50
3.90
3.30
2.90
2.50
2.10

Std.

Min

Max

63.26

62.44

3.60

57.94

72.05

2006
2015
1996
2006
2015

63.61
64.70
61.50
62.29
63.32

63.40
63.70
60.67
62.19
62.96

3.80
3.37
3.85
3.63
3.18

58.48
59.48
55.47
55.14
59.21

74.59
72.22
73.69
74.27
71.89

The average OECD male life expectancy at 65
increased by 3 years between 1996 and 2015, while
the effective retirement age (exit-age) rose only by
1.5 years. However, the correlation between female
longevity indicators and exit-age is more significant,
i.e. the 2.5 years increase of life expectancy at 65 is
followed by a rise of 1.82 years in exit-age.

Table 1: Descriptive statistics
of life expectancy variables
data in years

Mean Median
1996

Max
77.00
79.50
81.20
83.60
85.80
87.10
16.90
18.50
19.50
21.50
23.40
24.30
13.00
12.50
9.50
8.00
6.70
5.90

To prove the a priori low correlation between life
expectancy indicators and exit-age variables, a linear
factor model was created with Principal Component
Analysis. With the development of independent
components, we sought to find out the relationship
between the different life expectancy variables and
the exit-age. In our factor model, two orthogonal,
uncorrelated components were extracted from the 8
original variables, with an extraction of 89% to
90.75% of original eigenvalues in each year. The
Factor 1 is the life-factor, comprising of 6 life
expectancy variables, while Factor 2 is the
retirement factor, built up from 2 exit-age variables.
The first component compresses the life expectancy
variables, while the second component contains only
the retirement age variables. We found that the two
factors are uncorrelated, which confirms our prior
assumption that the exit-age of the population in
most OECD countries would not be adjusted to the
longer life expectancy. Figures 4 shows the countries
in the space of the two independent components:

Age-gain shrinks in both male and female population
of OECD countries because of different pace of life
expectancy increase in various ages, as discussed in
previous section.
Data in Table 2 show, in spite of the significant
increase in life expectancy, the change in the
effective retirement age (exit-age) in all OECD

Figures 4: OECD countries in factor space (2015)
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In developed countries, the average Life factor is
usually associated with an average Retirement
factor. South Korea (ROK) seems to be an outlier
country, with the highest Retirement factor.
Emerging countries, without exception, have a lower
Life factor with diverse values of Retirement factor.
Mexico is far from the rest of the OECD countries in
the factor space, with its low Life factor but with
almost the highest Retirement factor.

3.

The third cluster brings together the countries
with the lowest life expectancy, where the exitage is also low (eg. Hungary, Latvia, Slovakia).
Obviously this is the "Eastern block".

4.

The fourth cluster comprises of 5 countries,
with a low life expectancy, but with a high exitage (eg USA, Mexico, Estonia, Turkey). These
countries are the "workaholics".

We also include dendrogram of the hierarchical
clustering (Figure 5) which shows the combination
of each countries. Between distance 5 and 10 four
clusters are formed.

CLUSTER ANALYSIS
Based on the 8 variables included in our factor
model, we ran agglomerative hierarchical and also kmeans clustering on the 35 countries (with the most
recent data of year 2015). As distance measure of
hierarchical cluster analysis we used squared
Euclidean distance:
2

2
𝑑𝑖𝑘
= ∑(𝑥𝑖𝑗 − 𝑥𝑘𝑗 )
𝑗

The applied clustering method was Ward’s method
where clusters are created in a way to minimize the
within group variance. However, F-test for k-means
clustering should be used only for descriptive
purposes since we form the clusters to maximize the
between groups variance, the ANOVA shows all the
variables included are significant on all possible
significance levels.
Our findings resulted in 4 well-distinct clusters
shown in Table 3.
Table 3: Final cluster centers (2015)
Mean
(data in years)
Members of cluster

Male

Life exp
at birth
Life exp
at 65
Exit age

Female

Life exp
at birth
Life exp
at 65
Exit age

1.

2.

Cluster
1

Cluster
2

Cluster
3

Cluster
4

12

13

5

5

80.09

79.1

72.86

74.72

18.97

18.45

15.06

16.66

67.37

62.07

62.26

67.59

84.44

83.98

80.38

80.70

21.96

21.65

19.08

19.80

65.79

61.13

60.13

66.26

Figures 5: Dendrogram of hierarchical
cluster analysis (2015)
Based on our clustering results, we state that due to
the
economic
development
and
social
characteristics of each country, we have found
examples of all combination of lower and higher
values of life expectancy and retirement age
variables.

The first cluster includes 12 countries where
male and female life expectancies are all high
and the exit-age is in line with the high
longevity (eg Israel, Japan, Sweden). We
named this cluster as: "hobby workers".

CONCLUSIONS
In our study, we examined the life expectancy and
the effective retirement age (exit-age) of the 35
OECD countries. With a linear factor model, we
discovered that in the last 20 years (from 1996 to
2015) there was no significant correlation between
the examined life expectancy and the retirement age.
With the clustering of countries, we found only a few

There are 13 countries in the second cluster,
where life expectancy is very high, although the
exit-age for men is 5 years, and for women 4.5
years below the average of the first cluster (eg
Austria, Spain, France). This cluster might be
named as "lazy guys".
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countries where the retirement age adjusts to higher
life expectancy.

As further research question, it might be examined
whether the pensions paid or the disability free life
expectancy affect our models and what other wellbeing variables can be successfully integrated into
the models. It might improve the accuracy of our
models, therefore we intend to include in our
calculations the employment rates (Gál-Radó, 2018)
and the effect of aging due to low fertility rates
(Németh, 2016).
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The seemingly unstoppable growth in human life
expectancy, coupled with the current state of health
and social services, has led to a remarkable rise in
longevity in all OECD countries, as well as other
developed countries on Earth. While this may be
heralded as great news for mankind, it nevertheless
lays down a major challenge to societies. The retired
population lives significantly longer than in the past.
This trend has two main implications:
1. on state level it has high importance to create a
sustainable pension system, and
2. on individual level the well-grounded
personal/family life-long financial stability is a
key issue for well-being.
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sovereigns. The information obtained from such an
analysis may even be helpful for policymakers when
considering how various measures would influence the
country’s credit rating.
A sovereign’s credit rating incorporates an assumed
probability of default (PD) that drives the interest rate
marge applied when valuing the sovereign bonds. Thus,
the rating affects the costs of refinancing debt as well.
An even more fundamental question is whether bonds
issued by the sovereign are classified as investmentgrade (BBB- or higher), because many institutional
investors, such as mutual funds and pensions funds are
not allowed to hold non-investment-grade securities.
This is why a potential downgrade to non-investment
grade may have negative impacts on the issuer, as the
sovereign may lose a considerable part of its market.
Inversely, an upgrading entails positive macroeconomic
effects. This is one of the reasons why policymakers
generally
investigate
which
macroeconomic
fundamentals will most probably cause a change in the
rating. This is especially the case when an upgrade by
only one notch (from BB+ to BBB-) migrates the
sovereign from non-investment-grade to investmentgrade category.
Amongst the recent methodological documentation, it is
the model description of Fitch Ratings that is the most
detailed; therefore, in the present paper, we analyse the
sovereign rating model (SRM) of this institution.
Instead of building our own model, we examine the
sensitivity of the rating to changes made to specific
variable values. From a mathematical point of view, the
task goes beyond partial derivation, since the function is
continuous. Despite its simplicity, the problem at issue
is new in the literature as SRMs have been considered
black boxes until recently. This is why, as an initial step
of further research, we aim to investigate what kind of
policy actions are necessary for an upgrade of the
Hungarian sovereign rating from BBB- to BBB. We
restrict the analysis to a one-notch upgrade from the
given rating since we recognise that there might be
substantial differences for such positive rating action to
take place at other rating grades. The sensitivity analysis
is based on the 9 March 2018 credit rating review on
Hungary's long-term foreign currency-denominated

KEYWORDS
credit rating, macro economy, sensitivity analysis,
emerging economies.
ABSTRACT
Credit rating agencies are often regarded as one of the
key contributors to the recent financial crisis.
Regulatory authorities have expanded the regulation of
the sector, which lead to more transparency of decisionmaking processes, allowing us to reconstruct the model
calculations of Fitch. When substituting the relevant
data into the model, it returns the same result as the one
maintained by the agency for Hungarian sovereign
rating. Using one- and two-dimensional sensitivity
analyses, we investigated – considering realistic
scenarios – whether selected variables can improve the
rating further. We found that in the current economic
environment, the management of the selected macro
indicators (GDP, inflation, broad money supply, gross
government debt, foreign currency denominated debt)
could not trigger the upgrade of the rating. When
considering simultaneous changes of certain pairs of
drivers, boosting economic growth financed through
increasing government debt seems to offer the only way
to move the rating upward. Although it is doubtful
whether that could or should be done.
INTRODUCTION
Since the financial crisis of 2008, many have criticised
and questioned the role of the credit rating agencies in
financial markets. As a response to the methodological
errors and moral hazard that rating institutions made
before the crisis, investors started demanding stricter
regulation of these agencies, as well as more substantial
transparency of their rating processes, i.e. how exactly
ratings are calculated. By now, rating agencies are
subject to some new regulatory requirements (see IMF
2010; European Council 2009, 2011). Owing to
regulatory efforts, credit rating agencies make their
decision making processes more transparent and publish
more detailed documentation on their models. However,
the reproduction of the actual rating of a sovereign may
still not be possible because of several reasons, which
will be reviewed at a later part of this paper.
Nevertheless, the methodologies (issued in 2016/17 or
later) are detailed enough to offer better insight into
how the main rating variables affect the ratings of
Communications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
ISBN: 978-3-937436-65-4/978-3-937436-66-1(CD) ISSN 2522-2414

109

debt, which was the latest available rating decision by
the agency at the time of our analysis1.
Next, we first describe the general methodology of the
credit rating of sovereign issuers, putting a particular
emphasis on the SRM of Fitch. After that, we define the
key variables that serve as the basis of the sensitivity
analysis. Then, we interpret the obtained mathematical
results from the point of view of economic
policymaking. Finally, we summarise our findings.

methodological documentation, all three rating agencies
point out that the rating committee may also approve a
rating that somewhat differs from the result calculated
by the base model.
Also, very rich literature is available on the topic of
quantitative economic variables explaining the ratings.
Typically, the indicators with explanatory power
include GDP per capita, real GDP growth, level of
external debt, level of government debt, fiscal balance,
GDP growth, inflation, foreign exchange reserves,
economic development and the number of years elapsed
since the last default (Bruha et al. 2017; Afonso et al.
2011).

THE METHODOLOGY OF SOVEREIGN CREDIT
RATING
A sovereign credit rating is an opinion on the loan
repayment capacity and willingness of the respective
state (IMF 2010). A sovereign state can be deemed
insolvent if it is unable to discharge its principal or
interest payment obligations towards the investors on
the due date (IMF 2010). Credit rating agencies rank the
default risk on a scale, where the sovereign states
allocated into the same category show similar credit risk
(Ligeti and Szőrfi 2016). The sovereign issuers with the
best rating receive three "As", while those with the
worst rating receive a "D" rating on the credit rating
scale.
The three big rating agencies typically allocate the
indicators considered for a sovereign rating to four or
five groups of variables, i.e. dimensions. At all three
rating agencies, most of the dimensions cover distinct
variables that are similar in terms of magnitude. All
three institutions use the macroeconomy and the general
government dimensions, while institutional efficiency is
used in the model of two actors, Moody's and S&P.
External balance indicators are used by two rating
agencies (Fitch and S&P). S&P, contrary to the other
two institutions, assesses the effectiveness and
flexibility of the sovereigns' monetary policy in a
separate dimension. Moody's and Fitch created a
separate dimension for event risk and structural features,
respectively.
The transparency of the rating methodology – especially
the possibility of SRM reconstruction – bears particular
importance in our paper. In recent works, several
authors tested whether the reconstruction of SRM
models is possible (Ligeti and Szőrfi 2016; Hajnal and
Szűcs 2018). The results of the cited papers show that
the latest methodological documentation published by
the rating agencies proved to be adequate for a
sufficient level of reconstruction.
The potential difference between the ratings obtained by
the reconstruction of the model calculations and the real
ratings maintained by the agencies may be attributable
to three factors. Firstly, the published methodological
documentation is not fully transparent at any of the
institutions. Secondly, two of the three rating agencies
do not publish information on all the data they consider,
and thus, the different result may also be attributable to
the difference in the data used as input. Finally, in their

THE SOVEREIGN RATING METHODOLOGY
OF FITCH
In contrast to the other two dominant rating agencies,
Fitch uses a multivariate regression model for the
sovereign rating rather than predefined scales, based on
which the methodology allocates weights to the
individual variables (Fitch 2017). The weights are
defined objectively, solely from the regression model’s
coefficients. This also means that the institution
regularly reviews the weights allocated to the variables
and modifies them as necessary. The weights show what
percentage of the variance of the rating is explained by
the variance of the respective group of variables.
According to Fitch’s latest analytical framework, the
model rating consists of four dimensions and four
related weights as shown in Table 1.
Table 1: Dimensions included in the methodology of
Fitch and their weights
Dimensions
Weights
Structural features
55.0%
External finances
17.3%
Public finances
17.3%
Macroeconomic performance
10.4%
The scores of the dimensions are obtained as the sum of
the product of the variables included therein and the
regression coefficient belonging to them. Fitch also
publishes the constant value of the regression model
(intercept term). Accordingly, the rating is obtained as a
result of the published regression model, while the
scores of the individual dimensions quantify the degree
to which they contribute to the credit rating (Fitch
2017). Table 2 includes a description of the rating
variables grouped into the above mentioned four
dimensions.
To make the rating calculated by the model more
accurate, the institution also considers from time to time
less quantifiable variables (qualitative overlay (QO)),
which, based on a comparison with sovereign issuers
with identical credit ratings (peer analysis), may shift
the rating of the sovereign issuer under review both upand downwards by as many as three grades (Fitch
2017). In the report on the particular review, Fitch
regularly mentions the modifying factors considered for

1

Since the paper was first submitted to the conference,
Fitch has reviewed Hungaryʼs sovereign rating.
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the rating, which may help to reconstruct the model
calculation more accurately.
For the reconstruction of Fitch’s model calculation, we
made attempts to use the data of institutions specified in
the methodology, i.e. the International Monetary Fund
(IMF), the World Bank (WB) and the national statistical
offices. However, despite our efforts, for some of the
indicators, we were compelled to refer to the reports of
Fitch, i.e. full reconstruction of the inputs cannot be
achieved. For half of the rating variables, the model
considers a three (historical, current, expected) year
centred average of the data. Because the institution does
not publish regular information on the estimated data in
its credit rating reports (Fitch 2017), in instances where
no estimations are available, we only rely on previous
and current year data.

ANALYTICAL FRAMEWORK
In our study, we examine the effects of some selected
variables on the sovereign rating of Hungary. We call
these variables key drivers and – in this first stage of our
research – limit their number to five. We emphasise that
our question is not “What are the most important factors
in the rating?”, but “What are the effects of some factors
that are usually treated in the literature as significant
factors?”. We admit that more inclusive analysis can be
carried if allowing for more/other key drivers.
Hence, in accordance with the literature cited before,
we choose the gross domestic product (GDP), the broad
money supply (M), the inflation (), the gross
government debt (D) and the foreign currency
government debt (FD).

Table 2: The description of the rating variables of Fitch’s sovereign rating model and their values for Hungary
Structural features

Composite governance
indicator
GDP per capita
Share in world GDP (USD)

Description of variable
Simple average percentile rank of World Bank governance indicators: “Rule of Law”;
“Government Effectiveness”; “Control of Corruption” and “Voice & Accountability”;
“Regulatory Quality”; “Political Stability & Absence of Violence”
Percentile rank of GDP per capita in USD at market exchange rates across all Fitch-rated
sovereigns

Value

66.4
56.5

Natural logarithm of % share in world GDP in US dollars at market exchange rates
Non-linear function of the time since the last default; the indicator is zero if there has been
no default after 1980. For each year that elapses, the impact on the model output declines.

0.2

Natural logarithm of broad money (% of GDP)

4.1

Description of variable
Natural logarithm of the trailing 10-year standard deviation of average annual change in
real GDP

2.9

Consumer price index

Three-year centred average of the average annual % change in consumer price index (CPI)

1.7

Real GDP growth %

Three-year centred average of the average annual % change in real GDP

3.1

Years since default
Log Broad money supply
Macroeconomic performance
Real GDP growth volatility

Public finances
Gross general government
debt
Interest payments
General government fiscal
balance

Description of variable
Three-year centred average of gross (general) government debt (% of GDP)
Three-year centred average of gross government interest payments (% of general
government revenues)

Three-year centred average of general government (budget) balance (% of GDP)
Three-year centred average of public foreign-currency-denominated (and indexed) debt
Public foreign-currency debt (% of general government debt)
External finances

Reserve currency flexibility

Description of variable
Reserve currency flexibility based on the natural logarithm of the share of that country’s
currency in global foreign-exchange reserve portfolios (plus a technical constant), as
reported by the IMF in its COFER database (updated quarterly with a four-month lag)

Sovereign net foreign assets

Three-year centred average of sovereign net foreign assets (% of GDP)

Commodity dependence
Official international
reserves for non-reserve
currency sovereigns

-

Non-manufactured merchandise exports as a share of current account receipts (CXR)
Year-end stock of international reserves (including gold) expressed as months’ cover of
import payments
Three-year average (centred on current year) of external interest service expressed as a
share of CXR (current account receipts)

External interest service
Current account balance plus
net foreign direct investment Three-year centred average of current account balance (CAB) plus net FDI (% of GDP)
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72.8
6.8
-2.1
23.5

2.5
10.0

2.6
4.3
5.1

Source: Fitch, 2017: 29
In the case of each chosen key driver, we examine the
effect of one- and two-dimensional, ceteris paribus,
permanent shocks in their value. In a one- and twodimensional sensitivity analysis, only one or two key
drivers are shocked at the same time. Ceteris paribus
means “all other things held constant”; hence, we
assume that the shift(s) in the given (one or two) key
driver(s) occur without a change in any other variables.
This approach helps us to identify the clear, direct
mechanisms by which these variables influence the
rating. The term permanent means that the shocks hit
each year considered for the rating. So, for example,
when altering the GDP, those rating variables that
include either last year’s GDP or its three-year average
are shocked by the same amount.

real GDP. Since we assume that the GDP changes by g
in all years, this rating variable is modified by adding
one-third of g to its value.
Finally, the country’s share in world GDP is also
affected by g. With some calculations, one can derive
that the ceteris paribus connection between the initial
and the modified share (s and s’ respectively) is the
following:
∗(
)
= ∗( ) ( )
(1)
Inflation
In case of inflation, we examine the effects of a given
percentage point change in all the years relevant for the
rating. Let us denote this change by p. This change will
have an impact on two rating variables; we add it to the
consumer price index and subtract it from the real GDP
growth. This means that we ignore the possible
difference between the CPI and the GDP-deflator.

THE EFFECTS OF THE KEY DRIVERS
Though we analyse ceteris paribus effects, it is easy to
see that changing a given key driver may influence
more variables in the rating mechanism. Next, we detail
the spillover effects of changing a given key driver.

Money supply
We shock the money supply by a given percentage
change, which is denoted by m. As a consequence,
ln(1+m) is added to the log broad money supply rating
variable, while the others are left unchanged.

GDP
We assume that the GDP changes by a given
percentage. Let us denote this by g. Modifying the GDP
affects eight rating variables, in the following way.
The rating variables gross general government debt,
general government fiscal balance and sovereign net
foreign assets are expressed as a percentage of the GDP.
When shocking the GDP with g, the previous value of
these variables is divided by (1+g).
The current account balance plus net foreign direct
investment variable is also used in the rating mechanism
as a percentage of the GDP, so we divide this variable
by (1+g) as well. However, since the current account is
a component of the GDP, it is not trivial how the ceteris
paribus logic works here. We decided to interpret g as
some growth in the GDP that comes from other
components than the current account. The main reason
behind this – besides simplicity – is that we try to avoid
ambiguous assumptions. Should the growth come partly
from the current account, we had to estimate its portion
in it, and the ratio between CA and FDI as well.
The rating variable log broad money supply is the
natural logarithm of the money supply per GDP ratio.
When the GDP changes by g, the term ln(1+g) is
subtracted from the value of this rating variable.
In case of the rating variable GDP per capita, the rating
depends on the percentile rank of the country across all
Fitch-rated sovereigns. When accounting for this, we
assume that the GDP/capita of all these countries remain
unchanged and check whether the percentile rank of
Hungary altered.
The real GDP growth variable is calculated based on
the three-year average of annual percentage change in

Gross government debt
The key driver gross government debt will be shocked
in all the relevant years by a percentage change, denoted
by d. This shock will modify three rating variables.
The gross general government debt and the interest
payments variables are multiplied by (1+d). Hence, we
assume that the change in the debt amount does not
influence the average interest rate.
Here ceteris paribus should be interpreted in the
following way: the change in the debt stock does not
influence its structure; therefore, the proportion of the
foreign currency government debt is unchanged. This
means that the external interest service rating variable is
multiplied by (1+d) as well.
Foreign currency government debt
We examine the impacts of a given percentage point
change in the foreign currency government debt ratio,
while the amount of the total debt and, consequently,
the total interest payment is unchanged. (For simplicity,
we do not account for any possible difference in the
interest rates paid on domestic and foreign currency
debt.) We denote the shock by fd.
This change affects the public foreign currency debt, so
we add fd to this rating variable. Furthermore, the
external interest service variable is also modified by the
change, and thus it is multiplied by (1+ fd / f), where f is
the original foreign currency debt ratio.
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The relationship between the key drivers and the rating
variables is illustrated in Figure 1.
ONE-DIMENSIONAL CETERIS PARIBUS
EFFECTS
Our first results are shown in Table 6, which presents
the extent to which key drivers can influence the rating
in the ceteris paribus case. From a mathematical point
of view, ceteris paribus shifts given by g, d and p can
lead to an upgrade by one category. However, from the
point of view economics, neither a 56 per cent decrease
in government debt nor a decrease in the inflation which
would be identical to a deflation of 4.5-5.4 per cent on a
three-year basis is a realistic scenario. As a benchmark
to our results, minimum, maximum and average yearly
changes of key drivers are also presented in Table 6.
Also, a downgrade to rating BB+ can be explained by
ceteris paribus changes in GDP, inflation, broad money
supply and gross government debt, but in this case,
ceteris paribus scenarios are more realistic for the GDP
and the inflation than in the opposite direction. Based on
our calculations, only changes in GDP and inflation
would move the rating down to default category (CCCD). The highest rating possible (AAA) could be
calculated at a level of 71.5-72.4 per cent deflation.
Overall, we found that the calibration of the SRM model
allows quite large ceteris paribus effects of some key
variables (GDP and inflation), but also considering the
economic background, the ratings are robust to onesided effects without structural changes and movements
of other macro indicators.

A+

12

B+

3

A

11

B

2

A−

10

B−

1

BBB+

9

CCC-D

0

BBB

8

Source: Fitch, 2017: 7
Gross government debt – Public foreign currency
government debt/Gross government debt
The model seems to show little sensitivity to the
decrease of the foreign currency debt ratio. Even if the
foreign currency denominated debt would be repaid
entirely, the current level of the general government
debt would still need to be halved for a potential onenotch upgrade. Nevertheless, an increase in the ratio and
the volume of the foreign currency debt could put a
downward pressure on the rating.
If the general government debt was to stay constant,
even a 4 per cent increase in the foreign currency debt
could result in a downgrade. On the other hand, a 20 per
cent increase in the general government debt and a
stagnation or a decrease of 15 per cent in the foreign
currency debt would trigger a downgrade. Apparently,
the smaller the indebtedness of the sovereign, the more
the SRM tolerates a larger foreign currency ratio.
The country's current position is far from being
symmetric: while an increase of 14 per cent in the total
debt may lead to the worsening of the rating, an
improvement of 56 per cent is necessary for
improvement.
To summarise, now that the grade BBB- has been
achieved, larger debt burdens could easily trigger a
downgrade on their own, while the management of
these two variables cannot lead to any further
improvement under realistic scenarios.

TWO-DIMENSIONAL CETERIS PARIBUS
EFFECTS
As the third step of our analysis, we identify how
simultaneous movements of two key variables would
influence the rating. We examined all the possible
combinations but we only present those that were
considered as the most relevant: the gross government
debt-GDP, the gross government debt-foreign currency
debt/gross government debt and the inflation-broad
money supply pairs.
In all three cases, our results relate to changes form the
initial levels described in Tables 4, 5 and 7. Thus, our
conclusions are state dependent. When substituting the
initial status into the SRM model, it leads to a score of
6.693, while the interval from 6.5 to 7.5 belongs to the
rating level BBB-. (See Table 3 for details.) That means
that our score is in the lower third of the rating range.

Table 4. Cross-table gross debt vs. foreign currency debt
Foreign currency gov.debt/gross gov.debt

BBB-

Gross government debt

-0,3

Table 3: Ratings and the related SRM scores of Fitch

-0,2

-0,1

0

0,1

0,2

0,3

-0,6 BBB

BBB

BBB

BBB

BBB

BBB-

BBB-

-0,5 BBB

BBB

BBB-

BBB-

BBB-

BBB-

BBB-

-0,4 BBB-

BBB-

BBB-

BBB-

BBB-

BBB-

BBB-

-0,3 BBB-

BBB-

BBB-

BBB-

BBB-

BBB-

BBB-

-0,2 BBB-

BBB-

BBB-

BBB-

BBB-

BBB-

BBB-

-0,1 BBB-

BBB-

BBB-

BBB-

BBB-

BBB-

BBB-

0 BBB-

BBB-

BBB-

BBB-

BBB-

BBB-

BBB-

0,1 BBB-

BBB-

BBB-

BBB-

BB+

BB+

BB+

0,2 BBB-

BBB-

BB+

BB+

BB+

BB+

BB+

Long term foreign
currency rating

SRM
score

Long term foreign
currency rating

SRM
score

AAA

16

BBB−

7

AA+

15

BB+

6

0,3 BB+

BB+

BB+

BB+

BB+

BB+

BB+

AA

14

BB

5

0,4 BB+

BB+

BB+

BB+

BB+

BB+

BB+

AA−

13

BB−

4

0,5 BB+

BB+

BB+

BB+

BB+

BB+

BB+
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Table 5. Cross-table money supply vs. inflation

Considering this concept and recalling that GDP is
constant due to the ceteris paribus setting, we see that
assuming a moderate change in inflation and M,
policymakers have some room in all directions from our
initial state.

Inflation

Broad money supply

BBB-

-0,05 -0,03 0,01

0

0,01

0,02

0,04

-0,4 BBB- BBB-

BBB- BBB- BB+

BB+

BB+

-0,35 BBB- BBB-

BBB- BBB- BB+

BB+

BB+

Gross government debt - GDP

-0,3 BBB- BBB-

BBB- BBB- BB+

BB+

BB+

-0,25 BBB- BBB-

BBB- BBB- BB+

BB+

BB+

-0,2 BBB- BBB-

BBB- BBB- BBB-

BB+

BB+

-0,15 BBB- BBB-

BBB- BBB- BBB-

BB+

BB+

-0,1 BBB- BBB-

BBB- BBB- BBB-

BB+

BB+

-0,05 BBB- BBB-

BBB- BBB- BBB-

BB+

BB+

0 BBB- BBB-

BBB- BBB- BBB-

BB+

BB+

0,05 BBB- BBB-

BBB- BBB- BBB-

BB+

BB+

0,1 BBB- BBB-

BBB- BBB- BBB-

BB+

BB+

0,15 BBB- BBB-

BBB- BBB- BBB-

BB+

BB+

0,2 BBB- BBB-

BBB- BBB- BBB-

BBB-

BB+

Our results indicate that at the current level of the gross
general government debt/GDP ratio, even if a moderate
decrease in GDP occurred, it could be offset by a larger
decrease in gross government debt, leaving our rating
unchanged. However, even a constant debt over GDP
ratio would not be sufficient to maintain the rating
during a recession. For example, a 10 per cent drop in
GDP could eliminate the effects of a less significant
decrease in the debt ratio. The bottom right side of the
cross-table shows an interesting result: a 12 per cent
increase in GDP coupled with a 20 per cent higher than
the current gross government debt triggers an upgrade
of the rating. This means that the SRM favours growing
economies, even if the growth is financed through a
debt level higher than our input data.

0,25 BBB- BBB-

BBB- BBB- BBB-

BBB-

BB+

0,3 BBB- BBB-

BBB- BBB- BBB-

BBB-

BB+

CONCLUSIONS

0,35 BBB- BBB-

BBB- BBB- BBB-

BBB-

BB+

0,4 BBB- BBB-

BBB- BBB- BBB-

BBB-

BB+

Owing to regulatory efforts, credit rating agencies have
made their decision-making processes more transparent
and published more detailed methodologies than before.
This allowed us to reconstruct the model calculation of
Fitch. After finding that our model calculations for the
Hungarian sovereign rating returned the same result as
the one maintained by the agency, we performed
sensitivity analyses to identify possible development
paths for the Hungarian economic policymakers. Based
on our results, assuming realistic macro trends and
conditions, it was hardly possible for the country to
improve its credit rating further based on the data
available at the date of Fitch’s report (data from 2017).
While even small deteriorations in certain variables may
lead to a downgrade of the rating, the results suggest
that only boosting economic growth through increasing
public debt may offer a way upwards. However, such an
action would not only be hazardous, but may also lead
to worsening in factors not considered in the given twodimensional analysis, e.g. inflation. These negative
trends may even eliminate the ones having positive
effects on the rating, and navigate the country into a
worse economic status. A possible direction of further
research could be to use the model for seeking
development opportunities in other countries. Such
analyses may help us to improve our model and clarify
whether the model of Fitch is fair with emerging
economies.

Inflation - Broad money supply
The first result of the two-dimensional sensitivity
analysis (Table 5) is that given the initial level of
inflation (1.7 per cent) the rating is not sensitive to
further decrease of the ratio. Even some decline in broad
money supply would be tolerated. An interesting
phenomenon is that the model does not punish deflation
itself. Also, a significant drop in M parallel with
deflation seems to be indifferent: when inflation
decreases by 3 or 5 percentage points and the broad
money supply by 50 per cent, the rating remains
unchanged.
At the same time, even a single percentage point
increase in inflation significantly restricts M from
helping to avoid a downgrade.
A possible interpretation of the latter finding is that
Hungary at the given date had just enough level of
broad money supply to avoid a downgrade. The
theoretical background of the inflation-broad money
supply relationship is the Fisher equation of exchange.
(see equation 2), where M stands for money supply, P
for the price level, Y for national output and V for the
velocity of circulation.
PY=MV
(2)
This core concept of Quantity Theory of Money initially
used T (transactions) instead of national output, but
transactions are difficult to measure. Hence the broad
money supply over GDP ratio equals the reciprocal of
the velocity of circulation.
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Table 6: One-dimensional ceteris paribus constraints

Rating
Variable
GDP (%)
Broad money supply
Inflation rate (%point)
Gross government debt (%)
Foreign currency gov. debt /
Gross gov. debt (%)

Yearly changes (2000-2017)

CCC-D

BB+

BBB

AAA

-68%
52%
-

-4%
-51%
2%
14%

14%
-7% 74%
-56%
-

-

-

-

Average

-

Maximum

Minimum

6.90%
10.30%
-0.42%
7.50%

15.50%
22.20%
4.03%
25.10%

-2.80%
-4.60%
-3.92%
-7.90%

-0.40%

8.87%

-8.65%

Source: Statistics of World Bank, Eurostat, Government Debt Management Agency

Figure 1: The relationship between key drivers and rating variables

Table 7: Cross-table Gross government debt vs. GDP
Gross government debt

BBB-

GDP
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BB+
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BB+
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BB+

BB+

BB+

BB+

BB+

BB+

BB+

BB+

BB+

BB+

BB+

BB+

-0.08 BB+

BB+

BB+

BB+

BB+

BB+

BB+

BB+

BB+

BB+

BB+

BB+

BB+

-0.06 BBB-

BB+

BB+

BB+

BB+

BB+

BB+

BB+

BB+

BB+

BB+

BB+

BB+
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BBB- BBB-

BBB-

BBB-

BB+

BB+

BB+

BB+

BB+

BB+

BB+

BB+
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BBB- BBB-

BBB-

BBB-

BBB-

BBB- BBB- BBB-

BB+

BB+

BB+

BB+
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BBB- BBB-

BBB-
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BBB- BBB- BBB-
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BBB-

BBB-

BB+

0.02 BBB-

BBB- BBB-
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BBB-
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BBB-
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0.15 BBB
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could push other members away from their individual
optimum to enhance the competitiveness of the whole
chain. This paper investigates when this would be
necessary and what margin rates the chain has to provide
so that the given member chooses the chain optimum as
its inventory level.

ABSTRACT
This paper simulates a three-member supply chain with
delivery risk by a stochastic model based on the PrékopaZiermann model. The research aims to identify cases
where the influencing power of a dominating supply
chain member is needed to keep inventory at its optimum
for the whole supply chain to maximize competitiveness.
We set up a supply chain in which the production phases
take place at locations geographically remote from each
other. Thus, it is not only the timing of deliveries but also
the duration of the distribution that needs to be managed
as a random process. Introducing cost factors into the
model allows us to get a more comprehensive picture of
the profitability and apply our results for other economic
and financial problems. We found that it is not only the
behaviour of other chain members but also the level of
margin provided that drives the inventory behaviour of
the member firms. The overuse bargaining power of the
dominating player to push down margins of other supply
chain members might lead to increased risk and reduced
competitiveness of the whole chain.

LITERATURE REVIEW
Inventory risk is covered from various aspects of the
literature. Hsien-Jen Lin (2017) examined long-term cost
when a connection between the inventory level and the
production facility exists. He quantified the optimal level
of the control parameters like the level of the inventory
(m, M) to minimize the long-run total expected cost of
production. Wang and Mersereau (2017) examined the
effects of global news, the local and the internal events
on demand forecasting capability and management
efficiency.
Brányi et al. (2015) have surveyed the effects of
competitiveness of the dominant company in the supply
chain among Hungarian firms. They showed that the
competitiveness of a company depends heavily on its size
and turnover. The dominant, powerful firm in the supply
chain (SC) is usually more competitive than its partners.
A prominent company influences its partner's results in a
given sector. This influence might be both positive and
negative, but the SC only works successfully in the case
of a positive impact. Enhancing SC competitiveness
requires closer cooperation of the partners to promote the
transmission of competitiveness across SC members.
Sanchez-Rodrigues et al. (2010) showed that the main
factors jeopardising the sustainability of transportations
within SCs are delivery constraints, delays, poor
information, and insufficient SC integration. Our model
assumes perfect information and focuses on the
remaining three issues.
Zhao et al. (2013) underline that the main driver of supply
delivery risk is the lack of SC integration. Internal
cooperation could significantly reduce this uncertainty.
An excellent review of earlier supply chain disruption
models is offered by Bugert and Lasch (2018). They
propose that new papers should put more focus on
resilience and risk control gave us a special motivation.

INTRODUCTION
Nowadays we do not see firms competing with each other
rather those different supply chains that fight for the
customer. Compared to a single firm model supply chains
have additional risk emerging (Bredell – Walters, 2017) one
of which is that of delivery. Should any earlier chain
member be late in delivery, the final seller may lose some
profit due to not being able to serve the customer. Thus,
the competitiveness of the supply chain depends also on
the punctuality of deliveries between the members. To
reduce this risk both emerging from the (partial) failure
of delivery and unexpected delay of transportation, firms
stick up some raw material inventory. Once the profit loss
due to our own delivery failure and the cost of holding
inventory is given, a profit maximising company can
determine the optimum level of inventory. But what is
optimal for a single firm may not be that for the whole
supply chain. If there were a dominating member, it
Communications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
ISBN: 978-3-937436-65-4/978-3-937436-66-1(CD) ISSN 2522-2414
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main buyer of P1. Each Pi has two warehouses: one for
the input stock and one for the output stock. In this model,
there is not any storage capacity limit, but the cost of
storage will be considered.
The timing of deliveries was set based on a normal
distribution around the predetermined delivery dates
evenly distributed over the simulation time horizon.
Compared to the PZ model, due to less random
deliveries, significantly lower inventory levels can
ensure continuous production. Given the characteristics
of the normal distribution, a supply chain member (SCM)
can most likely (99.73%) avoid the scarcity of the input
by having stock enough for the delivery period plus three
times the deviation of the delivery (S*). We assume that
this is the target level of availability and any inventory
level below that increases the operational risk and
decreases the competitiveness of the whole SC as the
final customer may not be well served.
Compared to the Prékopa-Zierman model, the lead time
was integrated into the model for transportation between
the individual production phases. For the sake of
simplicity, we set its expected value to one day by a
deviation of one. (The actual time need for delivery was
the whole number nearest to the received random
number.)
We also introduced the total cost of production (ci) and
warehousing (wi), and sales price (pi). All of them depend
on the quantity of the total produced output (ci and pi) and
of the average input (wi) where i stands for the identifier
of the firm. For to keep the model simple, wi covers the
warehousing cost of one unit input for the whole [0;T]
period. In this model, we ignored the economies of scale
effect of the fixed costs, so the profit of a firm can be
calculated by the formula:
Пi=(pi-ci)*qi-wi*𝑚
̅̅̅̅𝑖 *T
(4)
, where q is the total amount of output in [0;T], and m is
the average input stock for a day of the period, i.e. the
average of the stock levels of tj, where j=1,..,n and
0<t1≤tj≤tn≤T.
Depending on the input and output ratio, i.e. how much
of the critical input is required for the production of one
unit of the output, the profit might change. This ratio can
be interpreted as well as the quantity of a single critical
input, or the amount of the essential inputs. We assumed
that wi is equal for all input of a firm: the physical size
and the storage conditions can be the same.
During the Monte Carlo simulation, we tested how the
initial inventory level impacts the profit of each firm over
the 3-year time horizon. We looked at how price over cost
ratio affects inventory management, and whether the
optimal inventory level of the given SCM would be
different to that minimizing delivery risk across the
whole SC. Should a deviation emerge, the dominating
company might be forced to motivate the firm to change
its inventory policy to maintain the competitiveness of
the chain? Beside of using pure bargaining power,
increasing the realised margin of the given SCM could
also offer a solution.
Our assumptions for production in the simulation were
the following. At P1, three units of critical input (A) is

Our model is based on the Prékopa-Ziermann model (PZmodel) (Prékopa [2006]), which was designed for the
ordering and delivery habits of the 1950s and 60s in
Hungary: when the ordered quantity arrived at the
customer in smaller units almost randomly in time (s), but
the total order was delivered until a final date.
The initial assumptions of the PZ-model are as follows: r
represents the amount of raw material used for
production during one unit of time. Thus r*T=Q, where
Q is the amount of raw material required to maintain
production. The material arrives in n parts during the
examined period [0; T], but the timing of deliveries is
random, chosen from the interval [0,T] according to a
uniform distribution independently. The model
quantifies the optimum amount of initial stock, M (n, ε)
by which a shortage of raw material can be avoided with
probability (1- ε). Using Yt for the amount of the
delivered stock until the date of t and Xt for the actual
inventory at the time t implicate the following formula:
Xt = M + Yt – r*t
(1)
, where 0 ≤ Yt
and Q = rT = YT.
Ensuring the continuous consumption to be not disrupted
with probability (1- ε) they
minimized M≥0
subject to Pr(Xt≥ 0) = 1- ε
(2)
, where 0 ≤ t ≤ T.
Yt is a continuous jump process which contains exactly n
jumps in the period [0, T] at random times. The jumps are
independent of each other, and their time distribution is
equal to the interval [0, T]. The size of each jump can
have a minimum: αQ / n, (0 ≤ α ≤ 1).
If α = 1, the magnitude of each Yt is exactly Q/n. In this
case, the initial safety stock is
𝑀(𝑛, 𝜖) = 𝑟𝑇 √
, which means it has to be √
the whole period [0;T].

1
𝑙𝑛
𝜀

2𝑛

𝑙𝑛

1
𝜀

2𝑛

(3)

-th of the consumption of

SUPPLY CHAIN WITH A DOMINATING
MEMBER
In our modified simulation, we examined a SC as a
critical supplier line of a multinational manufacturing
company. There is one kind of raw material at every stage
of the process, and the continuity of production depends
on this crucial input. The figure below schematically
shows the production process simulated by us.

Figure 1. Structure of the assumed supply chain
The SC in our model has three levels: P3 sells to final
customer (market), P2 is the leading supplier of P3 and the
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needed to produce one unit of B (the standard daily
output was 8 units). P2 requires two units of critical input
(B) to produce one piece of product C (the standard daily
output was 4 units), while P3 needs two units of input (C)
to create a product D (the standard daily output was 2).
We set the expected period between deliveries to 30 days
at each of the firms. (The standard deviation of this period
length was either 5 or 10 days.)
Based on the results of Brányi (2006) we determined the
prices and costs and the potential output so that the
dominant firm has the highest turnover. We supposed
that the dominant firm always has a starting inventory of
S* to secure its production. To guarantee the total final
SC output, it prefers all other SCMs to do the same: i.e.
keeping an initial input inventory equal to their S*. (Note
that the absolute amount of S* may be different for the
individual SCMs due to the different conversion ratios of
their manufacturing process. It is the level of operational
security that S* provides that is the same.) The prices of
A, B, C, D are 5, 50, 500, and 4000 respectively, the
warehousing cost is 10 at each firm in our simulation.
The production of B, C, D needs respectively 3 of A, 2 of
B, 2 of C respectively as input. Having the highest
turnover, the firms produce the following amount of
output in each case (ie. if P1 or P2 is dominant, it must
have customers outside of the supply chain as well to get
the highest turnover).

of 30 days (S). We compared the two different level of
the input inventory stock (S and S*) with several aspects.
Moreover, we also examined the effect of the profitmargin (defined by equation 5) on the willingness to
increase the input inventory by different deviations.
(𝑝 −𝑐 )
𝑝
𝑚𝑖 = 𝑖 𝑖 = 𝑖 − 1
𝑖 = 𝐵, 𝐶, 𝐷
(5)
𝑐𝑖

𝑐𝑖

In the first case, the standard deviation of the delivery
date reached only one-sixth (5 days) of the average lead
time, while in the second case it was one-third (10 days)
of it. After the Monte Carlo simulation of 1000 thousand
cases, we found the follows:
- if only the dominant P3 has S* initial inventory (C4), is
worth also for P1 to have its starting stock to push up
to S* above a margin level of 10.47%. If also P2 has
an inventory level of S* at initiation (C2), the minimum
P1 margin to increase the storage voluntarily to S* is
26.66%.
- In Case 4, it pays off for P2 to increase the inventory
to S* at a margin level higher than 15.98%, otherwise,
if all other SCMs keep S* (C3), even a margin level of
6.67% is enough for it.
In the case of higher deviation (one-third of the lead
time), we found fewer differences among the willingness
of increasing the inventory level:
- for P1, it paid off to increase the inventory in C2 even
at a margin of 39.03% (low std. dev.: 26.66%).
However, in the previously favourable case (C4), the
breakeven level increased from 10.47% to 49.93%.
- in the case of P2, the change of the required margin
was bigger: from 15.98% down to 1.07% for C4 and
from 6.67% up to 9.83% for C2. Note, that the
direction of the change was the opposite of what we
saw in case of P1.

Dominant
P1 prod of
P2 prod of
P3 prod of
firm
B
C
D
P1
20
4
2
P2
40
20
2
P3
8
4
2
Figure 1: The production of the firms
In our examination, we simulated 1000 times the results
of the production of the three firms. In each case in each
Monte Carlo simulation, independent of the initial
inventory stock the average, the volatility and the relative
volatility reaches a stable level after about 500
simulations. Only the cases of higher production (ie. 20
and 40) needed the simulation of 1000 to stabilize the
average and the relative volatility.
The dominant firm at the end of SC

Figure 2: P1 and P2 breakeven margins to set inventory
at the security level if the dominant firm at the end of
SC

First, we assumed that it is the firm at the end of the SC
that is dominant as being the exclusive marketer of the
others just like it is typical in case of car manufacturing.
However, its production security depends on the
inventory level of the other SCMs. Obviously when all
SCMs have an initial input inventory of S*, the dominant
firm at the end of the supply chain can reach its maximum
profit. However, how motivated are the suppliers to keep
an inventory like that?
We considered four cases:
C1: every firm has S* input stock
C2: P2, P3 have S* input stock
C3: P1, P3 have S* input stock
C4: only P3 has S* input stock.
The other firms which do not set the input stock at S*,
have the inventory level enough for the delivery period

Practically, if the uncertainty of the delivery decreases
then other influencing tools might be required for getting
P1 (P2) to raise the input inventory to the level of S* in the
case of C4 (C3).
The dominant firm in the middle of SC
Next, we examine the case when P2 is the dominant firm.
Because P2 is both a buyer and a supplier in the SC, it
should also have customers not belonging to the given SC
to have the highest turnover as required by the definition
of the dominant firm in this model. In our simulation, P1
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produces only the amount needed for the production of
P2, but P2 produces five times more than the usage of
product C at P3.
In case pi/ci=2, the highest average profit can be reached
at each firm if their inventory level at time 0 is enough
for the periods until next delivery plus three times the
deviation of the delivery date (S*). Theoretically, high
warehousing costs may refute this statement by leading
to higher profit with no extra inventory for possible
delays, but that calls for a cost structure that seems
extreme.
In the simulation, the considered cases were as follows:
CC1: each firm has an input inventory of S*
CC2: P1 and P2 have S* input inventory
CC3: P2 and P3 have S* input inventory
CC4: only P2 has S* input inventory.
In each case, the firms not having the level S* have
inventory level (S) enough only for the period until the
next delivery. Based on our results, both P1 and P3 have a
positive profit if their margin is above 15.75% and
3.13%, respectively. Performing the analysis in the
previous sub-section, we have received the following
results in the case of the lower deviation (one-sixth of the
lead time):
- For P1, it is already worth to increase initial inventory
at a margin level higher than 29.23% if only the
dominant P2 has S* (CC4). If also P3 has an inventory
level of S* (CC3), P1 is best off when also having an
inventory of S* at a margin of 15.93% or above.
- For P3, it is only worth to keep an initial inventory of
S* in case of CC4 if the margin reaches than 1.04%.
For the case CC2, a margin level of 0.73% is needed.
Practically, at any margin level, it is worth for P3 to set
the beginning inventory level at S*. For example, in
our model, setting the margin level between 1.55%
and 3.13% P3 will realize a negative profit in some
cases, but all of them become profitable above that
level.
In the case of a higher deviation (one-third of the lead
time), contrary to our findings with a dominant P3, P1 is
in a more difficult situation. It must have a higher margin
to benefit from the higher inventory. After our
calculation, P1 would have S* inventory (moving from
CC2 to CC4) if the margin on B is more than 37%.
Similarly, P1 prefers CC1 for CC3 if the margin (p/c) is at
almost 32%.

There is only a slight difference between the required P3
margin rates between low and high deviation level cases.
If the deliveries become more uncertain, P3 benefits from
increasing the starting inventory in the case of CC2 and
CC4 if the margin level is higher than 0.35 % and 0.43%
respectively. However, these are such low margin limits,
that it can be stated that the firm at the end of the SC
would always benefit from holding S* of input inventory.
In our model, for some cases with a deviation of 10 days,
the profit of P3 was negative under a margin of 3.49%
(Breakeven levels are the following: CC2 3.49%; CC3
3.37%; CC4 1.55%; CC1 1.06%).
The dominant firm at the beginning of the SC
Being a dominant firm, P1 has to face a huge demand to
serve the SC and fulfill the turnover condition. In this
case, we see the results being quite similar to the case
when the dominant firm is at the end of the SC.
In this simulation, the considered cases were as follows
(using the markers of previous subchapters:
C1≡CC1: every firm has S* input stock
C3: P1, P3 have S* input stock
CC2: P1 and P2 have S* input inventory
A: only P1 has S* input inventory.
In our simulation, P2 and P3 have a positive profit if their
margin is above 15.01% and 3.16%, respectively.
Scanning their willingness to hold inventory of S* in the
case of the lower deviation (dev=5 days) we found the
follows:
- If all of other SCMs hold an inventory of S* then
P2 would have it as well at all the acceptable
margin levels.
- If only P1 has an inventory of S*, P2 increases its
storage only if its margin would rise above
30.19%.
- P3 has in any case higher profit when
maintaining an initial inventory level of S*.
Higher insecurity in the transportation eventuates the
lowest profit at the firms which means that higher markup is required for not operating at a loss. P 2 needs a
margin of almost 26%, while for P3 a margin of 3.52%
would be enough. P3 still prefers to adopt the S* as the
desired inventory level at time 0. As for P2, the interval
of the margin narrows, a margin below 17.28% results in
maintaining the lowest inventory, but a margin above
23.39% forces the firm to set the level at S*.
Figure 3 shows the narrowing of the margin gap. In
Figure 3, we can ascertain that the increase of the
deviation of the delivery decreases the resistance of the
P2 in raising the level of input storage when only the
dominant firm has S* inventory initially. But if both
firms (P1 and P3) have an input inventory of S* higher
deviation stops being a motivator as the added security of
P1 increased inventory removes a part of the risk P 2 faced
originally.

Figure 3: P1 and P3 breakeven margins to set inventory
at the security level if the dominant firm in the middle
of SC
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We found that if the dominant firm is at the end of the
chain, the effect of the uncertainty of delivery depends on
the position of the SCM the chain. If the SCM is next to
the dominant player, then it inclines to increase the
inventory level if both of its neighbours in the SC have
the optimal S* storage. If the firm is the supplier of the
whole SC (P1), then it prefers to set the inventory level at
S* if only the dominant firm has the optimal S* initial
stock. So, we can set a potential process of increasing the
inventory stock from level S to level S* by the less
deviation case: P3, P1, P2. The minimum margins in this
process are 10.47% for P1 and 6.67% for P2 after P2 set
its stock level at S*. However, the sequence to increase
the stock would be P3, P2, P1 the margins are 15.98% for
P2 and 26.66% for P1. Higher required margin levels can
make increasing stock levels more uncertain. If deliveries
are more uncertain (st. dev.=10), then the firms are forced
to increase the stocks, and it is more likely to set the stock
at level S* in the order of P3, P2, P1.
However, if the dominant firm stands in the middle of the
supply chain, only the subsequent firms benefit from
higher stock if the delivery becomes more uncertain, but
for the preceding firms, the favourable scale of inventory
build-up narrows. Thus, the dominant firm might expect
that P3 will increase the stock to strengthen the progress
of the SC. In contrast, in the relationship with its supplier,
the dominant firm has to intervene as P1 is always better
off when keeping an initial inventory less than S*. Thus,
P1 may need compensation if pushed to hold S* amount
of inventory.
In the case of the cooperation of the three firms (i.e.
negotiation of increasing the inventory stock), they can
afford lower margins compared to their own decisions. If
all of them increase the stock at the same time that the
minimum margins are 15.93% (P1) and 0.73% (P3),
however in a consecutive deciding series the margins
needed to increase the stocks are 15.93% and 1.04%
respectively or 29.23% and 0.73% respectively
depending on which one increase the inventory first.
Almost the same is true in the case of more uncertain
deliveries, only at P3 is a slight difference in the minimum
margins but the margin to get any profit is higher of them.
If the dominant firm is the first member of the SC, the
profit maximising SCM at the end of the chain sets his
inventory automatically for the optimal S* level. In this
case, the firm in the middle benefits from doing that as
well only if its margin level is higher than 30.19%. This
means that not providing enough margin to given SCM
may lead to an increased delivery risk in the SC and it
could jeopardise the competitiveness of the whole chain.
If they cooperate in the case of the lower deviation than
much smaller margin is needed. Perhaps if P 2 is aware of
the increase done by P3after that P2 increase its stock as
well. In the case of more uncertain deliveries there is a
little conflict of interest between P1 and P3; therefore
perhaps P3 is interested in forcing P2 to increase its input
stock.

Figure 4: P2 and P3 breakeven margins to set inventory
at the security level if the dominant firm at the
beginning of SC
CONCLUSIONS
We have examined three different cases depending on the
position of the dominant SCM. For each of them, we
clarified which situations would automatically lead to the
maximisation of availability of the SC and where is some
kind of additional motivation needed so that the strategy
of minimising delivery risk and that of maximising profit
does not diverge. The results of our simulations are
summarized in Table 1.

Table 1: The minimum margins to hold S*
Dominant firm: P3 (final seller)
Analysed firm

P1

Firms with S*
inventory
Minimum
margin to hold
S*
st. dev. = 5 days
Minimum
margin to hold
S*
st. dev. = 10 days

P2

Dominant
only

All other
SCMs

Dominant
only

All
other
SCMs

10.47%

26.66%

15.98%

6.67%

49.93%

39.03%

1.07%

9.83%

Dominant firm: P2 (central player)
Analysed firm
Firms with S*
inventory
Minimum
margin to hold
S*
st. dev. = 5 days
Minimum
margin to hold
S*
st. dev. = 10 days

P1

P3

Dominant
only

All other
SCMs

Dominant
only

All
other
SCMs

29.23%

15.93%

1.04%

0.73%

37.06%

31.91%

0.35%

0.43%

Dominant firm: P1 (initial buyer)
Analysed firm
Firms with S*
inventory
Minimum
margin to hold
S*
st. dev. = 5 days
Minimum
margin to hold
S*
st. dev. = 10 days

P2

P3

Dominant
only

All other
SCMs

Dominant
only

All
other
SCMs

30.19%

5.88%

all

2.43%

17.28%

23.39%

all

all
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have to be taken into account. Immobilized yeast cell
technology allows the production of beer to be
accomplished in as little as 2-3 days (Branyik et al,
2005; Willaert, 2007).
Equation of fermentation
The process of alcohol fermentation in beer production
can be described with the following system of
differential equations:

KEYWORDS
brewing, kinetics of biomass growth,
approaches

analytical

ABSTRACT
Determining the specific growth rate in beer production
is essential for the accuracy of the models describing the
biomass accumulation kinetics. Some analytical
methods for determining the specific biomass growth
rate in beer production have been addressed in the
present paper. Eight different methods of linearization
of the microbial growth equation have been studied, and
the various aspects, advantages and disadvantages of the
methods have been discussed.
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INTRODUCTION
Basic processes in beer production
The main stages of the brewing process are the
production of wort (mashing, filtering, boiling,
clarification and cooling), fermentation (consisting of
main fermentation and beer maturation processes), and
processes related to the processing and stabilization of
the finished beer (Kunze 2003).
The main stage in beer production is the process of
alcohol fermentation. Ethanol fermentation occurs as a
result of the enzymatic activity of the yeast at EmbdenMeyerhof-Parnas pathway, which leads to glucose
conversion to pyruvate. Under anaerobic conditions, the
yeasts convert pyruvate to ethanol and CO2. In aerobic
conditions, yeasts consume sugars, mainly for biomass
accumulation and CO2 production (Boulton and Quain,
2001).
Yeast metabolism during fermentation and maturation
affects significantly the beer flavor. Ethanol, CO2, esters
and fusel alcohols make positive contributions to beer
flavor. Dimethyl sulphide and hydrogen sulphide,
diacetyl, and aldehydes contribute to the flavor defects
of beer (Meilgaard, 1975). Therefore, the synthesis and
reduction of yeast metabolites on the microbiological
and bioengineering levels have to be studied for the
purpose of yeast by-product optimization within certain
limits. Fermentation and maturation are the longest
processes in brewing. The main fermentation lasts
between 3-6 days and the maturation up to 2 weeks
depending on the fermentation type and the equipment
used. On such a competitive market, the potential time
savings offered by immobilized cell technology (ICT)

(1)

where: X – biomass concentration, g/dm3; P – ethanol
concentration, g/dm3; S – real extract, g/dm3; YP/S, YX/S – yield
coefficients; μ – specific growth rate, h−1; q – specific ethanol
accumulation rate, g/(g.h); E – ester concentration, mg/dm3;
HA – higher alcohol concentration, mg/dm3; A – aldehyde
concentration, mg/dm3; VDK – vicinal diketone concentration,
mg/dm3; YHA, YE, YA, YVDK – yield coefficients of the
corresponding metabolites, mg/(g.h); kA, kVDK – reduction
coefficients for aldehydes and vicinal diketones, mg/(g.h);
KSX, KSP – Monod constants, g/dm3; KSXi , KSPi – inhibition
constants, g/dm3; PM, PMP – maximal ethanol concentration for
full inhibition of the process, g/dm3

As the system of differential equations clearly shows,
the accumulation of primary and secondary metabolites
is associated with biomass accumulation, which makes
the determination of the specific biomass growth rate
critical to the accuracy of the parameter identification.
The flavor-aroma profile of beer is formed by a number
of compounds whose synthesis and/or reduction is
directly related to the biomass state. Models of different
accuracy which are subjected to various biological
processes in the yeast cell have been developed for this
purpose. Details of the accuracy of the models can be
found in Shopska et al., 2019.
The aim of the present work was to investigate the
accuracy of different types of analytical methods for
determining the specific biomass growth rate during
alcohol fermentation for beer production.
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Yeast strains
Beer fermentation was carried out using a bottomfermenting dry yeast Saccharomyces pastorianus
(carlsbergensis) Saflager S-23 (Fermentis, France).
Wort
Wort with original extract (OE) 13±0.5 ˚P was produced
in a 20 L laboratory scale brewery (Braumeister,
Germany). 4 kg malt and 0.5 kg barley were mixed with
water at a 1:4 ratio. Mashing was conducted by
increasing the temperature by 1 °C/min and by
maintaining the following temperature rests: 20 min at
45 °C, 30 min at 52 °C, 40 min at 63 °C, 25 min at 72
°C and 1 min at 78 °C. Lautering and boiling were also
conducted in the same Braumeister. Boiling duration
was approximately 1 h, and hop granules (Nugget
variety) were added to the wort at the beginning of the
process.
Wort fermentation
The fermentation of all variants was carried out in
plastic bottles, with a volume of 500 cm3, equipped with
an airlock system. The 400 cm3 of wort was placed into
bottles and inoculated with a yeast suspension at a
concentration of 107 cfu/cm3. For the variants with
immobilized cells, the microcapsule mass was 15 g for
400 cm3 wort. The main fermentation and maturation
temperature was a constant: 15 °С.
Immobilization
The immobilization and fermentation conditions were
previously reported in (Parcunev et. al., 2012).
Analytical methods and procedures
The biomass concentration of the immobilized cells was
determined according to the mathematical model
proposed in (Parcunev et.al. 2012). The characterization
of wort, green beer and beer (OE, degree of attenuation,
extract, alcohol and VDK) was conducted according to
the current methods recommended by the European
Brewery Convention (Analytica-EBC, 2004). The
metabolite concentrations were determined according to
(Marinov, 2010).

Equations (3) and (4) are the two equations by which
the specific growth rate can be calculated, using several
successive steps and different linearization methods.
To determine the growth rate, it is necessary to remove
the lag phase from the experimental data. In this case, μ
for each local point of the study was calculated
(Cibranska and Mutafciev, 2009; Fazlollah et al., 2017):
 X F  X   
     
(5)
 F
X  0

where: XF - final biomass concentration, g/dm3; Xτ+Δτ - current
biomass concentration, g/dm3; τF - final fermentation time, h;
τ+Δτ - current fermentation time, h; τ0 - 0 h (start of the
fermentation); Δτ – time change, h - (for the correctness of the
calculations Δτ=const); Xτ0+Δτ – biomass concentration at the
beginning of the exponential phase, g/dm3;

Equation (5) suggests that the specific growth rate
would be a decreasing dimension and during the steady
state μ→0. This does not mean that the cells stop
growing, but that the number of newly formed cells
would be equal to the number of dying cells, and
therefore X≈const.
To determine the biomass growth kinetics the Monod
equation is used:
S
  max
(6)
KS  S

where: μmax - maximum specific biomass growth rate, h-1; KS saturation constant, g/dm3.

The kinetic parameters μ max and KS in the Monod model
can be determined by various methods of linearization
of the function (2).
All linearization methods have been described by
Warpholomeew and Gurevich, 1999; Cibranska and
Mutafciev, 2009; Fazlollah et al., 2017; Kemmer and
Keller, 2010.
Lineweaver-Burk Linearization
This is a classical method for determining the kinetic
parameters of the enzyme reaction in the MichaelisMenten equation. The method is easy for application
because the Monod equation and the Michaelis-Menten
equation have the same form. For this purpose, equation
(6) is transformed to:
K 1
1
1

 S
(7)
 max max S
and the dependence 1/μ = f (1/s) is plotted. The resultant
function is approximated with a linear response of the
type y=ax+b, where the values of the coefficients in the
straight line equation are as follows: a=KS/μmax and
b=1/μmax, from which the desired kinetic parameters are
determined.
Hanes Linearization
In this case, dependence (6) takes the following form:

LINEARIZATION METHODS FOR THE MONOD
MODEL
The basic dependence that is valid for each biological
process involving microorganisms is used to determine
the specific growth rate (Shopska et. al., 2019):
dX
 X
d

(2)

dX
  d
X

(3)

(4)

Then the specific growth rate is presented in the
following way:

Equation (3) can be presented in the form of a real
dependence for a certain interval of time Δt and ΔX:

S





S

 max



1

 max

S

(8)

The resultant function is approximated with a linearity
of the type y=ax+b, where the values of the coefficients
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in the straight line equation are as follows: a=1/μmax and
b=KS/μmax, from which the desired kinetic parameters
are determined.
Eadie-Hofstee Linearization
In this case, equation (6) takes the form of:

  max  K S

LINEARIZATION METHODS IN THE LOGISTIC
CURVE MODEL
In this case, the biomass concentration change is
described by the logistic curve equation, which implies
the destruction of part of the cells during the process.
This process is proportional to the square of biomass,
and the proportionality factor β is called coefficient of
internal population competition.



(9)
S
Then, the dependence μ=f(μ/S) is plotted and an
approximate to the straight line equation y=ax+b, where
a=KS and b=μmax is performed.
Warpholomeew-Gurevich Linearization
For the determination of the kinetic parameters in
equation (6), the approach suggested by GurevichBartholomew can also be used. In this case, the initial
experimental
parameters
are
represented
by
modifications of equations (5) and (6) as follows:
 X 
 X X 
ln 
ln  F


X
 0   max S0  K S
 XF  X0 

K S  S0 K S  S0


dX
 X   X 2
d

Equation (12) can be solved analytically, and two
approaches can be used for this purpose.
Angelov and Kostov Linearization (Kostov, 2015)
In the first approach, linearization is done assuming that
β=μmax/XF and Δτ = const. In this case, equation (12)
can be represented in real form:
  1

(10)

To determine the kinetic parameters in the Monod
  X  X   is used,
equation, the dependence
 X 
F
ln 
 ln 


 X0   f   X F  X0  









and the kinetic parameters in the Monod model are
determined from the straight line equation.
Linearization by Substrate Consumption and
Product Accumulation
Gurevich-Wartholomeew linearization approach also
allows the growth rate to be determined using the
changes in the substrate and the product concentration.
For this purpose, equation (10) would acquire the form:

S 
ln  j 

  max S0  K S
 Si 
K S  S0 K S  S0  j   i

(11a)

P 
 P  Pj 
ln  j 
ln  m

P
 i   max S0  K S
 Pm  Pi 
 j   i K S  S0 K S  S0  j   i

(11b)

Before proceeding to the determination of the kinetic
parameters, it is necessary to consider the fermentation
dynamics. The results of the two fermentation processes
carried out with free and immobilized cells are
summarized in Table 1.
The main fermentation process in this variant was 96
hours in the free cell fermentation and 72 hours in the
immobilized cell fermentation. Immobilized cells began
the fermentation more slowly, but quickly made up for
their lagging behind. As a result of the higher active cell
concentration in the free cell fermentation, the
fermentation process was carried out faster and finished
in about 240 hours, while the immobilized cells needed
another 24-36 hours for the complete beer maturation.
The primary amount of alcohol for both variants
accumulated during the main fermentation. The main
biomass amount was accumulated during the main
fermentation period, and after that the yeast cells
entered the stationary growth phase.

The equations are plotted in the corresponding
of

; and

of

(13)

RESULTS AND DISCUSSION

where S0; Sj; Si - initial substrate concentration, g/dm3;
substrate concentration corresponding to tj, g/dm3; substrate
concentration corresponding to ti, g/dm3, τj-ti - time interval
equal to the difference between the final and the current
process time, h; Pj; Pi – product concentration corresponding
to tj, g/dm3; product concentration corresponding to ti, g/dm3,
Pm - maximum concentration of the product, g/dm3.

coordinates


 max  

X  
X 
 1  exp   1 

X     
X
F 


In this case, the dependence Ψ=f(X) is plotted, with the
final biomass concentration XF being determined from
the cut-off and the angular coefficient of the line being
max
numerically equal to 1  exp   .


Linearization through natural logarithms (Kedia et
al., 2007)
Equation (12) can be linearized by logarithmization. In
this case, its appearance would be:
 XF

 X 
ln 
 1
(14)
  max  ln 
 XF  X 
 X0

Thus, the angular coefficient determines the specific
growth rate, while the free member in the equation
determines the maximum biomass concentration.
Equation (14) implies only the use of the exponential
phase results as otherwise the kinetic parameters of
equation (12) cannot be determined.

where: XF - final biomass concentration, g/dm3; X - current
biomass concentration, g/dm3; X0 - initial biomass
concentration, g/dm3; S0 and S - initial and current substrate
concentration, g/dm3.

 S  Sj
ln  0
 S 0  Si
 j  i

(12)

.

Parameter KS is determined from the angular coefficient
of the straight lines, while μmax is determined from the
cut-off.
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Regarding the main metabolites defining the beer
of higher alcohols accumulated until the end of the main
characteristics, the following main dependencies were
fermentation. Immobilized cells accumulated higher
observed. Free cells accumulated higher amounts of
concentrations of carbonyl compounds: aldehydes and
esters than immobilized cells. For both types of
vicinal diketones. The maximum for both metabolite
fermentation, approximately 60% of the esters
groups was in the first 24-36 hours in the immobilized
accumulated until the end of the main fermentation,
cell fermentation followed by a rapid reduction, and the
after which a constant concentration was established. A
beverage matured quite quickly. In the free cell
similar trend to that of esters was observed with higher
fermentation, the maximum was fuzzy and was
alcohols. The experimental data showed that about 15%
maintained throughout the entire period of the main
less of these metabolites were accumulated during
fermentation, which also affected the longer beer
immobilized cell fermentation than during free cell
maturation and the extension of the overall fermentation
fermentation. Similarly to the esters, the major amounts
time.
Table 1: Dynamics of the fermentation process for beer production with free and immobilized cells at a constant
fermentation temperature of 15°C
Time
h

Biomass

Real extract
g/dm3

0
24
48
72
96
120
144
168
192
216
240
264

1.0
1.1
1.3
1.4
1.5
1.6
1.6
1.7
1.8
1.8
1.8
1.8

129.8
117.2
98.5
85.0
75.8
72.0
68.2
60.0
54.0
53.5
53.3
53.2

0
24
48
72
96
120
144
168
192
216
240
264

1.00
1.12
1.18
1.36
1.48
1.52
1.64
1.67
1.69
1.74
1.78
1.78

129.80
118.14
112.22
94.00
82.08
77.51
66.09
62.48
60.34
55.79
51.50
51.48

Alcohol

Vicinal diketones

Aldehydes

mg/dm3

FERMENTATION WITH FREE CELLS
0.0
0.0
0.0
5.4
0.5
20.1
8.6
0.6
12.3
15.0
0.6
18.2
27.3
0.7
20.1
30.5
0.6
21.3
34.4
0.6
22.3
35.0
0.6
18.1
36.7
0.5
15.6
36.7
0.4
14.2
36.8
0.3
22.3
36.8
0.2
14.3
FERMENTATION WITH IMMOBILIZED CELLS
0.00
0.00
0.00
4.35
1.04
11.15
13.45
0.95
18.96
18.20
0.80
17.20
21.20
0.77
20.08
28.60
0.61
22.50
31.50
0.52
15.62
33.20
0.52
14.00
35.50
0.51
13.39
36.50
0.46
13.39
37.30
0.43
13.39
38.00
0.20
13.39

Esters

Higher alcohols

0.0
71.3
71.3
83.2
105.9
92.1
88.6
130.1
175.1
150.0
88.6
92.2

0.0
3.3
11.0
25.2
43.0
40.1
39.1
52.2
64.4
50.2
48.9
58.8

0.00
19.33
53.94
63.80
88.56
77.50
71.15
62.80
53.94
55.80
62.60
63.00

0.00
5.67
23.94
26.10
27.22
29.20
33.89
35.30
37.42
42.80
47.75
48.22

Warpholomeew method. This is due to different and, in
most cases, complex reasons.
First of all, the method for the analytical determination
of the kinetic parameters suggests that the culture grows
on an inexhaustible substrate. In this case, the
determined maximum specific biomass growth rate as
well as the saturation constant refer to the exponential
phase. Thus, the accuracy of the models is greatly
reduced as they cannot adequately describe the lag
phase and the entry into the stationary phase. Secondly,
the accuracy of the model largely depends not so much
on the maximum specific growth rate but on the
determined saturation constant. As wort is a complex
carbon source (it contains fermentable sugars, amino
acids, vitamins, etc.), there are significant deviations
from the theory and KS≈S in three of the four methods,
which in turn leads to a significant reduction of μ. The
model calculated with the parameters determined by
Gurevich-Wartholomeew is the most accurate one in this
case. This is due to the fact that KS << S0 and therefore
the local growth rate will be as close to the maximum
possible growth rate as possible.

Determination of the kinetic parameters in the
Monod equation
The results of the kinetic parameter determination in the
Monod equation (equation (6)) are presented in Figure 1
and Table 2. The comparison of the model data with the
experimental results is presented in Figure 3. The data
on the correlation coefficients of the linearized
functions by the different methods are shown in Table 2.
Data on the correlation coefficients between the
experimental data and the calculated biomass
concentration are shown in Figure 3.
As can be seen from Table 2, the four linearization
methods result in relatively close results with respect to
the maximum specific growth rate μ max and the
saturation constant KS. The only exception is the
Gurevich-Wartholomeew method, where KS has a
relatively low value, i.e. it can be expected that with
these parameters the microbial population will grow at
the highest rate.
As can be seen from Figure 3, the calculated biomass
concentration undervalue the experimental data. The
only еxception to some extent is the Gurevich-
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a) Lineweaver–Burk (LB) Linearization

b) Hanes (H) Linearization

sс) Eadie-Hofstee (EH) Linearization

d) Gurevich-Wartholomeew (GW) Linearization

e) Linearization by Substrate Consumption (by S)
d) Linearization by Product Accumulation (by P)
Figure 1: Determination of the kinetic parameters in the Monod equation by different linearization methods

a) free cells

Correlation coeffiecients R2: LB – 0.8632; H – 0.9123; EH – 0.9163;
GW – 0.9632; by S – 0.9733; by P – 0.8532

b) immobilized cells

Correlation coeffiecients R2: LB – 0.8542; H – 0.9133; EH – 0.9353;
GW – 0.9733; by S – 0.9843; by P – 0.8734

Figure 2: Comparison of experimental biomass concentrations and biomass concentrations calculated by different
methods for determining the kinetic parameters
The observed disparity to the substrate can be explained
Improvement of the accuracy of these models can be
by its complexity. According to Pirt, 1975, in
achieved by performing the calculation procedure after
cultivation in complex nutrient media there are
the lag phase (Figure 3). In free cell fermentation the lag
significant exceptions to the theory, and in most cases
phase was about 48 hours. During that time the biomass
KS is within the substrate concentration.
adapted to the new conditions and active fermentation
began.
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Table 2: Kinetic characteristics of biomass growth
determined by different linearization methods

which is important for the relatively long beer
production processes. Models in which the kinetic
parameters are calculated from the local substrate and
product concentrations are distinguished in immobilized
cell fermentation. This is probably due to the fact that
although the diffusion resistances in the immobilized
cell system are not really reported in the equation
system, calculations on the local substrate and product
level give an idea of the diffusion in the capsules.
The data in Table 3 show that free cells grew at a higher
growth rate than immobilized cells, probably due to
diffusion constraints in the immobilized cell system. It
is interesting that the coefficient of internal population
competition in the immobilized cell system is lower,
which is probably due to the high concentration of
biomass provided by the immobilized cells. Equation
(14) is more accurate from these two models. This is
due to the fact that it includes determination of the
growth rate for the whole fermentation period, whereas
equation (13) requires the removal of the points
comprising the lag phase and part of the stationary
phase, i. e. the determination is almost only of the
exponential growth phase. This explains why the model
predicts faster entrance into the stationary phase and
why it gives a higher specific growth rate. In addition to
the cell growth, the reverse process (cell death) also
occurs in the microbial population. It is interesting to
assess the impact of cell death on the accuracy of kinetic
parameters in the long fermentation process. The results
from the identification of the parameters according to
equations (13) and (14) are presented in Table 3 and in
Figure 3. Generally, this method yields more accurate
results than classical methods, but together these
methods can reveal different aspects of the fermentation
kinetics.
Table 3: Kinetic characteristics - equations (13) and (14)

µmax,h-1
KS, g/dm3
µmax,h-1
KS, g/dm3
Free cells
Immobilized cells
Lineweaver–Burk Linearization
0.000619
134.41
0.001167
166.63
R2=0.8686
R2=0.9465
Hanes Linearization
0.00117
173.77
0.0013
175.76
R2=0.9817
R2=0.8421
Eadie-Hofstee Linearization
0.0008
151.86
0.0012
171.14
R2=0.9669
R2=0.9736
Gurevich-Wartholomeew Linearization
0.00069
23.09
0.0003
33.69
R2=0.9469
R2=0.9651
Linearization by Substrate Consumption
0.0024
40.99
0.0024
44.43
R2=0.8215
R2=0.8364
Linearization by Product Accumulation
0.0017
48.86
0.0025
46.70
R2=0.6774
R2=0.5091

The results obtained by equations (11a) and (11b) are of
considerable interest. They show that the linearization
by substrate consumption has a higher accuracy than the
linearization by product accumulation. In addition, they
give much higher maximum specific growth rates than
the results by other methods and a relatively high
association between the population and the complex
substrate wort. This is probably due to the fact that they
describe the process in relation to the local substrate
consumption rates and the product obtained. Figure 3
shows that the substrate consumption model is more
accurate, since the process of alcohol fermentation is a
rather substrate-dependent process.
Analogous discussion can also be made for the
description of the immobilized cell process. Unlike
numerical methods for modelling and kinetic
determination, there is no clear picture of the difference
between free and immobilized cell processes. This is
due to the fact that these methods do not take into
account all aspects of fermentation and therefore cannot
fully appreciate the advantages and disadvantages of
fermentation with immobilized cells. It can be said that
the Gurevich-Wartholomeew method for determining the
kinetic parameters as well as the substrate linearization
have a relatively high accuracy. They are easy and fast
to perform and allow the evaluation of the kinetics of
microbial growth for local periods of fermentation,

a) free cells

Correlation coeffiecients R2: by (14) – 0.9899; by (13) – 0.8566;

µmax,h-1
β, dm3/(g.h)
µmax,h-1
β, dm3/(g.h)
Free cells
Immobilized cells
Angelov and Kostov Linearization
0.0728
0.0413
0.0600
0.03369
R2=0.9198
R2=0.785
Linearization through natural logarithms
0.0224
0.012687
0.0158
0.00886
R2=0.8581
R2=0.985

b) immobilized cells

Correlation coeffiecients R2: by (14) – 0.9865; by (13) – 0.8255;

Figure 3: Comparison of experimental biomass concentrations and biomass concentrations calculated according to
equations (13) and (14)
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approaches”. In: Troitzsch, K. G, Möhring., M. and
Lotzmann, U. (Editors), Proceedings 26th European
Conference on Modelling and Simulation, ISBN: 978-09564944-4-3, pp. 434-440.
Pirt, J.S. 1975. “Principles of microbe and cell cultivation”.
1st edition, John Wiley and Sons, New York.
Warpholomeew, S. D and K. G. Gurevich. 1999. “Biokinetic –
practical course”. ISBN: 5-8183-0050-1, Fair-Press,
Moscow, pp.720 (in Russian)
Willaert R., 2007.” The beer brewing process: wort production
and beer fermentation”. In: Y.H. Hui (Editor) Handbook
of food products manufacturing, John Wiley & Sons, Inc.,
Hoboken, New Jersey, 443-507

CONCLUSION
Eight different methods for analytical identification of
the kinetic parameters for yeast biomass growth in beer
production have been examined in the present paper.
Higher precision has been found to be provided by
methods that involve identification by local substrate
consumption rates and / or product accumulation, as
well as those involving calculations over the entire
fermentation period. The results obtained show that in
future experiments and modelling the kinetic parameters
have to be calculated using the Gurevich-Varfolomeev
method, substrate consumption and product assimilation
models and by solving the logistic curve by linearization
through natural logarithms.
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effort to simplify the control algorithms. This
simplification is obviously at the expense of control
quality. The quality of control is then examined in order
to evaluate, if it was significantly affected or if it is still
suitable for a particular control problem. In this paper,
this case was considered.

ABSTRACT

As a suitable example of an improving a control
algorithm with regards to decreasing of the
computational complexity, a multivariable Model
predictive control (MPC) will be considered. Model
predictive control is one of currently utilized modern
control methods, as can be seen in e.g. (Camacho et al.,
2004; Rossiter, 2003).

Simulation is an important tool for testing and
verification of newly designed or modified control
algorithms. One of the aims of the simulation
verification is a comparison of control quality achieved
with new or modified methods with control quality
achieved with known methods. For an analysis of
control quality, criterions based namely on sum of
powers of control errors and sum of powers of control
increments are commonly used. These criterions can
result only in descriptive attributes of control quality. It
means that on the basis of particular values of the
criterions it is not possible to identify if the control
quality achieved with one algorithm is statistically
significantly different from control quality achieved
with another algorithm. The aim of this paper is
examining of control quality with use of testing
hypotheses on existence of statistically significant
differences between partial values of the control quality
criterions in individual sampling periods. The analysis
was performed on a strictly defined significance level
0.001, which is a standardly used value in technical
applications. A realization is presented on a simulation
of a multivariable predictive control with a modified
optimization technique.

In MPC, a computational complexity can significantly
increase in control of multivariable processes, control of
processes with fast dynamics and in case of higher
horizons or constrained variables. A significantly
important part of the constrained MPC is an
optimization task. It is characterized by higher
computational complexity. Therefore, a reduction of the
computational complexity of the optimization methods
in MPC has been widely researched. Various methods
of improving of an optimization part of MPC can be
seen in an explicit optimization solution with
applications (Ingole et al., 2015). An alternative
approach is a development of modifications of online
optimization procedures, e.g. (Wang, 2009).
The control quality is often analyzed using general
control quality criterions based on sums of powers of
control increments and on sums of powers of control
errors (Kubalcik et al., 2006). These criterions can result
only in descriptive attributes of control quality.
Therefore, on the basis of particular values of the
criterions, it is not possible to identify if the control
quality achieved with one algorithm is statistically
significantly different from control quality achieved
with another algorithm. The aim of this paper is to
examine the control quality with use of testing
hypotheses (Kitchenham et al., 2016; Vaclavik et al.,
2019) on existence of statistically significant differences
between partial values of the control quality criterions in
individual sampling periods. The analysis was
performed on a strictly defined significance level 0.001,
which is a standardly used value in technical
applications. In this paper, the testing hypothesis is
applied in comparison of control quality between a
standard MPC algorithm and particularly modified MPC
algorithm (Kubalcik et al., 2019), where a modification
of an iterative numerical optimization method was

INTRODUCTION
In process control (Corriou, 2004), various approaches
to a synthesis of controllers have been proposed with
many particular applications e.g. (Abraham et al., 2018).
Simulation is an important tool in technical applications
e.g. (Samsonov et al., 2019; Strmiska et al., 2018), for a
verification and testing of designed controllers e.g.
(Kubalcik et al., 2006; Spacek, 2017). In simulations,
among others, a quality of control achieved with
individual controllers can be observed.
Achievement of a suitable quality of control is one of
the main aims in the process control. The quality of
control is then examined in order to evaluate which
control algorithm reaches the best results in a particular
control problem. The control algorithms which yield
appropriate control results are often complex and
computationally demanding. Therefore, there is an
Communications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
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proposed. The modification consists in an addition of a
new termination condition in the iterative algorithm.

A( z −1 ) y (k ) = B ( z −1 )u(k ) + Δ−1 ( z −1 )C ( z −1 )es ( k ) ⎫
⎪
⎡1 − z −1
⎬ (7)
0 ⎤
−1
Δ( z ) = ⎢
⎪
−1 ⎥
−
0
1
z
⎣
⎦
⎭

MODEL OF CONTROLLED PROCESS
For purpose of discrete simulations, a model in the form
of the matrix fraction (Kucera, 1991; Fajmon and
Novak, 2010) with two-inputs and two outputs defined
by (1)-(2) was considered.

⎡G11 ( z −1 ) G12 ( z −1 ) ⎤
G( z ) = ⎢
−1
−1 ⎥
⎣G 21 ( z ) G 22 ( z )⎦

(1)

G ( z −1 ) = A −1 ( z −1 ) B ( z −1 )

(2)

−1

y (k ) = A1 y ( k − 1) + A2 y (k − 2) + A3 y ( k − 3) + ⎫
⎪
+ B1 Δu(k − 1) + B 2 Δu( k − 2);
⎪
⎪
− α 121 ⎤
⎡(1 − α 111 )
⎪
;
A1 = ⎢
⎥
(1 − α 221 )⎦
⎪
⎣ − α 211
⎪
⎡(α − α 112 ) (α 121 − α 122 ) ⎤
⎪ (8)
A2 = ⎢ 111
;
⎬
⎥
(
)
(
)
α
α
α
a
−
−
212
221
222 ⎦
⎣ 211
⎪
⎪
⎡α 112 α 122 ⎤
⎡ β 111 β 121 ⎤
⎪
A3 = ⎢
B
;
;
=
⎥ 1 ⎢β
⎥
⎪
⎣α 212 α 222 ⎦
⎣ 211 β 221 ⎦
⎪
⎡ β 112 β 122 ⎤
⎪
B2 = ⎢
⎥
⎪
β
β
212
222
⎣
⎦
⎭

The structure of the matrices A(z-1) and B(z-1) is
described by (3)-(6).

⎡α ( z −1 ) α 12 ( z −1 ) ⎤
A( z −1 ) = ⎢ 11 −1
−1 ⎥
⎣α 21 ( z ) α 22 ( z )⎦

(3)

⎡ β ( z −1 ) β12 ( z −1 ) ⎤
B ( z −1 ) = ⎢ 11 −1
−1 ⎥
⎣ β 21 ( z ) β 22 ( z )⎦

(4)

Δu(k )
⎤
⎡
⎡ y (k ) ⎤
⎡ y (k + N 1 ) ⎤
⎢ Δu(k + 1) ⎥
⎢ y (k − 1) ⎥
⎢
⎥ = P⎢
⎥ (9)
⎥ +G ⎢
#
⎢
⎥
⎥
⎢
⎢ y (k − 2) ⎥
#
⎢⎣ y (k + N 2 )⎥⎦
⎥
⎢
⎥
⎢

⎣Δu(k − 1)⎦
⎣Δu(k + N u − 1)⎦

y
Δu

α 11 ( z −1 ) = 1 + α 111 z −1 + α 112 z −2 ; ⎫
⎪

α 12 ( z −1 ) = α 121 z −1 + α 122 z − 2 ; ⎪
⎬
α 21 ( z −1 ) = α 211 z −1 + α 212 z − 2 ; ⎪
α 22 ( z −1 ) = 1 + α 221 z −1

(5)

⎡ P11
⎢P
P = ⎢ 21
⎢ #
⎢
⎣ Pi1

⎪
+ α 222 z − 2 ⎭

β 11 ( z −1 ) = β 111 z −1 + β 112 z −2 ; ⎫

⎪
β 12 ( z −1 ) = β 121 z −1 + β122 z − 2 ; ⎪
⎬
β 21 ( z −1 ) = β 211 z −1 + β 212 z − 2 ; ⎪
⎪
β 22 ( z −1 ) = β 221 z −1 + β 222 z − 2 ⎭

P12
P22
Pi 2

⎡G 11 G 12
⎢G
21 G 22
G =⎢
⎢ #
⎢
⎣⎢G i1 G i 2

(6)

" P14 ⎤ ⎫
⎪
" P24 ⎥⎥ ⎪
;
% # ⎥ ⎪
⎥ ⎪
" Pi 4 ⎦ ⎪
⎬
" G1 j ⎤ ⎪
" G 2 j ⎥⎥ ⎪
⎪
% # ⎥ ⎪
⎥
" G ij ⎦⎥ ⎪⎭

⎫
⎪
2 N - 2 N + 2 ,2 N 2
⎫⎪
G = Z; Z ∈R 2 1
;
⎪⎪
G11 = G 22 = G 33 = B1;
⎪⎪
⎪⎪
G 21 = G 32 = ( A1B1 + B2 );
⎪⎪
⎪ ⎪⎪
G 31 = ( A12 B1 + A1B2 + A2 B1 );
⎪⎪ ⎬
⎛ G i1 = A1G ( i −1 )1 + A2G ( i − 2 )1 + A3G ( i − 3 )1 ⎞ ⎬ ⎪
⎟ ⎪
⎜
⎜G i ( j − 1) = A1G ( i −1 )( j −1 ) + A2G ( i − 2 )( j −1 ) + ⎟ ⎪ ⎪⎪
⎟, ⎪ ⎪
⎜
+ A3G ( i − 3 )( j −1 ) + B2
⎟ ⎪⎪
⎜
⎟ ⎪⎪
⎜
G ij = B1
⎠
⎝
⎪⎪
⎪⎭ ⎪⎭
i = 4,..., N 2 ; j = 1,..., i
G ∈R

MODEL PREDICTIVE CONTROL
The model predictive control (Camacho, 2004) has been
widely implemented in control engineering practice. A
predictive controller includes a model of the controlled
process for purpose of a computation of predictions of
the output variables. Constants N1 and N2 are minimum
and maximum prediction horizons. In a receding
horizon strategy (Rossiter, 2003), a horizon window is
given by a maximum prediction horizon N2. The
manipulated variable is denoted as u(k), y(k) is the
output controlled signal. The variable e(k) is a control
error and w(k) is a reference signal.
A vector of future increments of the manipulated
variable Δu with Nu elements is determined by solving
an optimization task. Nu is a control horizon. The
unknown variable y is then determined by prediction
equations (9)-(11). Matrices P and G (10)-(12) contain a
zero matrix Z.
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2 N 2 - 2 N1 + 2 ,2 N 2

(10)

;

(11)

2 N ,8
⎫
P ∈R 2 ;
⎪
P11 = A1; P12 = A2 ; P13 = A3 ; P14 = B2 ; ⎪
⎪
P21 = A12 + A2 ; P22 = A1 A2 + A3 ;
⎪
⎪
P23 = A1 A3 ; P24 = A1B2 ;
⎪⎪
3
P31 = A1 + A1 A2 + A3 + A1 A2 ;
⎬
⎪
P32 = A12 A2 + A1 A3 + A22 ;
⎪
P33 = A12 A3 + A3 A2 ; P34 = A12 B2 + A2 B2 ;⎪
⎪
Pij = A1 P( i −1 ) j + A2 P( i − 2 ) j + A3 P( i − 3 ) j , ⎪
⎪
i = 4,..., N 2 ; j = 1,..., i
⎭⎪

(

Vector d, which is being improved during the Hildreth’s
method, can be expressed by (18). This vector is being
progressively improved in each ω-th iteration.

[

d (ω ) = d 1 (ω ) " d N (ω )
(12)

M ∈R
⎡ M 11
⎢M
M = ⎢ 21
⎢ #
⎢
⎣ M m1

m,n

,

M 12
M 22

(13)

#
Mm 2

(14)
PROPOSAL OF ANALYSIS OF CONTROL
QUALITY USING STATISTICAL METHODS
In this paper, testing hypotheses (Kitchenham et al.,
2016) is used for a more detailed comparison of the
control quality of the modified and non-modified
optimization algorithms in MPC. Testing hypotheses
based on an analysis of existence of statistically
significant differences between variables appears to be
more suitable for purpose of evaluation of control
quality achieved with different control algorithms than
evaluation of control quality from single values of
control quality criterions (20)-(21). The result of the
testing should be a decision if the difference in control
quality according to a chosen criterion is statistically
significant or not.

m,1

" M 1n ⎤
" M 2 n ⎥⎥
%
# ⎥
⎥
" M mn ⎦

(16)

γ = [γ 1 γ 2 " γ m ]

An assessment of control quality of modified algorithm
can be based on comparison of pairs of data of control
quality criterions (20)-(21) before and after applied
modification in each sampling period of control. For
each criterion, parts (22)-(23) of the criterions are
paired-compared during the whole control process.
Testing hypotheses on an existence of statistically
significant differences can provide a conclusion with
regards to a chosen significance level. In this paper, the
strictly defined significance level 0.001, which is a
standardly used value in technical applications, was
used.

T

MODIFIED ALGORITHM OF MODEL
PREDICTIVE CONTROL
The Hildreth method (Wang, 2009) is a widely applied
numerical method for the quadratic programming
optimization. In this optimization method, numerical
iterations are considered as particular sub-results d,
which are gradually improving into the final solution
(17).

Δu(k ) = − H −1 ( M T d + b T )

(19)

As it was proved by simulations, application of this
condition significantly saved computational time. On
the other hand, the solution of the optimization task
might not be optimal and therefore the quality of control
might be significantly decreased. Further in this paper,
testing hypothesis was applied to compare control
quality of the modified and non-modified algorithms.
The result of the testing should be a decision if the
difference in control quality according to a chosen
criterion is statistically significant or not.

(15)

γ ∈R

(18)

M ⎣⎡ − H −1 ( M T d (ω ) + bT ) ⎦⎤ ≤ γ

J =

MΔu ≤ γ

T

The modification published in (Kubalcik et al., 2019)
incorporated a new termination condition based on
inequality (19). The computation is terminated when the
solution fulfils constraints of variables.

The optimization problem is then solved using quadratic
programming. A cost function J is defined by (13)-(14)
where the Δu vector is solved with regards to m
constraints (15)-(16), where the matrix I is an identity
matrix. Dimension n is considered as Nu.

1 T
⎫
Δu HΔu + bT Δu; ⎪
2
⎪
2 N ,2 N
⎪
H ∈R u u ;
⎪
2 Nu ,1
⎪
;
b ∈R
⎪
T
H = G G + I;
⎪
⎬
⎞⎪
⎛ ⎡ y (k ) ⎤
⎟⎪
⎜ ⎢
⎥
⎟
T ⎜ ⎢ y ( k − 1) ⎥
− w ⎟⎪
b =G ⎜P
⎢ y ( k − 2) ⎥
⎪
⎟⎪
⎜ ⎢
⎟
⎜ Δu(k − 1)⎥
⎦
⎠⎪
⎝ ⎣
⎪
⎭

]

The numerical algorithm is terminated if there are lower
differences between sub-results from two previous
iterations than a defined threshold.

)

J = ( y − w ) T ( y − w ) + Δu T Δu

u

(17)

J 1 = ∑ [Δu1 (k )] + ∑ [Δu 2 (k )]
2

k
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2

k

(20)

J 2 = ∑ [w1 ( k ) − y1 ( k ) ] + ∑ [w2 ( k ) − y 2 ( k )]
2

k

2

(21)

⎡ − E 2, 2
⎢
2, 2
⎢− E
⎢ #
⎢
2, 2
⎢− E
⎢ E 2, 2
⎢
⎢ E 2, 2
M =⎢
#
⎢
⎢ E 2, 2
⎢
I 2, 2
⎢
⎢
0
⎢
#
⎢
⎢
0
⎣

k

J 1 ( k ) = [Δu1 ( k )] + [Δu 2 ( k )]
2

2

(22)

J 2 ( k ) = [w1 ( k ) − y1 ( k )] + [w2 ( k ) − y 2 ( k )] (23)
2

2

In selection of a suitable method for testing of the data,
testing normality (Vaclavik et al., 2019) of the data is
important. A volume of available data is also an
important aspect for selection of an appropriate method.
For cases with less extensive data sets, exact tests are
recommended (Kitchenham et al., 2016; Barot and
Krpec, 2019). Each hypothesis is generally defined by
the zero and alternative hypotheses.
Modern statistical approaches and software solutions,
e.g. PAST Statistics (Hammer et al., 2000), are able to
perform testing hypothesis in form of p value. If the p
value is greater or equal to the defined significance
value 0.001, the zero hypothesis is failed to rejected. In
the opposite case, the zero hypothesis is rejected in
favour of an alternative hypothesis. According to the
testing normality, e.g. using Shapiro-Wilk test
(Vaclavik et al., 2019) of data set, appropriate
corresponding methods should be used for testing paired
differences. In case of appearance of data normality,
Paired T-test should be applied. In the opposite case,
Wilcoxon Paired test should be used with respect to an
exact variant for a particular volume of measured data.

0
I 2, 2
#
0

For the purpose of a control quality analysis, control
quality criterions (20)-(21) and their parts (22)-(23)
were evaluated. The results for various values of N
(maximum prediction and control horizon) can be seen
in Table 1.
Table 1: Results of Control Quality Criterions for MPC
without and with Modification
MPC
without
Modif.

N
10
15
20
25
30
35
40

For the purpose of comparison, MPC of TITO process
(2) with polynomial matrices (24)-(25) both with and
without the proposed modification was simulated in
MATLAB. Constraints of the manipulated variables and
increments of the manipulated variables were
considered which is obvious from definition (27).
Setting of constraints is obvious from (28) where I is an
identity matrix and E is a unit matrix.

MPC
with
Modif.

MPC
without
Modif.

MPC
with
Modif.

J1

J1

J2

J2

58,3219
56,0261
55,0907
55,6287
58,1919
58,2704
58,3068

58,3219
56,0260
55,0907
55,6286
58,1917
58,2704
58,3068

195,4043
196,0840
197,6620
196,7332
193,0959
192,9479
192,7495

195,4043
196,0841
197,6621
196,7333
193,0962
192,9479
192,7495

As it is obvious from the results in Table 1, the values
of the criterions for the modified and original MPC
differs by one percent at the most. Better control quality
was obviously achieved with the original MPC
algorithm.

⎡1 - 1.3264 z −1 + 0.3271 z −2 0.024 z −1 − 0.0029 z −2 ⎤
A( z −1 ) = ⎢
⎥
−1
−2
1 - 1.0911 z −1 + 0.134 z − 2 ⎦
⎣ - 0.0711 z + 0.0759 z

(24)
0.093 z −1 + 0.0682 z −2 ⎤
⎥
0.1779 z −1 + 0.1065 z − 2 ⎦

(25)
umin = −1.7, umax = 1.75, Δumax = 0.07

0
E 2, 2
#
E 2, 2

⎡
⎡umin ⎤ ⎤
⎢ u(k − 1) + ⎢
⎥ ⎥
0 ⎤
"
⎣umin ⎦ ⎥
⎢
⎥
#
⎥
⎢
0 ⎥
"
⎢
⎡umin ⎤ ⎥
⎥
%
#
⎢ u(k − 1) + ⎢
⎥ ⎥
⎥
⎣umin ⎦ ⎥
⎢
" − E 2, 2 ⎥
⎢
⎡u ⎤ ⎥
⎥
" 0
⎢− u(k − 1) + ⎢ max ⎥ ⎥
⎥
⎢
⎣umax ⎦ ⎥
⎥
" 0
⎥
#
⎥, γ = ⎢
⎢
%
#
⎡umin ⎤ ⎥
⎥
⎢ − u(k − 1) + ⎢
⎥⎥
" E 2, 2 ⎥
⎢
⎣umin ⎦ ⎥
⎥
⎥
⎢
" 0
Δumax
⎥
⎥
⎢
⎥
" 0
#
⎥
⎢
⎥
⎥
⎢
% #
⎥
u
Δ
max
⎥
⎢
⎥
2, 2
" I
⎥
⎢
⎦
⎥
⎢
⎦
⎣

(27)

SIMULATION RESULTS

⎡ 0.2983 z −1 - 0.097 z −2
B( z −1 ) = ⎢
−1
−2
⎣0.1755 z + 0.0688 z

0
− E 2, 2
#
− E 2, 2

(26)
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w1 (k), y1 (k), u 1 (k )

w1( k)

y1(k)

More relevant conclusions concerning the control
quality can bring testing hypothesis. The results of
testing hypothesis, which means a corresponding
conclusion (failed to reject or rejected), with strictly
defined significance level 0.001 are in Table 2.

u1(k)

6
4
2

-2

Table 2: Results of Testing Hypotheses on NonExistence of Statistical Significant Differences Using
Paired Wilcoxon Exact Test on Sig. Level 0.001

k

0
0

100

200

300

-4

w2(k), y2(k), u2(k)

w2(k)

y2(k)

u2(k)

N
10
15
20
25
30
35
40

6
4
2

k

0
-2

0

100

200

300

-4

w1(k), y1(k), u1(k)

y1(k)

u1(k)

6
4
2
0
-2

0

100

200

300

k

-4

w2(k), y2(k), u2(k)

w2(k)

y2(k)

u2(k)

6

MPC
without
Modif.

MPC with
Modif.

Data of J1

Data of J1

Data of J2

Data of J2

Fail to Reject on α=0.001
Fail to Reject on α=0.001
Fail to Reject on α=0.001
Fail to Reject on α=0.001
Fail to Reject on α=0.001
Fail to Reject on α=0.001
Fail to Reject on α=0.001

Fail to Reject on α=0.001
Fail to Reject on α=0.001
Fail to Reject on α=0.001
Fail to Reject on α=0.001
Fail to Reject on α=0.001
Fail to Reject on α=0.001
Fail to Reject on α=0.001

CONCLUSIONS

4

In the simulation of multivariable predictive control, the
control quality achieved with two different algorithms
was analyzed and compared using testing hypothesis. In
this hypothesis testing, partial values of control quality
criterions were analyzed in each sampling period of
MPC. It would not be possible to consider statistical
significance of differences in achieved control quality
only from the descriptive attributes given by standardly
used control quality criterions. The analysis using
testing hypothesis was performed on a strictly defined
significance level 0.001, which is a standardly used
value in technical applications. Therefore, the achieved
results had relevant informational value based on
mathematical statistics. The control results of the
original method were compared with the results
obtained using its modification. The modification is in
fact a simplification of the original method and it is
supposed that the quality of control will be decreased.
Nevertheless, it was then proved that the difference
between control quality of modified and original
methods of optimization in predictive control was not
statistically significant.

2

k

0
-2

MPC with
Modif.

For testing hypotheses, the Wilcoxon exact test was
used with respect to failing normality of data, which
was determined using the Shapiro-Wilk test. Both the
testing normality and testing hypotheses was performed
using the PAST Statistics software (Hammer, 2001). It
was achieved the proof of non-existence of statistically
significant differences in control quality according to
the chosen criterions for each value of the problem
dimension N. It was then proved that the application of
the modified control algorithm, which significantly
decreases the computational complexity, does not
significantly influence control quality in comparison
with the control quality achieved using the nonmodified algorithm.

Figure 1: Simulation of MPC without Modifications
w1(k)

MPC
without
Modif.

0

100

200

300

-4

Figure 2: Simulation of MPC with Modification
A complexity function for the non-modified algorithm
is expressed by equation (28). Equation (29) expresses
the complexity function for the modified algorithm.
Equations (28) and (29) were computed using a nonlinear regression (Krivy et al., 2000). Only the highest
power of the variable N is displayed in the equations.

O( N ) = 21859 N 3 ≈ 21859 N 3 −⎫⎪
⎬
− 14373N 2 + 6575.9 N + 681 ⎪⎭

(28)

O ( N ) = 15328 N 3 ≈ 15328 N 3 + ⎫⎪
⎬
+ 474011 N 2 − 1 × 10 7 N + 6 × 10 7 ⎪⎭

(29)
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system. However, if it is also possible to measure states
of the process, then one can also detect information
about the internal structure of the process (Isermann
and Münchhof 2011).
Both theory and applications of system identification
are content of a number of books, e.g. (Isermann and
Münchhof 2011, Keesman 2011, Åström and
Wittemark 2008, Ljung 1999, Mikleš and Fikar 2007,
Nelles 2001, Södeström and Stoica 1989) etc. Many
journal papers concerning system identification were
also published.
This paper is focused on utilization of the
MATLAB/SIMULINK program system and the
System Identification Toolbox for experimental
identification and modelling of a laboratory model. In
the following, a linear SISO (single input-single
output) processes as a black-box model are used.

KEYWORDS
Experimental Modelling, Parametric Models, Testing
Input Signals, Laboratory Model, Identification,
Parameter Estimation.
ABSTRACT
The static and dynamic behaviour of technical systems
(e.g. electrical and mechanical systems, systems from
the area of chemical and process engineering) and nontechnical systems from the areas as biology, medicine
and economics can be described by mathematical
models. There exist two general approaches to
modelling – the theoretical and experimental approach,
which both have advantages and disadvantages. This
contribution is focused on an identification and
modelling of a laboratory equipment by various
approaches. Individual approaches were verified and
compared with each other.

In the following part, basic terms connected with the
application of the identification methods are explained:
• Non-parametric model – represents a dynamic
relation between the input and output signals. It can
be expressed either in a graphical or tabular forms.
It is necessary to parametrize the model. It means to
determine parameters for a given structure.
• Parametric model – it is necessary to know a
structure of the system for purpose of parameters
estimation computation.

INTRODUCTION
System identification deals with design of
mathematical models of real objects both by analytical
or experimental approaches by means of measured
data. In the area of automatic control, the methods of
system identification are utilized for obtaining of
models, which are suitable for controller synthesis;
design of prediction algorithms or for simulation. In the
area of signal processing (e.g. communications,
geophysical engineering and mechanics), models
obtained by identification are utilized for spectral
analysis, fault detection, filtering etc. System
identification is also utilized in non-technical
disciplines like biology, econometrics or ecology.

An advantage of non-parametric models is that they do
not require any information about the structure of the
model. It is necessary to parametrize them. The
parametric models require knowledge of the structure
of the model.
To achieve credible results during experimental system
identification, it is important to choose suitable
conditions for the experiment.
The paper is organized in the following way. The
fundamental principle of the system identification is
illustrated in Section 1. Conditions of the experimental
identification are described in Section 2. The
identification of the laboratory model DR300 (Speed
Control with Variable Load) with the results are
presented in Section 3. Section 4 concludes this paper.

The term identification can be defined as follows:
Identification is the experimental determination of the
temporal of a process or system. One uses measured
signals and determines the temporal behaviour within
a class of mathematical model shall as small as
possible.
This definition stems from (Zadeh 1962); see also
(Eykhoff 1974). The measured signals are typically
only the input to the system and the output from the
Communications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
ISBN: 978-3-937436-65-4/978-3-937436-66-1(CD) ISSN 2522-2414
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CONDITIONS FOR EXPERIMENTAL
IDENTICATION

G (s) =

Exciting Input Signals

(2)

where s is the Laplace variable.

During the choice of the testing signals, it is necessary
to take into account also the aspect of the practical
feasibility. A lot of testing signals has only theoretical
character. They are practically realizable only
approximately. Typical representatives of these signals
are the unit (Dirac) impulse, step function, white noise
etc. Deterministic input testing signals are
characterized namely by their spectral properties,
which are continuous-time spectrum in case of
continuous-time signals and discrete spectrum in case
of discrete signals. Random and pseudorandom signals
are characterized by autocorrelation functions and
power spectral densities.
During the choice of the testing signals it necessary to
keep the following rules:
• a signal must be physically realizable,
• spectral properties of the signal must correspond to
the spectral properties of the identified system,
• the signal must correspond to the type of the
identified object with respect to its deterministic or
stochastic character,
• the signal must not be correlated with other signals
affecting the object and with the noise,
• the signal must not affect a normal operation of the
identified equipment,
• only deterministic and pseudorandom signals
enables reproducibility of the measurement.
From the spectral point of view, the area of automation
and control is in the band of low and ultra-low
frequencies. Thus, the situation may be handled by
using a white noise generator with limited frequency
band on the side of high frequencies.
The program environment MATLAB/SIMULINK
contains a range of routines for generating of input
signals for examination of dynamical properties of
systems. The Control Toolbox enables plot of impulse
and step responses of transfer functions as well as
frequency characteristics both in the Gauss complex
plain (Nyquist) and logarithmic coordinates (Bode).
The System Identification Toolbox contains the
following command (Ljung 2017)
u = idinput(N , type, band , levels )

b0 + b1 s + … + bm s m
1 + a1 s + … + an s n

The discrete models are in the form of stochastic
difference equations and ARX (AutoRegresive with
eXogenous input) models. The ARX model can be
expressed by the following equation
y (k ) =

( )u k + 1 e k
( )
( )
A( z )
A( z )

B z −1
−1

s

−1

(3)

where y(k) is the process output, u(k) is the process
input, es(k) is the white noise, z −i is the backward timeshift operator and the polynomials A and B are defined
as follows

( )
B(z ) = b z

A z −1 = 1 + a1 z −1 + … + an z − n
−1

1

a

a

−1

+ b2 z −2 + … + bn z − n

(4)

b

b

The aim of the identification procedure is to obtain
ˆ z −1 ,Bˆ z −1
parameter estimates of the polynomials A

( ) ( )

aˆ 1 ,aˆ 2 ,… ,aˆ n ,bˆ1 ,bˆ2 ,… ,bn
a

b

Identification Methods
Two identification methods were applied for the
estimation of parameters of a laboratory model
Off-line identification using optimization method
For the off-line process identification, the following
MATLAB function was used

x =fminsearch('name _ fce', x0 )

(5)

It is a part of the Optimization Toolbox and it enables
to find a minimum of an unconstrained multivariable
function by means of a derivative-free method. The
fminsearch algorithm utilizes the simplex search
method (Lagaris et al. 1998). It belongs to a class of
direct search methods, which do not use numerical or
analytic gradients. The algorithm uses parametric
models and it is suitable for the model parametrization.
It starts with n+1 vertices randomly distributed around
starting point x0.

(1)

The SIMULINK also contains several random signal
generators, which can be used for experimental
identification. These types of signals with
corresponding parameters were used in this
contribution.

The Nelder-Mead Algorithm
• Given n+1 xi , i = 1, 2, …, n+1 and associated
function values f ( xi ) .
• Define the following coefficients:
• R = 1 (reflection)
• K = 0.5 (contraction)
• E = 2 (expansion)
• S = 0.5 (shrinkage)

Process Models
For purposes of experimental identification of
parametric input-output models both in the continuoustime and discrete forms were used in this paper. The
continuous-time models are in the forms of differential
equation and transfer functions
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y = FΘ
Θ+e

One iterationn of the Nelder-Mead algorrithm:
1. Sort by fuunctions valuee: order the veertices to satissfy
f1 ˂ f 2 ˂ … ˂ f n +1 .
2. Calculatee xm = sum xi (the average of
o all the poinnts
except the worst).
3. Reflectioon. Compute xr = xm + R ( xm − xn +1 ) and

(6)

It is possible to obtain tthe LSM ex
xpression forr
caalculation of th
he vector of thhe parameter estimates
e

(

)

ˆ = FTF
Θ

−1

(7)

FT y

Th
he matrix F has
h dimensionn (N-n-d, 2n), the vector y
(N
N-n-d) and thee vector of parrameter modell estimates Θ̂
(2
2n). N is the nu
umber of sam
mples of measu
ured input andd
ou
utput data, n iss the model orrder (Ljung 19
999).
Eq
quation (7) seerves for calcuulation of the vector of thee
paarameter estim
mates Θ̂ usinng N sampless of measuredd
in
nput-output daata. The indivvidual vectors and matricess
in
n equations (6)) and (7) havee the form

evaluate f ( xr ) . If f1 ˂ f r ˂ f n accept xr and
terminatee the iteration.
4. Expansioon. If f r ˂ f1 , calculate

xe = xm + K ( xr − xm ) and
a evaluate f ( xe ) . If

herwise accep
pt xr .
f e ˂ f r , accept xe ; oth
Terminatte the iterationn.
5. Contracttion. If f r > f n , perform a contraction
between x m and the beetter of xr and
d xn +1 .
a) Outsid
de. If f n ˂ f r ˂ f n + 1 calcu
ulate

yT = ⎡⎣ y ( n + 1)

y ( n + 2)

eT = ⎡⎣eˆê ( n + 1) eˆ ( n + 2 )

xoc = xm + K ( xr − xm ) and evaluate the f ( xoc ) iff

nd terminate th
he iteration;
f oc ˂ f r , accept xoc an
otherwisee do a shrink.
b) Insidee. If f r > f n + 1 calculate

ˆ T = ⎡ aˆ
Θ
Θ̂
⎣ 1

aˆ 2

ân

bˆ1

bˆ 2

a terminate the iteration;
f ic ˂ f n + 1 accept xic and
otherwisee do a shrink.
6. Shrink. E
Evaluate f at thhe points vi = xi + S ( xi − x1 )

(8)

ê ( N ) ⎤⎦

(9)

bˆ n ⎤⎦

− y ( n − 1)
⎡ − y (n)
⎢
y
n
−
+
1
( ) − y ( n)
F =⎢
⎢
⎢
⎢⎣ − y ( N −1) − y ( N − 2 )

xic = xm + K ( xm − xn +1 ) and evaluatee f ( xic ) . If

y ( N ) ⎤⎦

(10)

− y (1)
− y ( 2)
− y ( N − n)
(11)

for i = 2,… ,n+ 1 . The vertices of the simplex at thhe
next iteraation are x1 ,v2 ,… ,vn +1 .

u (n)

u ( n + 1)

u ( n − 1)

u (1) ⎤
⎥
u ( 2) ⎥
⎥
⎥
u ( N − n ) ⎥⎦

u (n)

u ( N −1) u ( N − 2 )

Parameter 2

It is obvious that
t
the qualility of time-d
delay systemss
id
dentification is
i very depenndent on the choice of a
su
uitable input exciting signall u ( k ) .
Pa
arametric on-line identificaation
Th
he Recursivee Least Squaares Method (RLSM) forr
seecond order (n
n = 2) ARX m
model

y ( k ) = ΘT ( k ) Φ ( k ) + es ( k )

d algorithm
Figure 11: Example off Nelder-Mead

(12)

was
w applied in this
t paper, whhere

An examplee of the Neldder-Mead alg
gorithm for tw
wo
parameters iss depicted in Fig.
F 1.

ΘT ( k ) = [ a1

a2

b1 b2 ]

(13)

is the vector mo
odel parameteers and

Parametric ooff-line identiffication

ΦT ( k ) = ⎡⎣− y ( k − 1) − y ( k − 2) u ( k − 1) u ( k − 2 ) ⎤⎦ (14)

In this paperr, the models are obtained separately froom
an off-line identificationn using the Least Squarres
Method (LSM
M) (Nelder annd Mead 1965, Lagaris et al.
1998). The m
measured proccess output y ( k ) is generaally

is the regressio
on vector. Thhe non-measu
urable random
m
co
omponent es(kk) is assumedd to have zero
o mean valuee
E[es(k)] = 0 and constannt covariance (dispersion))
R = E[es 2(k)].
A simple RLS
SM identificaation method
d is used too
esstimate the mo
odel parameter
ers. The vectorr of parameterr
esstimates is upd
dated as

influenced by noise.. These non-measurabble
d
disturbances cause errorss e in the determination
of
model param
meters and therefore real ou
utput vector iss in
the form
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ˆ (k ) = Θ
ˆ ( k − 1) +
Θ

C ( k ) Φ ( k − 1)

Φ T ( k − 1) C ( k ) Φ ( k − 1)

ê ( k )

urrent controll
(aarmature current) is proviided by a cu
lo
oop. Its servo amplifier op erates in 4 qu
uadrant mode,,
so
o that the orientation of the current andd
co
orrespondingly
y the orientattion of the ro
otation of thee
motor
m
is arbitrrarily adjustaable. The sen
nsors for thee
ou
utput signal (speed) are a tachogenerato
or (T) and ann
in
ncremental enccoder (I). The free end of th
he motor shaftt
is fixedly couplled (K) to the shaft of a seccond, identicall
motor
m
(Motor 2).
2 This motorr is used as a generator. Itss
ou
utput current is freely adjuustable. The rotation
r
speedd
off the motor M1
M is driven by voltage u.
u The motorr
sh
haft rotations per minute (rpm) are measured byy
taachogenerator T. The aim oof the control process is too
co
ontrol the rottation speed of the shaftt ω with thee
co
ontrol voltag
ge u. Both input and output weree
no
ormalized to range
r
<-1; 1> corresponding
g to ranges <-10
0 V; 10 V> an
nd <-4000 rpm
m; 4000 rpm>
> respectively..
Normalized
N
in
nputs and ooutputs are used in thee
fo
ollowing sectio
ons of the papper.
Frrom the control point of viiew, the Amirra DR300 is a
no
on-linear systtem. Some ccharacteristics of the non-lin
nearity can bee observed froom the static characteristics
c
s
sh
hown in Fig. 4.
4

(115)

where
ˆ T ( k − 1) Φ ( k )
ê ( k ) = y ( k ) − Θ

(166)

stands for prrediction errorr. Square covaariance matrixx is
updated in eaach sampling period
p
accord
ding to

⎡
Φ ( k ) ΦT ( k ) C ( k − 1) ⎤
C ( k ) = C ( k − 1) ⎢1 −
⎥ (177)
T
⎢⎣ 1 + Φ ( k ) C ( k − 1) Φ ( k ) ⎥⎦
The derivattion and allgorithms off RLSM weere
published e.g. in (Iserm
mann and Münchhof
M
20111,
Keesman 2011, Åström annd Wittemark
k 2008, Bobáll et
al. 2005, Ljuung 1999, Miikleš and Fik
kar 2007, Nellles
2001, Wellsstead and Zarrrop 1997, Södeström aand
Stoica 1989) et al.
ME IDENTIFIICATION OF
F
REAL-TIM
LABORATO
ORY MODE
EL DR300
Laboratory model Amiraa DR300

1

steady output y[-]

The identifiication experiment was realized
r
on tthe
laboratory m
model DR300 (Speed
(
Contro
ol with Variabble
Load) by thhe Amira Coompany, Duissburg, Germaany
(see Fig. 2).

Increasing
g input
Decreasin
ng input

0.5

0

-0.5

-1
-0.2

-0.15

-0.1

-0.05

0
inp
put u[-]

0.05

0
0.1

0.15

0.2
2

Figure
F
4: Statiic characteristtics of DR300
0 servomotor
Figuree 2. Laboratorry model Amirra DR300

It is obvious thaat friction play
ays a big role in
i this controll
prroblem. The input
i
control value in thee approximatee
raange from -0.1
1 to +0.1 doess not cause a rotation
r
of thee
sh
haft. Differencce between staatic and kinetiic friction cann
bee observed forr control signnal u around 0.1
0 (and -0.1)..
Iff the shaft iss not rotatingg, control sig
gnal must bee
in
ncreased up to 0.14 to start sshaft rotation.
On the other hand,
h
if the shhaft is rotatin
ng, decreasingg
co
ontrol signal down to 0.1 1 still causes small shaftt
ro
otation. In add
dition, a steadyy control sign
nal below -0.22
orr above +0.2 causes saturaation. Moreov
ver, the staticc
ch
haracteristics in
i the ranges of control sig
gnal from -0.22
to
o -0.1 and fro
om +0.1 to ++0.2 is not strictly
s
linear..
Another
A
problem consists inn changes of overall
o
gain off
th
he system. Th
hese changes ccan be caused by externall
co
onditions of the real-time control proceess (humidity,,
temperature, etcc.).
Id
dentification using fminsearrch – input steep signal

Figure 33: Simplified scheme
s
of Am
mira DR300
laboratoryy servo system
m

Th
he sampling period was cchosen as T0 = 0.1 s and a
step change of input from 00.12 to 0.15 was
w applied too
th
he system. Thee identificatioon quality wass evaluated byy
th
he following crriterion

A block scheeme of the DR300
D
system
m is presented in
Fig. 3. The plant is reppresented by a permanenntly
excited DC
C-motor (Mootor 1). Thee input signnal
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N

K y = ∑ ⎡⎣ y ( i ) − yˆ ( i ) ⎤⎦

2

The estimated static gain was K̂ s = 14.75 , criterion

(18)

(18) was computed as Ky = 2.2699 .

i =1

1) A comparison of a step response of the real system
with a step response of the estimated first order
model is presented in Fig. 5. The estimated
continuous-time transfer function takes the
following form
11.75
1.699 s + 1

(19)

( )

Gˆ z −1

20

60
80
Time [s]

100

120

140

2) A comparison of a random response of the real
system with a random response of the estimated
second order model is in Fig. 7. The estimated
continuous-time transfer function takes the
following form

Step response
y(t) - Real system
yes(t) - Estimated system

Gˆ ( s ) =

10

14.5
0.196 s +1.725s + 1

(25)

2

The corresponding discrete transfer function can be
expressed as follows

5

0
0

40

Figure 6: Comparison of responses of the first order
system to the random signal (fminsearch)

(20)

The estimated static gain was K̂ s = 11.74 , criterion
(18) was computed as K y = 0.0519 .

y(t), yes(t) [-]

0.4

0
0

−1

15

0.6

0.2

The corresponding discrete transfer function can be
expressed as follows

0.6719 z
=
1 − 0.9428 z −1

input - u(t)
output - y(t) - Real system
output - yes(t) - Estimated system

0.8
y(t), yes(t), u(t) [-]

Gˆ ( s ) =

1

1

2

3

4

5
Time [s]

6

7

8

9

0.2806 z −1 + 0.2095 z −2
Gˆ z −1 =
1 − 1.381z −1 + 0.4147 z −2

( )

10

Figure 5: Comparison of step responses of the first
order system

The estimated static gain was K̂ s = 14.50 , criterion
(18) was computed as K y = 1.9534 .

2) The estimated continuous-time transfer function of
the second order takes the following form
11.76
2.796e-8s 2 +1.699 s + 1

1

(21)

From comparison of the continuous-time and discrete
transfer functions it is obvious that approximation by
the first order model is fully satisfactory with regard to
the identification quality.

0.8247
1 − 0.9439 z −1

20

40

60
80
Time [s]

100

120

140

Figure 7: Comparison of responses of the second order
system to the random signal (fminsearch)
From the results above it is obvious that estimation of
the static gain Kˆ s obtained for the input random signal
is greater than the static gain obtained for the step
signal. From Figures 5 – 7 it is obvious that the
experiment where the step input signal was applied
took 10 s, whilst the experiment with the random signal
took 140 s. During longer duration of the experiment,
the bearings of the equipment were heated
considerably, which increased the effect of the
nonlinearity. Therefore, the horizon of criterion of

(23)

The corresponding discrete transfer function is as
follows

( )

0.4

0
0

1) A comparison of a random response of the real
system with a random response of the estimated
first order model is in Fig. 6. The estimated
continuous-time transfer function takes the
following form

Gˆ z −1 =

0.6

0.2

Identification using fminsearch – input random signal

14.74
Gˆ ( s ) =
1.73s + 1

input - u(t)
output - y(t) - Real system
output - yes(t) - Estimated system

0.8
y(t), yes(t), u(t) [-]

Gˆ ( s ) =

(26)

(24)
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identification quality was also increased. Due to this
reason, criterion (18) was computed from 5 s to 140 s.

3
2
1
Parameter estimates [-]

Identification using off-line LSM – input random
signal
The second order ARX model was used. The same
exciting random signal like in the previous experiments
was applied. The sampling period was chosen as
T0 = 0.1 s . The identification algorithm is described by
equations (6) – (11). The results of the experimental
identification are depicted in Fig. 8; the estimated
discrete transfer function was obtained in the form

( )

Ĝlsm z −1 =

−1

y(t), yes(t), u(t) [-]

-5

b2
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Time [s]
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100

0.1
0

0.6479 z −1 + 0.3544 z −2
1 − 0.6942 z −1 − 0.2381z −2

Prediction error [-]

(28)

1
input - (u)
output - y - Real system
output - yes(t) - Estimated system
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Figure 10: RLSM – course of prediction error

0.4

CONCLUSION

0.2

0
0

b1

The proposed algorithm was also verified by the
System Identification Tool GUI using the same data
and the archived results corresponding to transfer
function (28).
This algorithm extended by the technique of directional
(adaptive) forgetting (Kulhavý 1987) was successfully
applied in the self-tuning adaptive linear quadratic
(LQ) or predictive control (Bobál et al. 2013; Bobál et
al. 2010; Bobál et al. 2009a; Chalupa et al. 2009; Bobál
et al. 2009b).

(27)

Equations (12) – (17) were applied for an on-line
(recursive) LSM. In this case, the vector of model
parameters (13) was extended by the absolute term.
The same input-output data as in the off-line LSM
identification procedure were applied. Courses of
parameter estimates and prediction error are displayed
in Figs. 9 and 10. The estimated discrete model is

0.8

a2

-4

Figure 9: RLSM – courses of parameter estimates

was computed as K y = 2.4853 .

( )

-3

-7

he estimated static gain was K̂ s = 14.85 , criterion (18)

Ĝ z −1 =

a1

-2

-6

−2

0.6479 z + 0.3544 z
1 − 0.6942 z −1 − 0.2381z −2

0
-1

20

40

60
80
Time [s]

100

120

In the system identification area, very good results
have been achieved from the theoretical point of view.
However, an application of suitable theoretical
methods and a choice of suitable signals for a particular
process may cause problems to potential users. The
aim of this contribution is to provide basic information
concerning methods of selection of suitable conditions
for identification of a real process. As an identified
object, a laboratory servomotor Amira DR300 was
chosen. Based on previous experimental experience
with this laboratory equipment, two types of exciting
testing signals were chosen – a deterministic one (step
response) and a stochastic one (white noise). As the
identification methods, the parametric method (the
optimization MATLAB function fminsearch) and Least
Squares Method both in on-line and off-line
modifications were used. Individual combinations of
the testing signals and identification methods were
compared by means of identification quality criterion
and by means of values of static gains of individual
estimated models. The proposed models were
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Figure 8: Comparison of responses of the second order
system to the random signal (off-line LSM)
Identification using on-line LSM – input random signal
Equations (12) – (17) were applied for an on-line
(recursive) LSM. In this case, the vector of model
parameters (13) was extended by the absolute term.
The same input-output data as in the off-line LSM
identification procedure were applied. Courses of
parameter estimates and prediction error are displayed
in Figs. 9 and 10. The estimated discrete model is

( )

Ĝ z −1 =

0.6479 z −1 + 0.3544 z −2
1 − 0.6942 z −1 − 0.2381z −2

(28)

It is obvious that transfer function (28) is the same as
transfer function (27), which was computed by the offline LSM.
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successfully applied for real-time digital PID control,
Linear Quadratic (LQ) control and General Predictive
Control. Eventually, the parameters estimates were
used as an a-priori information in their adaptive
modifications.
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ABSTRACT
The design of multidimensional velocity, position and force
control algorithms for a semi-automatic motion control system
of a robot-manipulator has been performed. Mathematical and
computer models of a motion control system with
reconfigurable structure have been developed for a 3-link
robot performing standard operations set by a human operator
with a 3-degree-of-freedom handle.
Simulation of dynamic processes in a system with different
control algorithms has been performed and their precision
characteristics have been evaluated. The achieved results may
be of interest for designers who develop training simulators for
human supervisors of robot motion control systems.
INTRODUCTION
A human operator of biotechnical semi-automatic control
systems performs remote motion control of a robot using
handles in the form of joysticks with multi-degree of freedom
and special calculator units. Control systems of this kind, in
which an operator is considered to be a part of a control
system, are widely used in high-risk work environments - in
underwater vehicles, at space stations, etc. (Golovin 2011;
Petukhov 2012; Soares 2008). These systems can be applied
for real-time robot motion control and installed in training
simulators for human operators (for example, astronauts,
surgeons, etc.). The development of effective training
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simulators for human operators is an important practical issue
(Strakhnov et al. 2016; Denisov 2016; Alferov et al. 2006).
In semi-automatic systems different algorithms of motion
control are implemented depending on a type of technological
operations performed by robots (Filaretov 2011, 2013). For
transportation operations that do not require high accuracy, the
gripper velocity control is usually used, while for precise
point-to-point and continuous-path control it is necessary to
use the gripper position control. When contact operations are
performed (e.g. assembling) the control of force and torque in
a robot gripper is required (Arkhipov et al. 2017).
In this paper we consider a semi-automatic motion control
system for a robot-manipulator in which different control
algorithms are combined. The actuators of robot links are local
servosystems with digital PID regulators of motor speeds,
positions and torques, which depends on an operation mode.
The purpose of the work is the structural design of motion
control systems with different types of algorithms and the
investigation of its dynamics in typical operation modes of a
robot. The main problems of the research are the following:
1. The structural design of algorithms for open-loop and
closed-loop velocity, position and force control.
2. Building computer models for the analysis of dynamic
processes in control systems under consideration in standard
operation modes.
3. Simulation of the control systems for a robot performing the
following standard operations:
(1) - Transportation of the gripper to a specified area in the
velocity control mode;
(2) - Point-to-point positioning of the gripper into a given
point of a trajectory;
(3) - Precise movement of the gripper along a trajectory in
continuous-path control mode;
(4) - Applying specified force to a fixed contact point.
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4. The evaluation of dynamic errors that occur when a robot
performs transportation, positioning, continuous-path motion
and force operation.
It is believed to be acceptable to use simplified computer
models of a robot and joint actuators for the comparison of
motion control systems with different open-loop and closedloop structures. So, for the solution of the problems stated
above only kinematic models of a robot were used, without the
consideration of its nonlinear dynamics. The drives were
simulated by linear dynamic models of the 2nd and 3rd order.
The animations of links of the handle and the robot were
created with the use of functions from MATLAB Robotics
Toolbox (Corke 2012, 2017)).

where
– the vector of the robot joint torques, – the vector
of the robot joint positions, ( ) – the matrix transposed to
the Jacobian matrix of the robot.
ALGORITHMS OF CLOSED-LOOP ROBOT MOTION
CONTROL
Closed-loop velocity control of a robot gripper
The algorithm of closed-loop velocity control includes the
sequential solution of the following problems:
1) The forward kinematics problem related to the robot gripper
velocity, which is solved in the real time mode:
=

ALGORITHMS OF OPEN-LOOP ROBOT MOTION
CONTROL
Human-handle interface of semi-automatic motion control
systems of a robot-manipulator includes the solution of the
following problems:
1) The forward kinematics problem related to the handle
position:
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( ) – the
where – the vector of the robot joint positions,
( ) of the
vector-function inversed to the vector-function
robot.
And the algorithm of open-loop robot force control is based on
the solution of the inverse kinematics problem related to the
programmed joint torques:
=
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,
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3) The inverse kinematics problem related to the joint
velocities:
=

( )·

(10)

( ) – the matrix inversed to the Jacobian matrix of
where
т
the manipulator,
=
,
,
– the output vector of
multivariable PID velocity controller, = ( , , )т - the
input vector of velocity drives.
Closed-loop position control of a robot gripper
The algorithm of closed-loop position control includes
solution of the following problems:
1) The forward kinematics problem related to the robot gripper
position, which is solved in the real time mode:
=

( )=(

,

,

)т

(11)

where – the vector of the robot joint positions, ( ) – the
vector-function corresponding to the robot kinematics scheme.
2) The error vector calculation for gripper position:
=

(5)

where ̇ – the vector of the robot joint velocities, – the
( ) – the matrix inversed
vector of the robot joint positions,
to the Jacobian matrix of the robot-manipulator.
The algorithm of open-loop robot position control is based on
the solution of the inverse kinematics problem related to the
programmed joint positions:
=

dV =

(4)

where ∗ - scale gains.
The algorithm of open-loop robot velocity control is based on
the solution of the inverse kinematics problem related to the
programmed robot joint velocities:

,

where ̇ - the vector of the robot joint velocities; ( ) - the
Jacobian matrix of the robot.
2) Calculation of the error vector for gripper velocity:

(1)

where
– the vector of the handle joint positions, ( ) –
the vector-function corresponding to the handle kinematics
scheme. The calculated coordinates Xh, Yh, Zh are interpreted
as the vector of velocity, position or force coordinates set by a
human operator.
2) In corresponding control mode the programmed velocities,
positions and forces of the robot gripper are scaled as follows:

( )· ̇ =

−

(12)

3) The inverse kinematics problem related to the programmed
robot joint velocities:
̇ =

( )

(13)

where ̇ – the programmed vector of the robot joint velocities,
( ) – the matrix inversed to the Jacobian matrix of the
т
manipulator,
=
, ,
– the output vector of
multivariable PID position controller outputs.
Closed-loop force control of a robot gripper
The algorithm of closed-loop force control includes the
sequential solution of the following problems:
1) The forward kinematics problem related to the robot
gripper force:

(7)
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=

( )

(14)

where – the vector of the robot joint positions, ( ) – the
matrix transposed to the Jacobian matrix of the robot, – the
vector of the robot joint torques.
2) Calculation of the error vector for gripper force:
=

−

velocity errors when the robot operates in continuous-path
control mode.
Block Kk is the vector of parameters of velocity error
compensators.

(15)

3) The inverse kinematics problem related to the
programmed robot joint torques:
=

( )

(16)

where ( ) – the matrix transposed to the Jacobian matrix of
т
the robot,
=
,
,
– the output vector of
multivariable PID force controller.
COMPUTER MODELS OF CLOSED-LOOP ROBOT
MOTION CONTROL SYSTEMS
Figure 1 shows the Simulink model of the closed-loop velocity
control system with the vectorial feedback. The model
includes the following blocks:
Block Human-Handle Interface calculates expression (1) and
expression (2);
Block fkine_V in the feedback solves the forward kinematics
problem related to the gripper velocity using expression (8);
Block PID-V is the multivariable PID controller of the gripper
velocity coordinates.
Block ikine_V calculates the input actions for the robot joint
velocity drives using expression (10).
Block Velocity Drives contains the models of velocity drives
of the robot links.
Block fkine_P solves the forward kinematics problem related
to the gripper position using expression (11).

Figure 2: The model of closed-loop position
control system with velocity drives
Figure 3 shows the Simulink model of the closed-loop force
control system with the vectorial feedback. The model
contains the following blocks:
Block Human-Handle Interface calculates expression (1) and
expression (4).
Block fkine_F in the feedback solves the forward kinematics
problem related to the gripper force using expression (14).
Block PID-F is the multivariable PID controller of the gripper
force coordinates.
Block ikine_F calculates the input actions for the torque drives
of the robot links using expression (16).
Block Torque Drives contains the models of the robot link
torque drives.
The switch block in the model in Figure 3 allows to analyse
the dynamic processes in the system for two operations: (1) –
for the contact force operation and (2) – for the motion force
operation.

Figure 1: The model of closed-loop velocity
control system

Figure 3: The model of closed-loop force control system
with torque drives

Figure 2 shows the Simulink model of the closed-loop position
control system with the vectorial feedback. The model
includes the following blocks:
Block Human-Handle Interface calculates expression (1) and
expression (3).
Block fkine_P in the feedback solves the forward kinematics
problem related to the gripper position using expression (11);
Block PID-S is the multivariable PID position controller.
In the closed loop block ikine_V calculates the input actions
for the robot joint velocity drives.
The second block ikine_V calculates programmed gripper
velocities using expression (6) in order to compensate for

Blocks T_L, qd_L and Q_L in the models above represent
external loads (disturbances).
ANALYSIS OF DYNAMIC PROCESSES IN ROBOT
MOTION CONTROL SYSTEMS
The results of simulation and dynamic analysis of open-loop
position and velocity control systems for a robot which
performs a transportation operation, point-to-point positioning
and continuous-path motion were presented in (Rostova et al.
2018). And the results of investigation of closed-loop velocity,
position and force control systems are represented below.
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The processes in a control system when the robot
performs a transportation operation

Figure 6 shows the animations of the gripper and robot when
the gripper is moving to a required position.

When the robot performs some transportation in the velocity
control mode a human operator quickly turns the handle
keeping it in this position and then quickly returns it to the
initial position. In this mode the trajectories of handle links
have trapezoidal shape.
Figure 4 represents the animations of the gripper and the robot
when the gripper is moving in a required direction.

Figure 6: The handle and the robot animations
for point-to-point control mode
Figure 7 represents the gripper position coordinates for a
closed-loop position control system where programmed
coordinates are shown with a dash line (p) and the real
coordinates – with a solid line (r). As it can be seen the closedloop position control system provides the gripper position with
smaller dynamic errors. And the final position of the gripper is
reached without error.

Figure 4: The handle and the robot animations
for velocity control mode
The blue and green curves correspond to the open-loop
velocity control when the Jacobian matrix in (5) is calculated
using the programmed or real robot joint positions,
correspondently. Both curves significantly differ from the
required straight-line motion of the gripper and show a rather
big contour error.
The pink curve that corresponds to the closed-loop velocity
control is straight-line and depicts a small contour error. Figure
5 shows the gripper velocities for this case where the
programmed coordinates are represented by a dash line (p) and
the real coordinates - by a solid line (r).

Figure 7: The gripper coordinates
for point-to-point motion
The processes in a control system for the case of
continuous-path motion of the robot gripper
In the continuous-path mode a skillful human operator moves
the handle along the required trajectory of a complex shape,
e.g. a helical line. Figure 8 illustrates the animations for the
situation when the robot gripper should move along a helical
line. The blue curve corresponds to the open-loop position
control and the pink curve – to the closed-loop position
control.

Figure 5: The gripper velocities for closed-loop
velocity control
The gripper velocity coordinates have rather big errors at the
beginning of the motion because of the influence of external
disturbances on the load torques in the drives imitated in the
block T_L.
The processes in a control system for the case of point-topoint motion of the robot gripper
In this control mode a human operator smoothly turns the
handle from the initial position to the required position. The
handle link trajectories are calculated by the polynomials of
the 5th order.
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Figure 8: The handle and the robot animations
for continuous-path control mode

Figure 9 represents the curves of the gripper positions for the
closed-loop position control system where programmed
coordinates are shown with a dash line (p) and the real
coordinates – with a solid line (r).

EVALUATION OF DYNAMIC ERRORS IN ROBOT
MOTION CONTROL SYSTEMS
The dynamic errors of the gripper velocity, position trajectory
and force for the open-loop and closed-loop control systems
are calculated by the following formulas:
= (

Figure 9: The gripper coordinates
for continuous-path motion
The processes in a control system when the robot
performs a contact operation
Figure 10 illustrates the animations when the robot performs a
contact operation and applies the required force in the given
gripper position without motion of the gripper. The vector of
programmed force in Figure 10 is shown with red color. The
green and pink color vectors correspond to real force for openloop and closed-loop control respectively.

Figure 10: The handle and the robot animations
for contact operation mode
Figure 11 represents the curves of programmed and real forces
in the closed-loop control system when the robot applies force
to a given contact point without motion of the gripper. The
programmed forces are shown with red color. The real forces
corresponding to the closed-loop control system are shown
with pink color.
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As it can be seen from the results of simulation, the closedloop velocity, position and force control systems provide the
smaller dynamic errors.
Also, the analysis of the gripper trajectories in Figure 8 shows
that the closed-loop position control system gives a smaller
contour (geometrical) error compared to the open-loop
position control system due to multivariable coordinated
position control of the robot link drives.
The robot with the closed-loop force control system applies the
required force in a given gripper position without static error.
CONCLUSION
The design of a robot motion control algorithms has shown
that it is necessary to build biotechnical control systems with
reconfigurable structure.
The results of simulation of dynamic processes have proved
that closed-loop algorithms of velocity, position and force
control give smaller dynamic errors in comparison with openloop algorithms. The evaluation of the gripper errors for
velocity, position and force which were obtained in the process
of computer simulation is approximate because the purpose of
the work was to investigate robot motion control systems in
general rather than assess characteristics for a particular robot.
The developed computer models of the velocity, position and
force control systems allow to perform motion and contact
force operations set by a human operator. In the developed
models a human operator is represented as a vector of linear
dynamic elements with dead time.
The developed models can be utilized in simulators for training
human operators and supervisors of biotechnical robot control
systems in real time mode.
From a practical point of view, the animation of both a handle
and a robot on a control panel monitor with trajectories and
force vectors can make the work of a human operator more
effective and convenient.
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ABSTRACT
This paper shows a method for the development of
embedded control software of a cyber-physical system.
The approach consists of two parts, a cycle for the rapid
development of a set of features based on agile software
development, and a variable-detail approach using modeldriven development to develop and test single features.
The method is used to develop the control system of a
mini-segway, which is able to balance, steer and drive.
This structured method gives effective results and a large
set of models for future development.
INTRODUCTION
The development of cyber-physical systems comes
with a set of challenges (Lee 2008). These can be tackled
using a combination of model-driven development, (co)simulation, and physical prototypes. A structured way to
apply these different techniques when designing a cyberphysical system is required. This research focusses on
the implementation of the cyber part of the system and
assumes the physical part to be known. More specifically
it focusses on the embedded control software. The physical
part is made from off-the-shelf components, with known
specifications and limitations. However this does not mean
that the same techniques cannot be applied to the physical
part of the system.
In this paper a structured way of developing and testing
embedded control software is described. The design of
these control systems should take into account both the
limitations of the cyber and physical parts. The aim of this
approach is to reduce the development of these systems
to a series of short cycles based on rapid development
principles and modelling techniques (Jensen et al. 2011).
Rapid development techniques take their inspiration from
software development strategies (Chandra 2015; Krishnan
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2015). The aim of this is to break up the development into
steps that can be individually tested. These immediate tests
make it possible to receive feedback about the performance
of the system and to spot errors earlier. This allows
errors to be fixed early in the development process, thus
requiring less effort. The short cycles make it possible to
create simulations and prototypes early in the development
process. When combining this with techniques to rapidly
build a prototype, an early working version of the system
can be made.
The approach outlined in this paper is based on two
different cycles, a inner and an outer cycle (shown in
Figure 1). The outer cycle details how to add features
to the design at hand and how to come to a finished
product. The inner cycle uses a variable-model detail
approach (Broenink and Broenink 2018) to develop and
test a feature.
The approach is demonstrated using a case study of
a mini-segway (shown in Figure 5), a piece of hardware
used for education in dynamic systems and control theory,
where it is used to develop the control software.
This document first outlines the overall methodology.
Then the inner and outer cycle of this development method
are detailed. Then the example case is shown using a minisegway, and the example case is evaluated. Finally the
conclusions and recommendations for future research are
discussed.
METHODOLOGY
The development method combines two different cycles, the rapid development cycle to develop embedded
control software, and the variable-detail approach to implement and test the different features. The requirements
of the control software are divided into different features,
which are then individually implemented and tested.
When combining the two cycles, we get the following
series of steps (see Figure 1):
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• Order and split the features and levels of detail as

implement should be done as late as possible, as to change
these again and again takes lots of time (Cost of Change).
Taking into account these two qualifications one can try
to minimize the amount of time a single iteration takes
before finding an error, and reduce the time it takes to
redo.

Outer cycle
Prep

1

Inner cycle
A

N

2

B

Pn

Cycle evaluation

Qn
C
Eval

3

Fig. 1. The different cycles of the development process, of N features.
whereby the amount of internal cycles for feature n are denoted as Pn
and Qn

preparation
1) Design new feature and tests.
2) Implement and test a new feature.
A) Design a feature based on an ideal model
B) Combine the feature with a more detailed
version of the rest of the system, adding more
detail when needed.
C) Determine if the tests pass if so, add more
detail (go to B.). If it fails, redesign the feature
(go to A).
3) Continue to next feature, until all features are implemented.
• Evaluate and reflect on the cycle process.

Given a single Feature n, there are a certain amount
of iterations of Pn and Qn . These describe the amount of
design variations of a feature, and the amount of different
detail levels used respectively. Qn contains the detail steps
for all design variations. Pn is dependent on how well the
initial implementation is designed. Qn can be at most the
amount of aspects that need to be added, for a single pn . If
one would plot the different iterations of step B, as shown
in Figure 2, the efficiency of the method is indicated by
how empty the matrix is. As there is a minimum amount
of iterations needed, the best distribution of step B would
only fill the top row and the rightmost column. In the
ideal situation, which requires no redesigns, this matrix
would be only a single filled column. In an situation
where there are some design errors, requiring redesigns,
this would look like the matrix shown in Figure 3. This
is the minimal amount of B cycles required for a certain
amount of redesigns (Pn ).
When there are a lot more B cycles, it would suggest
that the order in which the details were implemented was
sub optimal. For example when most iterations reach Bp,3
it might be useful to test the aspect embodied by 3 first.

The details of these different cycles are explained in the
following sections. An overview of these cycles is given
in Figure 1.
Preparatory work
For this method, models with different levels of detail
of the physical system are used. It is assumed that the development process is started with an ideal, or more abstract
model. During the development process richer models are
then used, until a point is reached where the model is
competent to describe the behaviour of the prototype. The
detail that is added represents the different aspects of the
physical system or prototype, which can be included or
abstracted away. When the model is competent, all aspects
that influence the behaviour of the system to a significant
degree have been added.
The order of adding these aspects should be determined
before the cycles are started, as they influence the structures of the models that are required. The order in which
the different aspects are added should be chosen carefully,
as this can have a large impact in how quickly errors
are found. Aspects of the design that are expected to be
critical should be implemented first. As these aspects have
a large chance of invalidating the current design (Chance
of Failure). Furthermore steps that take a lot of effort to
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Fig. 2. A matrix plotting the instances of Step B for p and q.
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Fig. 3. A matrix plotting the instances of Step B for p and q, in a fairly
ideal situation

Set of models
Both of these cycles results in a set of models and
descriptions of the complete system that can be used for
further development. An overview of the set of models is
shown in Figure 4.
It should be noted that subsequent features are not only
designed and tested with the model of the physical system,
but also with the models of the previous features. Thus the
set of models representing the system is expanded at every
detail level. As the physical part of the system was made
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Physical
Model

is important to note that these features should be split
in such a way that the results of the individual cycles is
testable. A cycle of the rapid development cycle contains
the following steps:

Cyber
Feature 1

Feature 2

alternatives

detail

1) Design new feature and the corresponding tests.
2) Implement and test a new feature.
3) Continue to the next feature, or finish the product.

prototype

Fig. 4. The structured model set build with this methodology. Models
at the same detail level are compatible and can be simulated together.

beforehand, an assumption is made that there are models
available of the system.
After every rapid development cycle a new set of
models is added, detailing the development and implementation of a feature. This feature can then be implemented
and tested, either by using a model-to-code transformation
(Hemel et al. 2008) or by implementing these models as
code manually. The next feature can then be developed
using the models of the physical system and models of all
previous features. The method results in a set of models
detailing the design and testing of all different features and
changes in the embedded control software. Thus allowing
later revisions and checks.

The tests mentioned in these steps are an important part
of the development process. When defining a feature one
should have a clear image of how the feature should
perform and how to test this performance. This clear
definition allows one to quickly determine if a simulation
or prototype performs as expected. It should also describe
how to test the system and what to expect. This also
gives the advantages inherent in a test-driven development approach (Janzen and Saiedian 2005). Step 2, the
implementation and testing of the features is implemented
using the variable-detail approach detailed in the following
section.
INNER CYCLE
The inner cycle is a variable-detail approach, which is
used to design and test the different features as selected
by the rapid development cycle. The approach goes from
a very low-detailed model, for example a control law, to
a very detailed model that can be synthesised into code.
This is done by adding all the aspects, as decided in the
preparation phase, to the design. Within the design of this
feature the following steps are used:

OUTER CYCLE

A) Design a feature based on an ideal model
B) Combine the feature with a more detailed
version of the rest of the system, adding more
detail when needed.
C) Determine if the tests pass if so, add more
detail (go to B.). If it fails, redesign the feature
(go to A).

The outer cycle is a rapid development cycle based
on short development cycles reminiscent of agile (Martin
2002) or spiral (Boehm 1988) software development techniques. To utilize these cycles properly it is important that
intermediate stages of the design can be tested. Both to
validate if it even works at all, and to test the performance
of the system.
The testing of these intermediate stages of the design
can be based on simulations or based on a prototype. The
simulations requires that a simulation method is available
to simulate the system competently enough to be sure of
the results. It also requires a more extensive model of
the physical system. If a prototype is used it requires that
the intermediate stages of the development process can be
quickly deployed on the prototype. This would typically
require some form of model-to-code transformation or
hardware-in-the-loop simulation. Usually a combination of
the two is the most practical.
The cycles of this process are based on the features
of the embedded control software. The functionality of
this control software needs to be broken down into different features that can be individually implemented. It

The large set of different models is used to leverage the
advantages of model-based design of cyber-physical systems (Jensen et al. 2011) to a large degree. The variabledetail method assumes that there is not only a single model
of the plant available, but that the plant model is available
in multiple levels of detail. If these versions of the plant
model do not exist, but a detailed model is available, these
less detailed models can be made. As this paper focusses
on embedded control software, the approach is explained
using a control perspective.
The least detailed version of the controller is the control
law. A single transfer function designed based on a linear
representation of the plant, is the most abstract representation of the plant relevant to the problem. This control
law can be designed using PID tuning, pole placement, or
a compensator, etc.
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If a controller is designed that is sufficient for the
linearised plant it can be then tested on the non-linearised
model. If the controller is still able to control the physical
system, one can continue to the next step. If not, the
controller has to be redesigned.
The following steps are to keep adding more detail
and/or constraints to the plant model, and updating the
controller accordingly. Examples of this could be to include limitations of IO, sensor processing, or discrete time.
Every time detail is added, the new system can be tested
using the more detailed implementation of the controller
and the more detailed model of the plant.
In order to easily switch between these detail levels
it is imporant that both the model and the controller are
structured in a way to allow this. One way to do this
is proposed in Broenink and Broenink (2018), but any
method that allows rapid switching of detail will do.
When a level of detail does not conform to the specifications or tests, one must take a step back and look at
the design decisions made in this step and in the previous
steps. However the cause of the problem should be easy
to determine, as only one step of detail was added.
When the feature is finished it should be detailed
enough that it can be implemented on the prototype. This
would be the case when all sensor processing, limitation
and timing behaviour reflecting the real system are implemented.

Fig. 5. The mini-segway used in this example, motor drivers, and Inertail
measurement unit (IMU) and absolute wheel encoders.

1) Balancing the mini-segway upright
2) Steering the mini-segway
3) Driving forward and backward
These three tasks are implemented using the posed
methodology, as three different features. They are implemented in the order shown.
Before the method can be used the order of detail that
have to be added has to be decided. Taking into account
the limitations of the mini-segway there are three elements
that need to be added to the ideal system:
•
•

MINI-SEGWAY EXAMPLE

•

To test it, the overall method is applied on a minisegway (shown in Figure 5). This mini-segway is used
for education of students in system dynamics and control theory. A model of the mini-segway is known. The
mini-segway contains a raspberry-pi 3 and electronics
to control the motors and sensors. It is also supported
by the 20-sim4C (www.20sim.com/features/20sim4c.html)
model-to-code tooling.
A complete model of the physical part of the minisegway is available. This model is first abstracted into a
few simpler models. The most basic model is the linearisation of the complete mini-segway around an equilibrium
point. A more detailed abstraction is the non-linear model
of the segway without any limitations and ideal sensors.
This is followed by a model which takes into account
the limitations of the motors. Then, there is a model with
sensors, but still in continuous time. The last simulation is
done with a model which also contains the discrete-time
behaviour of the system. Finally the physical prototype of
the mini-segway model is used. An overview of all models
and steps used in this process is shown in Figure 6
The embedded control software of this mini-segway
has to implement three tasks:

The maximum power of the motors
The sensor behaviour and limits
The sampling frequency of the raspberry-pi

The most important limit in this case is probably the
limitations of the motor, with the sensors in second place.
As the control frequency is about a 100 times faster then
the natural frequency of the system (500 Hz vs 5Hz), the
time discretization is expected to not be a problem.
For every feature first the feature and tests are described
(step 1). Then the inner cycle can be started (step 2). For
the inner cycle the different steps are be denoted as Ap ,
Bp,q , and Cp,q . Where p indicated the iteration of the
design, and q the current level of detail.
The aspects added to the model are:
1)
2)
3)
4)
5)

Non-linear model
Motor limitations
Sensor models including limits on readouts
Discrete time models
The prototype

Balancing
As a first feature the balancing controller is
implemented. This has to only keep the mini-segway
upright.
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Step 1:
The assumptions are made that there is no steering,
and that driving away does not mater. Even if this causes
the mini-segway to fall over due to maximum velocities
being reached. A linearised model is used that related the
balancing angle to the motor voltage input.
Tests: The test for this feature consist of starting the
mini-segway with (slightly) different initial balancing
angles. It should be able to handle an error of at least 5◦ .
The mini-segway should stabilize, but does not have to
remain in a single position. It is acceptable if it falls over
eventually due to increasing speed.
Step2:
A1 : The control law is designed by using pole placement based on the linearised model, to control the balancing angle of the segway.
B1,1 : This control law is then tested against the more
detailed model which contains the non-linear behaviour of
the mini-segway.
C1,1 : With the designed controller it has been observed
that the mini-segway remains stable, and can stabilize from
a unstable starting position. What is noted however is that
the mini-segway starts driving away and requiring more
and more motor power to keep uptight.
B1,2 :The first limitation is then added. The motor
voltage is limited to the maximum voltage the driver can
provide. In this case 24V.
C1,2 : When the mini-segway performace is simulated
now, it is seen that it does not stabilize completely. There
are a lot of oscillations due to the limitations of the motor
in combination with the aggressive controller.
A2 : The control law is made less agressive.
B2,1 : The new control law is tested against the nonlinear model.
C2,1 : The performance is slightly worse, but well
within bounds.
B2,2 : The new control law is tested against the a model
that includes the limitations of the motors.
C2,2 : There are no more oscillations and the minisegway stabilizes. The maximum disturbance angle from
which the mini-segway can recover is also reduced quite
severely, but this is as expected. It is still well within
bounds. When the mini-segway drives away, it can also
be seen that it falls over as soon as it needs more then
24V. This is however within the bounds of the controller.
B2,3 : Until now, the controller gets the angle of
the mini-segway directly from the simulation. This is
not realistic, so the sensors need to be modelled. The
mini-segway contains a inertial measurement unit with
a 3 degree-of-freedom accelerometer and a 3 degree-offreedom gyroscope. In order to estimate the angle of
the mini-segway, the outputs of the accelerometer and
gyroscope are combined using a complementary filter. This
filter has to be added to the control software. To test the
implementation of the processing it is important that the
controller is simulated with the mini-segway model that

contains the sensor limitations.
C2,3 :When this system is implemented it is seen that
the mini-segway has more difficulty when starting from a
unstable angle. However it can still stabilize, just after a
few more seconds.
B2,4 :The final limitation before testing on the physical
mini-segway is to convert the control software to discrete
time. This is a simple operation in 20-sim.
C2,4 :This control software can then be simulated with
the discrete model of the mini-segway, and it can be seen
that there is hardly any difference in performance, as was
expected.
B2,5 :After converting the control model to discrete
time, it is then run on the actual mini-segway using 20sim4C.
C2,5 :The mini-segway behaves as expected: It
stabilizes, and starts driving away, before falling over due
to the motor limitations. It does not drive straight though.
Step 3:
The feature behaves as expected. We continue to the
steering of the mini-segway. All the different detail steps
used for this controller are shown in Figure 6. The amount
of cycles is shown in the leftmost branch of Figure 8.
Steering
The second feature is to keep the mini-segway straight
while standing/driving.
Step 1:
The assumption for the initial linearised model is that
the mini-segway does not fall over. This model shows
the relation between the different wheel inputs and the
steering velocity of the mini-segway. This model is shown
as an alternative in Figure 6.
Tests: The test for this feature is to give the mini-segway
a desired steering angle, in relation to the starting angle.
It should reach this angle and not fall over.
Step 2:
A1 : Based on this model a controller is created using
pole placement to control the steering and steering velocity
of the mini-segway.
B1,1 : This controller is then tested against the nonlinear model of the mini-segway that can fall over.
C1,1 : The mini-segway can turn stably and reaches the
desired angle.
B1,2 : Motor limitations are added to the simulation.
C1,2 : The motor limits have no effect on the turning
speed of the mini-segway, as the controller is slow enough
to never reach these limits.
B1,3 , C1,3 , B1,4 , C1,4 : In the same way the sensor
models and the discrete time are added. The performance
remains approximately the same. The sensor implementation is trivial, as the mini-segway has absolute wheel angle
encoders.
B1,5 : The new control software is implemented on the
physical mini-segway.
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alternatives

Position control
The final feature is to keep the Forward velocity and
position of the mini-segway.
Step 1:
To implement the position control, the assumption is
made that the mini-segway does not fall over or turn,
thus a linearised model is made where the angle of the
mini-segway is assumed upright and does not turn. This
model is shown as an alternative in Figure 6.
Tests: The test for this feature is to start the mini-segway
at a position with a slight disturbance, and after a time
let it drive forward a fixed distance. It should reach the
final position with a small error.
Step 2:
A1 : Based on the linearised model a controller is
designed using PID tuning, to control the forward velocity
and position.
B1,1 : The model is tested against the non-linear model
of the mini-segway, including the balancing and steering
controller.
C1,1 : The mini-segway does not stay at the final
position, but oscillates around it. The angle controller
cannot handle the fast changes created by the position
controller.
A2 : A slower controller is designed, with a lag compensator to make sure the steady state error is minimal.
B2,1 : The model is tested again with the non-linear
model of the mini-segway.
C2,1 : The position controller behaves as expected. Not
as fast as the initial control law, but at least it is stable.
B2,2 , C2,2 , B2,3 , C2,3 : The motor limits and the
sensors are added. There is no significant difference in
the behaviour of the mini-segway, however the overshoot
is slightly larger.
B2,4 : The controller is transferred to discrete time.
C2,4 : There is no significant difference.
B2,5 : The complete control system is implemented on
the physical mini-segway
C2,5 : The mini-segway can remain upright, and keep
position, by changing the set-point it can drive around.
Step 3:
The complete controller behaves as expected. All features
are now finished and the control software is done. New
features could now be thought of and the whole cycle
could be started again. The complete set of models made
for the design is shown in Figure 6. The amount of cycles
is shown in the rightmost branch of Figure 8.
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Discrete
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Discrete
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C1,5 : The system behaves as expected, the mini-segway
still drives away, but it drives away in a straight line.
Step 3:
The combined features behave as expected. We now continue to the position control of the mini-segway. All the
different detail steps used for this controller are shown in
Figure 6. The amount of cycles is shown in the middle
branch of Figure 8.

prototype

Fig. 6. The complete model structure used in controlling the minisegway. The models contain the key aspect or limitation added. Models
on the same detail level can be simulated together.

Evaluation
The total design flow is visualized in Figure 8. In this
figure the different features and cycles are shown. However
this does not visualize the distribution of the iterations of
step B over the different design iterations. This is why the
same matrix plot is used as described in the method, to
plot the cycles of the different features. These matrices are
shown in Figure 7.
 Balance 
B1,1 B2,1
B1,2 B2,2 



B2,3 



B2,4 
B2,5

Steering
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Fig. 7. A matrix plotting the instances of Step B for the different features

When comparing these matrices to the ones described
in the method it appears that the assumptions of the
order of detail were reasonably correct. Design errors were
found reasonably early in the process.
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Fig. 8. The different cycles of the development process, of the controller
of the mini-segway., including the amount of cycles performed.
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CONCLUSION
The methodology proposed has been successfully applied to developing control software for the cyber-physical
system at hand. The structured approach allows for rapid
development of the embedded control software. The iterative inner cycle makes it straightforward to spot small
errors while they are still easy to fix. It also allows for
staged development of the features and quickly testing on
a prototype.
The evaluation of the process gives extra insight in
the order of importance for different details of the model.
This would allow the improvement of the efficiency of the
development process by switching these around for new
features. One would have to take into account that this
switch would require extra work, as the models need to
be remade.
The model structure that is obtained by this approach is
quite extensive. There are models of the cyber and physical
part of the system at all levels of detail. These models
facilitate adding extra features or testing the system. The
different tests at different levels of detail give a lot of
insight on where certain errors or constraints originate.
FUTURE WORK
The current method could be improved by using more
data on its use. Different design challenges can be undertaken with the same method, which can then be compared.
To further improve this method a way should be chosen
of formalizing and automating the testing of different
models during the development phase. If tests are created
when writing specifications of features, one can prevent
regressions and quickly determine whether or not a certain
controller design passes al requirements. The automation
would also allow for more extensive tests to either compare different designs or to do design space exploration.
The current method uses model-to-code transformations for prototyping. This is still based on an external
connection via 20-sim4C. The possibility of generated
code for a stand-alone production environment should be
investigated.
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should be monitored, with a focus on the quality of the
final product. Indeed, the wine sector is very complex and
diverse, requiring a variety of operations, people, processes, equipment and structures in which a variety of adverse events may occur. Undeniably, an unwanted event
may be described as a failure to perform a specific action
or to use a wrong plan to attain a particular goal. The most
efficient strategy to prevent adverse events is recognizing
their causes. Such causes may be related to practical
problems, human relationships, company policies, action
plans, products, strategies or leadership.

KEYWORDS
Eindhoven Classification Method, Logic Programming,
Knowledge Representation and Reasoning, Entropy,
Wine Quality.
ABSTRACT
The identification, classification and recording of events
leading to deterioration of wine quality is essential for
developing appropriate strategies to avoid them. This
work introduces an adverse event reporting and learning
system that can help preventing hazards and ensure the
quality of the wines. The Eindhoven Classification
Method (ECM) has been extended and adapted to the incidents of the wine industry. Logic Programming (LP)
was used for Knowledge Representation and Reasoning
(KRR) in order to model the universe of discourse, even
in the presence of incomplete data, information or
knowledge. On the other hand, the evolutionary process
of the body of knowledge is to be understood as a process
of energy devaluation, enabling the automatic extraction
of knowledge and the generation of reports to identify the
most relevant causes of errors that can lead to a poor wine
quality. In addition, the answers to the problem are object
of formal evidence through theorem proving.

People continue learning from their own mistakes and
not from their successes. However, they do not like to
share their errors or what they have learned with them.
As a result, similar blunders may occur repeatedly and
wine quality may be affected by avoidable faults. Some
studies argue that reporting can be an achievable solution
to this problem (Mushtaq et al 2018, van der Schaaf 1995,
Vicente et al 2015, World Alliance for Patient Safety
2005), where the basic idea is based on an experiencebased learning process. It must be stressed, however, that
registering errors is not enough to guarantee the wine`s
quality. In fact, collecting data is not enough to improve
the practice.

INTRODUCTION

To make the difference, it is important to conduct the
technical review of the data in order to identify trends and
patterns (Mushtaq et al 2018, Vicente et al. 2015), where
the combination of reporting systems and machine learning methods for problem solving may be an answer to the

The wine industry may use the philosophy of lean
thinking to minimize and eliminate waste and errors in
order to create value (Chong-Fong 2015, George 2003).
In order to accomplish these goals, its critical functions
Communications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
ISBN: 978-3-937436-65-4/978-3-937436-66-1(CD) ISSN 2522-2414
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problem. Under the present approach to solve the problem it is assumed that humans are fallible and that errors
are to be predictable to occur in any organization. It focusses on the conditions under which individuals work
and attempt to build defenses to avert errors or to mitigate
their effects (Reason 2000). If compared with similar systems its advantages rely mainly on the fact that the approach followed here to knowledge representation is set
in a continuous mode (i.e., it is given in the form of energy transfer operations as it will be shown below), therefore allowing for the handling of qualitative and quantitative data or knowledge, being it either incomplete, selfcontradictory, or even error sensitive. It is a learning system that enables data analysis, ensures continuous improvement of wine quality and ultimately contributes to
consumer satisfaction, being also object of formal proof
(Neves 1984, Neves et al. 2007), something that similar
methods or methodologies for problem solving used in
the wine sector do not contemplate.

a finite set of values. With regard to cause 3, it is not possible to be clear about its contribution to the adverse
event, all values are plausible, i.e., an unknown value (not
necessarily from a finite set of values).
Adverse
Event A
or

Root Cause:

Root Cause Values:

Action or
Decision

Action or
Decision

Action or
Decision

Cause 1

Cause 2

Cause 3

Low/Medium

High

Unknown

Root Cause Codes:

COMPUTATIONAL MODEL

Figure 1: General structure of the Causal Tree
for the adverse event A

To avoid the incidence of adverse events, the understanding of its main causes is essential. Thereby, when
developing a framework that can be used in the wine industry the focus should be on methods that use analytical
technics in the description of the adverse occurrences, to
look at their main causes and the assessment of the attainment of the preventive actions implemented. Considering
the concerns about the problem just referred to above, the
ECM was selected; it uses Root Cause Analysis (RCA)
that allows for the classification of the main causes according to pre-defined codes (van der Schaaf 1995).

Knowledge Representation and Reasoning
In this work Knowledge Representation and Reasoning
(KRR) practices will be understood as a process of energy
devaluation (Wenterodt and Herwig 2014). Indeed, the
predicates’ extensions that elicit the universe of discourse
will be given as productions of the type (Pereira and Anh
2009), viz.

{
¬ 𝑝 ← 𝑛𝑜𝑡 𝑝, 𝑛𝑜𝑡 𝑒𝑥𝑐𝑒𝑝𝑡𝑖𝑜𝑛𝑝

The ECM enclose two types of errors, namely the active and the latent ones. The actives refer to human error
and are considered at three levels of behavior, (i.e., skills,
rules and knowledge), which are in accordance with the
Rasmussen SRK Model (Rasmussen 1976). The latent
ones, in turn, contemplate the technical and organizational errors (van der Schaaf 1995). The former ones arise
from problems associated with physical components such
as equipment or devices. The subsequent are due to mistakes related to knowledge transfer, procedures or protocols.

𝑝 ← 𝑝1 , ⋯ , 𝑝𝑛 , 𝑛𝑜𝑡 𝑞1 , ⋯ , 𝑛𝑜𝑡 𝑞𝑚
? (𝑝1 , ⋯ , 𝑝𝑛 , 𝑛𝑜𝑡 𝑞1 , ⋯ , 𝑛𝑜𝑡 𝑞𝑚 ) (𝑛, 𝑚 ≥ 0)
𝑒𝑥𝑐𝑒𝑝𝑡𝑖𝑜𝑛𝑝1 , ⋯ , 𝑒𝑥𝑐𝑒𝑝𝑡𝑖𝑜𝑛𝑝𝑗 (0 ≤ 𝑗 ≤ 𝑘),
𝑏𝑒𝑖𝑛𝑔 𝑘 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑛𝑢𝑚𝑏𝑒𝑟

}
where n and m stand for the cardinality of the predicates’
set and predicate’s arguments, respectively. “?” denotes
falsity. The other symbols stand for themselves. In order
to make the process comprehensible, it will be presented
in a graphical form. Taking as an example a group of 3
(three) causes fixed as an Adverse_Wine_Assessment
Questionnaire-Three-Item (AWA – 3), viz.

Recognizing the causes of a particular item is the first
step in developing an ECM-based system. To achieve
this goal, Causal Trees (CTs) were considered and RCA
techniques applied (Figure 1). The CTs provide a global
picture of the problem through a hierarchical structure
and enable the implementation of useful and long-term
solutions. For example, the unwanted event A (Figure 1)
is due to three possible causes. It is known that cause 2’s
contribution to the adverse event is high (known value),
while the contribution of causes 1 and 3 is unknown,
which sets two different types of null or unknown values.
With respect to cause 1, it is not possible to enforce the
value to be considered, but it is known that it can only
take two values (low/medium), i.e., an unknown value in
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Cause 1 – A vertical tasting involves wines from
the same year but from different vineyards or winemakers;



Cause 2 – Bottle Stink does not necessarily mean a
spoiled bottle of wine, and;



Cause 3 – Reducing the grape crop usually results
in wines with lowers levels of alcohol.

designed to assess the workers’ literacy level in the wine
sector, varying on the interval 0…1, on the assumption
that low stakes will trigger positive outcomes and benefits their corporations. In order to accomplish this goal, it
will be used the scale, viz.

Very low (1), Low (2), Medium (3), High (4)
which leads to (Figure 2), viz.

Figure 2: Going from a Qualitative setting to a Quantitative one
Indeed, aiming to the quantification of the qualitative
information presented in the CT (Figure 1) and in a way
to make the process intelligible, it was given in a graphical form (Figure 2). Once the contribution of cause 1 for
adverse event A was low/medium, the correspondent numeric value is given by the colored area ranging between
(Figure 2(a)), viz.
2

In terms of the energy’s transfer operations, exergy for
cause 1 (𝑒𝑥𝑒𝑟𝑔𝑦𝑐𝑎𝑢𝑠𝑒1 ) corresponds to the dark colored
area (Figure 2(b)), while vagueness (𝑣𝑎𝑔𝑢𝑒𝑛𝑒𝑠𝑠𝑐𝑎𝑢𝑠𝑒1 )
is given by the gray colored area (Figure 2(c)). Finally,
anergy (𝑎𝑛𝑒𝑟𝑔𝑦𝑐𝑎𝑢𝑠𝑒1 ) corresponds to the dashed area
(Figure 2(d)). The contribution of cause 2 to the adverse
event A is high, and the correspondent area is (Figure
2(e)), viz.

2

[(𝜋 × (2⁄4 × √1⁄𝜋) ⁄3, 𝜋 × (3⁄4 × √1⁄𝜋) ⁄3)]
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2

given by gray colored area, ranging between [0, 0.33].
The global view of the adverse event A is given in Figure 2(g) and the global values of exergy, vagueness and
anergy are given by the areas shown in the Figure 2(h),
(i) and (j), respectively. The adverse event A may now be
set as the predicate adverse_event_a, and given in the
form, viz.

π × (4⁄4 × √1⁄π) ⁄3
In this case 𝑒𝑥𝑒𝑟𝑔𝑦𝑐𝑎𝑢𝑠𝑒2 is given by the dark colored
area, i.e., [0.33, 0.33] while 𝑣𝑎𝑔𝑢𝑒𝑛𝑒𝑠𝑠𝑐𝑎𝑢𝑠𝑒2 and
𝑎𝑛𝑒𝑟𝑔𝑦𝑐𝑎𝑢𝑠𝑒2 are 0 (zero). Finally, the contribution of
cause 3 is unknown, all the possibilities should be considered and the corresponding area is in the range (Figure 2(f)), viz.
2

𝑎𝑑𝑣𝑒𝑟𝑠𝑒_𝑒𝑣𝑒𝑛𝑡_𝑎 ∶ 𝑬𝑿𝑒𝑟𝑔𝑦, 𝑽𝑨𝑔𝑢𝑒𝑛𝑒𝑠𝑠, 𝑨𝑵𝑒𝑟𝑔𝑦,
𝑸𝑢𝑎𝑙𝑖𝑡𝑦-𝒐𝑓-𝑰𝑛𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛, 𝑫𝑒𝑔𝑟𝑒𝑒-𝒐𝑓𝑪𝑜𝑛𝑓𝑖𝑑𝑒𝑛𝑐𝑒 → {True, False}

2

[(π × (0⁄4 × √1⁄π) ⁄3, π × (4⁄4 × √1⁄π) ⁄3)]

where the variables EXergy, VAgueness and ANergy denote the entropic states or sustainability factors of the
terms or clauses that make the logic program, whose extension is given below, viz.

Once the energy values that have been transferred and
consumed are unknown, the 𝑒𝑥𝑒𝑟𝑔𝑦𝑐𝑎𝑢𝑠𝑒3 and
𝑎𝑛𝑒𝑟𝑔𝑦𝑐𝑎𝑢𝑠𝑒3 are 0 (zero), while 𝑣𝑎𝑔𝑢𝑒𝑛𝑒𝑠𝑠𝑐𝑎𝑢𝑠𝑒3 is

{
¬ 𝑎𝑑𝑣𝑒𝑟𝑠𝑒_𝑒𝑣𝑒𝑛𝑡_𝑎 (𝐸𝑋, 𝑉𝐴, 𝐴𝑁, 𝑄𝑜𝐼, 𝐷𝑜𝐶), ← 𝑛𝑜𝑡 𝑎𝑑𝑣𝑒𝑟𝑠𝑒_𝑒𝑣𝑒𝑛𝑡_𝑎(𝐸𝑋, 𝑉𝐴, 𝐴𝑁, 𝑄𝑜𝐼, 𝐷𝑜𝐶),
𝑛𝑜𝑡 𝑒𝑥𝑐𝑒𝑝𝑡𝑖𝑜𝑛𝑎𝑑𝑣𝑒𝑟𝑠𝑒_𝑒𝑣𝑒𝑛𝑡_𝑎 (𝐸𝑋, 𝑉𝐴, 𝐴𝑁, 𝑄𝑜𝐼, 𝐷𝑜𝐶)
𝑎𝑑𝑣𝑒𝑟𝑠𝑒_𝑒𝑣𝑒𝑛𝑡_𝑎 (0.42, 0.44, 0.14, 0.85, 0.97).

}
The arguments quality-of-information (QoI) and degreeof-confidence (DoC) stand for themselves, however its
evaluation may be found in Vicente et al. (2018).

taken simultaneously or separately, AND/OR-nodes are
used to include such features in the CT. In addition, the
unknown and forbidden operators were used to describe
events for which the event’s causes are unknown/forbidden/not allowed (e.g., due to internal policies). Thereby,
based on the information presented in Figure 4, it is possible to identify all feasible situations, viz.

CASE STUDY
To adjust the ECM to the Wine Industry occurrences, a
new version of the model was conceived with extensions
and adaptations for the sector. Furthermore, the CTs for
the classification of the adverse events’ root causes were
drew. Such extensions and adaptations made possible to
fit each category of the wine industry streamlining the
classification process. The flow diagram of the classification process is portrayed in Figure 3, as well as the
codes to categorize each adverse event (Vicente et al.
2015). Taking into consideration the adverse events classified as “Human behavior – Knowledge-based errors”
(code HKK), they can arise from difficulties in execution,
interpretation or reporting procedures. Chemical analysis
badly performed, chemical analysis unfinished or chemical analysis not validated are examples of adverse events
that falls into this class.

(i)

Who made the registration of the occurrence report
wine fault due to the presence of Dekkera/Brettanomyces yeasts (D/B), i.e., a known value;

(ii) The professional who recorded the adverse event
only recorded wine fault due to organoleptic
changes. It is not possible to be constructive about
the origin of the adverse event, but it is known that
it can only be the occurrence of Dekkera/Brettanomyces yeasts (D/B), existence of TriChloroAnisole
(TCA) or OXidation of the wine (OX) for which the
respective values are very low/low, medium/high
and low/medium. This case corresponds to an unknown value from a finite set of values; and
(iii) It was only registered wine fault. All hypotheses are
admissible, corresponding to an Unknown or a Forbidden Value (UFV).

The CT regarding the adverse event wine fault is shown
in Figure 4. Considering that the adverse event under consideration may occur due to various causes that should be
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Figure 3: Flow chart of the Eindhoven Classification Model for the Wine Industry
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Figure 4: The adverse event wine fault in terms of an Extended Causal Tree
The logic program epitomized below, built in terms of
the extents of predicates action_or_decision_a, action_or_decision_b, action_or_decision_c stands for a

formal description of the situations (i), (ii) and (iii) referred to above.

{
{
¬ 𝑎𝑐𝑡𝑖𝑜𝑛_𝑜𝑟_𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛_𝑎 (𝐸𝑋, 𝑉𝐴, 𝐴𝑁, 𝑄𝑜𝐼, 𝐷𝑜𝐶), ← 𝑛𝑜𝑡 𝑎𝑐𝑡𝑖𝑜𝑛_𝑜𝑟_𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛_𝑎 (𝐸𝑋, 𝑉𝐴, 𝐴𝑁, 𝑄𝑜𝐼, 𝐷𝑜𝐶),
𝑛𝑜𝑡 𝑒𝑥𝑐𝑒𝑝𝑡𝑖𝑜𝑛𝑎𝑐𝑡𝑖𝑜𝑛_𝑜𝑟_𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛_𝑎 (𝐸𝑋, 𝑉𝐴, 𝐴𝑁, 𝑄𝑜𝐼, 𝐷𝑜𝐶)
𝑎𝑐𝑡𝑖𝑜𝑛_𝑜𝑟_𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛_𝑎 (1, 0, 0, 1, 1).
}
{
¬ 𝑎𝑐𝑡𝑖𝑜𝑛_𝑜𝑟_𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛_𝑏 (𝐸𝑋, 𝑉𝐴, 𝐴𝑁, 𝑄𝑜𝐼, 𝐷𝑜𝐶), ← 𝑛𝑜𝑡 𝑎𝑐𝑡𝑖𝑜𝑛_𝑜𝑟_𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛_𝑏 (𝐸𝑋, 𝑉𝐴, 𝐴𝑁, 𝑄𝑜𝐼, 𝐷𝑜𝐶),
𝑛𝑜𝑡 𝑒𝑥𝑐𝑒𝑝𝑡𝑖𝑜𝑛𝑎𝑐𝑡𝑖𝑜𝑛_𝑜𝑟_𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛_𝑏 (𝐸𝑋, 𝑉𝐴, 𝐴𝑁, 𝑄𝑜𝐼, 𝐷𝑜𝐶)
𝑎𝑐𝑡𝑖𝑜𝑛_𝑜𝑟_𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛_𝑏 (0.29, 0.31, 0.40, 0.78, 0.89).
}
{
¬ 𝑎𝑐𝑡𝑖𝑜𝑛_𝑜𝑟_𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛_𝑐 (𝐸𝑋, 𝑉𝐴, 𝐴𝑁, 𝑄𝑜𝐼, 𝐷𝑜𝐶), ← 𝑛𝑜𝑡 𝑎𝑐𝑡𝑖𝑜𝑛_𝑜𝑟_𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛_𝑐 (𝐸𝑋, 𝑉𝐴, 𝐴𝑁, 𝑄𝑜𝐼, 𝐷𝑜𝐶),
𝑛𝑜𝑡 𝑒𝑥𝑐𝑒𝑝𝑡𝑖𝑜𝑛𝑎𝑐𝑡𝑖𝑜𝑛_𝑜𝑟_𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛_𝑐 (𝐸𝑋, 𝑉𝐴, 𝐴𝑁, 𝑄𝑜𝐼, 𝐷𝑜𝐶)
𝑎𝑐𝑡𝑖𝑜𝑛_𝑜𝑟_𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛_𝑐 (0, 0.33, 0, 0.67, 0.89).
}
}
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that stands for an adverse event reporting and learning
computational system. The Adverse Event Reporting
Forms for Wine Industry (AERF-WI) is an interface web
for adverse event registration. The registration can be
done by professionals and/or by the consumers, through
pre-defined forms conceived to each user profile.
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CONCLUSIONS
This study presents an intelligent system enabling to
deal with the problem of KRR under a qualitative and
quantitative approach to incomplete, unknown, or even
self-contradictory data, information or knowledge. It was
shown how the fields of Computer Science and Mathematical Logic may be used to promote excellence in very
dynamics and uncertain environments like the Wine Industry. This system offers some advantages, like simpler,
faster, and more reliable analysis of adverse events. This
information may be helpful to identify trends and areas
for improvement. Furthermore, its formal description
provides a path for knowledge acquisition, identification
of the adverse events’ main causes, and may inspire
changes in wine industry procedures. Another advantage
relies on its modularity, i.e., it offers the possibility of
adding new categories and/or sub-categories at any time,
without changing the structure or the working mode of
the system.
Future work includes the development of the Adverse
Events Manager Reports for the Wine Industry (AEMRWI) module. Such component aims at the analysis of the
adverse events recorded by AERF-WI. The AEMR-WI
will provide automatic reports of the adverse events, supplemented with charts and statistical information about
the events recorded. Finally, the Adverse Events
Knowledge Manager for Wine Industry (AEKM-WI)
module uses the data from the system database in order
to identify trends, using data mining tools, a path to Data
Science.
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catalyst to form fatty acid esters (i.e. biodiesel, in case
the methanol is used) and glycerol (Knothe et al. 2005).
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Alcoholysis,

Preparing Fatty Acid Methyl Esters
In practice, two basic methods of preparing FAME
(methyl esters of fatty acids) are used. The first method
is based on esterification of free fatty acids, producing
fatty acid methyl esters and water. The second, and
most commonly used (Gerpen, 2005), method is
transesterification of triglycerides with methanol,
forming FAME and glycerol. Both methods are based
on reversible reactions with specific equilibrium
constants. For this reason, an easily recoverable alcohol
is usually added in excess to convert the fatty acid feed
source almost completely. (Ma and Hanna 1999)

ABSTRACT
Alcoholysis of triglycerides is a common method in the
production of a renewable fuel - biodiesel, specifically
methyl esters of fatty acids. In this work, kinetics of
methanolysis was studied, with a focus on an undesired
side reaction - hydrolysis. This side reaction, also called
saponification, leads to deactivation of the used catalyst
and affects the purity of the final product - biodiesel.
For this reason, a model of methanolysis has been
developed and verified considering both the main and
side reactions. This mathematical model, assuming
irreversibility of all reactions, is capable of describing
measured experimental data under different initial
reaction mixture composition and also different reaction
temperature. The developed model was used for the
prediction of optimal conditions of methanolysis under
which saponification is reduced, and is important for the
design of industrial manufacturing process, equipment
and process control algorithms.

The transesterification can be performed using either an
acid or basic catalyst. However, base-catalyzed
transesterification proceeds much more rapidly than
acid-catalyzed transesterification (Freedman et al.
1986).
Transesterification Reaction
FAME, or biodiesel, is usually a product of the process
known as transesterification as mentioned above. The
scheme of the reaction is depicted in Fig. 1. (Gerpen
2005). The R1, R2 and R3 are long hydrocarbon chains,
sometimes also called fatty acid chains. The reaction of
triglycerides (generally glycerides) with methanol in the
presence of a catalyst gives a mixture of fatty acid esters
and glycerol (also called glycerin).

INTRODUCTION
Fats and oils have long been linked to life in society;
they play an important role in the food industry, and are
also a major raw material in the cosmetics industry.
From the fats and oils (chemically triglycerides), a
number of valuable products are also derived, the
manufacturing of which is dealt with by the
oleochemical industry.
In recent years, the society has been interested in
protecting the environment and using renewable
resources (Canakci and Gerpen 2001). One of the
renewable sources is biodiesel, which can be produced
by a chemical process called transesterification (Gerpen
2005). This chemical process is a reversible reaction
where the triglycerides react with alcohols, mainly
methanol or ethanol, in the presence of acid or basic

Fig. 1 : Chemical reaction – Transesterification
(Gerpen 2005)
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function of concentrations of all reactants (or catalysts)
and temperature. (Novák et al. 2008)

In a more accurate description of the reaction, it is to be
said that triglycerides react gradually to lower
glycerides, FAME and glycerol as described in Fig. 2.
(Pecha et al. 2016)

+2 →3

(1)

The reaction rate shown in (1) can be expressed by one
kinetic equation as shown in (2).
= ( )

=−

Fig. 2 : Detailed Description of the reaction
(Pecha et al. 2016)

…

(2)

The right side of the equation comprises concentrations
c of the starting substances and the velocity constant k,
which encompasses the temperature dependence of the
reaction rate. Concentration exponents (α, β) are usually
determined on the basis of experiments. (Novák et al.
2008) The velocity constant can be calculated according
to the following equation:

It is also important to note that the reaction mixture is
heterogeneous consisting of a two-phase liquid-liquid
system which complicates both the mathematical
description and experimental study of this reaction
(Csernica and Hsu 2012).
Hydrolysis of Glycerides - Side Reaction

=

As the alkaline (basic) catalyst is used in the reaction, a
side and undesirable reaction - hydrolysis of glycerides
(Fig. 3.) - occurs, resulting in cleavage of the ester
bonds alongside the transesterification. It is a reaction of
fatty acid esters with a basic catalyst, resulting in the
formation of a molecule of soap (a fatty acid salt with a
basic catalyst) together with a molecule of water.
Consequently, this reaction is also called saponification.
A similar reaction is neutralization of the basic catalyst
with free fatty acids. These are undesirable reactions as
the concentration of the catalyst is reduced, decreasing
the reaction rate of transesterification. (Gerpen 2005)

exp −

∗

(3)

where E* represents the activation energy, A is called
the pre-exponential or frequency factor and R is the
universal gas constant. The temperature has a major
influence on the reaction rate. The relationship indicates
that reactions with high activation energies are very
sensitive to temperature changes, while reactions with
low activation energy are relatively thermally
insensitive. In elemental reactions, the value of the
activation energy is always positive. It is possible to
imagine it as the energy that must be supplied to the
reacting molecules to stimulate the valence electrons.
(Novák et al. 2008)
The reparameterization of the Arrhenius equation
through definition of a reference temperature allows
minimization of parameter correlation and makes
parameter estimation and interpretation much easier.
For dynamic models where an analytical solution is not
available, a closed analytical solution cannot be derived
and a numerical procedure can be used to determine the
optimum reference value. After considering several
other theories, the following relationship is reached (4),
which includes the reference temperature. (Schwaab and
Pinto 2007)

Fig. 3 : Neutralization of fatty acids - hydrolysis of
glycerides (Gerpen 2005)
Despite the fact that adverse effects of saponification on
the rate of transesterification are known, this side
reaction has been only rarely studied in current literature
(Pecha et al. 2016). The purpose of our work was
therefore to suggest and verify suitable mathematical
models for transesterification reaction which comprise
also the side reaction – saponification. Such verified
model forms a basis for design of industrial production
process and can be used for simulation of reaction
conditions, which was another aim of our work.

=

exp −

( −

)

(4)

The models used in our work include a description of
transesterification reaction scheme and are based on the
knowledge of chemical kinetics.

MATHEMATIC MODELING OF
METHANOLYSIS KINETICS

During the research, a set of models was proposed
(more than 20 models with different variations);
however, only those pointing to important results will
be presented further in this work.

The tested models describe the course of reaction rates,
i.e. reaction kinetics. In general, the so-called kinetic
equation expresses the reaction rate dependence on the
reaction conditions. Generally, the rate of reaction is a

All models were optimized with the help of MATLAB
software. The simplex method was employed, which
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can search for a minimum in an n-dimensional space.
The sum of squares of relative weighted deviations was
selected as the objective function (5).
,

=∑

,

MODEL No.2 – with monoglycerides
reparametrization of Arrhenius equation

The Arrhenius equation was reparameterized using the
discussed approach from paper (Schwaab and Pinto
2007). Since the reaction was studied at temperatures of
40 ° C and 60 ° C, a temperature of 50 ° C was chosen
as the reference temperature for the reparameterization.

(5)

,

The final model is described by a set of eight
differential equations. The MATLAB ode15s function
has been used to optimize model parameters because of
the speed and the fact that the solved system of ordinary
differential equations belongs to the STIFF systems.

In view of the relatively high concentrations of
monoglycerides in the reaction systems currently
studied, it has been considered that monoglycerides can
notably influence the optimization and description of
the reaction itself. In addition, presence of these
compounds is important from the technological point of
view. Said are the reasons why the presence of
monoglycerides has been comprised in the reaction
system. Special constants for saponification of
individual glycerides have also been introduced. Model
No. 2 is described by equations (17-30).

MODEL No.1 – without monoglycerides
At first, we started with a model of methanolysis (6-16)
proposed in the article on methanolysis and hydrolysis
of triglycerides (Pecha et al., 2016), however, its
validity was proved for different reaction system with
different catalyst – TMAH (Tetramethylammonium
hydroxide).
All reactions are assumed to be irreversible, i.e.
unidirectional. Saponification of FAME has been
neglected in the model, according to experimental
results (Pecha et al., 2016). Saponification of glycerides
is described in (8) and (9). The rate of both reactions is
considered to be the same, therefore the same constants
and
can be used in both equations for the
,
purpose of model simplification. In addition, presence
of reaction intermediate - monoglycerides - is neglected,
since DG is converted to glycerol directly.
=−
=−

,

,

=−
=−

exp(−

)

exp(−

(6)
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+

+

(30)

composition of the reaction mixture on the course of the
reaction were studied. The aim was to obtain the data
necessary for the validation of proposed mathematical
models.

EXPERIMENTS
The models suggested in previous chapters were
verified by experiments conducted in the laboratory at
the Faculty of Applied Informatics. Individual
experiments lasted approximately two hours, depending
on the selected procedure and initial conditions, i.e. the
initial amounts of oil, methanol and catalyst.

Rapeseed oil purchased in a local store was used as the
feedstock. Chemicals and solvents used in the present
study were of analytical reagent grade and were used as
received without any further purification. The
experiments were carried out at 40 °C and 60 °C and at
the initial catalyst concentrations of 0.6 % and 0.3 %
(based on the weight of rapeseed oil). The catalyst used
was potassium hydroxide dissolved in methanol.

In particular, taking samples of the reaction mixture was
time consuming. After each sampling, it was necessary
to stop the ongoing methanolysis to determine the
content of individual substances in the samples taken at
a given time by titration and gas chromatography in
order to get as detailed description of the reaction
system as possible.

The typical procedure was the following: an amount of
250 g of rapeseed oil was mixed with methanol (in a 1:6
molar ratio) in a four-way sulphonation flask. The
mixture was slowly heated under reflux in a water bath
(Thermo HAAKE P5) with constant stirring with a
Heidolph RZR 2020 metal stirrer at a speed of 300 rpm.
After reaching a steady temperature, a catalyst solution
(21% KOH in MeOH in an amount corresponding to the
design of the experiment) was injected into the reaction
mixture, followed by an increased stirring speed of 2000
rpm. This stirring speed ensures that measurement
proceeds in the so-called kinetics regime of
measurement – details were provided in (Pecha 2016).
The moment when the catalyst was added to the
reaction mixture is considered to be the beginning of the
reaction.

Samples taken for chromatographic analysis (approx. 2
ml of the reaction mixture) were immediately admixed
in a vial with 3 ml adipic acid in order to stop the
reactions. The vial with acid was weighed before
weighing the sample to re-weigh the sample vial to
calculate the weight of the sample. Glycerides (i.e., TGTriglycerides, DG-Diglycerides, MG-Monoglycerides),
methyl esters of fatty acids as well as glycerol were
quantified by gas chromatographic method. From the
vial with sample of stopped reaction mixture, approx.
340 mg of the sample was taken, which was
subsequently diluted with 4 ml of pyridine (SigmaAldrich). Subsequently, approx. 200 mg of the sample
was transferred into a vial and 0.5 ml of internal
standards was added. For the quantification of glycerol,
an internal standard 1.4-butanediol was used, for FAME
(methyl esters of fatty acids) internal standard methyl
heptadecanoate and for glycerides, tricaprin was used as
the internal standard. Samples were derivatized with
100
μl
of
BSTFA
(bis
(trimethylsilyl)
trifluoroacetamide) for 15 minutes. Samples were also
diluted with heptane (to the final volume of 5.5 ml) and
injected into the gas chromatograph. Detailed
description of the analytical method is available in
(Šánek 2013).

RESULTS AND DISCUSSION
The accuracy of the experimental data was examined by
comparing the total glycerol (i.e. the sum of glycerides
and glycerol) calculated from the initial composition of
the reaction mixture (i.e. determined by the weights and
purities of used chemicals) the average total glycerol
determined by the whole experimental setup (sampling,
reaction termination, reaction mixture chromatographic
analysis) in order to assess the measurement accuracy
and minimalize the systematic error. Specifically, the
average relative error in total glycerol was 1.2 % from
all data sets. This method was also used to verify the
accuracy of the experimental data by means of the total
base concentration calculations, the average relative
error in total base was 1.3 % from all data sets.

For the determination of the extent of saponification
reaction, 6 ml of the reaction mixture was taken and
immediately mixed with 4 ml of sulfuric acid in a
titration flask. To the titration flask was then added 50
mL of a mixture of ethanol and demineralized water
(4:1 v/v). The mixture in the titration flask was
thoroughly mixed. The sample solution thus prepared
was titrated with 0.1M TMAH (Tetramethylammonium
hydroxide) on a Mettler-Toledo G20 automatic titrator
with potentiometric indication of the equivalence point.
(Pecha et al. 2016)

Table 1: Estimated optimal parameters of the model
i
ki,∞ [1/s]
i
EAi [kJ/mol]
1
30.72
1
40255.38
2
65.88
2
48686.37
3
128.44
3
47143.36
4
0.14
4
90423.48
5
2.24
5
24224.85
6
1.94
6
20077.37
n [1]
1.4667
m [1]
1.1257

For the sake of the most detailed modeling of fat and oil
methanolysis, kinetic experiments with different initial
conditions were performed. The influence of the
reaction temperature, the effect of the catalyst
concentration, and also the effect of the initial
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Optimal model parameters have been found (as can be
seen on Table 1.) by the described method. The
optimization script looking for a minimum in a 14dimensional space was a difficult task, since it is a
reaction that involves not only the direct but also
multiple side reactions.

Simulation - concentration of soap vs conversion of glycerides
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Fig. 5 : Simulation – model No.2 prediction concentration of soap vs conversion of glycerides
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Fig. 4 : Comparison of experimental data (points) and
model No.2 prediction (lines)
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As shown in Fig. 4, the model No.2 is able to simulate
the concentrations of the individual components of the
reaction mixture over time with optimized parameters
with good precision. Average model deviation from
measured experimental data was 12.9 %. In comparison,
deviation for model No.1 was 24.5 %.
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Fig. 6 : Simulation – model No.2 prediction conversion of glycerides vs Time

The reaction was simulated at various initial conditions
and temperatures to determine the optimal reaction
conditions. Conversion of glycerides (31) was chosen as
a comparison element.
( )=1−

T = 40°C, cCAT = 0.13 mmol/g

65

Conversion of glycerides represents the extent of
consumption of glycerides in the reaction, respectively,
how many glycerides reacted with methanol to methyl
esters.

(31)
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Another very important factor is the concentration of the
soaps generated due to the undesired side reaction,
hydrolysis. From the viewpoint of the final product
quality and also from an economic point of view,
hydrolysis needs to be suppressed as much as possible.

fact that soap concentration increases rapidly from the
very beginning of the reaction, resulting in higher
catalyst deactivation by hydrolysis, the increase in the
soap concentration under said optimal conditions was
the slowest compared to other simulated conditions.

By simulation (Figures 5 and 6.) of the methanolysis
model it is clear that transesterification proceeds more
rapidly and into higher conversions at given time with
increasing
reaction
temperature
and
catalyst
concentration. This observation is not surprising, it
corresponds to theoretical ideas and could be expected.
It is also confirmed by experimental data. Surprisingly,
however, at lower temperature (40 °C) and the lowest
catalyst concentrations, the concentration of the soaps in
the reaction mixture is the highest. The measured
experimental data supports this conclusion.

Consequently, the developed verified model proved to
be useful for reaction conditions optimization and is
therefore suitable for the design of industrial
manufacturing process, equipment and process control
algorithms.
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In view of the conversion achieved at an acceptable
time (2 hours) and the soap concentrations in the
reaction mixture, the KOH catalyst concentration of
0.09 mmol/g proved sufficient, although it can be seen
in Fig. 6 that higher conversion of glycerides can be
achieved using KOH concentration of 0.13 mmol/g. By
using a lower catalyst concentration (by more than 30
%), economical savings can be achieved while
maintaining
the
required
reaction
rate
of
transesterification. Therefore, a KOH catalyst
concentration of 0.09 mmol/g and a reaction
temperature of 60 °C were selected as the optimal
reaction conditions.
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CONCLUSION
The aim of our work was to propose a model of
methanolysis of glycerides, taking into account the
undesired side reaction, hydrolysis, in which soaps are
formed.
Several experiments were conducted in order to clarify
the kinetics model of glycerides methanolysis using
KOH as a catalyst. The modeling has been based on
theories of chemical reactions and available literature.
The presented model uses reparametrization of the
Arrhenius equation with a reference temperature of
50 °C. The model also describes the concentration of
monoglycerides that were neglected in the initial model.
Average model deviation from measured experimental
data was calculated as 12.9 %.
Subsequently, the resulting model was used to simulate
the reaction under different initial conditions.
Conversion of glycerides and the soap concentration
were chosen as comparison elements.
The optimal value of reaction temperature and KOH
catalyst concentration is 60 °C and 0.09 mmol/g,
respectively, since under these conditions there is a very
good and rapid conversion of glycerides. In spite of the
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KEYWORDS

gether to achieve more tasks and thus can be used in
the following research, however only one of its arms is
used in this paper.
The paper is organized as follows. The first chapter
describes the robot, Ball & Plate system and LQ controller separately in their own subsections. It presents
the theory and basic parameters to introduce the overall concept. The second chapter shows identification
of the model and subsequent control of the whole system on the real robot with presented results. The last
chapter concludes the paper.

YuMi, robotics, LQ polynomial control, 7DoF, Ball &
Plate.
ABSTRACT
The industrial robotics is a fast growing area which
reaches beyond automotive and large companies. More
special tasks are required from robots than before,
some of which require dynamic reactions from the robot
based on external sensors. This paper presents solution
for controlling of unstable processes using collaborative robotic manipulator ABB YuMi. The Ball & Plate
model serves as an example of the relatively fast and
unstable system. The linear quadratic (LQ) polynomial
2DoF controller is used because of its easy implementation to the robot’s code and reliable behavior. Working
system is presented and solutions are provided to improve the quality and overall stability of the solution.

METHODS
7DoF Robotic System
Collaborative robots have safety standards that allow them to work side by side with human operator
without additional protection such as cage (Fryman
and Matthias 2012). This human-robot collaboration
combines cognitive abilities of humans with precision,
strength and endurance of robots (Thomas et al. 2016).
Using collaborative robot in research is advantageous
because humans can access the robot directly and make
tests without worrying about their physical interaction
with the robot. In case the robot hits an object (or
a human), it stops without damaging accessories, itself and without hurting personnel around. This fact
greatly reduces testing and implementation time. Standard robotic manipulators have 6 DoF (degrees of freedom) structure, which is sufficient enough to complete
all given tasks. However dual-arm robots need an extra flexibility while reaching difficult-to-access positions
and ensuring arms do not collide with each other at the
same time.
ABB IRB14000 YuMi is industrial collaborative robot
(Fig. 1) with two 7DoF manipulators, repeatability
0.02 mm and load capacity of 0.5 kg each (ABB 2019).
This load capacity is quite low and the robot is best
suited for assembly of small parts and electronics. The
maximum speed of tool center point of the robot is 1500
mm/s (mainly because of payload limitation), which
is faster than any other commercially available robot
while maintaining all safety standards. This speed
theoretically allows to control even relatively fast processes.
The robot can be completely simulated in RobotStudio
environment by ABB. It also includes physics virtualization with gravity, friction and material properties
already implemented. The virtualized robot directly
simulates its real counterpart and the code can be eas-

INTRODUCTION
Industrial robots are now at their peak in automation with numerous applications requiring flexibility
and fast implementation. There are basic applications
such as pick and place, but also more complex ones
where robots use external sensors to alter their paths
dynamically in real time, for example force controllers
or special paint atomizers. This paper deals with the
industrial robot controlling an unstable process and the
Ball & Plate model was chosen to represent such system. There are many Ball & Plate solutions ranging
from 2DoF plates (Jadlovska et al. 2009) to 6DoF Stewart platforms (Kassem et al. 2015), however all solutions rely on parallel structures. This paper presents
solution with 7DoF connected in series to control the
Ball & Plate model.
The linear quadratic (LQ) polynomial control solution (Bobal et al. 2005) is one of several approaches
to controller design. This paper presents LQ control
for 2DoF polynomial controller (Matusu and Prokop
2013), which is relatively reliable strategy able to control many different plants with easy implementation to
the code of the robot and satisfying robustness against
slight changes in system parameters. Spectral factorization (Sebek 2015) is used for minimization of LQ
criterion which is fast method for this kind of problem.
ABB IRB 14000 YuMi is a collaborative industrial
robot that serves as a motion system in this paper. It
has two manipulator arms with 7DoF each. This robot
was chosen because of its two arms that can work toCommunications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
ISBN: 978-3-937436-65-4/978-3-937436-66-1(CD) ISSN 2522-2414
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corresponding first time derivatives and g, r, m and
Ib are constants representing gravitational acceleration,
radius, mass and the moment of inertia of the ball respectively. Note that angle α is responsible for changing the coordinate x and similarly the angle β changes
the coordinate y. This model will not take slip between
the ball and the plate into account and it is possible to
simplify and linearize it around the center of the plate
([x, y] = [0, 0]). For further details see (Spacek 2017)
with result being presented in (3) and (4).
x:

ẍ = Kb α

(3)

y:

ÿ = Kb β

(4)

where Kb is constant dependent on the gravitational
acceleration g and the hollowness of the ball. This simplified structure however does not consider dynamics of
used actuators. It is obviously quite challenging to obtain a mathematical model of seven motors connected
in series without knowing their parameters. This problem will be solved by experimental identification of the
whole Ball & Plate system together with the manipulator.
The real Ball & Plate was constructed using a resistive
touch screen to determine coordinates of the ball on the
plate. The whole plate has dimensions 322x247 mm.
Resistive touch screens are mostly made for displays
which do not have square based sizes, but sides of the
plate do not need to be equal for control purposes.
Because the resistive touch technology needs a certain
pressure to work properly a heavier ball had to be used.
A steel bearing ball with 25 mm diameter was used,
constructed from 100Cr6 steel, thus weighing about
64 g, which is enough for the resistive touchscreen to
read the correct position of the ball.

Fig. 1. Collaborative robot ABB IRB 14000 YuMi

ily shared between them. The robot balancing a ball
on a plate in simulated environment is shown in Fig. 2.

Digital LQ Polynomial Control
The digital polynomial 2DoF control system is shown in
Fig. 3, where w(k) is reference value, u(k) is controller
output, n(k) and v(k) are disturbances and y(k) is output of the plant. 2DoF controller consists of two parts
- feed-forward part Cf and feed-back part Cb . The integration element ( K(z1−1 ) ) of both parts is isolated to
prevent them from reaching unnecessarily high values.
P (z −1 ), Q(z −1 ), R(z −1 ) are polynomials of these controllers and A(z −1 ) and B(z −1 ) are polynomials of the
Ball & Plate system.

Fig. 2. Robot YuMi balancing a ball on a plate

Ball & Plate Model
Ball & Plate model is a classic example of a fast unstable process and will be inspected as a suitable representative of similar systems. It consists of a ball on
a plate and the goal is to move the plate in order to
control the position of the ball. The system has generally 2 inputs (angles of the plate) and 2 outputs (x-y
position of the ball from the center of the plate) and
has an unstable nature. Described system can be expressed by Euler-Lagrange equation of the second kind
(Rumyantsev 1994) which leads to (1) and (2) for this
specific system.




Ib
x : m + 2 ẍ − m α̇β̇y + α̇2 x + mg sin α = 0 (1)
r




Ib
y : m + 2 ÿ − m α̇β̇x + β̇ 2 y + mg sin β = 0 (2)
r

Fig. 3. Control scheme with implemented 2DoF controller

This type of controller provides relatively good results,
it’s implementation is reliable and fast. It has also remarkable robustness while maintaining control quality,
much to the surprise of authors. The relation from

where x, y, ẍ and ÿ are x-y position coordinates of
the ball and their corresponding second time derivatives, α, β, α̇ and β̇ are angles of the plate and their
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is derived from (3) and (4), but with added first order transfer function approximating dynamics of the
manipulator. Results are shown in Fig. 4, Fig. 5 and
Equations (10) and (11).

Fig. 3 between the reference value and the output of the
system can be expressed by (5), where all disturbances
are neglected and polynomial notations are omitted.
Y (z −1 ) =

BR
W (z −1 )
AKP + BQ

(5)
Gx (s) =

The denominator of (5) forms a characteristic polynomial of the system D(z −1 ). How to choose the correct
degree of the characteristic polynomial is described in
(Bobal et al. 2005). Generally the 2DoF polynomial
controller has the structure shown in (6) and (7), where
np and nq are degrees of polynomials calculated using
the degree of characteristic polynomial and the degree
of system polynomials A(z −1 ) and B(z −1 ). The polynomial R(z −1 ) will be a zero order polynomial for step
change controller design (Bobal et al. 2005).
Pnq
−i
Q
−1
i=0 qi z
P
=
(6)
Cb (z ) =
np
P
1 + i=1 pi z −i
Cf (z −1 ) =

R
r
PnP0
=
P
pi z −i
1 + i=1

Gy (s) =

s2

2.7150
(0.9510s + 1)

(10)

s2

2.7688
(0.8367s + 1)

(11)

Equations (10) and (11) are then discretized for sampling period 0.05 s and presented in the form shown in
(12) with calculated coefficients bi and ai .
G(z −1 ) =

b1 z −1 + b2 z −2 + b3 z −3
1 + a1 z −1 + a2 z −2 + a3 z −3

(12)

(7)

Poles of the characteristic polynomial are determined
by minimization of LQ criterion in (8).
∞ n
o
X
2
2
J=
[e(k)] + qu [u(k)]

(8)

k=0

where e(k) is the error, u(k) is controller output and
qu is penalization constant.
State-space description of the problem leads to solution
of Riccati equation.The spectral factorization can be
used for minimization of this criterion for input-output
description of the system, more closely described in (Sebek 2015) and (Bobal et al. 2005). This technique allows authors to obtain the half of poles of optimal solution for the given system. The other half is chosen
by authors to make the process more robust.

Fig. 4. Identification of the system for x coordinate

RESULTS
Identification
The identification is needed to obtain the model because it cannot be derived from mathematical model
and without parameters of the manipulator. The experimental identification is thus the only option to determine the dynamics of the system and subsequently
design the controller. The identification was made for
both angles separately because the behavior of 7 motors connected in series is not expected to be symmetric
as in most of Ball & Plate models. Step responses of
the system were measured for 5-degree angle for all 4
plate inclinations (±α,±β), averaged and identified for
general structure of continuous-time transfer function
in (9).
Kb
G(s) = 2
(9)
s (T s + 1)

Fig. 5. Identification of the system for y coordinate

Control Results
The degree of the characteristic polynomial (denominator in (5)) can be obtained with the knowledge of
degrees of polynomials of the system and coefficients
of the controllers can be subsequently calculated. It
should have 6th degree and thus the form shown in
(13).
6
X
D(z −1 ) =
di z −i
(13)

where Kb represents acceleration gain and T is time
constant of the stable part of the system. This model

i=0
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Degrees of polynomials P (z −1 ), Q(z −1 ) and R(z −1 ) can
be obtained from the characteristic polynomial degree
and are shown in (14) and (15).
Cb (z −1 ) =

Q
q0 + q1 z −1 + q2 z −2 + q3 z −3
=
P
1 + p1 z −1 + p2 z −2

(14)

R
r0
(15)
=
−1
P
1 + p1 z + p2 z −2
These equations can be rewritten to the form (16) that
is easily implemented to basic micro-controllers or control units.
Cf (z −1 ) =

uk = (1 − p1 )uk−1 + (p1 − p2 )uk−2 + p2 uk−3 +
+ r0 wk − q0 yk − q1 yk−1 − q2 yk−2 − q3 yk−3 (16)

Fig. 8. Angle of the plate changing the x coordinate

where u, w and y are signals described in Fig. 3 and
pi , qi and r0 are coefficients of controller calculated by
methods described in LQ controller chapter and more
closely in (Spacek et al. 2017).
Resulting measurements on the real system with the
robot (Fig. 6) are shown in the following figures. Fig. 7
and Fig. 9 show the position of the ball and Fig. 8
and Fig. 10 show the angle of the plate for x and y
coordinates respectively.

Fig. 9. Position of the ball in the y coordinate

Fig. 6. Collaborative robot YuMi holding the Ball & Plate

Fig. 10. Angle of the plate changing the y coordinate

changed the sampling period essentially from 0.05 s
to almost 0.3 s, which is of course unacceptable (but
hardly avoidable) behavior. On the bright side, this
only supports the statement about robustness of the
designed controller. There are several options to solve
this problem for which further research is needed. One
solution is the set of functions from ABB called Externally Guided Motion (ABB 2008) which provides several helpful tools. Another solution is to use ROS Robot Operating System (Koubaa et al. 2018) which
provides tools for bypassing the original system of the

Fig. 7. Position of the ball in the x coordinate

Position values are normalized and angles of the plate
are expressed in degrees. The ball was placed in the
middle and random force was applied in the diagonal
direction of the plate. The controller acted accordingly
to its design and expectations. Because of internal software structure of the robot, it executed only approximately every 6th output from the controller. This
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robot and control its movements directly via ROS’s
framework.

ture. In International Journal of Mathematical
Models and Methods in Applied Sciences, vol. 7,
630-637, 2013.
Rumyantsev, V. V.; ”Lagrange equations (in mechanics)” in Encyclopaedia of Mathematics, vol. 10,
1994.
Sebek, M. ”Spectral Factorization”. In: Baillieul J.,
Samad T. (eds) Encyclopedia of Systems and Control. Springer, London, 2015.
Spacek, L.; Bobal, V.; and J. Vojtesek. ”LQ Digital
Control of Ball & Plate System”. 31st European
Conference on Modelling and Simulation ECMS
2017, pp. 427–432. European Council for Modelling and Simulation, 2017.
Thomas, C.; B. Matthias; and B. Kuhlenktter. ”HumanRobot Collaboration New Applications in Industrial Robotics”. International Conference in
Competitive Manufacturing 2016.

DISCUSSION
It can be observed that the ball stabilized in the center
of the plate roughly after 25 seconds (Fig. 8 clearly
shows the force was applied after 3 s from the start
of the measurement). This is a relatively long time
for the stabilization which was mainly caused by the
logic of the industrial robot itself. Industrial robots
are designed to move from one position to another and
these positions are often hard-coded in the code of the
robot, which will not execute the next move instruction
before the previous was reached. Industrial robots are
simply not designed to dynamically respond to external
factors (with the exception of safety protocols and their
own control mechanism). The robot thus acts as a black
box for the user. This problem can be solved by using
special functions which ABB commonly calls External
Guided Motion. These functions are however available
only for 6-axis robots and more research is needed to
use it for 7-axis ones. Another alternative is to aim
the research to Robot Operating System, which also
provides tools to solve the current problem.
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simulations are safe and mainly much cheaper because
we do not need any physical parts, reactants, water, etc.
The design of the controller usually precedes steadystate analysis that observes the behavior of the system
in time equal to infinity, where we suppose that the state
variable does not change. This analysis could show us a
limitation of the system and helps us with the choice of
the optimal working point (Ingham et al. 2000).
The next step is the dynamic analysis which puts step
change on the input to the system and observes the
reaction of the system on this input. Resulting output
response could help us for example with the choice of
the optimal control strategy (Vojtesek and Dostal 2015).
Matlab from MathWorks is a multiplatform computer
program for numerical computations (MathWorks
2019a). It is widely used for teaching purposes and also
for research. It also has a lot of toolboxes from various
fields from engineering, through statistics to economics,
etc. The great tool, especially for teaching purposes, is
Simulink which is a graphical programming
environment that can be used for modeling, simulation,
analysis, etc.
Matlab also has tools for identification of the system
which can also be used in the control synthesis. We can
use System Identification Toolbox (MathWorks 2019b)
which provides various Matlab functions and Simulink
blocks that can be used for identification.
The Proportional-Integral-Derivative (PID) controller is
one of the most common controllers in the industry in
the feedback control because of its advantages – it is
simple, easily programmable and mostly provides
sufficient results (Graf 2016). Matlab has special
Control System Toolbox (MathWorks 2019c) which
offers various control exercises also including PID
controller. Simulink itself has a special block “PID
controller” that has also tuning options where we can
choose the speed of the output response and robustness.
The goal of this contribution is to give a reader an
overview of the modeling, simulation, and control of the
technological processes using Matlab and Simulink.
Proposed methods are applied to the real model of the
water tank as a simple nonlinear model described
mathematically by the first order nonlinear ordinary
differential question that could be solved numerically
(Mathews and Fink 2004). Matlab and Simulink
provide various tools that help with this task which
makes them great teaching tool.

KEYWORDS
Modeling, Simulation, Matlab, Simulink, Steady-state
Analysis, Dynamic Analysis, Identification, PID
control.
ABSTRACT
Paper deals with the modeling and simulation of the real
model of the water tank as a part of the process control
teaching system PCT40. The mathematical model of the
water tank was created and constructed in Matlab’s
simulation tool Simulink. Then the steady-state and
dynamic analyses were performed and showed us
limitations and behavior of the system. The simple
identification in Matlab with minimization of the square
of the simulation error was also introduced. Lastly, the
PID control in Matlab was applied for controlling the
water level in the tank. The PID block in Simulink
offers also tuning of the output response by the setting
of the robustness and speed of the control.
INTRODUCTION
There are two types of models (Maria, 1997). The first
is the real model which is usually small representation
of the real system. Experiments are then performed on
this smaller system which saves time and mainly costs
less because experiments need smaller amounts of
inputs. Results are understood as similar to results on
the real system. Experiments are sometimes more
accurate then simulations because they are more
realistic. On the other hand, sometimes it is not so
simple to construct a good real model of the system, or
it is unrealistic to do this model.
This limitation makes the space to the second type of
simulation models – abstract model. An abstract model
is a representation of the real system which uses
mathematical expressions for describing the system.
The abstract model is usually called the mathematical
model and uses differential equations for the
mathematical description (Ingham et al. 2000).
Computer simulation (Gould et al. 2017) is a great tool
which is very famous because of its main advantages –
we can save time compared with the experiments on the
real model, which needs some time for preparation of
the experiments, feeding, cleaning, etc. Once we have a
computer model, we can perform thousands of
experiments that are much quicker. Moreover,
Communications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
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qin = 0 – 0.0015 m3.min-1. The water comes out from the
water tank with the output volumetric flow rate q.
The mathematical model is constructed with the use of
material balance inside the system in the word form:

REAL MODEL OF THE WATER TANK
The system under consideration is a water tank which
represents the water dam, the water reservoir, etc. The
real model of the water tank is one part of the
multifunctional process control teaching system PCT40
displayed in Fig. 1 (Armfield 2005). This teaching
system offers various control exercises on the heat
exchanger, the continuous stirred tank reactor (CSTR)
or the water tank models.

Water
tank

CSTR

Mathematical description of this equation is

qin = q +

Heat
exchanger

dV
dt

(1)

with V as a volume of the tank and t as a time. The input
volumetric flow rate qin could be set and controlled by
the Proportional Solenoid Valve (PSV) in the range:

PSV

qin = 0;1.5 ⋅10 −3 m3 .min −1

(2)

The volume of the tank as a cylinder is computed from
the area of the basement F and the level of the water
tank h, i.e.
qin = q +

Figure 1: Multifunctional process control teaching
system PCT40

d ( F ⋅ h)
dt

(3)

The area of the basement is constant and computed as

Let us now focus on the water tank model, scheme of
which is shown in Figure 2. This model is a transparent
plastic cylinder with inner radius r1 = 0.087 m. Due to
quicker dynamics and reduction of water consumption
is added another transparent cylinder inside the tank.

F = π ⋅ r12 − π ⋅ r22 = 0.0136 m 2

(4)

The output flow rate from the reactor q is a nonlinear
function of the water level h and the constant of the
valve k

qin

q =k⋅ h

(5)

The differential equation (3) is then rewritten to the
form
dh qin − k ⋅ h
=
dt
F

(6)

h

Unknown variable in (6) is the constant of the valve k
that could be computed from the steady state, where
input volumetric flow rate is equal to the output
volumetric flow rate (qin = q). The difference of the
water level is zero in the steady-state which means that
the constant of the valve is computed from

hv

r2

k=

r1

qins
hs

(7)

Our previous experiments (Vojtesek and Dostal 2015)
have shown, that we must take into the consideration
also the height of the output valve hv = 7.6 cm = 0.0076
m which means that the valve constant for flow rate
qins = 1.008·10-3 m3.min-1 and measured height
hs = 0.195 m is computed as

q

Figure 2: Scheme of the water tank model
This
inner
cylinder
has
a
diameter
r2 = 0.057 m and the maximal water level in the tank is
hmax = 0.3 m and it means that the maximal volume of
this tank is Vmax = 0.0041 m3 which is 4.1 l. The water
could feed the tank with the input flow rate in the range
=
0
–
1.5
l.min-1
that
is
also
qin

k=
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qins
h s + hv

=

1.008 ⋅10−3
0.195 + 0.076

= 1.93 ⋅10−3 m5/ 2 min −1 (8)

We can say, that this system is a nonlinear system
because the mathematical model (6) is a nonlinear
differential equation of the state variable h as a water
level.

differential equation (6) where the block “Integrator”
represents the derivative of the water level h.
Simulink offers to create a new block by making
„mask“ of blocks. We can create block Water tank from
blocks displayed in Figure 4. An advantage of this
feature is that the scheme is then “cleaner” and we can
also create the library of blocks that could be used for
other simulation experiments such as identification,
control, etc. The block scheme used for simulation of
the dynamic behavior is shown in Figure 5.

Steady-state Analysis
The steady-state analysis is the first step of the
simulation. The steady-state is a state in time t = ∞
which means that the derivative concerning time is 0
and the differential equation (6) is then transformed to
the equation where steady-state water level hs is a
nonlinear function of the input volumetric flow rate qin
⎛q ⎞
h s ( qin ) = ⎜ in ⎟
⎝ kn ⎠

2

(9)

This steady-state function could be modeled with the
use of Simulink – the input variable is volumetric flow
rate qin, kn is constant, and the Simulink scheme is
shown in Figure 3.
Figure 5: Simulink scheme for dynamic analysis

It was already mentioned, that the height of the output
valve must be taken into account in the computation,
but the water level in the real model of the tank is
measured from the bottom of the water tank. That is
why we add constant value hv representing the height of
the valve which is subtracted from the currently
computed water level. The results are displayed in the
scope.

The dynamic analysis explores the behavior of the
system after the step change of the input variable, in our
case input volumetric flow rate. This step change is the
first block on the left side. The second block in Figure 5
represents the mathematical model of the water tank,
i.e., masked scheme from Figure 4. An input to this
block is the step change of qin, and the output is the
course of the state variable (a water level h) in time.
This output variable is reduced by subtracting the height
of the valve hv = 0.0076 m. This reduction was made
mainly from the practical point of view – the real model
of the water tank has a scale on the shell of the cylinder
which has 0 at the bottom of the tank, but zero points
for this model is at the valve mouth which is just below
the height of the valve.

Dynamic Analysis

Identification

The dynamic analysis is the second simulation step after
the steady-state analysis. Mathematically speaking, the
dynamic analysis means a numerical solution of the
mathematical model represented by the differential
equation (6). For example, Runge-Kutta’s method could
be used for this job.

Identification is the next step after the dynamic analysis.
It helps us with the mathematical description of the
system that can be used later in the control synthesis.
One option is to describe the course of the output
variable by the transfer function in the continuous-time
form, generally

Figure 3: Simulink scheme for Steady-state analysis

G (s) =

b (s)

a (s)

(10)

Where degrees of polynomials a(s) and b(s) must fulfill
the condition deg a ( s ) ≥ deg b ( s ) . These degrees could
be guessed from the output response in the dynamic
analysis.
Parameters of polynomials a(s) and b(s) could be then
identified for example from dynamic step responses.
The Least-squares method is suitable for this task

Figure 4: Simulink scheme of the mathematical model
The goal of this contribution is to show the usability of
the Simulink as a simulation tool. Figure 4 shows the
scheme in the Simulink that is equivalent to the
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because it is easily programmable and simple with good
results.
Let us now find appropriate functions that can be used
for identification. The dynamic analysis produces time
vector t, a vector of input u and output variables y.
Let the square of the difference between original output
y and output generated by from the identified transfer
function G(s) with the same input u. This output could
be denoted yid and the sum of these differences for the
whole time interval t = <0, tf> is then
tf

ε = ∑ ( y ( t ) − yid ( t ) )

2

Steady-state Analysis
The steady-state analysis was performed in Simulink
scheme displayed in Figure 3. The input variable in the
range of Equation (2) and results from this analysis are
shown in Figure 6.

(11)

t =0

The task of the Least squares method is to find the
minimum of ε by changing the transfer function G(s).
Matlab can do this minimization for example with the
use function fminsearch which uses nonlinear
programming solver for searching for the minimum of a
function using derivative-free method (Lagaris et al.
1998)(MathWorks 2019d). The syntax of this function
is

Figure 6: Result of steady-state analysis
We can see expected nonlinear behavior of the water
tank, and the simulation experiment also shows, that
optimal working interval of the input variable is
qin = <0.531; 1.186>·10-3 m3.min-1 because lower flow
rate has not enough power to reach a minimum level in
the tank and higher bound on the other hand results in
the water level hs more than 0.3 m which is maximal
water level in the tank.
This range could be understood as the main result of the
steady-state analysis. It makes no sense to input lower
and higher volumetric flow rate that this range.

x = fminsearch(fun,x0)

where fun defines the function of x to minimize, and
x0 are initial value or values of unknown x. Usage of
this function in our concrete example is shown later in
the Simulation results part.

Dynamic Analysis

Control of the Plant

The static characteristic also shows that ideal working
point is in the middle of the optimal working interval,
i.e., qin = 0.903·10-3 m3.min-1 and its steady-state water
level inside the tank hs = 0.14 m. Simulation time was
50 min.
We have performed several step changes of the input
flow rate up = [30% 15% -15% -30%], and the input
volumetric flow rate inside the system is then
u p ⋅ qins
⎡ m3 ⋅ min −1 ⎤⎦
(13)
qin = qins +
100 ⎣

The last step after the identification is the control of the
system. Our previous papers present the use of the
adaptive control for controlling this system (Vojtesek
and Dostal 2015), but now we want to use Matlab and
Simulink for controlling this system. Simulink has
several control blocks; one of the simplest is the PID
(Proportional-Integral-Derivative)
controller.
PID
control in Simulink is very user-friendly and offers
“tuning” options that will be shown later in the results
part.
Continuous-time PID controller uses compensator
formula (MathWorks 2019e)
1
N
P+I +D
1
s
1+ N
s

An analysis was done by Simulink with the scheme
from Figure 5 and the results are shown in Figure 7.

(12)

Where P, I and D are appropriate coefficients of PID
controller and N is a derivative filter coefficient.
SIMULATION RESULTS
The simulations verify analyses introduced in the
previous chapter on the mathematical model (6). Results
are shown in the next chapters.

Figure 7: Results of the dynamic analysis
Results of dynamic analysis help us with the
understanding of systems behavior after the change of
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the input variable. We can see that the positive step of
the input variable produces a positive step of the output
variable and oppositely, the negative step of input
decreases the value of the output variable. We must also
mention that the same positive step did not result in the
same difference of the output variable as for negative
step change.
A practical discovery from this analysis is the real
limitation of the output variable u that could be for this
case in the range up = <-40, 32> % because lower and
higher values will then again result in output water level
that is out of the physical range of the water tank where
h = <0, 0.3> m.
In this case, results in Figure 7 tells us that the system
could be described by the first order transfer function
G (s) =

b (s)

a (s)

=

b0
a1 s + a0

G (s) =

(17)

We can see that the last identified parameter a0 is much
lower than the others and we can set it equal to 1, e.g.
a0 = 1. The identified vector could be then θˆ = [b0 , a1 , 1]
and computation is a bit quicker.

(14)
Figure 8: Results of identification for step change of
input variable up = +30%

This trasnfer function is later used for identification.

Note, that the output variable starts from 0 because of
the identification reasons. Identified parameters for
other step changes are very similar. The courses of the
simulated and identified output variable in Figure 8 are
nearly the same which means, that parameters of the
identified transfer function are good.

Identification
The vector of parameters for identification has for the
chosen transfer function (14) three parts

θˆ = [b0 , a1 , a0 ]

b0
9917
=
a1 s + a0 614.2 s + 1.3

(15)

And our task is to estimate this vector by the
minimizing of the value ε in (11).
The theoretical part introduces Matlab function
fminsearch but before we will use it, we must define
the minimization function fG

Control of the Plant
It was already mentioned, that PID control can be used
for controlling this plant. Simulink has build-in block
PID controller and the feedback control scheme is
shown in Figure 10.
This block has one big advantage – it has a tuning
option that helps us with the setting of the P, I, D and
N-parts. Part of the options window that sets the PID
controller is shown in Figure 9.

fG = @(X) tf(X(1),[X(2) X(3)]);
where @(X) denotes so called anonymous function of
the variable X and this function has form of the transfer

function G(s) in Equation (14) which is in Matlab
constructed via function tf. X is vector of parameters
(15) which means that X(1) = b0, X(2) = a1, X(3) = a0.
Initial values of this vestor are X = [50 10 2];
Optimization is then performed by running this line
X = fminsearch(@(x) krit(x,fG,t,u,y),X);
where krit defines subfunction for computing sum of

squeres (11), i.e.

function eps = krit(x, fG, t, u, y)
G = fG(x);
yid = lsim(G,u,t);
epsilon = sum((y-yid).^2);
end
for t as a vector of time, u is a vector of the input
variable, and y is output variable. Function lsim in the

Figure 9: Setting of the PID controller in Simulink
You can see values of P, I, D parts and also button
“Tune…” that computes these values by simulation
experiments on the controlled systems. We can see, that
there are two branches in the scheme – the first one
directly through the controlled system and the second
branch goes through transfer function parameters of
which are the same as in (17). This branch is in this
scheme just because of this tuning. If we want to tune
parameters of the PID controller, we must double click
on the Manual switch block which connects this
“identification branch” and PID block simulates the

third line computes estimated output variable yid for the
same time interval t, input variable u and defined
transfer function (14). The computed and estimated
output for the step change up = +30 % is shown in
Figure 8.
The vector of identified parameters of the transfer
function is

θˆ = [b0 , a1 , a0 ] = [9917, 614.2, 1.3]

(16)

and the transfer function is then
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Figure 10: Feedback control scheme in Simulink
behaviour of the system for various PID setting. In the
next window (Figure 11) we can see the resulting
window after the tuning.

Now the trigger in the Manual switch could be set back
to the branch with the model of the tank, and we can
simulate the control on the mathematical model.
The graph in Figure 11 represents the course of the
output variable from the identified linearized transfer
function (14).
We have performed two simulations of the PID control.
The first one (PID1) with the speed parameter 120 and
robustness 0.7 in tuning window Figure 11 results in
parameters:

P = 0.00097; I = 5.79 ⋅10−6 ; D = 0.0026; N = 0.017 (18)
The result of control is then shown in Figure 12 and
Figure 13. The second controller (PID2) has speed
coefficient of 320 and robustness 0.8 that produces PID
parameters:

Figure 11: Tuning of the PID controller in Simulink

P = 0.00034; I = 1.42 ⋅10−6 ; D = 0.0067; N = 0.011 (19)

We can see the course of the actual output (dashed line)
that is quick but with relatively big overshoot. This PID
controller offers two tuning parameters – the first one
affects the speed of the response and the second one
aggressiveness/robustness of the controller. PID tries to
set better results that is why the solid line which
represents tuned response much smoother course. We
can change these values to obtain our desired course.
Once we are satisfied with the response, we can press
button “Update block” that sets computed values of
parameters P, I, D and N in the appropriate windows in
Figure 9.

Figure 13: Course of the input variables u(t) in PID
control
Presented graphs have shown, that the first controller
PID1 represented by the dashed line produces not very
optimal results with overshoot 26%. But if we change
parameters of the controller to the setting of the second
controller PID2 (solid line), results are much better, the
course of the output is much smoother without
overshoot.
The course of the input variable u(t) in Figure 13 shows
smooth course this variable. We can also see limitation
of the input variable to value 2.5·10-5 m3.min-1
especially in the beginning of the control. This
limitation was done by the block Saturation in Figure 10

Figure 12: Course of the reference signal w(t) and the
output variables y(t) in PID control
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and it was applied because of the physical limitation of
the input volumetric flow rate in which has this value as
a maximal limitation.
CONCLUSION

The contribution shows the advantages of computer
simulation in the design of the controller. The paper
presents the whole procedure from the design of the
mathematical model through the simulation of the
steady-state and dynamics of the system, identification
and finally control of the system.
All simulations were done in Matlab, and its simulation
tool Simulink and reader has an overview of the usage
of these programs on the simulation of the mathematical
model of the real system represented by the water tank.
This system offers control of the water level in the tank
by the volumetric flow rate of the input water flow.
The output response was identified by the first order
transfer function parameters of which were identified by
the minimization of the square of the difference of the
simulated and identified output.
The PID continuous-time control was used for control
of the water level in the tank. Simulink offers the block
PID controller that can be easily implemented into the
Simulink scheme. Moreover, this controller could be
tuned by choice of the speed and the robustness of the
control. There were shown results of two control
simulations that demonstrate the usability of this PID
settings.
The next step will be the verification of these
controllers on the real model of the water tank.
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KEYWORDS
However, with the massive scaling of CMOS devices
deep into the deca nanometer range, their electrical
features (voltages and capacitance) have been reduced
significantly, and consequently, their sensitivity to noise
and variations significantly increased. A major source of
variation is the randomness of the exact locations of
doping atoms (McPherson 2001). Although the doping
concentration is controlled by ion implantation and
annealing processes, it was shown in (Borkar 2005) that
the standard deviation of the number of doping atoms per
device increases as the doping area shrinks. Hence, leads
to device-to-device variations in key parameters, which
would cause inaccurate transistor switching and affect
the functionality of logic gates, flip-flops, and memory
bit-cells.

CMOS, logic gates, reliability, simulation, redundancy,
heuristic, EDA tools.
ABSTRACT
Scaling the CMOS transistors have been used
consistently over the last five decades by the
semiconductor industry to develop smaller, faster, and
cheaper electronic devices. However, the massive scaling
of CMOS devices deep into the deca-nanometer range
has significantly reduced their reliability margins, and
increased their vulnerability to both transient and
permanent faults. Hence, incorporating some form of
redundancy in the design of logic circuits is becoming a
necessity for ensuring reliable operation. Nevertheless,
incorporating redundancy for improving reliability is
always a trade-off for increased area and more complex
connectivity, which normally lead to higher delay and
power consumption. Therefore, there is a need for
electronic design automation tools for optimizing the
design these conflicting goals. This paper introduces a
highly efficient and accurate algorithm to calculate the
circuit’s reliability based on the vulnerability of the
circuit's output signals to the failure of the individual
gates. Simulation results show that, due to the error
masking ability of the logic gates, some gates could have
much higher impact on the circuit’s reliability than the
others. Improving the reliability of these gates would
improve the circuit’s reliability effectively, while having
minimum impact on the design area, delay , and power
consumption.

Thus, having a manufacturing process that produces
highly reliable electronics (99.999%) with future nanodevices could be extremely challenging, if not plainly
impossible. As a result, future nano-circuits will have to
rely on less than perfect devices and compensate for the
anticipated transient and permanent failures by
incorporating redundancy at the architectural, gate and
device levels (Hamamstsu et al. 2010). The well-known
approach for developing fault-tolerant architectures is to
incorporate space, time, or information redundancy.
Space (hardware) redundancy relies on voters and
includes among others the well-known: modular
redundancy (Wakerly 1976), cascaded modular
redundancy (Abaham and Siewiorek 1974, and Lee et; al
2007), and multiplexing including von Neumann
multiplexing (von Neumann 1956), enhanced von
Neumann multiplexing (Roy et al.), and parallel
restitution (Sadek et al. 2004). Time redundancy is
trading space for time, such as alternating logic, recomputing with shifted operands, and re-computing with
swapped operands, while information redundancy is
based on error detection and error correction code (Mitra
et al. 2006). All of the above approaches share the
concept that improved reliability is traded off for
increased area and more complex connectivity, which
normally lead to higher power consumptions, and/or
slower computations.

INTRODUCTION
Over the last few decades, the continuous scaling of the
highly reliable CMOS devices was the basis for the
exceptional growth of the semiconductor industry.
Reducing the feature size of the CMOS transistors has
always been used to implement faster, smaller, cheaper,
and more power efficient commercial off-the-shelf
consumer electronics. Due to the high reliability of the
CMOS devices, the main focus of Electronic Design
Automation (EDA) tools was the optimization of the
delay, power, and area aspects of the design. Conversely,
little attention was given to design reliability, except in
the case of military, health, space, and other critical
mission applications (Baumann 2005)

Therefore, Reliability Electronic Design Automation
(EDA) tools are becoming essential. Accurate and
efficient EDA tools would allow circuit designers to

Communications of the ECMS, Volume 33, Issue 1,
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evaluate the effect of different redundancy schemes and
select the one that optimizes trade-offs between the
conflicting goals of minimizing area-power-delay and
improving reliability. Several tools and analytical
algorithms have been proposed to calculate the reliability
of logic circuits, which will be discussed in Section II.
Some of these tools are approximate while others
calculate the circuit reliability accurately. Some scale
linearly with circuit size and others have computational
difficulties and scale exponentially. However, none of
these tools studied the effect of individual gates on the
system overall reliability. This is despite the fact that
studying the effect of individual gates is essential for
efficiently improving the circuit reliability. Instead of
increasing the reliability of each gate in the circuit, the
circuit designer may utilize an iterative process to
improve the circuit overall reliability. In each iteration,
appropriate redundancy architectures (at the gate, or the
device level) are applied to improve the reliability of the
most critical gates, until the target reliability margin is
achieved.

which significantly affects its accuracy due to the reconvergence of fan-out signals.
Bayesian Networks (BNs) is another example for exact
reliability calculation tool( Ibrahim et al. 2012). A BN is
a probabilistic model that represents a set of variables and
their probabilistic dependencies. Using exact inference
allows the BN based tools to calculate the circuit
reliability accurately. Experiment results have shown that
BN exact inference algorithms could be used to calculate
the circuit’s reliability for only tiny circuits with up to
1000 gates( Ibrahim e al. 2012). Calculating the exact
reliability for larger circuits fails as the network model
becomes too complex for exact inference algorithms to
handle.
Other recent reliability algorithms include the Boolean
difference-based error calculator (BDEC) method
(Mohyuddin et al. 2008). The observability-based
approach to reliability analysis is described in
(Choudhury et al. 2009). Chen et al. proposed a stochastic
model for accurate reliability evaluation of logic circuits
(Chen et al. 2010). Another method to analyze the
reliability of logic circuits was proposed by Hamiyati et
al. (2016). The proposed method converts the problem of
calculating the circuit reliability into a problem of finding
the solution of a system of nonlinear equations obtained
using Mason’s rule.

In this paper, the gate criticality score with respect to the
circuit reliability is defined. A heuristic algorithm is also
introduced to accurately and efficiently calculate and
rank the gates’ criticality. The rest of the paper is
organized as follows. The state of the art is introduced in
Section 2 followed by definition of the criticality score in
Section 3. The proposed algorithm for criticality score
calculation is detailed in Section 4, followed by
experimental results and conclusion remarks in section 5
and 6.

All the above algorithms can be used to calculate or
estimate the reliability of the circuit’s output signals.
However, none of these algorithms studied the effect of
individual gates on the reliability of each output signal.
For instance, the simulation results presented later show
that in the case of circuit c1355 of the ISCAS’85
benchmark, all the 32 output signals are vulnerable to the
failure of the same 91 gates, while 48 out of the c3540 50
output signals are vulnerable to two gates only.
Therefore, identifying the critical gates and their
relationship to the circuit’s output signals and input
vectors is crucial to effectively improving the reliability
of the logic circuit.

STATE OF THE ART
Several tools and analytical algorithms have been
proposed to calculate the reliability of logic circuits, such
as the probabilistic transfer matrices (PTM) (Patel et al.
2003, and Xiao et al. 2016). The PTM method evaluates
the circuit’s overall reliability by combining the PTMs of
elementary gates or sub-circuits. It then performs
simultaneous computation over all possible input
combinations, and calculates the exact reliability for each
input vector. Another advantage of the PTM (beside
accuracy) is its ability to assign different reliability
values to different gates. However, the PTM has a major
memory bottleneck. The required memory grows
exponentially with the number of input and output
signals. For a circuit with n inputs and m outputs, the
straightforward PTM representation requires O(2n+m)
memory space. Krishnaswamy et al. 2005, used algebraic
decision diagrams compression method to reduce the
memory requirements of the PTM method, and was able
to evaluate circuits with about 40 input/output signals.

CRITICALITY SCORE
A gate failure is defined in this paper as the inability of
the gate to produce the expected output logic with respect
to the logic presented at its inputs. Although logic gates
could be affected by several fault types (e.g., stuck at, and
stuck open, and von Neumann), not every logic error
caused by a gate failure would affect the circuit behavior.
Logic gates such as AND, NAND, OR, and NOR are
capable of masking out the logic errors caused by the
failure of predecessor logic gates and prevent them from
propagating towards the circuit’s output ports. For
instance, in case of the AND gates with n fanins, if one
out of the n input signals is received correctly as logic 0,
the gate’s output signal will be 0 regardless of the logic
values received on the other n – 1 inputs. This means that
the gate will be able to mask out the logic errors received
on any of the n – 1 inputs.

The probabilistic gate model (PGM) (Han et al. 2005) is
another method that can be used for any type of gates and
fault models. The overall reliability for a circuit is
obtained by multiplying the individual reliabilities for
each output. The PGM is fast and easy to implement.
However, it assumes that I/O signals are uncorrelated,
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Figure 1: Critical gates and logic signals for ISCAS’85 circuit 2670, output N2018 when input vectors ‘11111’ is
applied.
that are directly affected by the failure of gate ‘g’. Hence,
the criticality score of gate g (CSg) is calculated as:

Due to the error masking property, a subset of the logic
gates and logic signals are more critical than the others
with respect to their effect on the circuit reliability. A
critical gate is defined as the gate that has a direct impact
on the circuit’s behavior. The logic error caused by the
failure of a critical gate is not masked out by any
subsequent gate, and directly affects the circuit’s output
signal. Similarly, a critical signal is defined as the input
signal that has a direct impact on the gate’s output logic.
The failure (flip) of a critical input signal will cause the
gate’s output logic to fail as well. For example, when ‘11’
is applied to the inputs of an AND gate, both input signals
are considered critical since flipping either of them to 0
will flip the gate’s output to 0 instead of 1.

𝑣
𝐶𝑆𝑔 = ∑𝑚
𝑖 ∑𝑗 𝐶𝐼𝑖,𝑗 ⁄𝑚 × 𝑣

Where m is the number of output signals, v is the number
of applied input vectors, and CI is the criticality indicator.
CI is one if the gate g is critical to output i when input
vector j is applied.
The criticality status of gates and logic signals depends
on several factors, including the types of the logic gates,
the interconnections between them, and the applied input
vector at the circuit’s primary inputs. Figure 1 shows the
critical signals (red lines) and gates (red gates) when
input 11111 is applied to the input ports for the logic cone
N2018 of ISCAS’85 circuit 2670. It shows that the output
gate (BUF3) is critical, as its failure will directly affect
the circuit’s output signal. Likewise, OR1 is also critical,
as BUF3 will not be able to mask out the logic error that
might occur due to the failure of OR1. The inputs to gate
OR1 are signals E = 0, F = 0, G = 0, and H = 1. Hence,
only signal H is critical, as its failure will switch the
output logic of OR1 from 1 to 0. Therefore, gate AND4
is also considered critical as its failure will affect signal
H, and consequently the circuit’s output signal. Similarly,

Given a logic circuit with number of gates (ngates), input
ports (ins), and output ports (outs). There is 2ins different
input vectors that can be applied at the circuit’s input
ports. Each input vector could have a different effect on
the circuit reliability, as it affects the ability of logic gates
to mask out logic errors and prevents them from
propagating toward the output ports. Therefore, a gate
could be critical for a specific output port only when
specific input vectors are applied and uncritical for the
others. For a given input vector ‘i’, the criticality count
(CCg,i) of gate g is defined as the number of output signals
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Figure 2: Critical gates and logic signals for ISCAS’85 circuit 2670, output N2018 when input vectors 01111 is
applied.
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BUF1, and BUF2 are also considered critical as their
failure directly affect the inputs to AND4.

visited to prevent the recursive function from revisiting
the same fanout node several times. The recursive
function then checks the input edges of the node. If an
edge is critical, the function checks if the predecessor
node connected to that edge is not visited yet. If not, the
recursive function recalls itself with the predecessor node
as the new input parameter. The recursive function
returns if the current node does not have any input edge
that is critical and connected to a node that is not visited
yet. After executing the algorithm for m input vectors, the
gate’s criticality score is then calculated using equation
(1). The algorithm is highly scalable as the complexity
per input vector is O(log n).

Figure 2 shows that effect of changing IN4 from 1 to 0.
It shows that all gates became critical. This means that
the failure of any gate will cause the output signal to flip.
It is noteworthy that the same signal could be critical for
one gate and uncritical for another (e.g., signals B, and
C).
CALCULATING THE CRITICALITY SCORE
A straightforward approach to check the criticality status
of a gate ‘g’, is to apply an input vector at the circuit input
ports, and calculate the expected error free logic at each
output port. A logic error is then injected at the output of
the gate ‘g’, and the logic at the circuit’s output ports are
then recalculated and compared with the error free logic.
If the logic of an output port changed, gate ‘g’ is
considered critical to that output port. This approach is
simple and easy to implement. However, it does not scale
well as it has a complexity of O(n log(n)).

SIMULATION RESULTS
Simulation experiments were conducted to characterize
the performance and the accuracy of the proposed
algorithm using 11 circuits extracted from the ISCAS’85
benchmark. Only circuit c17 was excluded from the
benchmark, as it has only six gates and two outputs.
Table 1 shows the number of gates, inputs, and outputs
per circuit.

Figures 1, and 2 shows that the output gate (gate
connected to the output port) is always critical as its
failure directly affects the output signal. It also shows that
if the critical gate has a critical input signal, the gate
connected to that signal is also critical (e.g., gate AND4
connected to signal H). Therefore, instead of injecting an
error at each gate to verify its criticality status, the
proposed algorithm use a recursive depth first algorithm
to identify the critical nodes for a given input vector.

Table 2 shows the 10 most critical gates for each circuit
when 100000 random input vectors are applied. It shows
that gate OR_145 is the most critical gate for circuit
c3540 with a score of 58.6%. This means that, for the
100000 applied input vectors, on average, 58.6% of
c3540’s 22 output ports were vulnerable to the failure of
OR2_145. Similarly, in case of circuit c432, AND_46 is
the most critical gate with an average score of 42.9%,
followed by AND_208 with an average criticality score
of 38.6%.

The algorithm starts by extracting the circuit’s topology
information from the circuit’s netlist file. Using the
extracted information, an acyclic graph is created. The
nodes in the created graph represent the gates in the
circuit, while the edges represent the connecting wires.
The output edge of a node is the input edge for its direct
successor(s). From here on, node and gate can be used
interchangeably, as well as edge and wire.

Table 3 shows the scores of the 10 least significant gates.
It shows that some gates could have 0 criticality score.
This means that the logic errors caused by the failure of
these gates are masked off by a predecessor gate and does
not affect the circuit’s outputs. Therefore, using
redundancy schemes for improving the reliability of
these gates will affect the power, delay and area of the
design with minimal or no effect on reliability, as they
have no effect on the output signals.
Using the criticality score information generated by the
proposed algorithm, the circuit designer will able to

The algorithm arranges the nodes into tiers such that all
the input nodes are assigned to the first tier, and each
node is assigned to a tier higher than the tier(s) assigned
to its direct predecessors. The node list is then sorted in
ascending order based on its logic depth (tier value). This
ensures proper logic propagation by determining the
output logic of a node before any of its successors are
considered. After sorting the nodes, the input vector is
applied to the circuit input edges, and the expected output
logic at each gate is calculated. The criticality count of
each node is set to 0, and the criticality status of the edges
is also calculated.

Table 1: ISCAS85 Benchmark Circuits Statistics.
Name
c432
c499
c880a
c1355
c1908
c2670
c3540
c5315
c6288
c7552

The algorithm then iterates through the circuit output
nodes. In each iteration, it calls a depth first recursive
function with the output node as the input parameter. The
recursive function takes a critical node as an input
parameter (the output node is critical by definition). It
increments the node’s criticality count, marks the node as
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Inputs
32
41
60
41
33
233
50
178
32
207

Outputs
7
32
26
32
25
140
22
123
32
108

Gates
123
202
383
546
880
1269
1669
2307
2416
3513

Table 2: Score of the 10 Most Critical Gates
c7552

c6288

c5315

c880a

c499

c432

AND_4
6.7%

AND_131
6.2%

AND_46
42.9%

NOT_141 AND_18 BUFF_68 AND_208 BUFF_29 NOT_10 AND_5 NAND_12 AND_132
8 6.1%
20.3%
18%
15.2%
56%
7.8%
19.6%
6.2%
6.2%

AND_86
38.6%

NAND_54 AND_17 BUFF_95 AND_84 BUFF_36 NOT_16 AND_6 NAND_96 AND_133
12.8%
17.9%
14.5%
55.4%
6%
19.5%
6.2%
6%
6.2%

AND_126
31.7%

BUFF_67 NOR_334 BUFF_94
29.7%
18%
16.3%

c3540

c2670

c1908

c1355

OR_145 BUFF_28 NOT_15 AND_4
58.6%
7.8%
19.6%
6.2%

BUFF_305 NOT_257 NOT_385 AND_111 BUFF_35 NOT_6 AND_7 NAND_11 AND_134 NAND_139
6 5.9%
12.3%
17.9%
13.2%
52.2%
6%
13.6%
6.2%
6.2%
28.5%
BUFF_301 NOT_275 BUFF_139 NOT_368 NOT_113 NOT_8 AND_0 NAND_5
12.2%
17.8%
12.8%
51.4%
5.6%
13.6%
6.2%
5.2%
NOT_91 NOR_303 BUFF_140 OR_571 NOT_112 NOT_9 AND_1
11.2%
17.8%
12.8%
50.9%
5.6%
13.5%
6.2%
OR_718
11.1%

NOT_59
5.2%

AND_135 NAND_140
6.2%
22.7%
AND_136 NAND_117
6.2%
22.6%

AND_97 BUFF_137 NAND_58 NOT_121 NOT_7 AND_2 NAND_20 AND_137
4 4.1%
17.7%
12.8%
50.2%
4.5%
13.5%
6.2%
6.2%

BUFF_303 NOT_262 BUFF_138 NOT_33 NOT_122 NOT_3 AND_3
10.7%
17.7%
12.8%
48.9%
4.3%
13.5%
6.2%
NOT_442 AND_81 BUFF_69
10.7%
17.7%
12.5%

OR_568 BUFF_40 NOT_12 AND_8
48.8%
3.6%
13.5%
3.1%

OR_19
3.9%

NAND_68
22.5%

AND_138 NAND_122
6.2%
22.4%

AND_18
3.8%

AND_139
3.1%

NOT_47
22.3%

BUFF_70 NOT_261 OR_777 AND_148 BUFF_39 NOT_5 AND_9 AND_352
10.5%
17.7%
12.3%
47.1%
3.6%
13.5%
3.1%
3.8%

AND_140
3.1%

NAND_74
22.2%

identify the gates that have most effect on the circuit
reliability. Improving the reliability of these gates will
significantly improving the circuit reliability, while
having a minimum effect on the design area, power, and
delay parameters.

on Devices and Materials Reliability, vol. 5. Sep. 2005, pp.
305-316.
Borkar, S. 2005. “Designing reliable systems from unreliable
components: The challenges of transistor variability and
degradation.” IEEE Micro, vol. 25, Nov.-Dec. 2005, pp.
10–16.
Chen H., and Han, J. 2010. “Stochastic computational models
for accurate reliability evaluation of logic circuits.” In
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CONCLUSIONS
Using different redundancy architectures to protect future
nano-circuits against the expected high level of permeant
and transient errors is crucial. This paper introduced an
algorithm to help circuit designers identify the most
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Multi-layer reactors,

wide range of applications in food industry (Dubey
et al, 2016), waste cleaning (Wong et al, 2016), bacteria cells immobilization (Konti et al, 2016). Even
more, increasing interest in using capsules as targeted
drug delivery systems (Siepmann et al, 2012).
The properties of capsules depend on the application. For the chemical processes in industry the fast
mass convection might be necessary in such case variours system optimizations take place (Rossetti, 2018;
Baronas et al, 2016). On the other hand in drug release
applications, the control of the drug dose released in
the human body, allow to increase therapeutic efficacy
and significantly reduce side effects. In drug release is
common to have slower reactions which does not over
exceed the some targeted drug concentration.
In multiple recent works (Kaoui et al, 2018; Carr and
Pontrelli, 2018) the simplified models, which includes
only mass diffusion take place was published on drug
release from multi-layer capsules. However, in practice
most of the processes depend of enzyme-catalyzed reactions where multiple processes take place (Baronas
et al, 2019, 2018).
In this work we analyzing the behavior of system
product (ex. drug) release to outer layer, and how protection layer of capsules might allow to control targeted
concentration flux. The protection layers are common
in order to control the systems behavior (Kaoui et al,
2018; Kim et al, 2015).
It is worth to mention that, in practice, different layers are from different materials so the porosity of levels
should be consider especialy in drug release modelling
(Pontrelli and De Monte, 2010). More importantly the
porosity is commonly used in the biochemical engineering (Do and Greenfield, 1983; Doran, 2013).
We consider an array of identical spherical microreactors placed in a CSTR shown in Figure 1 (Doran,
1995), where area Ωm denotes a microreactor, Ωp denotes protection layer, Ωd denotes surrounding diffusion shell and Ωb is a convective (bulk) region.
The goal of this work was to investigate the dependencies of the protection layer diffusion limitations on
the yield of the reaction product as well as system efficiency, modelled by reaction-diffusion equations, containing a non-linear term related to Michaelis-Menten
kinetics (Villadsen et al, 2011; Baronas et al, 2010).
Due to a strong non-linearity of the reaction term, the
computer simulation was carried out using the finite
difference technique (Britz and Strutwolf, 2016).

Michael-

ABSTRACT
The paper presents a non-linear mathematical model
of the batch stirred tank reactor with spherical catalyst
porous particles as microreactors. The mathematical
model when microreactors are covered with an outer
protective layer is investigated. The model is based
on a system of reaction-diffusion equations, containing a non-linear term related to the Michaelis-Menten
kinetics, and involves four regions: the enzyme microreactor where the enzyme reaction as well as mass
transport by diffusion take place, a protective layer and
the Nernst layer with diffusion limiting regions, where
only the mass transport by diffusion takes place, and
a convective region, where the analyte concentration
is maintained constant. The influence on process duration and process efficiency of the diffusion modulus,
the Biot number and inverse adsorption capacity has
been numerically investigated. The simulation results
showed that protective layer allow to control product
emission as well as allow easier control the target concentration. The digital simulation was carried out using
the finite difference technique.

Ωm
Ωp
Ωd
Ωb
Figure 1: Principal structure of a modelled container containing
spherical catalytic microreactors distributed uniformly and the
unit cell of enzyme-loaded microreactor. The figure is not up to
scale

INTRODUCTION
Nowadays, a lot of research in application of using
capsules become common. Capsules, immobilized enzyme reactor models, have evolved significantly with
Communications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
ISBN: 978-3-937436-65-4/978-3-937436-66-1(CD) ISSN 2522-2414
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MATHEMATICAL MODEL

No reaction takes place outside the particle (r > R1 ).
Applying the Nernst approach (Villadsen et al, 2011;
Bartlett, 2008), a thin diffusion shell adjacent to the
protective layer surface remains at a constant thickness
h2 = R2 − R1 ,

We consider an array of identical spherical microreactors placed in a continuous ideally stirred-tank reactor (Doran, 1995). Assuming a uniform distribution
of the microreactors in the tank and a relatively great
distance between adjacent microreactors and fact that
microreactor volume Vm is significantly smaller than
tank volume V , the spherical unit cell was modelled by
an enzyme-loaded microreactor, protection layer and a
surrounding diffusion shell.
Assuming the steady-state approximation, the concentration of the intermediate complex (ES) does not
change and may be neglected when modelling the biochemical behaviour of the microreactor (Doran, 1995;
Gutfreund, 1995; Segel and Slemrod, 1989). In the resulting scheme, the substrate (S) is enzymatically converted to the product (P),
E

S −→ P.

∂Sd
∂t
∂Pd
∂t

(1)

Assuming the symmetrical geometry of the microreactor and homogenised distribution of the immobilized
enzyme inside the porous microreactor see Figure 1, the
mathematical model can be formulated to modeling radial space dimension (Doran, 1995).
Coupling enzymatic reaction in the microreactor
(region Ωm ) with the one-dimensional-in-space diffusion, described by Fick’s second law, and assuming
the steady-state for a system (1) lead to the following governing equations of the reaction-diffusion type
(0 < r < R0 ):
=
=

Vmax Sm
,
KM + Sm
Vmax Sm
DP,m ∆Pm +
,
KM + Sm
DS,m ∆Sm −

dSb
dt
dPb
dt

= DS,p ∆Sp ,
= DP,p ∆Pp ,

(2a)
t > 0, (2b)

DP,d ∆Pd ,

1
∂Sd
= − DS,d
q
∂r
1
∂Pd
= − DP,d
q
∂r

q=

t > 0,

(4b)

,

(5a)

r=R2

,

t > 0,

(5b)

r=R2

4π(r23 − r13 )/3
r23 − r13
=
.
4πr12
3r12

(6)

The value 1/q can be also considered as the adsorption
capacity of the microreactor (Bidabehere et al, 2006;
Bidabehere and Sedran, 2015). h3 = R2 − R1 is the
thickness of the convective shell.
Initial and boundary conditions
The process starts (t = 0) when substrate is placed
into the solution,
Sm (r, 0) =
Sp (r, 0) =
Sd (r, 0) =
Sb (0) =

(3a)
t > 0,

=

(4a)

where Sb = Sb (t), Pb = Pb (t) is the substrate and product concentrations, respectively, in the bulk (convective
shell, (R2 ≤ r ≤ R3 ), q is the ratio of the volume of the
convective enclosure (R1 ≤ r ≤ R2 ) to the area of the
outer surface of the diffusion shell (r = R2 ),

where Sm = Sm (r, t), Pm = Pm (r, t) is the concentration of the substrate in the microreactor, and concentration of the product, respectively, r and t stand
for the space and time, respectively,
∆ = (1/r2 )∂/∂r(r2 ∂/∂r) is the Laplace operator in
spherical coordinates, R0 is the radius of the MR and
DS,m , DP,m is the effective diffusion coefficient of substrate and product, respectively (Bartlett, 2008).
Assuming particle is coated with protective film (Kim
et al, 2015; Kaoui et al, 2018). No reaction takes in protective layer
(R0 < r < R1 ). It’s common to assume that a protective diffusion shell adjacent to the microreactor surface
remains at a constant thickness h1 = R1 − R0 ,
∂Sp
∂t
∂Pp
∂t

DS,d ∆Sd ,

where Sd = Sd (r, t), Pd = Pd (r, t) is the concentration of the substrate in the diffusion shell, and
DS,d , DP,d is the corresponding diffusion coefficients.
The thickness h2 of the diffusion shell depends upon
the nature and intensity of the stirring of the buffer
solution and do not influence different particles (Kasche
et al, 1979). The less intense stirring corresponds to
the thicker diffusion shell (greater h2 ) (Villadsen et al,
2011; Bartlett, 2008).
The substrate is assumed to be uniformly distributed
throughout the outside of the diffusion shell and its concentration depends only on time (Do and Greenfield,
1983; Sagiv, 2001). The rate at which substrate leaves
the particle of volume
4π(R33 −R23 )/3 is always equal to that at which it enters
the diffusion shell over the surface of the area 4πR22 ,

Governing equations

∂Sm
∂t
∂Pm
∂t

=

0, Pm (r, 0) = 0, 0 ≤ r ≤ R0 , (7a)
0, Pp (r, 0) = 0, R0 ≤ r ≤ R1 , (7b)
S0 , Pd (r, 0) = 0, R1 ≤ r ≤ R2(, 7c)
S0 , Pb (0) = 0
(7d)

where S0 is the initial concentration of the substrate in
the bulk solution.
Due to assumption about the symmetrical geometry,
the zero-flux boundary condition is defined on the centre of the spherical microreactor (t > 0),

(3b)

where Sp = Sp (r, t), Pp = Pp (r, t) is the concentration of the substrate and product, respectively, in the
protection shell, and DS,p , DP,p is the corresponding
diffusion coefficients.

DS,m
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∂Sm
∂r

= 0,
r=0

DP,m

∂Pm
∂r

= 0.
r=0

(8)

optimization of bioreactors or capsules. The economic
feasibility of the process is expressed by the yield factor
as the ratio of product formation rate and the substrate
uptake rate (Doran, 1995; Villadsen et al, 2011).
The bioreactor construction is efficient enough when
the product emission is relatively large with given substrate amount used. The product emission rate ĒP,O
can be calculated by an integration of the product flux
over the outer surface of the diffusion shell (Villadsen
et al, 2011),

The stream of the substrate and product through the
protection shell is assumed to be equal to the stream
entering the microreactor surface. The formal partition coefficient ψ1 is used in the matching conditions
to describe the specificity in the concentration distribution of the substrate between two neighboring regions
(t > 0) (Godongwana, 2016; Vos et al, 1990),
∂Sp
∂Sm
= DS,p
,
∂r r=R0
∂r r=R0
∂Pm
∂Pp
= DP,p
,
DP,m
∂r r=R0
∂r r=R0
Sm (R0 , t) = ψ1 Sp (R0 , t),
Pm (R0 , t) = ψ1 Pp (R0 , t).
DS,m

(9a)
(9b)

Z

ĒP,O (t)

(9c)
(9d)

=

∂Sp
∂Sd
= DS,d
,
∂r r=R1
∂r r=R1
∂Pd
∂Pp
= DP,d
,
DP,p
∂r r=R1
∂r r=R1
Sm (R0 , t) = ψ2 Sp (R0 , t),
Pm (R0 , t) = ψ2 Pp (R0 , t).

2π

Z

π

∂Pd (r, t)
R22 sin(θ)dθdϕ
∂r
r=R2
∂Pd (r, t)
−4πR22 DP,d
.
(11)
∂r
r=R2
−

DP,d

0

The dimensionless partition coefficient ψ1 is from interval [0, 1] as the averaged concentration of the substrate
in the microreactor becomes lower than the concentration in the protection layer due to porousity of the materials. The partition coeficient is common in drug release capsules (Pontrelli and De Monte, 2010; Ozturk
et al, 1990).
The formal partition coefficient ψ2 is used in the
matching conditions to describe the specificity in the
concentration distribution of the substrate between two
neighboring regions of protection and diffusion layers
(t > 0) (Pontrelli and De Monte, 2010; Godongwana,
2016; Vos et al, 1990),
DS,p

=

0

The average consumption C̄S of the substrate over the
whole microreactor can be calculated as follows:
Z R0 Z 2π Z π
Vmax S0 (r, t)
C̄S (t) =
sin(θ)dθdϕr2 dr
0 KM + S0 (r, t)
0
0
Z R0
Vmax S0 (r, t) 2
4
π
r dr.
=
(12)
3 0 KM + S0 (r, t)
The yield factor γt for the microreactor system, as well
as for the entire system can be defined by the ratio of
the product emission rate to the substrate consumption
rate t > 0,
ĒP,O (t)
.
(13)
γt =
C̄S (t)

(10a)

The yield factor is equal to unity (γt = 1) when whole
the consumed substrate is converted to the product and
the whole the product eluted into the bulk (convective
region Ωb ). The microbioreactor is absolutely inefficient (γt = 0), if no product falls into the bulk.
The effectiveness factors characterise the interaction
between action in microbioreactor in porous catalytic
particle and microreactors when particles solid fuel
(Belfiore, 2003) and often used in the biochemical engineering (Do and Greenfield, 1983; Doran, 2013). The
effectiveness factors are usually defined for the stationary mode of biocatalytic systems (Belfiore, 2003; Doran, 2013; Harriott, 2003). The effectiveness factor ηt
can be calculated (Vos et al, 1990):

(10b)
(10c)
(10d)

The dimensionless partition coefficient ψ2 is also from
interval [0, 1] as the averaged concentration of the substrate in the protection layer becomes lower than the
concentration in the bulk solution due to the insoluble
microreactor carrier.
The coefficient ψ can also be considered as the porosity of the MR and defined as the ratio of the porous
volume to the total volume of the microreactor (CocheGuerente et al, 2001; Velkovsky et al, 2011; Ozturk
et al, 1990).
The boundary condition (10) and the governing
equation (5) are only specific to the batch mode of the
bioreactor operation (BSTR) (Baronas et al, 2018).
Microbioreactor Characteristics
In many industrial processes, especially in the production of low-value added products like biopesticides,
bio-fertilizers, bio-surfactants ect. (Wong et al, 2016),
as well as in drug release from capsules (Kaoui et al,
2018; Carr and Pontrelli, 2018), it is important to continuously improve the yield and/or productivity (Villadsen et al, 2011) as well as effectiveness.
The yield of the desired product on the substrate
is one of the most important criteria for design and

3(KM + Sb (t))
Vmax Sb (t) R03

Z

R0

Vmax Sb (r, t)
R2 dr.
KM + Sm (r, t)
0
(14)
The Biot number is another widely used dimensionless parameter that compares the external and internal
mass transfer resistances (AL-Muftah and Abu-Reesh,
2005; Baronas et al, 2018),
η(t) =

β=

Dd r1
αR1
=
.
Dm (r1 − r0 )
R1 − R0

(15)

The Biot number indicates the internal mass transfer
resistance to the external one (Aris, 1999; Davis and
Davis, 2003). When the Biot number is small, the effect of the external diffusion is the most marked. As
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the Biot number increases the effect of the external diffusion becomes less important.
The dimensionless factor σ 2 is known as the dimensionless diffusion module or Damköhler number or
Thiele modulus (Doran, 2013; Davis and Davis, 2003),

1

0.8

0.125

2

σ =

KM Dm

0.1

.

(16)
10

If σ  1, then enzyme kinetics controls the microreactor action, and the action is under diffusion control
when σ  1.
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Figure 3: The overall transient effectiveness factor ηo at different
values of the Biot number.

The governing equations (2)-(10) contain multiple
non-linear parts in boundary value problem so general
analytical solution is unknown, hence the numerical
model was constructed and solved using finite difference technique (Britz and Strutwolf, 2016).
An explicit scheme of finite difference was used, the
scheme contained on a uniform discrete grid in polar
coordinates with 128 points in space direction (Baronas
et al, 2010). The simulator has been programmed by
the authors in C++ language (Vetterling, 2002).
In all the numerical experiments, the following values
of the model parameters were kept constant (Baronas
et al, 2019; Doran, 2013; Andrés, 2008; Davis and
Davis, 2003):
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RESULTS AND DISCUSSION

Fig. 2 shows the dynamics of the substrate concentration and the transient effectiveness factors calculated for the protection shell thickness h1 of 50 µm
(R1 = 275 µm), calculated for the diffusion shell thickness h1 of 20 µm (R2 = 295 µm), the convective shell
thickness h2 of 200 µm (R3 = 295µm), the maximal enzymatic rate Vmax of 10 µM/s and the moderate initial
concentration S0 = KM = 100µM.

To investigate the effects of the protection layer of
the microreactor, the reactor action was simulated and
the yield factor was calculated for very different values
of the Biot number β, the Thiele module σ, protective
layer h1 = R1 − R0 thickness and bulk thickness h3 =
R3 − R2 .
Impact of the substrate concentration Biot
number and diffusion module
To investigate the dependence of the effectiveness
as well as yield factor γ on the Biot number β, the
factor γt and effectiveness ηt was calculated at different values of the Thiele module σ in a range of
[10−1 , 101 ], changing the Biot number in a range of
[10−2 , 101 ], changing dimensionless protective layer in
range h˜1 = [0.1, 1] and changing dimensionless bulk
layer in range h˜1 = [0.25, 2.25]. Figure 3 shows the effectiveness ηt as an increasing function of the Biot number β. However, the high effectiveness can be achieved
only with large β > 1 values. For small values of Biot
number β < 0.1 the impact on effectiveness can be
assumed negligible. On can be see in Figure 3 that
product will not be produced to bulk within reasonable (less than 1 day) time under β < 1. Figure 4
demonstrates that at stationary time the yield, practically, does not depend on Biot number. Similar results
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Figure 2: Concentration profile of the substrate in microreactor.
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Figure 7: The overall transient effectiveness factor ηo at different
values of the dimensionless protective layers thickness
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Figure 8: The yield factor γ at different values of the dimensionless protective layers thickness

was found in continues (open system) mode microreactors (Petkevicius and Baronas, 2017). However, the
times when product reach the bulk solution is significantly different and might be differ by a magnitude of
two orders. And the stationary value is reached at order of 104 (s) for small β values, while at order of 104 for
large β values. The reason why no product is produced
for low diffusion layer because of strict limitations in
protective layer. Figure 5 shows that effectiveness is
monotonically decreasing function of diffusion module
σ. It’s also important that even at twice as efficient
configuration the system, can produce the product to
bulk rather quickly. This effect demonstrate the ability
to create the fast as well as slow product emission to
bulk, to given application. It can be seen in Figure 6
that the yield factor γ, practically, does not depend on
σ and approaches steady-state non-zero value. In continues (open system) mode the limiting value is zero.
The stationary value is achieved approximately at order of 103 (s). The fact that yield does not, practically,
depend on diffusion module σ means that there is no
necessity to be worry about too big product concentrations stream to bulk solution. Figure 7 shows the
non-linear effects on effectiveness on changes of protective layer thickness. First the effectiveness ηt increases
as thickness h̃1 is decreasing. In this case the limit
value h1 = 0 be equivalent of no protective layer. The

steady effectiveness value is reached at similar times.
But the quantity of the product concentration in bulk
is higher at thin protection layer. Figure 8 presents
the dependence of the yield factor on the thickness of
the Nernst diffusion layer. Values of γ were calculated
changing the dimensionless thickness e
h1 . The reactor
behavior at larger values of e
h1 is not so important due
to low product emission at very low rate.
As one can see in Figure 8, the γt is a increasing
function of e
h1 , which confirms a hypothesis about the
importance of the protective layer for the reactors productivity control (Davis and Davis, 2003). The linear
dependency from e
h1 can be achieved at stationary time.
This demonstrates that, in order to control the targeted
product concentration in bulk solution, the protective
layer selection is crucial. The Figure 9 demonstrates
that number of particles, which is equivalent of number of particles as well as at which substrate volume at
given interval, practically, does not impact the particle
effectiveness. The particles effectiveness is reached at
similar time and does not vary a lot at after steadystate. Figure 10 shows that product yield increase as
increase the bulk layer thickness. It’s also worth to
mention that most of the product can be produced to
bulk with in less than 5 minutes. Which, might be
crucial for time consuming applications.
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capsules by providing information about the product
yield times at which microbioreactors may be successfully operated. Also such models may provide insight
into which materials may be used as protection layer to
the bioreactors manufacture in order to achieve highly
efficient system.
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CONCLUSIONS
The mathematical model (2)-(10) of the porous
multi-layer microbioreactor have been formulated and
numerical simulation based parameters analysis was investigated.
The thickness of the protective layer noticeably effects the reaction product emission (Figures 7, 8). The
yield especially decreases linearly when the protective layer thickness is decreasing. This property becomes important when the size of microbioreactors used
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the protective layer remains the same, which is often
assumed neglected. For other parameters the yield
reaches steady-state and, practically, does not depend
on β, σ, h3 (see Figures 4, 6, 10). But the time steadystate is reached might be different by magnitude of two
orders see Figure 4.
The effectiveness of the system increases with increasing with increasing the Biot number (Figure 4).
However, an increase in the substrate concentration becomes ineffective when the enzyme reaction apporaches
the zero order kinetics σ < 1 (Figure 5), where can be
achieved high system efficiency.
The models of multi layer microreactors with the
Michaelis-Menten kinetics equation may be useful in
the design phase of a bioreactors as well as drug release
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ABSTRACT
Figure 1: Robotic mobile fulfilment system

Automated warehouses operated by a fleet of robots not
only offer great flexibility, as fleet size can be adjusted
easily to throughput requirements, they also provide
higher redundancy compared to common solutions for
automated storage and retrieval systems. In case a single
robot fails, the remaining fleet of robots is able to
continue working within the system, so that throughput
is only slightly affected.
However, adequate strategies are required for this
scenario. In this contribution, we present four different
approaches to cope with robot downtimes, which are
based on the routing of the robots. These strategies are
compared by performing a simulation study in which a
robotic mobile fulfilment system is considered.

The second type of system consists of several storage
tiers, connected by lifts (figure 2). In some
configurations, these lifts are used only for the vertical
transport of the storage items, whilst the vehicles always
operate on the same storage tier. In other configurations
that we consider, lifts are used to transfer vehicles
between the storage tiers and the input/output (I/O)
locations. On every storage tier, vehicles use a grid of
storage and cross-aisles to reach the storage locations.
In literature, these systems are called shuttle systems
and the vehicles are denominated as shuttles (Tappia et
al. 2018).
We refer to both of theses types – RMFS and shuttle
systems – as mobile-robot-based warehouses. One of
the main characteristics is that every robot can reach
every storage location. The system can therefore
theoretically be operated with a single robot. Depending
on the required throughput, the fleet size (i.e. the
number of robots working in the system) can be
adjusted. Furthermore, in the event that a single robot
fails, the remaining robots are able to continue
responding to storage and retrieval requests and the
system’s throughput is only slightly affected.

INTRODUCTION
In addition to common stacker-crane-based automated
storage and retrieval systems, a new type of automated
warehouse has been deployed within the past few years
that is used for part-to-picker order picking. This type
basically consists of a rack system containing storage
items and a fleet of vehicles moving within the storage
area, fulfilling storage and retrieval requests.
There are two main categories that can be distinguished.
In the first category, vehicles move on a single storage
tier. The products are stored on racks arranged in
storage aisles on the ground (figure 1). Whenever a
certain storage item is needed, a vehicle travels towards
the rack containing the item, lifts the rack and brings it
to the picking zone, which is located somewhere near
the storage area. The item is picked by an operator and
the rack is brought back to an empty storage location.
Vehicles travel along the storage aisles as well as
underneath the racks, insofar as they are not carrying
one of these.
In literature, these systems are denominated as robotic
mobile fulfilment systems (RMFS) and the vehicles as
robots (Azadeh et al. 2018).

Lift

Storage tier

Figure 2: Shuttle system
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I/O locations

automated guided vehicles in container terminals
(Stenzel 2008), organizing aircraft taxi traffic at airports
(Bussacker 2005) or in general moving agents over an
infrastructure (ter Mors 2010). Furthermore, the concept
has been used for organizing a fleet of robots both in
RMFS (Hvězda et al. 2018) and shuttle-systems (Lienert
and Fottner 2017).
The absence of deadlocks can even be guaranteed, in the
case where some robots are late and do not meet their
reserved time intervals. The crucial point is that the
node’s crossing order of the robots, based on the
conflict-free schedule, is maintained (Maza and
Castagna 2005).
In a previous work, we modified the method to
incorporate acceleration and deceleration processes,
which are usually neglected. During the planning, socalled “segments” are created, which describe a
movement of a robot over several nodes in a straight
line. The computed route is executed segment by
segment, respecting the node’s crossing order (Lienert
and Fottner 2018).
Figure 4 shows a fragment of a layout graph (nodes
𝑖, … , 𝑚) and the corresponding timelines. For the robot
𝑟 there is a segment planned that comprises a
movement over five nodes. Furthermore, there are some
more reservations that belong to the routes of other
robots (𝑟 , … 𝑟 ). If robot 𝑟 is delayed, then robot 𝑟 is
forced to decelerate and shorten the segment by
introducing an intermediate stop on node 𝑙 in order to
meet the sequence of reservations on node 𝑚 (robot 𝑟
before robot 𝑟 ). Note, that reservations not only
comprise occupation time themselves (marked by the
trajectories), but also additional buffer times in advance
of the reservations, so as to prevent collisions should
delays occur.

In literature, RMFS as well as shuttle systems are
widely discussed. There are several decision problems
that need to be addressed during the planning phase as
well as during the operation, such as layout design
(Lienert et al. 2018), storage assignment (Boysen et al.
2018), order batching (Boysen et al. 2017), dispatching
(Yuan and Gong 2017), traffic management
(Merschformann et al. 2017), battery charging and
swapping (Zou et al. 2017) as well as dwelling
strategies for idle robots (Roy et al. 2016).
In general, different strategies are developed and
compared to each other by using analytical models,
often based on queuing networks, or by conducting
simulation studies. However, robot downtimes are not
considered, although these have an impact on the
attainable throughput. Reasons for downtimes are
manifold – for instance the interruption of the power
supply, contaminations, insufficient maintenance and
unstable loads.
In this work, we present different strategies for handling
downtimes and compare these by performing a
simulation study.
The reminder of this paper is organized as follows.
Next, we briefly introduce the time window routing
method, as our strategies are based on this conflict-free
routing approach. Subsequently, we describe four
different failure-handling strategies. We apply these to
an RMFS and compare the results before we conclude
our work.
TIME WINDOW ROUTING METHOD
To run mobile-robot-based warehouses robustly and
efficiently, complex control strategies are needed.
Amongst others, traffic needs to be managed to avoid
congestion, blocking and collisions among robots. One
option for coping with these challenges is routing based
on time windows: Before a robot starts moving, the
whole path is reserved – from its current position
towards the destination. To apply this method, the
layout (of each storage tier) is modelled as a graph.
There is a timeline with reserved and free time windows
for each node representing a layout section (figure 3).

𝑟

𝑚
𝑙
𝑘
𝑗
𝑟

𝑖

𝑟
𝑟

𝑟

𝑡

Reserved time windows

Figure 4: Segment and reservations of other robots

𝑖

𝑡

There are two reasons why the routing procedure might
not lead to a successful result, and thus no route towards
the destination being available at the given time. The
first reason is an endless reservation of an idle robot
placed on the destination node or on a node that belongs
to the only available path towards the destination node.
The second reason is that the time window from which
the routing starts is bounded by another reservation on
the same node. In figure 5, routing towards the
destination node 𝑘, starting at timestamp 𝑡
, is
unsuccessful because the current free time window on
start node 𝑖 cannot be left before the reservation of robot
𝑟 starts.

Free time windows

Figure 3: Reserved and free time windows on a node 𝑖
If a route has to be calculated, the procedure searches
for a conflict-free route through the free time windows
using an A*-algorithm. The required time windows are
reserved and the robot can start executing the computed
route.
The idea of this method was introduced first by Kim and
Tanchocco (Kim and Tanchocco 1991) and has been
applied in different contexts – for instance routing
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soon as the MTTR elapsed, all robots resume with the
execution of their originally computed routes. Note, that
all robots will be significantly delayed.
This strategy does not take advantage of the higher
redundancy mentioned above. However, it serves as a
lower bound for the comparison of the throughput.

𝑘
𝑗
𝑟

𝑟

𝑖

𝑡

𝑡

Strategy 3: Restart

Figure 5: Routing is unsuccessful due to another
reservation on the start node

The idea behind the third strategy is to stop all robots
once again, but then to perform a restart where all routes
are recalculated avoiding the node blocked by the
broken robot.
As soon as all robots have come to a standstill, their
remaining routes – and more specifically their reserved
time windows – are deleted. Next, each robot reserves
an endless time window on its current node. That
prevents any other robot from routing over that node.
All robots (besides the broken one) are added to a list of
robots that need to be routed.
Next, the restart procedure as described by the flowchart
in figure 6 commences.

The failure-handling strategies presented in the
following section are based on the time window routing
method.
FAILURE-HANDLING STRATEGIES
In this section, we describe four different strategies to
cope with downtimes. We assume that a downtime only
occurs before a robot starts with the execution of the
next segment of its route. This limits the state space of
the system and the strategies can be simplified – for
instance, a breakdown can never occur during a loading
or picking process. Furthermore, we assume that a robot
resumes working after a certain time span, the mean
time to repair (MTTR) has elapsed.
All presented strategies are generic in the sense they are
not designed to fit a certain layout. The strategies only
manipulate the routes. Orders – retrieval or storage tasks
– that are already assigned to robots are not modified.

Start

For each robot to be routed:
 Execute routing
 Delete robot from the list if
routing was successful and
start with execution.

Strategy 1: Ignore
The first strategy is simple and straightforward: robot
failures are strictly ignored by the control. As soon as a
failure occurs, the corresponding robot stops and
remains stationary on the node where it is currently
located. As a consequence, this node is blocked and
other robots are prevented from passing that node.
These robots are forced to interrupt the execution of
their routes. Furthermore, all robots that reserved a time
window on one of the nodes which are part of the
remaining route of the broken robot have to stop, to the
extent that they are supposed to pass the node after the
broken robot.
With reference to figure 4, if robot 𝑟 breaks down and
thereby blocks its current node 𝑖, it is not only robot 𝑟
which is affected, but also robot 𝑟 . Note, that these
robots might block yet others.
As soon as the MTTR has elapsed, the broken robot
resumes the execution of its originally computed route,
and blocked robots are triggered to continue their routes
as well.

Deadlock occurred?

At least one
routing
procedure
successful?

no

yes

yes

yes
no

no
At least one
robot to be
routed?

 Resolve deadlock

All robots
routed

Blocked robots are
routed after restart of
broken robot

End

End

Figure 6: Procedure: restart of all robots to be routed
Routing is executed for each robot on the list. If routing
is successful, the robot is removed from the list, the
endless time window is deleted so the node can be
accessed by other robots, and the execution of the newly
constructed route starts. Otherwise, the robot will
remain on the list and will be routed once again in the
subsequent iteration.
If, in an iteration, at least one robot could be routed
successfully, the routing will restart with the first robot
remaining in the list again. The iterations continue until
all robots have been routed successfully.

Strategy 2: Pause
The second approach is as simple as the first one, but
more restrictive. As soon as a failure occurs, all robots
operating within the system are forced to interrupt the
execution of their routes. More specifically, if there is a
breakdown present in the system, a robot will not start
with the execution of the next segment of its route. As
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Figure 9: Robot 𝑟 and 𝑟 can only be routed after broken
robot 𝑟 resumes working

Figure 7: Robot 𝑟 and 𝑟 are restarted
In the example in figure 7, the routing of robot 𝑟 will
fail during the first iteration and is only possible after
robot 𝑟 has been routed.
There are two reasons why it is not possible to route a
single robot during an iteration. First, a robot is
prevented from reaching its destination by the endless
reservation of the broken robot. In that case, the robot
remains blocked until the broken robot resumes
working.
As soon as the MTTR has elapsed, the flowchart in
figure 8 is executed.

In the example in figure 9, robot 𝑟 cannot be routed
successfully, as the broken robot 𝑟 blocks the only
available path. Robots 𝑟 as well as 𝑟 will be restarted
after the MTTR has elapsed and a route for robot 𝑟 has
been recalculated, such that the endless time window
has been deleted. The second reason is that two or more
robots block each other for endless time (Figure 10, a).
In that case, an intermediate destination will be assigned
to one of the robots involved in that deadlock (Figure
10, b). As soon as the robot reaches that intermediate
destination (Figure 10, c) the routing towards the
original destination takes place (Figure 10, d).

Start

 Route recovered
robot

a)

b)
𝑟

𝑟
𝑟

no

Routing
successful?
yes

𝑟

 Add recovered
robot to the list of
robots to be routed

 Execute route

c)
At least one
robot to be
routed?

d)

𝑟

𝑟

no

𝑟

yes

𝑟

 Restart all robots
to be routed

End

Legend
Failure

End

Destination
Saved
destination

Endless time
window

Figure 8: Procedure: restart of a single robot
Figure 10: Deadlock resolution
After the recovered robot has been routed, blocked
robots are dealt with by performing the restart procedure
(flowchart in figure 6) once again.
Note that the recovered robot is added to the list of
robots to be routed if routing fails.

The strategy Restart can also be used to initialize a
system without failures, adding all robots located
somewhere in the system to the list of robots to be
routed.
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Strategy 4: Reroute

Start

The fourth strategy consists in rerouting only robots that
are directly affected by the broken robot.
If a failure occurs, the execution of the computed route
of the robot is stopped. As the flowchart in figure 11
describes, all robots that reserved a time window on that
node are identified and added to the list of robots to be
rerouted.
Referring to figure 4, if robot 𝑟 breaks down on node
𝑚, robot 𝑟 has to be rerouted. Next, the route of the
broken robot is deleted as well as all reserved time
windows on its current node. An endless time window
on the node is reserved.

 Delete robot from list of
robots to be rerouted
 Delete route
 Execute routing

no

Routing
successful?
yes

 Execute route

Start

Further time windows
reserved on current
node?
yes
no

 End execution
 Save robot on
list of robots
to be routed

 End execution
 Restart robot

An alternative Blocked robot is Robot is rerouted
route has been routed after restart without limiting
found
of broken robot
time window

 Identify all robots that
reserved a time window
on the current node and
add them to the list of
robots to be rerouted

End

End

End

Figure 12: Procedure: reroute
 Delete route
 Delete all reservations on
current node
 Reserve an endless time
window on current node

SIMULATION STUDY
In this section, we compare the previously described
strategies by performing a simulation study, considering
an RMFS.
Considered System

End

We apply the strategies to a fleet of robots moving
within an RMFS with 336 storage locations, which are
arranged in seven double rows divided by storage aisles.
There are two cross-aisles located at one third and at
two thirds of the aisle length. All aisles can be used for
bi-directional traffic.
There are four picking areas with five picking places
each arranged before the storage system. In front of
these places, there are two uni-directional cross-aisles
(see figure 13). A replenishment area, where empty
racks are refilled, is located on the opposite side of the
storage area.
The robots are dedicated to a picking zone and perform
three different cycles to maintain the material flow
between storage locations, picking area and
replenishment area. For a more detailed description of
the system, we refer to (Lienert et al. 2018).
We implemented the RMFS using the discrete event
simulation environment Tecnomatix Plant Simulation.
Figure 13 shows a screenshot of the simulation model,
comprising the picking area and part of the storage
aisles. Note that loaded robots must use aisles and crossaisles whereas unloaded robots are also free to use
storage locations for navigation towards their
destination. Each rectangle represents a node in the
layout graph that is used for the time window routing.

Figure 11: Procedure: end execution
Whenever a robot is ready to execute the next segment
of its route, it will be checked whether that robot must
be rerouted. In that case, the remaining route of the
robot is deleted and the routing is again executed. If
routing is successful, an alternative route without the
blocked node is found and the execution of the newly
calculated route starts.
If there is no route available due to an endless
reservation, the execution is ended as described
previously. The robot is treated as if it were broken, and
other robots which routed using the robot’s current node
are affected, and need to be rerouted. As soon as the
MTTR has elapsed, the recovered robot is restarted as in
the previously described strategy (flowchart in figure 8),
which leads to a restart of all blocked robots to be
routed (flowchart in figure 6).
If another time window on the same node impedes a
successful routing as shown in figure 5, the execution is
once again ended, though this is immediately followed
by a restart (flowchart in figure 8). Note that ending
execution deletes the limiting time window.
The flowchart in figure 12 summarizes the described
procedure.
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Figure 14: Throughput reached by the strategies
In the worst-case scenario, all robots have to interrupt
the execution of their routes in order to maintain the
node’s crossing order.
Restart reaches a significantly higher throughput than
Ignore, which peaks with 48 robots before throughput
decreases slightly. However, the highest throughput is
reached by Reroute. The curve is similar to the one for
the idealized system, but saturation is reached at a lower
number of cycles.
In a second experiment, we vary the availability of the
robots from 97.5 to 99.5 percent in steps of 0.5 percent,
and repeat the experiments applying only Reroute. The
chart in figure 15 shows the corresponding throughput.

Figure 13: Screenshot of the simulation model
Parameter Settings
In a first experiment, availability is set to 100 percent –
so no downtimes occur – so as to determine maximum
system throughput. Subsequently, availability is set to
99 percent and MTTR to three minutes.
Failures are generated based on these parameters by the
software using an Erlang distribution for the duration of
a failure and an exponential distribution for the time
between them. As failures are generated for each robot
independently, several robots can be affected by a
breakdown at the same time.
We vary the number of robots, starting with four robots
(one for each picking zone), and going up to 60 robots
working in the system in steps of four, and repeat the
experiments for each strategy. All the remaining
parameters, such as robot’s acceleration and maximum
speed, remain the same. Simulation time is set to 72
hours. No warm-up time is taken into account. We
conduct five replications for each parameter setting.
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The chart in figure 14 shows the throughput measured
in cycles per hour. Regarding the idealized system,
performance scales (in a quasi-linear manner) with the
number of robots until saturation is reached. The curves
for the idealized systems Reroute and Restart show a
small “knee” between 16 and 20 robots. As each robot
is assigned to a certain picking zone, with 20 robots, the
number of robots per picking zone equals the number of
picking places, and a different strategy for the supply of
the picking zone is used (see Lienert et al. 2018).
The more robots are operating in the system, the clearer
the differences between the strategies. As expected,
Pause shows the worst performance. Throughput peaks
at just 20 robots, and then starts decreasing. With an
increasing number of robots, the probability of a
breakdown grows and the whole fleet is prevented from
working. Ignore shows a similar behaviour, although
throughput is slightly higher. The more robots operating
in the system, the more robots affected by a breakdown.
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12 16 20 24 28 32 36 40 44 48 52 56 60
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Figure 15: Throughput for different availabilities
As can be observed, all curves are similar and differ
mainly in the maximum throughput that can be reached.
The chart in figure 16 provides a closer view of the loss
of throughput compared to the idealized system without
downtimes. In the case of high availability (99.5
percent), the loss of throughput remains relatively small
and closed to the lower bound of 0.5 percent. However,
with an increasing number of robots, the loss of
throughput generated by the failures also increases.
With 60 robots, the loss of throughput is above 2
percent.
The more evident this behaviour is, the lower the
availability. With an availability of 97.5 percent, loss of
throughput reaches as high as 11 percent.
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CONCLUSION
In this contribution, we considered mobile-robot-based
warehouses. We presented four different strategies for
dealing with failures that are based on the time window
routing method. We applied these strategies to an
RMFS and conducted a simulation study to compare the
performance. Rerouting robots showed the best results
and should be used for further investigations.
Furthermore, we showed how throughput is affected for
different levels of availability.
By way of next research, we suggest introducing safety
corridors for accessing broken robots. In this respect,
two questions have to be answered. First: Which path
should be taken by an operator to access the broken
robot? And second: How can the corridor be established
in order to guarantee that no robot will enter that
corridor while an operator is accessing the broken
robot?
One option is routing an operator through the system
applying the time window routing as well. However, all
reservations must be endless to ensure no robot enters
the corridor as long as the operator moves within the
system.
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hours published by the Traffic Engineering Company of
the city of São Paulo. Later we expanded the system to a
larger region in the city, implementing DR lanes on
roads with large traffic volumes.
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ABSTRACT

RELATED WORK

Digital Rails (DR) is a proposal for a system of
exclusive lanes intended for autonomous vehicles. This
paper presents the evaluation of this system using
macroscopic traffic metrics, mainly average travel time.
The DR system consists of a network of arterial roads
with exclusive lanes where autonomous vehicles can
travel in platoons. We evaluated the impacts of this
system on travel time using mesoscopic traffic
simulation and real data from the city of São Paulo to
create the simulation scenarios. The results show that the
proposed system would bring reductions on the average
travel time of the city commuters.

This section presents other research that aims to
evaluate the impact of AVs though simulation.
(Bischoffa and Maciejewski 2016) evaluate the
replacement of all private cars with autonomous vehicles
in Berlin, Germany using the MATSim simulator. Their
results show that 100 thousand AVs taxis can replace
the current 1.1 million private car fleet keeping almost
the same travel time to the commuters. (Talebpour et al.
2017) evaluated the impact of reserved lanes to AVs to
facilitate their flow in the city of Chicago, USA. Their
simulation showed an increase in the vehicle throughput
reserving exclusive lanes for AVs vehicles.

INTRODUCTION

(Liu et al. 2017) present an agent-based simulation of
shared autonomous vehicles (SAV) on Austin, Texas,
USA, using the MATSim simulator. Besides the effect
of SAV on the city traffic, this study presented the
estimated cost of this type of vehicles and compared
with traditional transportation modes. Indeed, (Zhang et
al. 2015) use agent-based simulation to evaluate the
changes in the parking spaces of urban areas with the
SAVs, the results show that 90% of the parking spots
could be eliminated in the cities. Differently, our paper
presents the evaluation of an autonomous vehicle system
integrated with the rest of the city traffic system. Our
results show the impact on time travels for the city
commuters using the AV and also regular vehicles.

Autonomous vehicles (AVs) technology brings new
solutions and challenges for urban mobility. The
development and adoption of AVs have the potential to
reduce traffic jams and increase traffic safety. However,
despite the advancement of automation technology in
both research and commercial environments, fully
autonomous vehicles requiring no human intervention
are not expected to be available in the short-term. In this
work, we investigate a proposal to allow AVs to share
the roads with regular vehicles, with minimal changes to
the current city infrastructure: Digital Rails (DR). DR
consists of dedicated lanes for AVs that allows AV
platoons to traverse arterial roads at high speeds. Traffic
signals coordinate the traffic with regular vehicles. On
streets with DR lanes, traffic signals on successive
intersections should be synchronized to allow the
platoons to travel without stops.

MAIN CONCEPTS
We begin our presentation of concepts with a short
review on autonomous vehicles. Next, we introduce
InterSCSimulator, used for the evaluation of Digital
Rails. Finally, we present the Digital Rails concept and
describe how we implemented it on InterSCSimulator.

We evaluated the impact that such system could have in
traffic using simulations based on the city of São Paulo,
and studied how the implementation of DR lanes in
selected arterial roads in the city would affect the travel
time by simulating different ratios of vehicles able to use
the system. To conduct the traffic simulations, we used
InterSCSimulator (Santana et al. 2017), a smart city
simulator focused on scalability. The first scenarios
simulated DR on a single major road of São Paulo, the
Paulista Avenue. For reference, we also elaborated a
benchmark scenario based on the current deployed
traffic signal timing plan, and on traffic counts for peak

Autonomous Vehicles
Vehicles can be classified in different levels of
automation. The SAE international defines 6 levels of
increasing automation, from 0 to 5. In this scale, level 0
consists of no automation at all, while level 5 consists of
full-automation in all driving scenarios. (Fagnant and
Kockelman 2015) and (Litman 2017) list various
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potential impacts of AV technology on the
transportation system:
• Safety: The possibility of eliminating human
failings such as fatigue, distraction, and alcohol
suggests a possible reduction of at least 40% in fatal
crash rates in the United States. However, AV
technology introduces new safety risks such as
system failures and malicious hacking.
• Congestion: With AVs sensing and possibly
predicting other vehicles braking and acceleration
behavior, it can reduce the traffic shock wave
propagation.
• Urban planning: AVs can turn commute time into
productive time, lowering the cost of living far from
an urban center.

is built on top of SimDiasca, using it as a discrete-event
simulation engine. Essential features for discrete-event
simulations such as time management are provided by
SimDiasca, along with a framework for modeling actor
behaviors in an object-oriented fashion.
Digital Rails
The idea of Digital Rails was proposed by Questtonó, a
Brazilian innovation, and design consultancy1. Its
creators envisioned a system where autonomous vehicles
would travel in platoons on exclusive lanes, achieving
high efficiency through synchronization with traffic
signals. The DR concept presents three main pillars:
• Open data network: The city would provide a
system that vehicles could access to obtain data
about traffic signals, which would run in prefixed
timing plans to allow uninterrupted progressions.
• Exclusive lanes: On selected arterial roads,
exclusive lanes from the current infrastructure
would be assigned to the system. Vehicles using
Digital Rails would have a custom design with
narrower dimensions so that a regular lane could fit
two lanes of these custom-designed vehicles. One of
them would be an expressway dedicated to
platoons, and the other one used for extra space for
maneuvers.
• Vehicle platoons: Vehicles using Digital Rails
would have some level of automation and organize
themselves in platoons to maximize efficiency. The
platoons would use the open data network to travel
through the traffic signals progressions, minimizing
travel time and the number of stops.

Finally, there are moral questions regarding AVs.
Certain crash situations may require the vehicles to
decide between the safety of theirs occupants against
other vehicles or pedestrians. (Bonnefon et al. 2016)
present surveys regarding approval of proposed AV
behaviors in such situations. For instance, in one study
they found that 76% of participants think it would be
better for AVs to sacrifice one passenger rather than kill
10 pedestrians.
InterSCSimulator
InterSCSimulator is an open-source, agent-based, Smart
City simulator (Santana et al. 2017), with a focus on
scalability. The simulator is implemented in the Erlang
programming language and relies on the Sim-Diasca
discrete-event simulation engine. In this work, we used
the InterSCSimulator to evaluate Digital Rails using
traffic simulations. For smart city simulations, agents
could represent any city element such as buildings,
vehicles, streets, and sensors. In the simulation scenarios
used in this work, the most frequent kind of agent is
vehicles. However, some aspects of the simulation are
not done using agents such as the road network. Each
agent has an internal state, and generally communicates
with other agents via asynchronous messages, following
the Actor model.

The main idea of DR is to offer an alternative for urban
transportation during the period while the autonomous
vehicle fleet is growing, allowing AVs to share the roads
with regular vehicles. The authors also claim that Digital
Rails would initially not require significant changes in
the current city infrastructure. In advanced
implementation stages, the system would reduce the
demand for parking and road infrastructure, allowing for
the city to reclaim some of this space in the form of
parks, green areas, pedestrian paths, and cycling paths.

Besides
being
an
agent-based
simulator,
InterSCSimulator is based on discrete events and uses a
mesoscopic model for traffic simulations. Agents in
InterSCSimulator are simulated with discrete events,
meaning that each agent can schedule events in a
discrete time scale, measured in ticks. Each simulated
tick corresponds to 1 second in real time. Generally,
each event consists of a change of state for a specific
agent. Events often cause more events in future ticks,
but never events in the past. InterSCSimulator is written
in Erlang and makes heavy use of a discrete-event
simulation framework called SimDiasca, also written in
Erlang. SimDiasca (Simulation of Discrete Systems of
All Scales) is a general-purpose discrete-event simulator
written in Erlang (Boudeville 2012). InterSCSimulator

However, the authors did not give detailed descriptions
about
the
vehicle-to-vehicle
and
vehicle-toinfrastructure network protocols and technologies, the
custom vehicle designs, the necessary level of vehicle
automation, nor about platooning techniques. In this
work, we abstracted much of these details. Specifically,
we made the following assumptions:
• Vehicle-to-vehicle and vehicle-to-infrastructure
communications are a solved problem: Our
simulation does not consider the need for vehicular
networks, and we do not propose protocols or
techniques for these communications.
1

207

https://www.questtono.com/en/

•

•

to Oswaldo Cruz square, spanning about 2445m. All the
simulated travels were in one of two possible ways: from
Oswaldo Cruz square to Consolação Street (called
Consolação way) or from Consolação Street to Oswaldo
Cruz square (called Paraíso way, since the square is
located at the Paraíso district).

The custom design for vehicles that use Digital
Rails is specified: We do not propose or evaluate
any vehicle design nor any engineering aspect
necessary for vehicles to be able to use the system.
Platooning maneuvers and protocols are well
defined: We do not develop protocols for vehicle
platooning.

The scenario simulated one hour of peak traffic, and the
total number of simulated trips each way was equal to
the volume count published in the CET mobility survey
2017 (CET 2017) for the morning peak hour at Paulista
Avenue: 2359 vehicles in the Paraíso way and 3067
vehicles in the Consolação way. The start times for the
simulated trips were uniformly distributed during the
simulated hour. There are 13 signalized intersections on
the selected segment of Paulista Avenue. Figure 1 shows
a tile from OpenStreetMap highlighting the part of the
avenue that we considered, alongside with graphs
indicating the points of origin and destination of the
simulated trips and the location of traffic signals.

Implementation in InterSCSimulator
Simulating Digital Rails with InterSCSimulator required
the introduction of DR lanes to the road network, a
simplified speed model for vehicles using DR and the
introduction of traffic signal agents. Information about
DR lanes is represented on its input file, which contains
a list of the streets that include the DR exclusive lane.
This data is used to complement the InterSCSimulator
road network metadata, where a new attribute indicates
that there is a DR lane to each link on the list. Each trip
defined on the trips input file is marked with an attribute
indicating whether the vehicle can use Digital Rails. On
links with DR lanes, the vehicles use a simplified speed
model, always using the maximum street speed.
Otherwise, the vehicles not able to use the DR lane, use
the original InterSCSimulator speed model based on the
link capacity and the road current vehicle density.

Figure 1: Selected segment of Paulista Avenue and
traffic signals location

Traffic signals are a new class of agents in the
InterSCSimulator. Each agent represents the set of
traffic signals located on a signalized intersection, which
can span multiple nodes on the road network. Each
intersection has its cycle duration measured in ticks. The
offset is generally used to coordinate various crossings
to create traffic progressions, colloquially known as
green-waves. The phasing of the signals in each
intersection is implemented based on the node that each
vehicle is coming from: all vehicles coming from the
same node in a given moment will find the same signal
state. The possible states are only red and green lights.
For each possible origin node, we define its phasing
with the green light state start (relative to the cycle) and
the green light state duration.

To obtain the timing plan for the traffic signals, we went
to the field and filmed each intersection with a
smartphone for at least a whole cycle of the traffic
signals. The filming was done on a Friday evening,
around 19h. Later we added a timestamp with
millisecond precision for each frame of the videos. We
then manually input into a spreadsheet the timestamp of
the video frames in which phase transitions occurred. To
determine the cycle times and duration of each phase,
we made the following assumptions:
• There are two phases with a green light in each
intersection: One for both ways in Paulista Avenue
and the other for the perpendicular way.
• The green light phase for Paulista Avenue in each
intersection starts at t=0s, relative to the cycle.
• The time precision for cycle times and phase
duration is an integer number of seconds.

METHODOLOGY
We began our evaluation considering a single road in
São Paulo with high traffic: Paulista Avenue, located in
a central region of the city. Later, we expanded the
scope of the evaluation by selecting an area in São Paulo
and measuring the impact of DR in its main arterial
ways.

We were then able to determine the times for the phases
at each intersection, along with the total cycle time, the
latter being 150s in every intersection.

Benchmark scenario at Paulista Avenue

Digital Rails at Paulista Avenue

The first step to study the impact of Digital Rails at
Paulista Avenue was to establish a simulation scenario
to represent the current traffic conditions during peak
hours. For this benchmark, we limited the simulated
traffic only to Paulista Avenue. We considered the
segment of the avenue that goes from Consolação Street

After obtaining a timing plan as described in the
previous section, we developed simulation scenarios to
evaluate the impact of Digital Rails at Paulista Avenue.
The first scenario was analogous to the benchmark
scenario: Vehicles traveling on Paulista in both ways,
without turns. The origin and destination nodes were the
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same as in the benchmark scenario, and we also
maintained the total vehicle count in each direction. We
assigned a single lane in each direction for Digital Rails
and then studied how the ratio of vehicles using these
lanes would affect the traffic by simulating different
rates from 0% to 100% using increments of 5%. Since
the selected traffic signal timing plan had a cycle of 90
seconds, platoons of vehicles using Digital Rails would
leave their origins every 90 seconds.

InterSCSimulator, obtained by simulating the traffic of
the city of São Paulo for a whole day.
For each of the simulated vehicles, we defined its trip
starting and destinations points as the locations of its
first and last appearance inside the region, respectively.
This procedure yield an input file with more than
400,000 trips defined. The final step in elaborating this
simulation scenario was to account for all the traffic
signals in the selected region, which count in the
thousands. Instead of modeling each intersection, which
would not fit our straightforward framework for traffic
signals, we re-calibrated the original speed model of
InterSCSimulator. We based the calibration on the
simulations done for trips on Paulista Avenue. We
prepared a simulation scenario on Paulista Avenue
without traffic signals agents.

The second scenario was meant to study the impact of
the system for vehicles traveling on roads that cross
Paulista Avenue. In this scenario, each vehicle traveled
on a given crossing road for a couple of blocks before
and after the crossing with Paulista Avenue. The
simulation spanned one hour of real-world time, and the
number of vehicles in each road was chosen to fill 50%
of the road capacity as reported in OpenStreetMap data:
if a given road had a capacity of a 2000veh/h, we
simulated 1000 vehicles traveling that road. The start
times for the vehicles in each of the crossing roads were
uniformly distributed during the simulated hour. Finally,
we elaborated a third scenario using a random walk
model, where vehicles had different probabilities of
entering links with or without Digital Rails depending
on whether they already used the system or not. For each
transition between links, if the vehicle were in DR, it
would stay on the system with probability pstay. If the
vehicle were not in DR, it would enter the system with
probability penter. We chose pstay = 0.9 and penter = 0.3.

Figure 2: Region with DR lanes highlighted in green

We extracted the traffic restrictions such as forbidden
left or right turns from OpenStreetMap, to avoid the
simulated vehicles from violating them. The scenario
also spanned one hour of real-world time, and we
simulated vehicles starting at Paulista Avenue as well as
the crossing roads on the selected region. The starting
points were the same as on the first scenario (Paulista
Avenue) plus the ones on the second scenario (crossing
roads). The number of simulated vehicles was chosen in
order to fill 50% of the capacity reported on
OpenStreetMap, as in the crossing-roads scenario.

To account for the time lost waiting for the next platoon,
we introduced a penalty in travel time for vehicles
entering a DR lane: If the vehicle is entering a Digital
Rails lane with cycle time c and bandwidth b, it draws a
random number t distributed uniformly between 0 and c.
If t > b, the vehicle waits t ticks until resuming its travel.
Finally, we ran the simulation scenario with different
ratios of vehicles able to use DR. The ability to use the
system is assigned beforehand, independently of the
route that the vehicle will take.

Finally, we wanted to measure the impact DR would
have on a large region of the city of São Paulo. We
selected an area spanning a large portion of what is
called the expanded downtown of São Paulo, on which
CET applies restriction of vehicles during peak hours,
based on their license plates. We then proceeded to
enumerate candidate arterial roads to host DR lanes
inside the selected region. The main criteria used was
the total traffic volume, as reported by CET. The
rationale was that implementing DR lanes in the roads
with the most volume should maximize the impact of the
system. Figure 2 shows the selected region with the
routes highlighted in green. The next step was to
generate realistic traffic input for simulation scenarios in
the chosen area. The starting point was the mobility
trace of the city of São Paulo generated with

RESULTS
As described in the previous chapter, we started with
scenarios in the Paulista Avenue region, which were
later expanded to a larger region in São Paulo. The
results are presented and discussed in the same order.
Paulista Avenue
For the simulations on the Paulista Avenue region, we
start presenting the results for the benchmark scenario,
followed by the scenario for trips on Paulista Avenue
only. We continue with the scenario for trips on crossing
roads and finish with the random walk scenario. First,
we ran the benchmark simulation scenario. The average
travel time for vehicles to travel the extension of
Paulista Avenue was 563s, with a standard deviation of
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45s and an average speed of 15.62km/h (4.34 m/s),
consistent with the reports from São Paulo traffic
managers (CET 2017).

greater speed than in the benchmark scenario. It is also
important to remark that this result does not take into
account the time that a vehicle using DR would have to
wait until the next platoon, which would make the
reductions in average travel time less significant.

We proceed with the first simulation scenario with the
DR. The chosen timing plan has a cycle of 90 seconds,
meaning that Digital Rails support 40 platoons/h.
Assuming that each vehicle using Digital Rails has a
length of 2.7m (the same length of a Smart Fortwo
vehicle) and travels at the speed limit of 50km/h
(13.89m/s), the system supports a maximum of 3240
veh/h each way, which is more than the current vehicle
flow on peak hours at Paulista Avenue. Using DR,
vehicles spend 197s to travel the whole extension of
Paulista Avenue. Figure 3 shows the evolution of the
average travel time versus the ratio of vehicles using
DR. For each ratio value, we plot the average travel time
of all vehicles in 10 simulation runs, complemented by a
95% CI. The black horizontal lines show the mean and
95% confidence interval (CI) for the benchmark
scenario.

Figure 4: Travel times for vehicles on the crossing roads
of Paulista Avenue, using the benchmark scenario signal
timing plan used for DR.
For the second scenario, with the random walk
algorithm in the Paulista Avenue and crossings, the
simulated travels had lengths ranging between 56 and
2989m, with an average travel time of 98s and standard
deviation of 76s. Since this range is relatively broad, we
analyzed the travel times for travels in each distance
quartile, as shown in Table 1.

Figure 3: Travel time for vehicles outside DR vs. ratio
of vehicles using DR on Paulista Avenue, compared to
the average travel time on the benchmark scenario

1
2
3
4

Table 1: Travel time statistics for each quartile of
random walk travels on the benchmark scenario
Travel dist. (m)
Avg time (s) Std dev (s)
(55.999, 208.0]
37
10
(208.0, 560.0]
65
0,05
(560.0, 947.0]
89
0.10
(947.0, 2989.0]
210
0,15

The average travel time decreases when the ratio of
vehicles using DR increases. Other remarkable results
include, with 25% vehicles using DR, the average travel
time is 506s, less than the average 526s in the
benchmark scenario. With a ratio of 75% vehicles using
DR, the average travel time is 219s, less than half the
average 526s in the benchmark scenario. Figure 4
presents a similar chart for vehicles outside DR. It is
also clear that the average travel time for vehicles
outside DR also decreases when the ratio of vehicles
using DR increases. Other notable results for vehicles
outside DR are if 45% of vehicles are using DR, 99% of
the trips outside DR take less than 522s, which is less
than the average 526s in the benchmark scenario.

On the scenarios simulated, the improvement due to DR
lanes was almost unnoticeable. Only the first quartile of
travel distances show some decrease in travel times as
the ratio of vehicles in DR grows. Figure 5 shows the
evolution of the travel times for each quartile as a
fraction of the benchmark scenario average. This lack of
improvement may be explained by the low density of
vehicles, since the traffic on the scenarios was only
meant to fill 50% of the capacity reported for the roads
on OpenStreetMap. Many vehicles also do a significant
portion of their travels in roads other than Paulista
Avenue, which are not affected by the DR vehicle ratio.

The fact that trips outside DR become faster when more
the ratio is higher than 35% is consistent with the speed
model of InterSCSimulator. Since most of the
considered portion of Paulista Avenue has 4 lanes each
way, one would expect that the single lane assigned to
DR each way must contain at least 25% of the total
traffic to the vehicles using the remaining lanes develop

The last scenario, simulated a broader region of the city
of São Paulo, as with the scenarios for random walks on
Paulista Avenue, the simulated trips in these scenarios
also spanned a large range of lengths, ranging from 30m
up to 33.2km. Table 2 presents the distance quartiles
and their average travel times on the benchmark
scenario.
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We highlight the following results; the average travel
time is bigger than the average in the benchmark
scenario when the ratio is 0. This is because the
assignment of a lane for DR decreased the road capacity
on the selected arterial ways. For ratios greater than
50% of vehicles able to use DR, all average times were
lower than the benchmark. With 100% of vehicles able
to use DR, the travel times were about 65% of the
benchmark. The evolution of travel times appears to be
similar on all distance quartiles.
We also analyze travel times considering only vehicles
that are not able to use DR. Figure 7 shows the evolution
of travel times for them, also divided in quartiles by
travel distance. We highlight the following results: With
25% of vehicles able to use DR, the average travel time
is equal to or lower than in the benchmark scenario. For
more than 50%, the average travel time is smaller than
in the benchmark scenario. For 75% of vehicles able to
use DR, the average travel time is between 67% and
79% of the benchmark scenario, depending on the
considered quartile. The evolution of travel times also
appears to be similar on all distance quartiles. In
conclusion, the simulated scenarios for DR in multiple
arterial ways also present significant reductions in travel
times, although less dramatic than the simpler scenarios
on Paulista Avenue. We expected this, mainly because
the paths of the simulated trips are not always within a
road with a DR lane.

Figure 5: Evolution of travel time with DR ratio for the
quartiles of travel distance on the random walk scenarios
on Paulista Avenue. The legend on each plot indicates
the travel distance range in each quartile
Table 2: Travel time statistics for each quartile on the
benchmark scenario for the selected region in São Paulo
Travel dist. (m)
Avg time (s) Std dev (s)
1
(29.999, 3677.0]
357
388
2
(3677.0, 6545.0]
1079
747
3 (6545.0, 11162.0]
1760
1049
4 (11162.0, 33201.0]
2052
927
Since there were more than 400k total trips on the
benchmark scenario, each distance quartile contains
more than 100k trips, with several travel distance
profiles, yielding a high standard deviation in each
quartile travel time. However, the effect of assigning DR
lanes on the arterial roads that we selected was still
noticeable for each quartile. Figure 6 shows the
evolution of travel times as a fraction of the benchmark
scenario average for each quartile.

Figure: 7. Evolution of travel time with DR ratio for
vehicles outside DR by distance quartiles on the
scenarios with DR in multiple arterial ways. The legend
on each plot indicates the travel distance in each quartile
Figure 6: Evolution of global travel time with DR ratio,
by distance quartiles on the scenarios with DR in
multiple arterial ways.

Threats to validity
We now discuss some threats to the validity of our
results. The first one has to do with the
InterSCSimulator and the DR speed model, which are
mesoscopic models that miss individual vehicular
interactions and is unable to simulate the effects of
queues and traffic shock waves in great detail, which
could have a significant impact on the traffic on DR
lanes. Even if the model is accurate, our calibrations
may not be. For instance, we used the same parameters

As with the scenario with travels on Paulista Avenue,
the travel time decreases when the ratio of vehicles able
to use DR increases. It is noteworthy that a ratio of 25%,
for example, does not mean that 25% of vehicles
actually used DR. Instead, it indicates that 25% of
vehicles were able to use DR and used the system
whenever they went to a road with an assigned DR lane.
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for all the links, but the model could have its accuracy
increased if the calibration is performed on a link to link
basis. Our calibration procedures were also very
simplistic, targeting only average speeds.
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CONCLUSIONS AND FUTURE WORK
São Paulo could lead to reduced travel times, even for
vehicles that will not use the system. For simple travels,
like the ones we simulated on Paulista Avenue, the time
reduction is substantial when comparing to the
benchmark scenarios. In the general case, the decline
starts when the ratio of vehicles able to use the system in
the total fleet is higher than 25%, signaling that
implementing the system before achieving such rate
would be unreasonable. Despite these positive results,
we conclude that the Digital Rails proposal should be
subject to further evaluation and specification.
Regarding future work that could be done starting from
ours, we highlight:
• DR exclusive lanes selection: Our criteria was very
simple, based only on the vehicle counts published
on the CET reports only. However, it is possible to
use different data sources, such as traffic cameras or
location traces from cell phones.
• Microscopic simulation models: Simulations with
microscopic models can capture individual
vehicular interactions, queuing and shock wave
effects.
• Platooning maneuvers and strategies: Evaluate
techniques for vehicle platooning inside the DR
lanes should also be elaborated and evaluated with
microscopic models.
• Different routing algorithms that consider DR: The
routing algorithms that we used for the agents
considered only the total distance to be traveled. On
a scenario with a DR network, different routing
strategies that takes DR into account and their
effects on traffic could be evaluated.
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These objectives are achievable thanks to the
introduction of specific technologies in the industrial
environment (IoT, VR technologies, Cyber Physical
Systems, etc.) that allow the implementation of the
concepts of Digital Manufacturing (DM), Human
Centred Design (HCD) and evaluating processes and
products performance thanks to numerical simulations.
DM has been considered in the past years as a highly
promising way for reducing product’s time to market
(TTM) and cost as well as for addressing the need for
customization, increased product quality, and faster
response to the market (Chryssolouris et al. 2009). To
achieve this goal, many relevant aspects have to be
considered:

KEYWORDS
Simulation, Product design, Production process design,
Digital Manufacturing.
ABSTRACT
During recent years, industrial world faced
transformations that led companies to introduce the
concepts and the technologies of a new industrial
paradigm, named Industry 4.0 (I4.0), in order to improve
their products and their production processes. In the
context of I4.0, factories are becoming smart, more
flexible and collaborative, satisfying the current
demands of increasingly competitive markets and of
products closer to the real needs of customers. Within
this framework, the approach to product and process
design is changing too, supported by the use of complex
numerical analyses for testing and validating the
performance of both products and production processes.
This is made possible thanks to the Digital
Manufacturing (DM) approach, that allows to reduce the
design times and to validate the design solution in virtual
environments, without setting up detailed and expensive
experimental sessions.
This paper aims to propose a possible methodological
framework to better carry out the design of new products
and production systems, according to the DM principles.










INTRODUCTION
The changes occurred within the I4.0 era became
possible thanks to the scientific research that in the last
20 years has been focused on the development of new
technologies and oriented to the study of new
engineering methods aimed to make the traditional
factories become digital and smart. The smart factories
are characterised by a unique and interconnected
environment in which all components of production
systems, such as humans, machines and resources are
interconnected and continuously exchange information
or data. This new environment makes it possible to reach
a high level of operational efficiency and productivity.

a good workplace design allows to obtain the
best workers’ performances;
a production process design performed through
the scheduling and balancing of activities is
important to optimize some measure of
effectiveness such as the number of work
stations;
the continuous monitoring of the status of
machinery and production systems is important
to minimize maintenance times and costs;
the preliminary product design ensures that the
final product meets the requirements before it
is put in production and it is feasible with the
available production technologies;
a good policy of quality design and control of
the final products allows to have few rejects
and to perceive weak signals of damaging for
machineries.

Although all these points are interconnected, in most
cases they are traditionally treated individually. It is
known that through the connection of the production
data management systems with the data provided by the
simulations of products and processes performance, it is
possible to optimize manufacturing processes before
production actually starts and to enhance the overall
company performance also from continuous
improvement point of view when the production
processes are just in place. For this reason, the aim of
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this paper is to propose a possible methodological
framework able to connect these points in near-real time
so that there is a continuous feedback exchange between
product designers and production processes
respectively. In this way, if there is the need to set out
changes in the product, it will be possible to modify also
the process accordingly and vice versa, in agreement
with and contrary, according to the concepts of System
Integration (SI).
About the product design, several numerical methods
are nowadays available to investigate the structural
performances of a product. These methods are wellestablished and allow designers to improve and to
optimize new design solutions. Moreover, several
standards propose the use of numerical tools as support
for the product certification, giving rise to the
Certification by Analysis (di Napoli et al. 2018, Caputo
et al. 2018, Guida et al. 2018, Sepe et al. 2017, Perfetto
et al. 2018), by reducing the time to market of the
products.
Concerning the production process, especially in case of
manufacturing industries, a good design must take into
account all the significant elements from the whole plant
layout to workplaces’ design, the tools and tasks
assignment to each workstation and the evaluation of the
feasibility of the proposed solutions. Indeed, the correct
choice and sizing of these factors is linked with time and
production costs evaluation and optimization for
existing and designed industrial plants, as done in (Fera
et al., 2017) where a cost model that evaluates process
costs of additive manufacturing for relevant
technologies is developed. Moreover, as reported in
(Giacomin 2014), HCD provides economic benefits
when it is used as an approach for designing products,
systems and services and it allows to avoid errors and
delays in the design and engineering of a production
process. For example, in (Caputo et al. 2019), the
authors proposed a methodological framework for
workplaces’ design in automotive industry, based on the
use of Digital Twins (DT) of the workplace and on the
evaluation of the ergonomic performance by means of
numerical simulations, in agreement with the DM
approach. In addition, the paper (Grieves and Vickers
2016) described how DT has developed in recent years
and how its application is useful to understand systems
behaviour. In (Makarova et al. 2015) and (Hovanec et
al. 2015), the authors demonstrated that, exploiting the
advantages of DM approach by using DTs, the process
parameters can be investigated in a virtual environment,
offering several advantages in terms of time and costs
saving.
Within the I4.0 scenario, also the use of wearable
devices for directly measuring data on the factory place,
is more and more increasing. From this point of view,
interesting studies have been conducted in using
wearable motion tracking systems for the evaluation of

the working postures. In particular, (Caputo et al. 2018)
developed an inertial motion tracking system that uses
wearable sensors to acquire data through which it is
possible to evaluate the ergonomic indexes and,
consequently, to validate the workplaces’ design.
Another important issue concerns the evaluation of the
work cycle operations’ time duration and the balancing
of the tasks to assign to each station. Currently, the
techniques used to evaluate the time needed to complete
the actions in a single cycle before starting the
production consists of hypothesizing the sequence of
actions and evaluating the time by the Method Time
Measurement (MTM) tables. This process is very time
consuming because each single complex movement
must be broken down into its elementary parts, whose
times are reported in the specific MTM tables, and then
those times must be added themselves in order to obtain
the total time of the entire complex movement. An
alternative method (faster than the traditional MTM
analysis) is represented by the realisation of a DT that
reproduces the working environment and the working
tasks (Fig. 1).

Figure 1: A Digital Twin of an automotive production
line.
So, the digital twin of a real work environment allows
the simulation of real tasks performed by workers and
the evaluation of the cycle time of the operators, but also
of other important factors that characterise a production
environment, such as the Overall Equipment
Effectiveness (OEE). An evaluation of the variability of
the human operations’ time during an entire work shift
becomes feasible.
In addition to the data related to the production systems
design, it is universally recognized that machines’ health
is essential to perform the work processes, since the
availability is also part of the previously introduced
index OEE. In the industrial context, machine
maintenance is a vital function for factories since good
maintenance policies allow to minimise production
losses due to sudden machine downtime and,
consequently, it allows to minimise the related costs,
both for repair and sales loss. For this reason, the
development of a new maintenance procedures that,
using some technologies of the industry 4.0, can act as a
decision support for the maintenance managers in
factories. Moreover, if a Human-Machine Interaction
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(HMI) is present, it is important to evaluate the risks
connected to machines to ensure that do not occur
dangerous situations that could lead to injuries for
workers. In (Fera and Macchiaroli 2010), the authors
proposed an assessment method, that by mixing
qualitative and quantitative methods, can be easily
applied for the risks’ evaluation in SMEs. The paper
(Caterino et al. 2018), instead, described the
development of a safety assessment method using the
Petri nets for the representation and simulation of a real
machine.

So, it is clear that the integration of the product and
process design are not only welcome, but it is a need of
the I4.0 paradigm implementation. Aim of this paper is
to propose a possible methodological framework for an
integrated design of products and production processes
based on the use of numerical simulation, according to
the DM approach.

Figure 2: Methodological framework.
1.

METHODOLOGICAL FRAMEWORK
Fig. 2 shows a methodological framework for the design
of a manufacturing system in which the design of
products and production processes are strictly
connected.
The framework considers all the main phases related to
the product development process, typical for a
manufacturing industry: concept, design, engineering
and production.
The paper is focused on providing an iterative procedure
for the design phases, according to DM approach.
The procedure is composed of five steps:

2.
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Concept: this phase includes the producing
ideas, taking into account the pros and the cons
of implementing this idea, that can regard a
new product or a new production system. At
the end of the step a preliminary design is
provided;
Design: this phase focuses in detail on the
implementation of the ideas defined by the
previous step. The design regards both the
products and the related production processes.
Within this procedure, the step 2.1 and 2.2 are
strictly connected, with continuous feedback
exchanges between designers, in order to

minimise the design times and to provide
optimised design solutions;
3. Feasibility analysis: thanks to the information
exchanges during the previous step 2, this
phase is focused on the feasibility analyses in
order to verify if the design solutions for
products and processes are actually feasible.
This step can be carried out thanks to detailed
numerical simulations, reducing the time for
the start of the following phase;
4. Engineering: this phase is related to eventually
improve the design solutions, in case of bugs,
to implement the best technical solutions to
minimise the time necessary for the assembly
in the future production and to facilitate the
maintenance;
5. Production: defined the production system,
this phase concerns the production of the
components and their assembly, during which
the designed product takes shapes, ready to be
launched on the market.
In the following section, a detailed description of the
steps 2 and 3 of the proposed framework is reported.

Figure 3: V/AR for visualise the designed products.
Step 2.2 concerns the design of the production process.
This phase considers a series of input variables upon
which the realisation of the production system is based.
These variables are related to the product characteristics,
first of all its dimensions and those related to the
components. It is worth noting that since the product and
process design overlapped, the product characteristics
will change during the development and for each
iteration both design solutions will be optimised. Other
variables are related to the product demand in the market
that determine the production volume and mix, the
environmental variables that regard the analysis of the
eventual existing plant, the resources and tool definition
and the line setup.
The working task variables are related to the human
resources, the working times, the variability of the tasks.
Fundamental variables to be taken into account are the
ergonomic ones, aimed to realise a safe working
environment, reducing the injury risks and the machines
in-service conditions that will define their maintenance
processes.
At the end of step 2.2 of the framework illustrated in Fig.
4, the designers should be able to define the line layout,
to define the Standard Operating Procedures (SOP), to
estimate the working times and to provide the design
solutions for the whole production system.

DESIGN AND FEASIBILITY ANALYSES
Step 2.1 is focused on the design of products.
Thanks to the possibility to investigate the structural
behaviour of new products under the loads expected to
occur during their life, it is possible to optimize and to
improve them with reference to the structural response.
As a result, numerical simulations can be performed to
assess in a virtual environment new structural solution,
leading to a reduction of costs related to prototyping,
experimental testing and certification. However,
according to the current design practice, several
problems can be faced during the production phase, due
to the lack of detailed communication between product
and process designers. The proposed approach permits
overcoming these problems, by verifying, starting from
the product design phase, if the product can be made
taking into account the technological and production
systems constraints. In addition, this approach allows
using Virtual and Augmented Reality (V/AR) devices to
consider, during the design phase, also the customer’s
feedback, since the customer can experience in a virtual
environment the interaction with the product, for which
the design phase is still in progress (Fig. 3).

The testing of the products and production processes
design solutions and, hence, the feasibility analyses at
step 3, are carried out by means of numerical simulation
(Fig. 4), according to the DM approach. The simulation
allows to have feedback about the design solutions,
identifying the incorrect choices during the design,
avoiding they will negatively affect the real production.
Even if the simulation tools require initial costs for the
company, the simulative approach is convenient to point
out, through interactions, the best solutions for both
products and processes, thanks to the integration of their
design phases.
For a typical manufacturing system, both time-based
and event-based simulations can be considered. The
former, in which the system state change over time, can
be use for an immediate feedback for the working tasks
feasibility, for validating the SOP, the product assembly
feasibility, the ergonomic evaluations. The latter, in
which the system state changes when a certain event
occurs, can be useful for simulating the whole
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production process, statistically analysing the measured
data for validating the whole production system,
preventing eventual critical tasks.
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Figure 4: Siemens® Tecnomatix Process Simulate
environment: A) human assembly task simulation; B)
welding task simulation.
After the validation of the design solutions in virtual
environment, for the definitive validation it is necessary
only a rapid experimental test, set up in a laboratory. In
this way it is possible to save a high amount of time and
costs, significantly anticipating the start of production.
CONCLUSIONS
The main aim of this paper has been to propose a
possible approach for the design of smart manufacturing
systems integrating the design of products and
production processes in a unique information exchange
network. The proposed framework is based on the
Digital Manufacturing approach that incorporates
technologies for the virtual representation of the
factories, the resources, the products, the equipment
that, by means of numerical simulations, allows to find
the best design solutions and to validate the design of
products and production systems in a virtual
environment, reducing the time and costs for the set-up
of experimental sessions.
In this way it will be possible to close the gap between
the product and the production process designers,
optimising the information exchange, the design itself
and laying the bases for the realisation of the so-called
Digital Factory.
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range of smart solutions for the monitoring, adaptation,
simulation and optimisation of factories, Industry 4.0 is
looking to attain new levels of manufacturing capability
and adaptability.

ABSTRACT

Intelligent machine condition monitoring is an important
task in smart manufacturing. For machining operations
with cutting tools such as drilling, milling or turning, the
early detection of tool degradation is extremely important
because worn tools have a negative effect on the surface
quality of the workpiece and may even damage the
machining system (Bonifacio and Diniz, 1994; Ambhore
et al, 2015). Having a Tool Condition Monitoring (TCM)
system to detect this degradation on time, can avoid
either removing the tool too soon or too late, maintaining
the quality of the workpiece.

With the current advances in the Internet of Things (IoT),
smart sensors and Artificial Intelligence (AI), a new
generation of condition monitoring solutions for smart
manufacturing is starting to emerge. Computer
Numerical Control (CNC) machines can now be
sensorised and the vast amount of data generated can be
processed using Machine Learning (ML) techniques.
These can provide insights about the condition of the
machine or tool in real-time, which can then be used by
decision makers. This is fundamental in order to reach a
new level of manufacturing capabilities in the context of
Industry 4.0 (Lasi et al, 2014). Most current monitoring
solutions rely on the off-line generation of models before
they can be used online. This is not ideal when the data
holds complex evolving features. There is a lack of
approaches that are capable of determining what to learn
and when to learn. This paper presents preliminary
results on a new deep learning approach based on
Bayesian Convolutional Neural Networks (BCNN) for
online tool condition classification. Based on the
uncertainty of the model, the proposed approach can
determine using an entropy acquisition function if the
incoming data cannot be classified, and therefore needs
to be labelled and used for re-training. This constitutes
the first step towards an online active learning tool
condition monitoring approach. We demonstrate using a
machine tool data set that the active learning approach
can achieve similar accuracy of a deterministic
Convolutional Neutral Network (CNN) with a smaller
training data set.

Real-time tool wear measurement is difficult to put in
practice, as the tool is in continuous contact with the
workpiece. The tool or workpiece would be analysed at
the end of the machining cycle, through optical
measurement, surface finishing measurement, chip size
measurement, etc. If these procedures were to be done
during the machining cycle, it would require frequent
production stops to be able to detect degradation on time.
Many of these stops would be unnecessary when the tool
is in good condition, incurring in additional costs. To
tackle this problem, prognostic approaches that work on
indirect measurements have been proposed. These are
normally based on sensor signals such as forces (Gosh et
al., 2007), vibrations (Gouarir et al. 2018), acoustic
emissions (Kima et al., 1999) and power consumption
(Ambhore et al, 2015).
Prognostic approaches can be classified into two types;
model-based and data-driven. The major limitation of
model-based solutions is that they rely on the prior
understanding of the underlying dynamics of the system
to be modeled (Hou et al., 2014). For this reason, there
has been an increasing interest on the use of data-driven
approaches, where models are discovered using ML
techniques. Support Vector Machines (SVMs), for
example, have been successfully applied for tool
condition monitoring in (Sun et al, 2004). The authors
use Automatic Relevance Determination (ARD) on

INTRODUCTION
Industry 4.0 is a new paradigm which proposes the
integration of Information and Communication
Technology (ICT) into a “decentralized” production
(Lasi et al, 2014). With sensorised manufacturing
machines connected to a wireless network, controlled by
advanced computational intelligence techniques, and a
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acoustic emission data, to select nine features as inputs
for classification. In (Salgado and Alonso, 2007), a least
squares version of an SVM (LS-SVM) is used to estimate
tool condition. The approach relies on the extraction of
features of current and sound signals using techniques
such as Singular Spectrum Analysis (SSA). Artificial
Neural Networks (ANNs) have also been extensively
applied for tool wear prediction. These commonly use a
combination of cutting parameters such as cutting speed,
feed rate, axial cutting length and statistical features of
forces, vibrations and acoustic emission (Chungchoo and
Saini, 2002; Ӧzel et al, 2005; Sanjay et al, 2005;
Palanisamy et al, 2008). In applications such as drilling
and milling, it has been shown how ANNs can
outperform regression models. In (Wu et al, 2016), a tool
wear prediction method based on Random Forests (RFs)
is proposed. Although this approach has outperformed
ANN and SVM based methods, it relies on the manual
selection of features in order to build the internal
classification structures. A thorough review on the use of
sensor signals for indirect tool-wear monitoring can be
found in (Dimla, 2000; Abellan-Nebot, 2010).

learning is provided. The methodology is then presented,
providing the details of the classification method used,
and how the data was generated and pre-processed. Then
preliminary experiments and results of the proposed
approach are presented followed by a discussion and
future work.
RELATED WORK
Deep learning has offered better solutions than classical
ML techniques when dealing with high dimensional
evolving features. Its success has led to an emerging
study of deep learning methods for condition monitoring.
CNNs (LeCun, 2015), for example, have been used for
the detection of faulty bearings (Li et al., 2017) by
feeding raw vibration data, reducing the computational
complexity of feature extraction. In construction, CNNs
have also been applied for the real-time detection of
structural damage in joints. In (Terrazas et al., 2018), a
time series image encoding method together with a CNN
is used to perform the classification of a machine tool
wear in real-time. The approach achieves good accuracy,
however, the CNN is always expected to provide a
classification, with no information regarding the
confidence level of such classification. Recurrent Neural
Networks (RNN) have been successful for the long-term
prognosis of rolling bearing health status (Malhi et al.,
2011) and for the prediction of tool wear, gear fault and
bearing fault diagnosis (Zhao et al., 2018). Another
architecture that has been used is the bi-directional long
short-term memory (LSTM) CNN. In (Zhao et al, 2017),
this approach extracts local features from raw sensor data
for the prediction of tool wear during milling. The
technique achieves good accuracy when compared to
other methods like RNN, although it performs a
substantial reduction of the data, making unclear to what
extent it affects the temporal correlations in the data.
Although current deep learning solutions claim to have
achieved high accuracy in different condition
classification applications, the vast majority of these still
carry out some sort of feature extraction, such as wavelets
and Fourier Transforms (FFT) as a data pre-processing
step, that could be argued is against the philosophy of
deep learning (Khan and Yairi, 2018).

Although classical ML techniques have been successful
in TCM applications to some extent, there are several
aspects that still need to be addressed. The large amount
of data in smart manufacturing imposes challenges such
as the proliferation of multi-variate data, high
dimensionality of feature space and multicollinearity
among data measurements (Wuest et al., 2016). In
addition, most data-driven methods derive models from
historical data, in a batch learning approach, which is not
compatible with real-time processing. These methods
assume that the distribution of data will not change
through time, and require a complete dataset covering all
possible situations in the monitoring process and a
complete retraining from scratch when new patterns are
observed. Data-driven methods lack in general of a way
to determine when to learn and what to learn. In the
Industry 4.0 context, industries are integrating Internet of
Things (IoT) technologies and techniques, which demand
more advanced solutions that can cope with online
dynamic characteristics of the machining process
(Pratama, 2017).
This paper explores the application of BCNNs for the
online classification of tool condition using sensor data
streams. While the deep learning aspect of the approach
allows automatic feature selection, the introduction of a
probability distribution on the weights using Bayes offers
better robustness to over-fitting on small data sets
compared to traditional deep learning approaches. In
addition, Bayesian deep learning allows the
representation of the model uncertainty. This uncertainty,
coupled with an acquisition function, can allow the
implementation of an online active learning approach to
tool condition monitoring.

In addition to the use of manual feature extraction, deep
learning techniques that have been applied to TCM lack
an active learning feature. Models need to be able to
adapt as the characteristics of the sensor data streams
change. A big challenge in many deep learning
applications is obtaining large quantities of labelled data.
A framework where a system could learn from small
amounts of data and choose by itself what data needs
labelling would make deep learning more flexible and
more widely applicable. The idea behind active learning
is to develop a model on an initial small training set and
then use an acquisition function, often based on the
model’s uncertainty, to decide which data points to ask

The rest of this paper is organised as follows: further
details on related work on deep learning and active
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Figure 1. Proposed methodology combining time series encoding and BCNN for active learning
an external oracle for a label. The acquisition function
selects one or several data points from a pool of unlabeled
data which is not currently on the training set. These
selected data points are labelled by the oracle (usually the
human expert) and then added to the training set for a new
model to be trained. The advantage of these types of
approaches, is that, in general, they tend to need less data
to train than a conventional ML technique (Ghahramani
et al., 2017).

implementation of an active learning method that can
deal with changes in the distribution of sensor data
streams.
METHODOLOGY
This section presents the two main steps of the
methodology: the imaging of sensor signals using
Gramian Angular Summation Fields (GASF) (Wang and
Oates, 2015) and the classification and uncertainty
characterisation of tool condition using a BCNN and an
entropy-based acquisition function. This two-step
methodology is presented in Figure 1.

There have been some efforts on the application of active
learning approaches for condition monitoring. Moshour
et al. apply One Class Classifiers based on Self
Organising Maps (OCSOM) and Support Vector
Machines (OCSVM) to detect changes in vibration
patterns for the diagnosis of broken bearings (Moshou et
al, 2014). The proposed approach is able to progressively
learn different stages of faults by generating new training
sets as the one-class classifiers detect outliers. The
construction of such one-class classifiers, however,
depends on the manual extraction of features on the
vibration data. Nguyen et al. present an active learning
approach for the detection of the partial discharge of
electrical assets in power grids (Nguyen et al., 2015).
This approach relies on the feature extraction of power
signals prior to training. To decide what new data points
to select for training, a calculation of the posterior
probability from the trained model is used. It is concluded
that using an active learning approach, good accuracy can
be achieved without having to train with a complete
labelled data set. Pratama et al. develop an online tool
condition monitoring based on an ensemble of fuzzy base
classifiers and cutting forces (Pratama et al., 2018). The
approach uses FFT to pre-process the dynamic occurring
forces measured, and together with the mean value form
the input data samples. Despite extensive literature
review, there is no published implementation of a deep
learning approach with automatic feature extraction from
sensor data for condition monitoring that can provide
uncertainty estimation of the tool state. The advantage of
providing an uncertainty measure is that it can allow the

Time Series Imaging
With the success of deep learning approaches for image
classification, there has been a recent interest in
reformulating time series data as images in order to
improve their classification. In this work, we use the
GASF method proposed by Wang and Oates to encode
sensor data as images that will be later used for training
the model. This image encoding method consists of two
steps. First, the time series is represented in a polar
coordinate system instead of the typical Cartesian
coordinates. Thus, given a time series X= x1, x2, …, xn of
n real-valued observations, X is rescaled so that all values
fall in the interval [-1,1]. The time series can then be
represented in polar coordinates by encoding the value as
the angular cosine and the time stamp as the radius. In a
second step, the angular perspective is exploited by
considering the trigonometric difference between each
point to identify the temporal correlation within different
time intervals. Given a time series of size n, the resulting
GASF image will be a matrix of n × n. Figure 2 shows
an example of the steps explained.
To reduce the size of the image, Piecewise Aggregation
Approximation (PAA) is applied to smooth the time
series while keeping the trends (Keogh and Pazzani,
2000). As explained in the Experiments and Results
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with small variances and the mean of one of the
Gaussians is fixed to zero.
The uncertainty in weights induces prediction uncertainty
by marginalising over the approximate posterior using
Monte Carlo integration, which can be written as:
p(y=c|x,Dtrain)≈ (1/T)(Σt=1p(y=c|x,ŵt))

This is equivalent to performing T stochastic forward
passes through the network and averaging the results.
The uncertainty information provided by the model can
then be used with an acquisition function appropriate for
image classification to determine what new incoming
images should be labeled. There are several acquisition
functions such as Variation Ratios, Mean Standard
Deviation, Information Gain (BALD), Entropy, among
others (Gal et al, 2017). Here the Entropy maximisation
was used (Eq. 4).

Figure 2. Imaging of time series using GASF
section, the amount of time series data that is acquired
from the sensors is large, so PAA is fundamental to keep
the images at a reasonable size without losing time
coherence.

H[y|x,Dtrain] = -Σcp(y= c|x,Dtrain)logp(y= c|x,Dtrain) (4)
EXPERIMENT AND RESULTS
The proposed approach is studied for the classification of
tool condition in an active learning scenario and
compared to a deterministic CNN. In order to test the
approach in the described scenarios, it was important to
capture sensor signals accurately and to harvest and
characterise the right data beforehand. To achieve this, a
machining experiment was designed.

Bayesian Convolutional Neural Networks
CNNs have been very successful for image processing by
extracting complex features automatically (Krizhevsky et
al, 2012). However, they heavily rely on the availability
of large amounts of data to avoid overfitting. Bayesian
Neural Networks (BNNs), on the other hand, are robust
to over-fitting when learning from small training sets. In
addition, BNNs offer a probabilistic interpretation of
deep learning models by inferring distributions over the
models’ weights. This is done by adding dropout layers
after all convolutional layers as well as inner-product
ones (Gal and Ghahramani, 2016).

Measurement of Forces During Dry Milling
Cutting force is an important feature in milling, closely
related to tool design geometry. For this reason, it was
decided to monitor the cutting force as a preliminary
experiment. This was done using a dynamometer (Kistler
9255B) placed on the table of a Hermle C20U CNC
milling machine. Forces (on the three axes) produced
while face milling a mild steel workpiece were amplified
and captured with a National Instruments data acquisition
system. The workpiece (180×125×25mm) surface was
machined line-by-line along the x axis with a 6mm twoflute cutter. After finishing one pass along the x axis, the
tool was retracted to start a new pass. This was done until
half of the surface (half layer) was removed. Then the
tool was removed from the tool holder and taken to a
digital microscope, where high resolution images of the
tool flutes were taken. These were then manually
processed to measure the flank wear (VBb). The tool was
returned to the tool holder to machine the remaining half
layer of the workpiece and the flank wear measurement
was taken again. This process was repeated until 9 layers
of material were removed, point at which the tool was
completely worn out. The cutting parameters used in the
machining experiment were fixed to S = 4775 RPM, f =
287mm/min, ae = 2.7mm and ap = 0.3mm. The
experimental setup is shown in Figure 3.

Bayesian CNNs are CNNs with prior probability
distributions placed over a set of model parameters w =
{W1,…,WL}:
w ~ p(w)
(1)
with for example a standard Gaussian prior p(w). For
the case of classification, the likelihood model is
defined as:
p(y=c|x,w) = softmax(fw(x))

(3)

(2)

where fw(x) is the model output with parameters (w). To
perform approximate inference in the Bayesian CNN
model, stochastic regularisation techniques such as
dropout are applied. Inference is done by training a model
with dropout before every weight layer, and by
performing dropout at test time as well to sample from
the approximate posterior. Dropout can be interpreted as
a variational Bayesian approximation, where the
approximating distribution is a mixture of two Gaussians
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Model Training and Testing
The Bayesian CNN and the active learning algorithm
were implemented in Python using Keras libraries
(following the implementation from Gal et al. (Gal et al.,
2016)). The structure used was as follows: convolutionrelu, maxpooling, convolution-relu, maxpooling,
dropout, dense (384 units), relu, dropout, dense (192
units), relu, dropout, dense softmax, with 64 convolution
kernels (16x16) in the first convolution, 64 convolution
kernels (8x8) in the second convolution and dropout
probabilities 0.25 and 0.5.
Figure 3. Machining experimental setup. Interior of the
Hermle CNC machine with (1) end milling tool, (2)
mild steel workpiece and (3) Kistler 9255B
dynamometer

As it can be seen in Figure 4, the sensor data is
unbalanced, with less samples of the Break-in class
compared to other classes. However, since the data set is
large (4800 images per layer), a subset of these was taken
as an initial training and test set, making sure classes were
represented equally (balanced). The balanced dataset set
comprised of 1428 images, of which 70% was used for
training (250 images per class) and 30% for testing. The
active learning approach was implemented as follows:
the model described above was first trained for 100
epochs with a small data set of 100 images, 25 of each
class, using a validation set of 200 images. The rest of the
training samples (600 images) were used as the pool from
which the new images will be selected for labelling and
training. Once trained, the approach determines which
images from the pool maximise the predictive entropy
and selects the top 100 to be labelled and incorporated in
the existing training set. The model is re-trained (100
epochs) and this is repeated until good accuracy is
achieved. A result previously reported in (Terrazas et al,
2018) was used as reference accuracy value. The reported
results were obtained on a deterministic CNN with the
same architecture and same training/test set.

Data Pre-Processing
Once the sensory data was acquired, it was cleaned to
remove those force measurements that were taken while
the tool was not in contact with the workpiece (end and
beginning of each tool pass). From all the data collected
while machining, it was decided to only use the data that
corresponded to the middle part of the workpiece in order
to disregard any potential noise that could be affecting
the force signals when entering and exiting the
workpiece. From each layer and middle section, 4800
samples of 2000 measurements each were taken. The
cutting forces of each sample, Fx, Fy and Fz, were
encoded as separate images using GASF, and then
reduced with PAA from an image of 2000 × 2000 pixels
to an image of 256 × 256 pixels. The three images
corresponding to one sample were then combined as one
3-channel image.
To label the images, four classes were defined, according
to how the tool flank wear progressed through the
machining experiment. Classes are defined as Break-in,
Steady, Severe and Failure as shown in Figure 4. Once
the classes were defined, the images were labeled
according to the removed layer they belong to.

Results
The CNN experiment reported in (Terrazas et al., 2018)
achieved an accuracy of 78% using the complete training
set (1000 images) and executed for 100 epochs. This was
used as a reference value in the active learning
experiment. Two experiments of the active learning
approach were executed, one using the entropy
acquisition function, and another one using a random
acquisition function, which samples from a uniform
distribution. This was done to make sure the entropy
acquisition function could provide an improvement over
a purely random approach. Figures 5 and 6 show the
training and test set accuracy results obtained at each
acquisition iteration, starting from acquisition 0 (initial
random training set) up to acquisition 3 for both
experiments.

Figure 4. Evolution of the tool flank wear across the
Break-in, Steady, Severe and Failure classes
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achieve comparable results with less images than the
deterministic CNN. Future work will include the
experimentation with different architecture and training
hyper parameters to improve accuracy as well as
experimentation with other acquisition functions such as
information gain maximisation (BALD), variation ratios,
among others. Analysis of the images acquired at each
iteration step will be performed to have a better
understanding of how the acquisition function is
working.
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As it can be observed, the experiment using the entropy
acquisition function can achieve a similar accuracy as the
deterministic CNN with far less images. Also, it can be
seen that the entropy compared to the random
acquisition, allows the approach to make use of the
uncertainty information to determine which new images
need to be labelled and used for re-training, improving,
as a result, the test accuracy over time. It can also be
observed in Figure 6 that at iteration step 3 the accuracy
on the test set decreases for the first experiment. A
possible explanation for this is that the algorithm selected
in this iteration noisy images that increased the
uncertainty of the model, decreasing the overall
accuracy. An inspection of the images acquired at each
iteration could provide more information to explain the
decrease. The active learning approach nevertheless
provides an advantage over the use of a complete,
labelled data set.

Figure 6. Accuracy on the test set at different
acquisition iterations using entropy maximization and a
random approach
CONCLUSIONS
This paper presents an active learning approach to tool
condition monitoring using Bayesian Deep Learning.
Preliminary results show the ability of the approach to
select those images that need to be labelled and used for
re-training when using an acquisition function compared
to a random selection. The active learning approach can
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knowledge from these logs to create a model, improve
existing models or monitor new cases by using conformance checks (van der Aalst, 2011).
Although process mining is relatively a young research field, several approaches (Weijters et al., 2006),
(van der Aalst et al., 2004), (van Dongen and van der
Aalst, 2004) and (Günther and Van Der Aalst, 2007)
are already existing in its literature. These works presented interesting methods by examining different features of the event logs (cf. the Related Work Section).
All of them have however assumed the existence of the
complete event logs and the possibility to access it as
much as needed to generate, in most of them, a single
final process model. This is infeasible when considering the huge increases in the size of event logs generated
from modern information systems supporting business
processes (Burattin et al., 2014). The proposed approaches will face serious efficiency issues with the increase in both the size and the dimensionality of the
collected events (Hassani, 2015). Decision makers will
lose important insights over drifting process by having
merely a single final model. An important additional
evolving requirement in this context is the necessity to
have instant knowledge about the process model in the
real time of observing the event logs (cf. Figure 1).
With these new requirements, one started to speak
about event streams, streams of process models and
streaming process discovery (Burattin et al., 2014).
An efficient approach for process discovery from event
streams was presented in (Hassani et al., 2015) by using a sequential pattern mining method. Despite its
fast and accurate performance, it had some hard coded
parameter settings that are not flexible to changes of
observed processes. An important recent research question in the field of process mining is the concept drift
of the underlying business process (Bose et al., 2011).
In this paper, we present our novel event stream concept drift detection algorithm, called StrProMCDD,
that uses intermediate results of the efficient event
stream miner StrProM to manage an adaptive window.
It allows to focus on fewer recent data in case of a concept drift, but enlarges the window size for uniform
process (cf. Figure 2). After the detection, the contained information of the window can be used to build
an HeuristicNet above the Heuristics Miner (Weijters
et al., 2006). More precisely, our contributions are:
1. Fast detection of concept drifts by observing event
streams instead of trace streams
2. Using intermediate results of an efficient and modern

Data Stream Mining; Process Mining; Concept Drift
Detection; Event Streams; Evolving Models
ABSTRACT
Process mining is an emerging data mining task of
gathering valuable knowledge out of the huge collections of business operation data. Despite its relatively
young age, it has successfully provided many new insights into business workflows using established data
mining techniques. Recently, with the huge improvements in the technologies of sensoring, collection and
storing of data, a big demand for both shorter mining
times and adaptive models of streaming process events
arose. This initiated the field of stream process mining
very recently. Drifts in the underlying concepts of the
business processes are of a great interest for decision
makers. One important advantage of stream process
mining techniques over static ones is the ability to detect such drifts and to adapt its models accordingly.
In this paper, we introduce an efficient approach that
uses the collected information of an event stream miner
to detect concept drifts. We use a dynamic window,
which grows in size for stationary process behavior and
shrinks for diverting data and thus indicating a concept
drift. This adaptive window is used to build a model
by focusing only on up-to-date information and discarding outdated items. Extensive experimental evaluations over real and synthetic log files show the ability of our algorithm to detect sudden drifts. We additionally show the effectiveness of our concept detection
method in setting the pruning period of a recent stream
mining algorithm.
INTRODUCTION
In mid to large-sized business enterprises, nonconventional types of questions arose recently due to
the increasing advances of business information tracking techniques. One emerging research area is process mining, which takes methods from fields like data
mining and analyzes logs of process information to derive interesting correlations between departments or actions, for instance, within the company. The resources
for these mining steps are supplied in form of process
logs, which contain rich information about activities.
These activities are connected with at least timestamps
and form common cases with other activities. The tasks
for process mining include the extraction of enough
Communications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
ISBN: 978-3-937436-65-4/978-3-937436-66-1(CD) ISSN 2522-2414
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Fig. 1. An example of the knowledge flow from business information tracking sources to end online service, connected by an event
stream mining application.

event stream miner (Hassani et al., 2015) to improve
results considering concept drifts
3. Using well-established ADWIN (Bifet and Gavalda,
2007) framework and modular ensemble of reasonable
distance measures, and
4. Analysis of differently performing distance functions
of frequency maps for detection.
The remainder of this paper is organized as follows:
the following section lists some related work. In Preliminaries section we give a formulation of the problem
of stream process mining and concept drift detection.
The main section describes our novel method called
StrProMCDD. In the following section we show our
extensive experimental evaluation of StrProMCDD using synthetic datasets with known ground truth and
compound of real-world datasets. The last section concludes this paper with some future directions.

and opportunities on using sequential pattern mining
for online process discovery, are presented.
Concept Drift Detection
Concept Drift is a very well established phenomenon
in the field of typical data mining. It was first mentioned that way in (Schlimmer and Granger, 1986).
Concept Drift refers to changes in the resulting output, which is caused by a change in the input data.
Over the years, many different approaches have been
developed to deal with concept drift. These can be
categorized into the parts of detecting a drift, identifying the sort of drift and applying to the new conditions
given by the changed input. Most process mining approaches deal with stationary logs and assume that at
each point in time the underlying process model will
be the same. In (Bose et al., 2014, 2011), the authors
transferred the concept drift phenomenon to the process mining field. They performed statistical hypothesis testing over feature vectors to deal with change point
detection and localization. In (Accorsi and Stocker,
2012) a method which clusters traces in a certain time
window was developed. An abstract representation as
polyhedrons is used in (Carmona and Gavalda, 2012),
so for a batch of new traces, their affiliation to the
polyhedron is checked. A drift is detected if a significant number of traces miss that membership test.
(Burattin et al., 2012, 2014) also deal with concept
drift. Using the Lossy Counting approach, the model
evolves by forgetting rare relations and activities. This
is the first approach to handle concept drift not for a
static event log, but in an incremental way. (Maaradji
et al., 2015) compresses traces into fewer runs to improve the process time before performing a statistical
testing over sliding temporal windows. Although it implements the adaptive window concept similar to our
approach, the method is aims by doing doing that at
balancing the classification accuracy with the speed of
detecting the drifts. Another shift of representation is
used in (Manoj et al., 2015), by using a correlation function to divide events into event classes. The approach
performs hypothesis testing with the compressed data

RELATED WORK
Stream Process Mining
Dealing with data streams in any field of data mining
is challenging and it is still studied extensively (Aggarwal, 2007). Adopting stream data mining methods to stream process mining is usually not trivial or
straightforward. The static finite process log files are
substituted with potentially unbounded event streams
in streaming process discovery. Each event itself can be
of very complex nature and is correlated to other events
in cases. Few algorithms have been developed that are
able to perform process discovery in a single pass over
the data. Namely, Burattin et al. developed an online
adaption of the Heuristics Miner to streaming event
logs (Burattin et al., 2012)(Burattin et al., 2014) by
using Lossy Counting to keep track of the frequencies
of activities and direct-follows relations. (Hassani et al.,
2015) used an indexed prefix-tree to collect frequencies
of activities and relations to achieve a small process
time per event. Another streaming process discovery
algorithm was developed in (Redlich et al., 2014b), and
is based on the process discovery algorithm Constructs
Competition Miner (Redlich et al., 2014a). In (Hassani
et al., 2019), a framework and lists of the challenges
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Fig. 2. The applied adaptive window concept: the window keeps increasing as long as the underlying distribution does not change.
Once it reaches its maximum allowed size, it starts sliding to catch new items by forgetting older ones. When StrProMCDD detects a
concept drift, it shrinks its size to focus on the new trend.

but, different to our approach, does not handle streaming data or applies any adaptive window concept. In
(Hassani et al., 2015), a decaying mechanism is applied
to keep the mined result evolving. In (Spenrath and
Hassani, 2019), an ensemble-based prediction method
was presented to detect bottlenecks with recurrent concept drifts.

we can order the whole process log by time. Formally,
we introduce a mapping S : N → E to describe an
event stream. For any pair of events e1 and e2 with
S(m) = e1 and S(n) = e2 , the mapping is a valid
stream if t(e1 ) > t(e2 ) for m > n. To simplify the
notation we refer to the following string representation
for event streams:

PRELIMINARIES AND PROBLEM
DEFINITION

S = he1 , e2 , e3 , . . .i
We already mentioned that activities can be related
to each other. For further definitions we need to introduce the directly-follows relation <. An activity a is
directly-followed by another activity b, if there are two
events e1 = (c, a, t1 ) and e2 = (c, b, t2 ) corresponding
to the same case c, correctly ordered according to their
timestamps t1 < t2 and there is no further event e3 with
c(e3 ) = c and t(e1 ) < t(e3 ) < t(e2 ). We denote with
|a < b| the number of occurrences of a directly-followed
by b.
Collecting most of the frequency information of these
relations is sufficient to infer a process model. This is
shown in (Weijters et al., 2006). The presented Heuristics Miner uses data from a static log, but the heuristics
used provide the baseline procedure for some other approaches. The Heuristics Miner mines a control-flow
model, which establishes connections between pairs of
activities if they show a high dependency. In this
context, dependency for a particular pair of activities
a ⇒ b is increased by the number of occurrences of
a > b and decreased by the occurrences of b > a.
The ratio of the difference of both values and the total
amount of both sorts of occurrences defines the dependency value then.

First we will give an overview about stream process
mining by introducing the main concepts in this section.
Process Mining tries to augment the understanding
of business processes and offers tools to analyze various aspects of underlying knowledge. In this work
we concentrate on the mining of process log files to
produce interpretable models of running processes. A
business process in this context consists of different actions, which are related to each other in a certain way.
These elements comprise for example decisions, single
production steps and communication sequences. We
call these process actions activities and their textual
representation a label. When we talk about a particular instance of an activity, we speak about an event.
To model certain workflow instances in a process, sequences of events are aggregated into cases. Each case
consists of exactly one temporal ordered sequence of
events. We store an event e = (c, a, t) as a tuple of the
case identifier c, the activity label a and the time-stamp
t. The complete space of all events is denoted by E. It
is possible to add further attributes to the event data
to increase the payload of information, but we will not
go into this direction here. The complete process can
be stored as a multiset of events. We call this collection
a process log.
For convenience, we define projection functions for all
of the three event attributes c, a, t, so for e = (c, a, t)
we define c(e) = c, a(e) = a and t(e) = t. Sometimes
we are only interested in sequences of activities corresponding to the same case. A trace σ of a certain
case c is the temporal ordered sequence of all events in
a process log sharing the same case identifier c, only
projected on its activities.
We move now from static log files to streams of
events. As each event has a corresponding time-stamp,

a⇒b=

|a > b| − |b > a|
∈ [−1, 1].
|a > b| + |b > a| + 1

(1)

The Heuristics Miner uses some constraints to keep the
model of good quality regarding the ability to replay
most traces in the log, while not allowing too much additional behavior and remaining human-interpretable.
First of all, only pairs of activities are connected which
show a minimum absolute number of occurrences. Any
relations of activities with a support below a user-given
threshold τP O will be discarded.
|a > b| ≥ τP O
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(2)

adaptive in size. It will increase the length for new incoming objects. Then, it checks for each possible cut
of this window W into two subwindows W = W0 W1 , if
both parts differ significantly by their means. If so and
|µW0 − µW1 | > cut for a suitable threshold cut , the
oldest elements are discarded as long as there is still a
significant diversity in any two-partitioning.
Using this mechanic leads to larger observation windows in periods of static stream behavior without any
remarkable or negligible concept drift. When concept
drift occurs, the window will decrease in size and focus on the recent observations after the concept drift
to quickly forget the data before the drift.

In addition, and using the dependency definition above,
Heuristics Miner only establishes connections if both
activities exceed the also user-defined dependency
threshold τdep .
a ⇒ b ≥ τdep
(3)
To keep the model simple and comprehensible, a
third constraint is used to discard connections between
a and b if there is a big difference to the top successor
considering dependencies. We define
postbest (a) = argmax a ⇒ b0
b0

as the best successor of a. Heuristics Miner keeps, besides this edge, only connections from a to b, such that
the dependency of a and b differs at most by the userdefined τbest from the best dependency value. Analogously, by defining

StrProMCDD: A CONCEPT DRIFT
DETECTION METHOD FOR StrProM
StrProM in its initial version uses static pruning periods to update the counts on relations and activities.
Furthermore, it utilizes a decaying mechanism to downweight older frequency information. This value was
also set at the beginning and never changed during the
stream observation. Using this forgetting strategy of
evolving the data to improve the model works quite well
for static or slowly changing processes. But we usually
do not know in advance how fast and comprehensive
a change in the underlying model will be. Therefore,
we are interested in an adaptive way of choosing appropriate parameter values. To derive good and useful
information about the consistency of the stream, we
need a mechanism to detect changes quickly. In addition we do not want to spend much effort in observing
stable data, but we want to concentrate our perception on interesting periods with higher fluctuation of
the observed values.
The StrProM approach produces frequency maps at
regular intervals. These intervals are called pruning periods (see Algorithm 1, Line 6), as they have their origin
in a prefix-tree pruning step of the SS-BE algorithm.
This algorithm deals with frequent item mining in data
streams. We want to use these frequency maps to detect changes, which are collected in this tree pruning
step. This information can be used by a change detector mechanism from the field of concept drift detection
in stream data. The change detection mechanism we
use in the following is based on ADWIN. It uses an
adaptive window W , which focuses on short intervals
for highly deviating periods or increase its width in
case of uniform observations. As long as elements of
same behavior are observed, the window size will be
increased. If the algorithm detects a deviation within
the observation window, the oldest elements will be discarded until the window is again consistent.
After a pruning period has finished, we want to use
the information of the newly collected frequency lists
for our detection method. This does not add much
computational effort to the procedure, because the frequencies are already collected by the baseline algorithm
to mine a process model. We store all frequency lists in
a temporal ordered list. The oldest ones will be found
at the beginning, while the most recent ones are located

prebest (b) = argmax a0 ⇒ b
a0

This holds for the predecessors as well. The Heuristics
Miner deals with mining a static log, but provides the
baseline heuristics to deal with the mined information
of an event stream.
In (Burattin et al., 2014) the introduced approaches
collect frequency information from a stream and apply the heuristics of Heuristics Miner to build a model
then. A very well performing algorithm in this work is
the Heuristics Miner with Lossy Counting with Budget
algorithm (LCB). It utilizes three data structures to
collect information about the activities, relations and
currently active cases. Lossy Counting is a method
dealing with frequent item mining in data stream mining. This approach performed really well on streams.
A second approach dealing with the same task is the
StrProM algorithm in (Hassani et al., 2015). Also using the above-mentioned heuristics, instead of using
three structures as the Lossy Counting with Budget
algorithm, it collects the observed information in an
indexed prefix-tree. This method is inspired by the SSBE method in (Mendes et al., 2008), which is also based
on the Lossy Counting algorithm. After a certain period of time, the prefix-tree will be used to extract the
frequency information and pruned to height 1. This approach works also very efficient considering the process
time per event.
Both approaches deal with mining streams of event
data, but only use some sort of decaying to evolve the
model in case of changing behavior in the input stream
data. To enhance the results and to consider concept
drifts, we want to use the data collected by StrProM’s
prefix-tree to transform the stream of event data to a
stream of frequency maps.
Handling concept drift is a very well developed area
in data stream mining. A good approach to deal with
changing behavior is known as ADWIN (Bifet and
Gavalda, 2007). It uses a window to observe the recent part of a stream. But instead of a sliding window,
which is fixed in its size, the window in ADWIN is
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Fig. 3. Overview of the complete StrProM algorithm with our novel concept drift detection approach. Indexed prefix-trees are constructed
by StrProM. The results of the pruning steps are used as input to fill the adaptive window. After finding a cut between two subwindows,
out-dated information is discarded. Recent information is used to derive to update the process model.

at the end of this list. Following ADWIN’s procedure,
we iterate progressively through all cuts of this window
into two partitions W = W0 W1 . ADWIN in its native
variant builds its observation window based on a stream
of real numbers. It would compare averaged values of
these subwindows to find a split. If ADWIN finds a partitioning with µ(W0 , W1 ) > cut for a predefined threshold cut , it shrinks the main window. Due to the nature
of our frequency lists, we are dealing with multidimensional data here. We could easily use the average of
frequencies to construct a stream of real numbers, but
due to the number of possible relations, this would blur
a potential concept drift quite likely. Instead, we need
alternatives for the mean value µ and use other distance
functions. To make things easy, we only consider distances with a normalized range of [0, 1]. δ(W0 , W1 ) = 0
means that there is no difference, δ(W0 , W1 ) = 1 imply the highest costs to transform one element into the
other. This allows an easy exchange of distance measures to focus on different aspects, which could indicate
a drift. According to ADWIN, our method will discard
items from the left of the observation window in case of
exceeding the cutting threshold δ(W0 , W1 ) ≤ cut for a
appropriate binary list-distance function δ (Algorithm
1, Line 15). Figure 3 gives an illustration of StrProM
with ADWIN. For a pseudo-code implementation, take
a look on Algorithm 1. Algorithm 2 shows the application of the presented concept drift detector to the
Online Heuristics Miner.

Algorithm 1 StrProM CD Detector
Require: S: event stream;
1: W: adaptive window
2: cut : cutting threshold
3: Initialize StrProM[T:indexed prefix-tree]
4: loop
5:
T ← observeStream()
6:
if pruning step then
7:
F requencyList ← collectT reeData(T )
8:
pruneT ree()
9:
W ← W + F requencyList
10:
if W.size > maxW indowSize then
11:
w = W − W.f irst
12:
end if
13:
while W shrinks do
14:
for all W0 W1 ← W do
15:
if δ(W0 , W1 ) > cut then
16:
W = W − W.f irst
17:
end if
18:
end for
19:
end while
20:
if size of W decreased significantly then
21:
triggerCDAlarm()
22:
end if
23:
end if
24: end loop

To use this approach we have to find a suitable
threshold value and distance functions δ. The first
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Algorithm 2 LCB CD Detector
Require: S: event stream;
1: W: adaptive window
2: cut : cutting threshold
3: Initialize activity, relation and case lists A, R, C
4: loop
5:
/* need to collect multiple events to derive frequency lists */
6:
for collection phase do
7:
event ← observeStream()
8:
update(A) ← event(a)
9:
update(R) ← event(r)
10:
update(C) ← event(c)
11:
cleanup()
12:
end for
13:
F requencyList ← A ∪ R
14:
W ← W + F requencyList
15:
if W.size > maxW indowSize then
16:
w = W − W.f irst
17:
end if
18:
while W shrinks do
19:
for all W0 W1 ← W do
20:
if δ(W0 , W1 ) > cut then
21:
W = W − W.f irst
22:
end if
23:
end for
24:
end while
25:
if size of W decreased significantly then
26:
triggerCDAlarm()
27:
end if
28: end loop

naı̈ve approach to determine a distance between two
frequency lists takes both the activity and relation frequency directly into account. The distances between
corresponding pairs of activities and relations are determined and the average differences yield our first two
distance values δact and δrel . Related to the original
StrProM approach, which uses the metrics of Heuristics Miner to derive a model, we utilize the dependency for the next distances. A change in the data
behavior should be represented as changes in these
metrics. To derive a distance function, we determine
for every relation the two different dependency values
based on both subwindows W0 and W1 . We collect
the differences between the same pairs of relations as
in the previous distance function. The mean value of
these differences
is then noted as δdep . δdep (W0 , W1 ) =
P
1
W0
(a, b) − depW1 (a, b)|. In
(a,b)∈W0 ∪W1 |dep
|W0 ∪W1 |
fact, δdep is very data oriented, but in the case that
we need a more model-aware distance, we use the edge
distance. To achieve this goal, we build HeuristicNets
by using the dependency values and calculate the costs
for transforming edges by counting edge deletions and
insertions to transform the first Heuristic Net into the
second one. By normalizing it with the total number of
potential edge manipulations, this leads to our fourth
distance δedge . For a better performance, we recommend using a simplified construction method by only
using the dependency threshold and ignoring the other
constraints.
τ

dep
Egain
(W0 , W1 ) = {(a, b) | depW0 (a, b) < τdep < depW1 (a, b)}

τ

dep
Eloss
(W0 , W1 ) = {(a, b) | depW1 (a, b) < τdep < depW0 (a, b)}

τ

dep
δedge
(W0 , W1 ) =

τdep
1
(|Egain
(W0 , W1 )|
|W0 ∪W1 |

τ

dep
+ |Eloss
(W0 , W1 )|)

The last two distances are inspired by the Fuzzy
Miner (Günther and Van Der Aalst, 2007). The idea
to determine a routing significance for every activity
is a suitable addition, as this aspect is not covered by
the previous distance functions. To calculate the significance of a node resp. activity, the sum of incoming
and outgoing edges is identified. This number is then
normalized by the number of occurrences of this activity.
sigrouting (a, W ) =

|{(·, a) ∈ W }| + |{(a, ·) ∈ W }|
|{a ∈ W }|

We define the routing distance as the maximum of all
differences of routing significances activity-wise.
diffrouting (W0 , W1 ) =
max |sigrouting (a, W0 ) − sigrouting (a, W1 )|
a∈W0 ∪W1

The last distance function to be presented here is the
relative importance distance. Also inspired by the
Fuzzy Miner, this measure is a derivation of a existing significance measure.
relImportance(a, b) =

1
sig(a, b)
1
sig(a, b)
P
+ P
2 x∈A sig(a, x) 2 x∈A sig(x, b)
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The relative importance distance is, analogously to the
routing distance, the maximum of differences of relative
importance values for a certain significance value. As
significance, we use the relation frequency here.
The usage of distance functions is rather modular, so
one can think of other distance measures to focus on
specific aspects. For example instead of considering the
average dependency difference, it is possible to reduce it
to the mean of the k most diverging activity pairs. But
we have to keep in mind that more complex distance
functions greatly increase the processing time at every
pruning step.
After one or a whole ensemble of distance functions
and a suitable weighting is chosen, we need a reasonable cutting threshold. Typically, when the task is to
detect concept drifts, we are dealing with streams showing mainly static behavior and only minor amounts of
concept drifts. If the number of drifts is such high that
we have a certain expectation of a drift in a small interval, we should preferably use a passive evolving method
to decay the collected data. The computational effort
of detecting drifts in a stream crowded by drifts is not
meaningful. Considering this, we do not expect to find
a concept drift at the beginning of a stream. We can
use this assumption to use few pruning periods to determine the distances in the possible window cuts. Until the adaptive window reaches its capacity, we should

have enough distances to estimate a good threshold by
using the maximum of all these values.
The adaptive window will grow and shrink during the
stream observation. To build the HeuristicsNet model,
we only use the contained items. All discarded information is ignored for the model construction. This leads
to a model based on the most recent data and evolving
over time while the window is following the stream.
The computational effort to find a cut in the window
and deletion of elements until no other cut can be found
is rather high by using this approach. For increasing
window sizes, the number of possible cuts, which have
to be checked, grows alike. In periods with no concept drift or at least very little variation in the relation
counts, the adaptive window grows tremendously large,
if no cut has to be done. So as a first step to decrease
computational costs, we introduce an upper bound for
the window size (Algorithm 1, Line 10). In our experiments, a maximum size of 10 pruning periods as a
window size achieved good results by balancing computational effort with the amount of information to yield
a sound model.
In the introduced algorithm, the frequency maps
from the pruning steps are stored in the adaptive window. Then the algorithm looks for possible cuts. As
a second step we recommend to compute the dependency values for each frequency map and storing this
dependency list in the adaptive window. This reduces
the number of dependency computations of the lists.
For a window size of n lists, we have to apply n dependency computations instead of n2 , if we compute
the two-partitions for every possible cut. For agglomerating sublists, we just use the mean of all contained
dependency lists. This yields obviously not the same
distances, but it can still be used to determine cuts in
the adaptive window with another slightly modified cut
threshold.

both synthetic and real-world datasets to measure its
ability of detecting concept drifts. Only sudden drifts
are considered here. To recognize more complex drifts,
namely gradual, recurring and incremental drifts, a
suitable way to store sufficient information about the
drifts is needed. There has to be a comparison with
previous drift detections to evaluate the character of
a drift. This will be addressed in future works. To
the best of our knowledge, there is no available similar
approach, which also mines a stream of events in a single pass and detects drifts by analyzing single events
instead of traces.
First we want to discuss the synthetic dataset experiments. We started with four artificially generated
different processes. With the Process Log Generator
(Burattin and Sperduti, 2010), we produced logs for all
processes and generated logs. We merged them in a
pseudo-chaotic order, yielding a log with over 100,000
events. We streamed the complete log and monitored
the size of the adaptive window as shown in Figure 4.
The thresholds were set by evaluating the first process
and finding the maximum value, such that no drift was
detected. The pruning period was 800 events with a
case list size of 2000 cases.
The most obvious conclusion is the poor performance
of the relation frequency distance. It does not detect
anything here. The dependency and edge distances perform almost identical, recognizing all 15 artificial drifts.
They also detect some drifts within process 3, which are
false positives. The activity frequency distance misses
two times a drift for process 2 and also detects the false
drift within process 3. The routing distance works best
on this dataset. It has a perfect detection rate and
detects no false positives. The relative importance distance misses 7 drifts, but has no false alarms. On the
contrary, some alarms are triggered with a delay. We
compare the delay in Figure 5, as well as the detection
accuracy.
As the relative importance distance had some problems to detect the drifts for this dataset accurately, it is
difficult to compare the detection times with the other
distance functions. The relation frequency distance is
out of discussion as well. The routing distance performed really well on this dataset, regarding detection
rate and delay time. Dependency distance and edge distance are closely related by definition, so their results
are quite similar as well. Their performance is also
capable of handling concept drifts in a larger stream
scenario. The activity distance is mediocre, but can be
used in an ensemble of distances with a lower weight
probably.
For real-world datasets, it is very difficult to find a
suitable publicly available dataset with a known ground
truth. To overcome this issue we used the datasets
from the BPI Challenge 2015. It is a collection of five
datasets1 , provided by five Dutch municipalities. It
contains building permit applications about four years

Complexity
The presented detection method for sudden drifts in
event streams needs only constant computational time.
To show this, let us consider a worst-case for the pruning step. In the worst case, we have to check every
potential cut for a derivation. For a predefined observation window size n, this yields n − 1 iterations. In
each step, a distance function has to be computed. We
do not want to discuss every function here, because
their effort is quite similar. Instead, let us assume to
only use the dependency distance. In this case, we have
to determine all dependency values. For |A| activities,
there are at most |A|2 relations. Calculating the differences takes 2 ∗ |A|2 steps of basic calculations, plus
dividing by the size of the whole relation set. As the
number of activities can be determined in advance, the
complexity of the dependency distance calculation is in
O(1), irrelevant of its parameters. Then, the effort is
also constant for the whole window adjustment step.
EXPERIMENTAL EVALUATION

1 Dataset can be downloaded here:
https://doi.org/10.4121/uuid:31a308ef-c844-48da-948c305d167a0ec1

We evaluated our drift-sensitive StrProM approach on
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Fig. 4. Window size of the adaptive window during the stream of 4 merged synthetic logs. The whole stream consists of 100000
events. First row: dependency and edge distance; second row: activity and relation frequency distance; third row: routing and relative
importance distance.

Fig. 5. Accuracy and mean delay for StrProMCDD on the artificial dataset. For accuracy, we determined the ratio of correctly detected
drifts (precision) as well as the ratio of detected drifts, that are positive observations (recall). Both values are used to determine the
F-score. The mean delay of the detection is counted in pruning periods. As every pruning period consists of 800 events, it can be easily
transformed into event counts.

and is publicly available. We merged all five datasets,
yielding a complete dataset with four reliable concept
drifts. It contains about 260000 events. The observation window size is shown in Figure 6.
While the activity frequency distance performed
mediocre, the relation frequency is even worse. In this
case, it detected nothing for thresholds greater than 0.1.
This is caused by the high number of activities and potential relations between them. The observed items in
the stream pruning periods vary a lot. This leads to
very low counts for each different element. Therefore,

the differences between two windows is expectedly also
small. The relative importance is very sensitive and reacts to small changes with a big impact on the resulting
data. So it is fluctuating a lot here.
The dependency distance detected the first three
transitions between the municipalities, but missed the
last one. Instead it reacted to a deviation in the data
of the third municipality. The edge distance detects all
four shifts, but the first and last one only slightly. Instead it reveals some other drifts with higher peak. The
routing distance also worked quite well by detecting ev-
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ery process shift. The first drift is again very weak, but
it showed similar observations as both distances before.
It is not meaningful to rank the given distance functions in general. All of them are focusing on different
aspects of the data. Therefore, they have a certain
importance for a particular dataset, but this can be
different for another set of business data. Although the
weights have to be redefined for other datasets, one can
construct a derived weighted distance function based on
these basic functions. For the given dataset, we estimated a weight vector w = (0.3, 0.2, 0.15, 0.0, 0.3, 0.05).
The resulting window size can be seen in the last measurement in Figure 6. Using this method yields a very
good detection of the known drifts and probably unknown drifts. Of course, this hard-coded, non intuitive
setting of these weights is not assumed to hold for other
datasets. It serves merely as a hint for the potential of
such method after observing the outputs of different
functions. The effect of the evolving drifts on these
weights must also be investigated. Due to the absence
of a ground truth about the individual municipality
datasets, we can not give any evaluation about false
positives here.
CONCLUSION
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help to define a region’s economic strength and to
shape the regional economic future (Cortright 2006).

KEYWORDS
k-Means, Cluster analysis, Industry cluster.

The regional economic development challenges are to
identify and to inspire common economic strategies, for
government, to shape the region’s economic future and
to harmonize with national development policies. The
key policy success is to launch suitable policies for their
region. Furthermore, the definition of a cluster is often
seen in relation to the Boundaries of Governance Unit,
but this is less important than the Boundaries of
Economic Activities (Bennett 1997). As a result, a
conflict of interest, between central agencies and local
authorities to support different types of firms, may
arise. Therefore, cluster analysis is a suitable tool for
policy makers for three reasons (Cortright 2006):

ABSTRACT
This research implies clustering into three clusters for
five industries by means of k-Means clustering method.
Agro-processing, textiles and clothing, petrochemicals
and chemicals, electronics and telecommunications
equipment and automotive and parts are selected for
this study as they are main target promoting industries
for Thailand. There were 23,628 firms in this study.
From this study, we can identify different patterns of
demanded resources in three different groups. One
cluster required low level of resourced demands for all
variables while the other two clusters required capital
and manpower interchangeable between high and
medium
level.
Only
the
electronics
and
telecommunications equipment sector showed high to
medium demand for all variables. After all firms were
divided into three clusters, we were able to define
cluster regions by provinces, for particular types of
clusters in order to evaluate the potential of each region
and also define supporting policy for those firms to
meet their demands following the regional economic
development strategy.

1.

To understand and improve the performance
of regional economies,

2.

To identify groups of firms, rather than
individual firms, and

3.

To build the unique strengths of particular
regions, to develop different strategies for
different clusters.

Furthermore, the concept of business or industry
clusters is important: Porter (1998) presented the
cluster concept to support the competition in three
ways: increasing production efficiency of cluster firms,
encouraging
innovation
in
competition
and
encouraging new businesses in the industry.

INTRODUCTION
An industry cluster is defined broadly as a cluster of
firms that are related economics actors and located
near one another to gain competitive and productive
advantages (Sureephong and Chakpitak 2007).
Industrial policy generally determines for the future
development by considering national development
policies such as new motorway or new high speed
trains through various areas. Different areas, such as a
province, have been assigned as target areas under
policies that lead to further growth. However, the policy
makers may face limits of their understanding of the
composition the cluster is and how to identify industry
clusters in order to build economic development
strategies around them. Therefore, cluster analysis can

The Thai government announced policies for industrial
development, in the form of Cluster and Super Clusters,
to follow the idea of leading entrepreneurs in the right
direction; their policies led to the budget support or
regulations for the target area. Business groups with
geographic concentrations will be connected to each
other in the relevant clusters. The integration aims to
increase productivity and enhance competitiveness at
the national and global level. Also, this integration is
important in the perspective of strategic plans for
industrial management in each group.
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An example of the success of cluster policy in
Thailand, is the special economic development zone
policy to promote the integration of investment clusters
consistent with the potential of various areas. The
Office of the Board of Investment (BOI) is a
government agency, under the office of the Prime
Minister. Its core roles are to promote valuable
investment in Thailand and overseas, including
implementation of the Cluster and Super Clusters
policy, to create investment concentration in
accordance with regional potential and to strengthen
value chains (The Office of the Board of Investment
(BOI) 2018). However, some policies may not suitable
for all firms in all industries. The abilities and
characters of firms in particular areas are different. If
we can cluster firms with similar levels of resource
requirements, they can guide suitable policies, to meet
their demands, which can enhance their potential
efficiently.

Nagy & Ormos (2018) introduced the financial market
implied industry classification standard, with a spectral
clustering based quantitative methodology, to overcome
the main drawback of current standards leading from
qualitative classification techniques. They employed
The Financial Market Implied Classification (FMIC)
based on daily closing prices between 01/01/2007 and
01/03/2017. They showed that comparing market
implied clusters with global industry classification
provided better statistical results.
Zhu et al. (2010), with questionnaires from 334
respondents, analyzed the industry cluster from the
concept of Circular Economy (CE) to examine
Environmentally oriented Supply Chain Cooperation
(ESCC) to classify industrial manufacturers in China.
They used multivariate analysis of variance
(MANOVA) among the four identified types of Chinese
manufacturers, varying in environmental-oriented
supply chain cooperation, to highlight the importance
of intensifying cooperation with upstream and
downstream supply chain partners for a CE initiative to
succeed.

In this regard, we aimed to cluster Thai industrial firms
with statistical techniques so as to understand the
pattern of the cluster by considering their different
demands for production resources. In the remainder of
this paper: Section 2 is a brief overview of the
literature. In Section 3, we introduce our material and
methods. Section 4 shows the results of the analysis,
before concluding and discussing further research.

Arvanitis & Hollenstein (1998) used Swiss data to
group similar firms into innovation types based on a
cluster analysis of nine innovation indicators and 17
knowledge sources. Their study yielded five innovation
types, which have been characterized by additional
structural properties (e.g. firm size) and factors relevant
for innovation (e.g. market conditions). They started
with factor analysis to define four factors and then
applied PCA, which led to a grouping of the firms in
terms of innovation indicators into five categories.
Their analysis had an overall R2 = 0.56, i.e. a good fit
of data to the underlying cluster model.

LITERATURE REVIEW
Industry cluster research focuses on four areas (Smith
2003): 1) Workforce Development 2) Education 3)
Economic Development and 4) Industry. Roelandt &
Hertog (1999) proposed a cluster methodology
framework that was implemented in organizing
industry policy, based on research using four concepts:

Kuo et al. (2002) compared cluster analysis methods for
market segmentation with methods based on Selforganizing feature maps and k-Means methods. They
compared a conventional two-stage method with a new
two-stage method through the simulated data. Their
simulation showed that their scheme was better than
the conventional two-stage method based on the rate of
misclassification by using simulated data based on t-test
and ANOVA.

1) Input-output analysis, by studying trade links
between industry groups in value chains,
2) Graph analysis, using graph theory to define
the connection of the network or industry
group,
3) Correspondence analysis consists of various
techniques such as factor analysis, Principal
Component Analysis (PCA), aiming to define
groups or classify factories or industries with
similar patterns and

MATERIAL AND METHODS
Data

4) Qualitative case study by implementing the
Porter framework in studies in several
countries.

This research defined five target industries: agroprocessing, textiles and clothing, petrochemicals and
chemicals, electronics and telecommunications
equipment, and automotive and parts. These five
industries are currently the major Thai industries and
also part of the cluster and super cluster government
policy. Secondary data were acquired from the Thai
Department of Industrial Works, to which registered
companies submitted their essential data and obtained

This study implements the third group to classify
industry clusters in Thailand. Therefore the next
section will focus on literature applying correspondence
analysis.
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business approvals. Data from individual registered
firms were used for the cluster analysis completed by
five focused Thai industries, distinguished by their
Thailand Standard Industrial Classification (TSIC)
code (Employment Promotion Division: Department of
Employment 2009).

(3) After the assignment of centroids to each
object, recalculate the positions of the k centroids:

Variables

(4) Repeat steps 2 and 3 until the centroids no
longer move. This produces a separation of the objects
into groups of the objects into groups from which the
metric to be minimized can be calculated.

nj

cj 

The defined variables are related to the demanded
resources in the production for general industries as 10
variables. All variables are recorded and collected by
the Thai Department of Industrial Works. According to
the limitations of available recorded data, seven
variables are used here: Horsepower (HP), Land Capital
(CAPLAND),
Building
Capital
(CAPBUID),
Machinery Capital (CAPMACH), Working Capital
(CAPWORK), Skilled Worker (Total Skill), and Total
Worker (Total Worker).

  x
j 1 i 1

( j)
i

 cj 

n

is number of cases,

cj

is centroid for cluster j,

xi

is case ith

(2)

Current Firm Distribution in Thailand
Data for registered firms, distributed around the 77
provinces in Thailand, is divided into five regions:
Northern, Northeastern, Central, Eastern and Southern
area. Figure 1 shows density of firms represented by
color for all five industries. It shows that the major
firms are in Central Thailand. Agro-processing is the
major industry, 13,851 firms in a total of 23,628 firms.
As figures 1(a) and (b) show the distribution of agroprocessing industries is similar to the distribution of all
industries.

(1)

where:
is number of cluster,

nj

RESULTS

2

k

ij

The algorithm is extremely sensitive to the initial
randomly selected cluster centers. The k-Means
algorithm can be run iteratively to minimize this effect.
Furthermore, SPSS software is selected for analyzing
data of this research.

k-Means is a well-known cluster analysis technique
which is an unsupervised learning technique. Given a
set of observations (x1, x2, …, xn), where each
observation is a d-dimensional real vector, k-Means
clustering aims to partition the n observations
into k (≤ n) so the objective of k-Means is to minimize
the within-cluster sum of squares (WCSS)
(i.e. variance) or to minimize total intra-cluster
variance, Equation (1).
n

i 1

Since k-Means is unsupervised model, we employ the
unsupervised evaluation so that it does not rely on
external information. In this paper we evaluate the
k-Means results of industry clustering by considering
the p-value of F-test from ANOVA by comparing with
inter-cluster (within cluster sum of squares) and intracluster (between cluster sum of squares) variances to
decide whether the results were good enough.

k-Means

k

x

Agro-processing firms are mainly concentrated in the
Bangkok Metropolitan Region (BMR), which covers
five
provinces
(Samutprakarn,
Patumthani,
Samutsakorn, Nakornpatom and Nonthaburi), with
high density and also in the northeastern region (e.g.
Nakhon Ratchasima and Ubon Ratchathani) and the
northern region (e.g. Chiang Mai and Chiang Rai).
Textiles and clothing firms are mainly located in the
BMR and Tak province. Petrochemical and chemical
firms are mainly found in the BMR and Ratchaburi,
Chiang Mai and Surat Thani provinces. Electronics
and telecommunications equipment firms are mainly
found in the BMR and Ratchaburi, Samut Prakan and
Ayuttaya Provinces. Automotive and parts firms are
found in the BMR, Samut Prakan, Pathum Thani and
Ratchaburi Provinces.

j = 1, 2, 3, …, k
i = 1, 2, 3, …, n.
Because the total variance is constant, this is equivalent
to maximizing the sum of squared deviations between
points in different clusters (between-cluster sum of
squares, BCSS), which follows from the law of total
variance.
The k-Means algorithm is proposed of following steps,
(1) Define k points into the space represented
by the objects that are being clustered. The k-points
represent initial group of centroids.
(2) Assign each object the group that has the
closest centroid according to the Euclidean distance
function.
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Results of k-Means Cluster Analysis
We defined three clusters for k-Means cluster analysis
in order to classify firms into three groups of demanded
resources into three levels: high, medium, and low
groups. Results of analysis for particular industries are
presented in table 1 and table 2.
Agro-processing Industry

(a) All five industries

Most agro-processing firms are clustered in Cluster 2
which had negative mean of standardized (z) scores of
all resourced variables, i.e. less than average required
resources. Furthermore, there are similar number of
firms in the other two clusters which are 184 firms and
158 firms respectively. The characteristics of Cluster 1
show high and positive mean z scores for both capital
variables (CAPLAND, CAPBUID and CAPMACH).
Cluster 3 shows high and positive mean z score for
number of skilled and total workers, 2.177 and 3.228
i.e. values of those variables are significantly greater
than the overall mean ~2.177 and 3.228 . In addition,
HP for Cluster 1 and Cluster 3 showed similar mean z
scores.

(b) Agro-processing

Textile and Clothing sector
In the textile and apparel sector, most firms are in
Cluster 3 (4,643 of 5,019 firms) with the lowest and
negative mean z scores for all resourced variables.
Firms in Cluster 1 spend the highest amounts of
investment and horsepower, while Cluster 2 contains
the least number of firms, but they use the highest labor
resources. The mean z score for number of skilled
workers and total workers of Cluster 2 are the highest
compared to other factors, 3.557 and 3.390.
Petrochemicals and Chemicals
(c) Textiles and Clothing

(d) Petrochemicals and Chemicals

Most firms in the petrochemicals and chemicals
industry were established in Cluster 1 and followed by
Cluster 2 and Cluster 3. Cluster 1 contains 571 firms
with the lowest mean z score for all resourced variables.
Only 2 firms are assigned in Cluster 3. The highest
mean z score for working capital in Cluster 3 is 7.674.
Cluster 2 contains 17 firms which spend the highest
mean z score in various factors.
Electronics and Telecommunications Equipment
Most of firms in Electronics & telecommunications
equipment sector are allocated in Cluster 3 (2,089
firms) while the least firms are assigned in Cluster 2.
The highest mean z scores of all resource and
investment variables are in Cluster 2 (18 firms). The
top two mean z scores are Building capital and
Machine capital.

(e) Electronics and telecommunications equipment

(f) Automotive and parts

Figures 1: Current Firms Distribution
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Table 1: Mean z Scores for Resourced Variables for
Three Clusters of Five Industries
3

Agro-processing
HP
0.606
-0.070
0.699
CAPLAND
1.345
-0.054
0.320
CAPBUID
3.197
-0.108
0.550
CAPMACH
2.088
-0.087
0.558
CAPWORK
0.536
-0.033
0.208
Total Skill
0.540
-0.080
2.177
Total Worker
0.867
-0.097
3.228
Textiles and Clothing
HP
1.849
0.209
-0.145
CAPLAND
1.062
0.272
-0.091
CAPBUID
2.140
0.726
-0.175
CAPMACH
1.697
0.209
-0.143
CAPWORK
1.077
0.427
-0.127
Total Skill
0.160
3.557
-0.155
Total Worker
0.807
3.390
-0.183
Petrochemicals and Chemicals*
HP
-0.101
0.711
1.420
CAPBUID
-0.069
0.254
-0.078
CAPMACH
-0.083
0.661
-0.098
CAPWORK
-0.086
0.070
7.674
Total Skill
-0.110
1.300
-0.260
Total Worker
-0.167
3.460
3.488
Electronics and Telecommunications Equipment
HP
1.055
3.376
-0.150
CAPLAND
1.547
2.855
-0.169
CAPBUID
0.685
4.168
-0.138
CAPMACH
0.647
3.864
-0.128
CAPWORK
1.126
2.725
-0.152
Total Skill
0.722
2.043
-0.130
Total Worker
1.136
3.650
-0.172
Automotive and Parts
HP
0.871
-0.179
4.464
CAPLAND
0.077
-0.048
0.934
CAPBUID
0.213
-0.072
1.135
CAPMACH
0.348
-0.097
1.562
CAPWORK
0.568
-0.099
0.988
Total Skill
1.355
-0.148
0.886
Total Worker
1.824
-0.194
1.797

1
2
3
Total

184
13,509
158
13,851

236
140
4,643
5,019

Automotive
and parts

Cluster

Electronics and
telecommunica
tions
equipment

Table 2: Number of Firms Represented by Cluster and
Type of Industry
Petrochemicals
and chemicals

Cluster
2

Textiles and
clothing

1

Agroprocessing

z score

horsepower and capital variables are in Cluster 3, the
mean z scores of two worker variables are on Cluster 1.
The highest mean z score of all variables is 4.464 of
horsepower in Cluster 3.

571
17
2
590

140
18
2,089

109
1,780
32

2,247

1,921

Average Distance from Centroid
Computing centroids of each cluster are essential for
center-based clustering in k-Means analysis. The
average of all objects in each cluster is represented as
the centroid. In these results, the average distance
between centroid of each cluster in particular industries
are shown in Table 3.
Table 3: Distances between Cluster Centroids
Cluster
Agro-processing
1
2
3

1

Cluster
2
4.434

4.434
4.332

Automotive and Parts
Most firms in Automotive and parts sector established
in Cluster 2 (1,780 firms) and followed by Cluster 1
(109 firms) and Cluster 3 (32 firms) respectively. Mean
scores of all resourced variables in Cluster 2 are the
lowest. Whereas the highest mean z scores of
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4.332
4.216

4.216

Textiles and Clothing
1
5.115
2
5.115
3
4.072
5.296
Petrochemicals and Chemicals
1
4.061
2
4.061
3
8.712
7.838
Electronics and telecommunications equipment
1
6.340
2
6.340
3
3.121
9.146
Automotive and parts
1
2.858
2
2.858
3
4.045
5.739

* only 5 factors were used for this model

3

4.072
5.296

8.712
7.838

3.121
9.146

4.045
5.739

Table 4: ANOVA
Factors

ANOVA
F

CONCLUSIONS AND FURTHER RESEARCH

Df 1

Df 2

HP

2

13,848

994.669

0.000

CAPLAND

2

13,848

1,829.923

0.000

CAPBUID

2

13,848

9,033.274

0.000

CAPMACH

2

13,848

5,247.654

0.000

CAPWORK

2

13,848

1,082.858

0.000

Total Skill

2

13,848

4,784.224

0.000

Total Worker

2

13,848

8,790.757

0.000

This paper summarizes the different patterns of
spending demanded resources into 3 clusters of firms
by using k-Means technique as shown in Table 5. When
we know requirements of particular clusters, we can
specify suitable resources needed for production.
Therefore, policy makers can provide suitable policy to
meet their demands in particular clusters.

P-value

Agro-processing

Table 5: Summary Industry Patterns from Cluster
Analysis
Industry

Agro-processing High demand
of investment

Textiles and Clothing
HP

2

5016

1,243.658

0.000

CAPLAND

2

5016

622.476

0.000

CAPBUID

2

5016

1,909.216

0.000

CAPMACH

2

5016

1,709.992

0.000

CAPWORK

2

5016

834.731

0.000

Total Skill

2

5016

4,051.716

0.000

Total Worker

2

5016

3,182.784

0.000

Textiles and
Clothing

High
horsepower
and demand
of investment

Petrochemicals
and Chemicals

Low
horsepower,
demand of
investment,
and
manpower

Electronics and
telecommunications
equipment

Moderate
horsepower,
demand of
investment,
and
manpower
High
manpower

Petrochemicals and& Chemicals*
HP

2

587

46.563

0.000

CAPBUID

2

587

37.737

0.000

CAPMACH

2

587

27.301

0.000

CAPWORK

2

587

1,241.612

0.000

Total Skill

2

587

200.751

0.000

Total Worker

2

587

763.812

0.000

Automotive and
parts

Electronics and& Telecommunications Equipment
HP

2

2,244

640.378

0.000

CAPLAND

2

2,244

680.216

0.000

CAPBUID

2

2,244

1,743.421

0.000

CAPMACH

2

2,244

1,383.371

0.000

CAPWORK

2

2,244

569.258

0.000

Total Skill

2

2,244

436.677

0.000

Total Worker

2

2,244

1,001.742

0.000

2

1,918

2,528.218

0.000

CAPLAND

2

1,918

225.367

0.000

CAPBUID

2

1,918

327.219

0.000

CAPMACH

2

1,918

514.801

0.000

CAPWORK

2

1,918

205.950

0.000

Total Skill

2

1,918

543.099

0.000

Total Worker

2

1,918

1,073.262

0.000

Cluster 2

Cluster 3

Low
High
horsepower,
horsepower
demand of
and manpower
investment, and
manpower
High
Low
manpower
horsepower,
demand of
investment,
and manpower
High demand
High
of machinery
horsepower,
capital, and
demand of
manpower
working
(Skilled
capital, and
workers)
manpower
(total workers)
High
Low
horsepower,
horsepower,
demand of
demand of
investment, and
investment,
manpower
and manpower
Low
High
horsepower,
horsepower
demand of
and demand of
investment, and
investment
manpower

This research presents one of the usefulness of defining
patterns for particular clusters in each industry by
k-Means analysis. The further analysis can define
clusters by provinces in order to represent potential of
particular provinces by considering the regional
clusters. According to the results of analysis above,
there are many firms required low level of resources, so
all available resources in the region should be sufficient
to support their production. However, a few firms
require high level of resources; we need to provide the
special supports for potential firms. For example, some
clusters required general workers but another requires
skilled workers so this can help to decide for setting a
skilled labor development center for particular regions.
We believe that classify provinces as regional cluster by
considering only number of firms without consider the
other factors such as level of resource demands may
lead to the difficulty because potential firms can be
overlooked.

Automotive & Parts
HP

Cluster 1
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Management System Architecture for the Industry
Cluster.” in Industrial Engineering and Engineering
Management.
Retrieved
March
14,
2016
(http://ieeexplore.ieee.org/xpls/abs_all.jsp?arnumber=441
9536).
The Office of the Board of Investment (BOI). 2018. “What
We
DO.”
Retrieved
(https://www.boi.go.th/index.php?page=what_we_do2).
Zhu, Qinghua, Yong Geng, and Kee-hung Lai. 2010.
“Circular
Economy
Practices
among
Chinese
Manufacturers Varying in Environmental-Oriented
Supply Chain Cooperation and the Performance
Implications.” Journal of Environmental Management
91(6):1324–31.

In addition, we can compare between significant
provinces, which are defined by current demanded
resources in particular clusters, and the target provinces
determined by Thailand policy such as the Cluster and
Super Cluster Policy or the S-curve policy. The results
of the comparison can help the policy makers to
identify provinces that comply with the policy,
provinces that need to be promoted to achieve their
goals, and provinces that can reduce benefit supports.
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AGGREGATE PLANNING USING MIXED INTEGER PROGRAMING:
A FRUIT JUICE CONCENTRATED FACTORY CASE STUDY
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126 Prachautid Rd., Bangmod, Tung Kru, Bangkok, Thailand
E-mail: Issara.ru@gmail.com, thananya.was@kmutt.ac.th

A fruit juice contrated factory is newly opened in
Thailand. The product is 100% natural extracted juice.
There are three types products for domestic and export
markets. As the factory is opened in Jan 2018, the sales
forecast has been conducted based on judgement. The
supply chain activities are to fulfill the demand forecast.
The supply chain activities start from receving fresh
fruits from growers or middleman. Freezed fruits can be
obtained from the company’s cold storage as the
company would buy fresh fruits during their high
seasons and keep them in stocks in order to minimize
supply and price risks. Fresh fruits and/or freezed fruits
are then extracted as concentrated juice.
The
concentrated juice can be called as a semi-product that
can be kept in 200 litre drums. The semi-product or WIP
is filled into two different bottle sizes that are A1 and
A2 products. For product B, WIP will be mixed with
other ingredients and filled in another bottle size. For
export markets, the products will be sent to a controlled
temperature room before exporting. On the other hand,
a distribution center is used to distribute the products
thoughout Thailand. The material flow of the case study
is exhibited in figure 1.

KEYWORDS
Aggregate planning, Mixed integer programing, Fruit
juice concentrated, Total operating cost
ABSTRACT
The case study is a newly opened fruit juice
concentrated factory. Three different products have
been launched to serve both domestic and international
markets. For its inbound logistics, it receives fresh fruits
from local growers. As the fresh fruits are seasonal, its
prices and quantities are higly fluctuated. A cold storage
is then used to freeze and store the fruits during their
peak periods in order to reduce risks of fruit shortages
and high prices in off peak periods. Storaging costs of
fresh fruits are, however, substantial. To produce the
finished products, Clean-in-Place (CIP) is being
managed before changing the product lines and it takes
3 days for each cleaning or setup. After the production
process, the finished products are stocked in its
warehouse no more than 2 months as its clients require
the products to be 80% viable of its shelf life. Aggregate
planning is then needed to match demand with supply of
the case study while minimising total operating costs
including purchasing cost, raw material inventory cost,
semi-product cost, finished inventory cost, setup cost
and labour cost. Mixed integer programing is used to
find the optimal decision variables that are purchasing
volumes, semi-product volumes, production volumes,
and setup decisions.

Production

Product A1

Farmers

Export

DC

Domestic

Product A2

Middleman

Cold storage

Controlled
temperature
room

Concentrated
juice
200 L drums
(wip)

Filling

Product B
Mixing for
product B

INTRODUCTION
To manage supply chains, a general planning framework
consists of three levels of planning: strategic tactical,
and operations. The strategic planning level is to define
major aspects such as production capacity levels for the
next 3 years. For the tactical level, planning activities
cover aggregate production and distribution planning
while the operational level involves operations
scheduling for 1 – 18 months including distribution
resource planning, master production scheduling and
transport scheduling (Miller, 2016). Aggregate planning
is an essential part of supply chain planning as it
balances between demand sides and supply chain sides
in order to meet customers’ requirements and minize
total operational costs (Stevenson, 2018).

Figure 1: The material flow of the case study
To match demand with supply for the case study is rather
complex as many factors are unable to control such as
price, quality and quantity of fruits and demand volumes.
In addition to these, safety standards such as Clean-InPlace and product shelf life are major issues to be managed.
Aggregate planning model can be conducted by linear
programming, mixed integer linear programming, goal
programming and heuristics such as genetic algorithm
and tabu search. Linear programming could be applied
when a objective function and constraints are both
linear. While mixed integer liner programming (MILP)
occurs when some variables in the model are real
variables and some of them are integer variables or
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binary integer variables. Heuristics approaches can be
applied on aggregate planning problems when an
optimal solution is impossible or impractical as they can
quickly identify a satisfactory solution, but not
guaranteed to be an optimal solution (Silver et al., 1998).
A MILP was applied in a case study of the food industry
with having two subproblems. The fist problem is to
conduct an annual planning or aggregate planning and
the second problem is to conduct short term scheduling
or operational planning (Tadei et al., 1995). In addition,
Karin et al. (2016) studied a practical problem to define
a production plan for a perishable product with a long
production lead time. An MILP was applied to identify
production plans on non-stationary demand patterns
with the objective of minizing the expected total costs
using existing solvers. The MILP can give the results
and shorter solver time and it is appropriate for use in
practice.

the production process can receive fruits about 20 tons
per day and yields can be about 8% of fruits.
Table 1: Demand forecast
Month
Mar
Apr
May
Jun
Jul
Aug
Sep
Oct
Nov
Dec

A1
5,000
6,500
50,000
80,570
46,230
80,000
40,450
40,450
86,680
46,230

Demand (bottle)
A2
5,000
6,500
20,000
34,530
19,810
37,000
17,335
17,335
37,150
19,810

B
26,000
136,852
211,852
327,566
797,955
997,955
937,955
937,955
718,977
718,977

Table 2 : Maximum purchasing quantity and price

This paper is then to propose MILP to determine an
aggregate plan that can balance between supply and
demand in order to minimize total costs that include
purchasing fruits cost, raw material inventory cost, semiproduct inventory cost, machine set up cost, finished
product inventory cost and labour cost.

Month
Mar
Apr
May
Jun
Jul
Aug
Sep
Oct
Nov
Dec

PROBLEM DESCRIPTION
The factory started its first production run in March
2018. Demand forecast conducted by sales department
was anticipated without any algorithm used, but sales
forces driven. Demand forecast is shown in table 1. For
supply side, fruits are seasonal. High season of fruits is
from June to September with very low price at 5 Baht
per kilogram and the maximum of available quantity is
10,000 tons per month. Low season of fruits is from
October to May and the price of fruit is 11 – 13 Baht per
kilogram and the maximum of available quantity is 260
tons per month. Prices and purchasing capability are
exhibited in table 2. To reduce supply uncertainties, the
factory has rented a cold storage to keep fruits at high
season and the maximum capacity of the cold storage is
1500 tons. The holding cost of fruits at the cold storage
is 1 Baht per kilogram per month. Moreover, quality of
fruits is also an important issue. It was found that loss
of fruits or raw materials is about 3%. Therefore,
sources of uncertainty in sourcing include price,
quantity and quality.

Maximum purchasing
quantity (kg)
260,000
260,000
260,000
10,000,000
10,000,000
10,000,000
260,000
260,000
260,000
260,000

Price (Baht/kg)
12
13
13
5
5
5
11
11
10
10

The filling process capacity for product A1 and A2 was
1,150 bottles per hour from January to April and it has
been increased to 1800 bottles per hour from May. For
product B, the fillind process capacity was 63 bottles per
hour, but it has been increased to 1,800 bottles per hour
from May 2018. The usage of concentrated juice per
bottle is different as shown in table 3. Moreover, CleanIn-Plance (CIP) is needed for cleaning and setting up
machines for each production batch. It takes 3 days to
complete CIP and it costs about 15,000 Baht per set up.
Table 3 : The usage of concentrated juice
Product
A1
A2
B

The production process consists of three processes that
are production process, mixing process and filling
process. For product A1 and A2, the filling process can
immediately start after the production process or using
concentrated juice kept in 200 litre drums. The mixing
process is only needed for producing product B by using
concentrated juice or WIP to mix with other ingredients
and followed by the filling process. During the test run
period in March and May, the production process can
receive fruits about 20 tons per day and yields would be
about 5% of fruits. The normal period starts from June,

Concentrated juice (kg/bottle)
0.1414
0.36764
0.011

Work in process is kept in aseptic bags in 200 litre drums
with the maximum capacity at 374,500 kilograms or
1440 drums. The holding cost of WIP is 250 Baht per
drum per month. In addition, loss of the production
process is 10% of yields. Finished product inventory
policy is needed to follow customers’ requirement about
the remaining shelf life of products delivered. The
remaining shelf life of the finished products delivered
must be no less than 80% of their shelf lives.
Consequently, the finished products cannot be kept
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more than 2 months in the warehouse or distribution
center.

Objective function
𝑀𝑖𝑛𝑍 = ∑(𝑃𝑢𝑟𝐼𝑛𝑡 ∗ 𝑃𝑟𝑖𝑐𝑒𝑡 ) + ∑(𝐼𝑛𝑣𝐼𝑛𝑡 ∗
𝐼𝑛𝑣𝐼𝑛𝐶𝑜𝑠𝑡𝑡 ) + ∑(𝐼𝑛𝑣𝑊𝑖𝑝𝑡 ∗ 𝐼𝑛𝑣𝑊𝑖𝑝𝐶𝑜𝑠𝑡𝑡 ) +
∑(𝐼𝑛𝑣𝐹𝑔𝑖𝑡 ∗ 𝐼𝑛𝑣𝐹𝑔𝐶𝑜𝑠𝑡𝑖𝑡 ) + ∑(𝑆𝑢𝑝𝐶𝑜𝑠𝑡𝑖𝑡 ∗
𝐵𝑆𝑢𝑝𝑖𝑡 ) + ∑(𝑆𝑢𝑝𝑊𝑖𝐶𝑜𝑠𝑡𝑡 ∗ 𝐵𝑆𝑢𝑝𝑊𝑖𝑝𝑡 )

MATHEMATICAL FORMULATION
The mixed integer linear programing is constructed to
obtain anaggregate plan for the case study and the
aggregate plan covers 10 months from March to
December 2018 with 3 types of products including
product A1, product A2 and product B. The objective of
the MILP is to minimize total cost including purchasing
cost, inventory cost, labor cost and set up cost as
mentioned in the previous part. The parameters are
shown as follows:

The objective function is to minimize total cost
including fruit purchasing cost, fruit holding cost, WIP
holding cost, finished product holding cost, production
set up cost and mixing process for WIP set up cost.
Constraints

Indices
i = products : i = 1,2,3,…, I
t = production period : t = 1,2,…, T

𝐿𝑜𝑠𝑠𝐼𝑛𝑡
𝐿𝑜𝑠𝑠𝑊𝑖𝑝𝑡
%𝐿𝑜𝑠𝑠𝐼𝑛𝑡
%𝐿𝑜𝑠𝑠𝑊𝑖𝑝𝑡
𝑀𝑖𝑛𝑆𝑆𝑖𝑡
𝑃𝑟𝑖𝑐𝑒𝐼𝑛𝑡
𝑃𝑟𝑜𝑑𝑅𝑎𝑡𝑒 𝑖
𝑃𝑟𝑜𝑑𝑊𝑖𝑝𝑅𝑎𝑡𝑒
𝑅𝑒𝑐𝑖𝑝𝑒𝑖
𝑆𝑢𝑝𝑖
𝑆𝑢𝑝𝐶𝑜𝑠𝑡𝑖𝑡
𝑆𝑢𝑝𝑊𝑖𝑝
𝑆𝑢𝑝𝑊𝑖𝑝𝐶𝑜𝑠𝑡𝑡
𝑊𝑖𝑝𝑇𝑖𝑚𝑒𝑡
𝑊𝑜𝑟𝑘𝑇𝑖𝑚𝑒𝑖𝑡
𝑌𝑖𝑒𝑙𝑑𝑃𝑟𝑜𝑑𝑖𝑡

finished product demand (kg)
fruit demand (kg)
WIP demand (kg)
fruit inventory (kg)
fruit holding cost (Baht/kg)
fruit storage capacity (kg)
WIP(kg)
WIP storage capacity (kg)
WIP holding cost (Baht/kg)
finished product quantity (bottle)
finished product holding cost
(Baht/bottle)
loss of frui ts in production (kg)
loss in WIP mixing process(kg)
% of fruit loss in production
% of loss in WIP mixing process
minimum stock level (bottle)
fruit price (Baht)
production rate (bottle/hr)
mixing WIP rate (kg/hr)
% of fruit used for each product
machine set up time (hr)
machine set up cost (Baht)
set up time for mixing process (hr)
mixing machine set up cost (Baht)
mixing time for WIP(hr)
production time (hr)
% of product yield

𝐵𝑆𝑢𝑝𝑊𝑖𝑝𝑡
𝑃𝑟𝑜𝑑𝑖𝑡
𝑃𝑟𝑜𝑑𝑊𝑖𝑝𝑡
𝑃𝑢𝑟𝐼𝑛𝑡

∀𝑖, 𝑡

(2)

𝑀𝑖𝑛𝑆𝑆𝑖,𝑡 = 𝐷𝑖,𝑡 𝑥 5%

∀𝑖, 𝑡

(3)

𝐼𝑛𝑣𝑊𝑖𝑝𝑡 ≥ 𝐷𝑊𝑖𝑝𝑡
∀𝑡
𝐷𝑊𝑖𝑝𝑡 = (𝑅𝑒𝑐𝑖𝑝𝑒𝑖 ∗ 𝑃𝑟𝑜𝑑𝑖𝑡 ) + 𝐿𝑜𝑠𝑠𝑊𝑖𝑝𝑡 ∀𝑖, 𝑡

𝐿𝑜𝑠𝑠𝑊𝑖𝑝𝑡 = (𝑅𝑒𝑐𝑖𝑝𝑒𝑖 ∗ 𝑃𝑟𝑜𝑑𝑖𝑡 ) 𝑥 %𝐿𝑜𝑠𝑠𝑊𝑖𝑝𝑡 ∀𝑖, 𝑡

(4)
(5)
(6)

WIP must be equal or great than demand of products
and loss of WIP. Loss of WIP can be calculated by
receipe multiplied by product volumes and loss of WIP.
𝐼𝑛𝑣𝐼𝑛𝑡 + 𝑃𝑢𝑟𝐼𝑛𝑡 ≥ 𝐷𝐼𝑛𝑡

∀𝑡

(7)

𝐷𝐼𝑛𝑡 = (𝑌𝑖𝑒𝑙𝑑𝑃𝑟𝑜𝑑𝑡 ∗ 𝑃𝑟𝑜𝑑𝑊𝑖𝑝𝑡 ) + 𝐿𝑜𝑠𝑠𝐼𝑛𝑡 ∀𝑡
(8)
𝐿𝑜𝑠𝑠𝐼𝑛𝑡 = (𝑌𝑖𝑒𝑙𝑑𝑃𝑟𝑜𝑑𝑡 ∗ 𝑃𝑟𝑜𝑑𝑊𝑖𝑝𝑡 ) ∗ %𝐿𝑜𝑠𝑠𝐼𝑛𝑡 ∀𝑡 (9)

Equation 7 is to force fruit inventory and fruit
purchasing quantity to be equal or greather than fruit
demand for each period while equation 8 is to identify
fruit demand for each period based on WIP quantity,
yield of products and loss of fruits in production. Loss
of fruit in production can be determined by yields of
product multiplied by WIP quantity and % loss of fruit.
𝑃𝑢𝑟𝐼𝑛𝑡 ≤ 𝑃𝑢𝑟𝐼𝑛𝐶𝑎𝑝𝑡

∀𝑡

(10)

Purchasing fruit quantity cannot be greater than the
maximum purchasing quantity for each month affected
by fruit seasonal.
𝐼𝑛𝑣𝐼𝑛𝑡 ≤ 𝐼𝑛𝑣𝐼𝑛𝐶𝑎𝑝𝑡

∀𝑡

(11)

Not only purchasing quantity is affected by fruit
seasonal, the storage of fruit is also limited according to
the storage’s space as shown in eqution 11.

Decision variables
𝐵𝑆𝑢𝑝𝑖𝑡

∑ 𝐼𝑛𝑣𝐹𝑔𝑖𝑡 ≥ ∑ 𝐷𝑖𝑡 + 𝑀𝑖𝑛𝑆𝑆𝑖𝑡

Equation 2 and 3 are to obtain finished products
inventory level to meet customer demand for each
month while maintaining safety stock at 5% of monthly
demand.

Parameters
𝐷𝑖𝑡
𝐷𝐼𝑛𝑡
𝐷𝑊𝑖𝑝𝑖𝑡
𝐼𝑛𝑣𝐼𝑛𝑡
𝐼𝑛𝑣𝐼𝑛𝐶𝑜𝑠𝑡𝑡
𝐼𝑛𝑣𝐼𝑛𝐶𝑎𝑝𝑡
𝐼𝑛𝑣𝑊𝑖𝑝𝑡
𝐼𝑛𝑣𝑊𝑖𝑝𝐶𝑎𝑝𝑡
𝐼𝑛𝑣𝑊𝑖𝑝𝐶𝑜𝑠𝑡𝑡
𝐼𝑛𝑣𝐹𝑔𝑖𝑡
𝐼𝑛𝑣𝐹𝑔𝐶𝑜𝑠𝑡𝑖𝑡

(1)

= 1 if product i is assigned to produce
at time t; and 0 otherwise
= 1 if WIP i is assigned to mix at time
t; and 0 otherwise
finished product quantity (bottle)
WIP quantity (kg)
fruit purchasing quantity (kg)

𝐼𝑛𝑣𝐼𝑛𝑡 = 𝐼𝑛𝑣𝐼𝑛𝑡−1 + (𝑃𝑢𝑟𝐼𝑛𝑡 − 𝐷𝐼𝑛𝑡 ) ∀𝑡

(12)

Equation 12 is to balance inventory level of fruit for
each month.

251

𝑃𝑟𝑜𝑑𝑊𝑖𝑝𝑡
𝑃𝑟𝑜𝑑𝑊𝑖𝑝𝑅𝑎𝑡𝑒𝑡

Table 4 : Production planning

+ (𝑆𝑢𝑝𝑊𝑖𝑝 ∙ 𝐵𝑆𝑢𝑝𝑊𝑖𝑝𝑡 ) ≤ 𝑊𝑖𝑝𝑇𝑖𝑚𝑒𝑡 ∀𝑡 (13)
Month

Working time to produce WIP is determined by WIP
quantity divided by WIP production rate and setup
time.
𝑃𝑟𝑜𝑑𝑖𝑡
𝑃𝑟𝑜𝑑𝑅𝑎𝑡𝑒𝑖

+ (𝑆𝑢𝑝𝑖 ∙ 𝐵𝑆𝑢𝑝𝑖 ) ≤ 𝑊𝑜𝑟𝑘𝑇𝑖𝑚𝑒𝑡 ∀𝑖, 𝑡

Mar
Apr
May
Jun
Jul
Aug
Sep
Oct
Nov
Dec

(14)

Working time to produce finished product is calculated
by time to produce each product and setup time.
𝐼𝑛𝑣𝑊𝑖𝑝𝑡 ≤ 𝐼𝑛𝑣𝑊𝑖𝑝𝐶𝑎𝑝𝑡

∀𝑡

(15)

WIP cannot be stored more than WIP storage’s space.
𝐼𝑛𝑣𝑊𝑖𝑝𝑡 = 𝐼𝑛𝑣𝑊𝑖𝑝𝑡−1 + 𝑃𝑟𝑜𝑑𝑊𝑖𝑝𝑡 − 𝐷𝑊𝑖𝑝𝑡 ∀𝑡

Table 5 : WIP demand and planning

(16)

WIP is calculated by WIP of the previous period, WIP
quantity of the current period and WIP demand of the
current period.
𝐼𝑛𝑔𝐹𝑔𝑖𝑡 = 𝐼𝑛𝑣𝐹𝑔𝑖𝑡−1 + 𝑃𝑟𝑜𝑑𝑖𝑡 − 𝐷𝑖𝑡
𝑃𝑟𝑜𝑑𝑖𝑡 ≤ 𝐷𝑖𝑡 +𝐷𝑖,𝑡+1 + 𝐷𝑖,𝑡+2
𝐼𝑛𝑣𝐹𝑔𝑖𝑡 ≤ 𝐷𝑖,𝑡 +𝐷𝑖,𝑡+1

∀𝑖, 𝑡
∀𝑖, 𝑡
∀𝑖, 𝑡

(17)
(18)
(19)

Equation 17 is to balance finished goods inventory level.
Finished goods cannot be produced more than three
month demands including the current month demand as
shown in equation 18. Finished products can be kept in
the warehouse no more than 2 months as its clients
require the products to be 80% viable of its shelf life.
Equation 19 is then constructed.
𝑃𝑢𝑟𝐼𝑛𝑡, 𝐼𝑛𝑣𝐼𝑛𝑡 , 𝐼𝑛𝑣𝑊𝑖𝑝𝑡 , 𝐼𝑛𝑔𝐹𝑔𝑖𝑡 ≥ 0
𝑃𝑟𝑜𝑑𝑊𝑖𝑝𝑡 , 𝑃𝑟𝑜𝑑𝑖𝑡 ≥ 0

∀𝑖, 𝑡
∀𝑖, 𝑡

Finished products (bottle)
A1
A2
B
5,250
5,250
27,300
6,575
6,575
142,397
52,175
20,675
215,600
82,099
35,257
333,352
44,513
19,074
835,829
81,688
37,859
993,600
38,473
16,352
934,955
40,450
17,335
937,955
88,991
38,141
708,028
44,208
18,943
718,977

Month

WIP demand (kg)

Mar
Apr
May
Jun
Jul
Aug
Sep
Oct
Nov
Dec

3,270
5,405
26,924
42,719
31,082
50,946
29,415
30,404
50,488
29,524

WIP production
planning (kg)
12,621
2,783
20,195
42,721
31,081
190,775
0
0
0
0

Table 6 : Fruit demand and purchasing quantity

(20)
(21)

RESULTS
Total cost minimized by the MILP is 24,277,592 Baht
including fruit purchasing cost, fruit inventory cost, WIP
inventory cost, finished product inventory cost and
machine setup cost. The highest cost is purchasing cost.
The decisions of production plan, WIP production plan,
and fruit purchasing plan are identified in table 4 to 6.
The fruit cost is very high. It then leads to high
purchasing cost in August as it is last month of high
season of fruits. It is also needed to produce the highest
WIP in August in order to have concentrated fruit juice
to fill in bottles from Sep to Dec as it can provide lower
cost comparing to produce WIP in Sep to Dec with using
freezed fruits. Each product type can provide enough
products according to customer demand at 80% viable
of its shelf life. The stock records of each product are
shown in table 7 to 9.

Month

Fruit demand (kg)

Mar
Apr
May
Jun
Jul
Aug
Sep
Oct
Nov
Dec

259,993
57,330
260,011
550,033
400,168
2,456,228
0
0
0
0

Purchasing quantity
(kg)
259,993
57,351
260,000
550,028
400,165
2,456,227
0
0
0
0

Table 7 : Product A1 inventory (bottle)
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Month

Produce

Demand

Mar
Apr
May
Jun
Jul
Aug
Sep
Oct
Nov
Dec

5,250
6,575
52,175
82,099
44,513
81,688
38,473
40,450
88,991
44,208

5,000
6,500
50,000
80,570
46,230
80,000
40,450
40,450
86,680
46,230

End
period
Inventory
250
325
2,500
4,029
2,312
4,000
2,023
2,023
4,334
2,312

aging > 2
months
0
0
0
0
0
0
0
0
0
0

Table 8 : Product A2 inventory (bottle)
Month

Produce

Demand

Mar
Apr
May
Jun
Jul
Aug
Sep
Oct
Nov
Dec

5,250
6,575
20,675
35,257
19,074
37,859
16,352
17,335
38,141
18,943

5,000
6,500
20,000
34,530
19,810
37,000
17,335
17,335
37,150
19,810

End
period
Inventory
250
325
1,000
1,727
991
1,850
867
867
1,858
991

To enhance the MILP developed to suit with the case
study, more constraints in order to levelling the
production workload or part-time workers can be added.
Although the MILP can provide the optimal solutions
for the case study, heuristic approaches such as Tabu
search, Ant colony and so on can be applied. It should
be then noted that advantages of heuristic approaches
can quickly find a satisfactory solution on the problem
that is impossible to obtain an optimal solution (Silver
et al., 1998).

aging > 2
months
0
0
0
0
0
0
0
0
0
0
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Table 9 : Product B inventory (bottle)
Month

Produce

Demand

Mar
Apr
May
Jun
Jul
Aug
Sep
Oct
Nov
Dec

27,300
142,397
215,600
333,352
835,829
993,600
934,955
937,955
708,028
718,977

26,000
136,852
211,852
327,566
797,955
997,955
937,955
937,955
718,977
718,977

End
period
Inventory
1,300
6,845
10,593
16,379
54,253
49,898
46,898
46,898
35,949
35,949

aging > 2
months
0
0
0
0
0
0
0
0
0
0

CONCLUSION
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From the results, the MILP can provide an aggregate
plan that minimize costs including purchasing cost,
inventory holding costs of fruit, WIP, finished goods and
set up cost while maintain product aging at 80% viable
of its shelf life. Purchasing plan, production plan for
both WIP and finished products can be obtained.
However, the effect of fruit season leads to unbalance of
workload from September to December and the highest
WIP in August in order to reduce wip holding cost.
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as follows. The next section presents the two processes
in procurement: sourcing and purchasing, and related
literature review. After that, the case is presented to
demonstrate the whole process of procurement
beginning with supplier selection by Analytic Hierarchy
Process (AHP) followed by purchase ordering with
applied EOQ. Finally, discussion and conclusion is
presented in the last section for practical implication
and possible future researches.

KEYWORDS
AHP, Applied EOQ, Procurement process
ABSTRACT
Procurement, the process of acquiring goods or services
from the external providers, involves strategic sourcing
and purchasing. Observing the researches related to
procurement finds that many researches study sourcing
and purchasing separately, missing out the essence of
the procurement process. This paper shows procurement
process from sourcing to purchasing. The methods used
to select the supplier and to determine the order quantity
in the researches are reviewed. Moreover, this paper
explains the procurement process through a case of an
oilrigs manufacturer. AHP is applied for supplier
selection, then the multiple items are purchased from
the selected supplier. The 3 models of applied EOQ
method for the order quantity are compared. The
method of partially jointly order the items by applied
EOQ method is selected with the lowest total costs.

ESSENCE OF PROCUREMENT PROCESS
Procurement is a logistics process to obtain goods or
services for the operation. It normally includes sourcing
process focusing on supplier selection, and purchasing
process involving a major activity of purchase ordering.
To complete the essence of procurement processes from
research perspectives, the studies of procurement can be
depicted in Figure 1.
Procurement

Process

Sourcing

Purchasing

INTRODUCTION
Key activity

Procurement can be considered vital to business
operations that it normally ensures availability of all
necessary items for their operations. The effective
procurement including the processes of sourcing and
purchasing all together are essential to the supply chain
(Kumar, et al. 2018). An effective supply chain can
reduce supply chain cost by choosing the right supplier,
an activity in sourcing process, and purchasing material
with the right amount (Araz and Ozkarahan 2007;
Kumar, et al. 2018; Pereira and Costa 2017). However,
the procurement process in researches is normally
discussed in the area of sourcing or purchasing process
separately. Realistically, the firm must consider both
processes in procurement. This paper, therefore,
presents the whole procurement process which consider
both sourcing (supplier selection) and purchasing so
that the firms’ procurement officers can follow.
Moreover, in the purchasing process, this paper
demonstrates how to purchase multiple items from a
supplier adopting the applied Economic Order Quantity
(EOQ) methodology. The rest of the paper is organized

Supplier selection

Purchase order

With constraint or
demand uncertainty
Technique or
Condition

Methodology

MADM:
AHP, ANP,
TOPSIS

Mathematical
Programming
Model

Linear
Programming

Stochastic

With no constraint or
certain demand

Independently
order for each item
from same supplier

Jointly order many
items from same
supplier

EOQ

Heuristic

AI: Neural
network, Case
Based Reasoning

Figure 1: Essence of Procurement Process
Sourcing – Supplier Selection
Sourcing is the process of identifying source that
provides goods or services. Sourcing contributes to the
success of supply chain management in the way that it
ensures that the company purchases from a right
supplier with cost saving (Kumar, et al. 2018). Many
firms form partnerships with suppliers, and involve
them in the early stages of product research and
development (Araz and Ozkarahan 2007; Kumar, et al.
2018). Many experts claim that supplier selection is one
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of the most important activities in sourcing process
which help the firms select proper suppliers and
eventually enhance the firms’ performance. Considering
that the supplier selection influences the firms’
competitiveness, it attracts many researchers to develop
methods for supplier selection. Evaluation of a supplier
depends on several criteria such as price, quality, and
others. These criteria influence the outcome of decisionmaking. Consequently, the methodologies of multicriteria decision making are normally applied to the
study. Some examples of multi-criteria methodologies
used in supplier selection can be classified into 3 groups
(Figure 1). The first group is the Multi Attribute
Decision Making (MADM) including AHP or fuzzy
AHP (Asamoah, et al. 2012; Özfirat, et al. 2014; Özkan,
et al. 2011; Secundo, et al. 2017; Tahriri, et al. 2008;
Yadav and Sharma 2016), ANP (Gencer and Gürpinar
2007; Hsu and Hu 2009; Rezaeisaray, et al. 2016) and
mix between methods (Sevkli, et al. 2008; Yadav and
Sharma 2015). The second group is Artificial Intelligent
such as case based reasoning (CBR) (Jahani, et al. 2011;
Zhao and Yu 2011). The last group is mathematical
model (multiple objective programming) or mixed
between mathematic model with others (Faez, et al.
2009; Kumar, et al. 2018; Kumar, et al. 2018; Saen
2007; Sevkli, et al. 2008; Somboonwiwat, et al. 2018).
As mentioned earlier, the researches related to supplier
selection rather focus on the methodology. However,
this paper would like to extend the process to cover
purchase order. Also reviewing a number of literature
shows that one methodology which is frequently used in
the supplier selection process is AHP. Hence, this paper
uses AHP as the methodology for supplier selection.

material when ordering independently (Pereira and
Costa 2015; Pereira and Costa 2017). The issue with
independently order from the same supplier is that it
might not ensure minimum total cost. Therefore, there
are researchers attempt to reduce the total cost by jointly
ordering the items from the same supplier (Chopra and
Meindl 2016). Heuristic approach is applied to the joint
order purchasing. The next section will demonstrate the
process of supplier selection and order purchasing.
METHODOLOGY
This section briefly presents the methodologies for both
supplier selection and purchasing.
AHP for supplier selection
AHP is introduced by Saaty in the year 1980, is one of
the most used for supplier selection. AHP benefits the
decision makers in reducing complex decisions by
providing a structure of decision in form of a multilevel
hierarchic structure of integrated decision criteria that
reflects the objectives of the decision maker.
AHP Methodology.
The process of AHP can be summarized into 4 steps.
Step 1: Construct the hierarchic structure of decision
criteria and sub-criteria as well as the alternatives at the
bottom level as presented in Figure 1.
Supplier Selection

Criterion 1

Sub-criteria 1.1

Sub-criteria 1.2

Supplier 1

Purchasing – Purchase Order
The selected supplier will be reserved for material
purchasing. Purchasing process basically involves with
inventory management in determining when and how
many materials to purchase. Efficiency purchasing
process normally order with the amount that minimize
or balance between costs of inventory and purchasing
(Jiao, et al. 2017; Pereira and Costa 2017; Rezaeisaray,
et al. 2016). To determine the purchasing process, the
problems related to purchasing must be clarified.
Generally, the problems relating to purchasing process
can be classified into two main problems. One is to
purchase under demand uncertainty or order with other
constraints and the other is to purchase under demand
certainty with no constraints. To solve the former kind
of purchasing problems, the researchers apply
mathematical modelling, deterministic or stochastic
methodologies (Jiao, et al. 2017; Somboonwiwat, et al.
2018; Yu and Tsai 2008), while the latter kind of
problem must be further distinguished. A company
normally purchase many items from a supplier. When
ordering from a single supplier, the company either
determine to order each item separately or jointly order
multiple items at the same time. The EOQ model is
widely used to calculate the quantity of purchased

Criterion 2

Sub-criteria 2.1

Supplier 2

Criterion 3

Sub-criteria 3.1

Sub-criteria 3.2

Supplier 3

Figure 2: AHP decision structure
Step 2: Create comparative judgment through pairwise
m x m comparison matrix A where m is the number of
evaluation criteria.
Step 3: Normalize the pairwise comparison. Once the
matrix A is built, derive the normalized matrix An by
making the sum of ajk on each column equal to 1, alk ,
the members of matrix An ( ) is computed as follow.
(1)
Step 4: Calculate criteria weight vector w by averaging
the entries on each row of An
(2)
Step 5: Estimate an measure local priorities which refers
to both criteria weights and rating scores indicating
preference among the alternatives.
Step 6: Synthesize local priorities into global priorities.
Obtain a total aggregate score for each alternative by
combining the calculated weights of each decision
criterion with rating scores of alternatives through a
weighted sum of the type:
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(3)

Where n*= No. of joint orders for all items
Di = Annual demand of each item i
Hi = Holding cost of each item i
S*= Total ordering cost
S = Fixed ordering cost for each time of order
xi = Ordering cost for each item i

where R(k) = overall score of kth alternative
wi = important weight of ith criterion
ri(k) = relative score of kth alternative respect to
ith criterion.
EOQ for Purchase Ordering

Partially jointly order for selected stocked items varied
by order.
Similar to jointly order for all stocked items, partially
jointly order the stocked items needs to use the applied
EOQ.The suitable number of orders can be determined
by the following steps.
Step 1: Calculate the number of orders for each stocked
item independently by Equation (8) and then determine
which stocked item requires the most frequent orders.

The purchase ordering normally relates to determination
of the amount and time to purchase the multiple items
from the selected supplier. To do so, the company must
first determine whether or not the purchasing is under
constraints. If the purchasing is under constraints, the
mathematical model is applied to find the optimal order
quantity (Jiao, et al. 2017; Somboonwiwat, et al. 2018).
For those without constraints, EOQ is used to solve the
amount of raw materials to be ordered (for EOQ
applicable items). However, when ordering with EOQ
for multiple items from a supplier, the company must
decide whether each item will be determined separately
or jointly with other items.
Three alternatives are presented for ordering stocked
items from the same supplier as follows.
(1) Independently order each stocked item
(2) Jointly order for all stock items
(3) Partially jointly order for selected stocked
items varied by order

(8)
Step 2: After getting the stocked item that requires the
most number of orders (mf), the other items are to be
jointly order with that particular item. The number of
order for the remaining stocked items are to be
determined again ( ) by Equation (9). However, the
ordering cost used in the equation will be only the item
ordering cost for extra stocked item ordered.
(9)

Independently order each stoked item.
Basic EOQ is one of the most frequently used method to
determine the quantity of items to be ordered. The
economic order quantity (Q*) of each item can be
calculated by Equation (4).

Step 3: Compare the number of orders for each stocked
item from step 2 with that of the item required the most
frequent orders to obtain the order cycle (mi) in
conjunction with the item required the most frequent
orders by using Equation (11).

(4)

(10)

Where D = Annual demand of each item
H = Holding cost of each item
S* = Total ordering cost to order which is
the summation of fixed ordering
cost (S) and item ordering cost (x)

Step 4: Re-calculate the number of orders for all
welding rods (n) using the Equation (11). This number
of orders takes into consideration all the annual demand
for every item.

Jointly order for all stocked items.
To jointly order all the items from the same supplier, the
applied EOQ can be used (Chopra and Meindl 2016;
Pereira and Costa 2015). In basic EOQ, the quantity to
order can be straightforwardly calculated an then the
numbers of order per year are to be determined.
However, for applied EOQ, the suitable number of
orders per year must firstly be determined and then the
number of orders will be used to calculate the quantity
to order (Q*) by the following equations.

(11)
Step 5: Calculate the annual number of orders for each
stocked item by using the Equation (12). This
calculation determines the number of orders for each
stocked item considering jointly order with the most
ordered item.
(12)

(5)

PROBLEM DESCRIPTION
The problem in this study is raised from an oilrigs
manufacturer whose maximum production capacity is
60,000 – 80,000 metric tons a year. The production of
oilrigs demands welding rods of various sizes with the
usage in the year 2016 and 2017 presented in Table 1.

(6)
(7)
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Table 1: Usage of Each Welding Rod

It can be seen that the demands of welding rods vary.
Some demands more in 2016, while others do in 2017.
This causes a problem in procurement process. The
firms normally order welding rods from 3 different
suppliers. These 3 suppliers can provide all the types of
welding rods used. In the recent years, the management
would like to strategically form a relationship with one
supplier for future expansion. Moreover, the company
normally applies the basic EOQ method to manage the
inventory of each welding rod. The use of EOQ seems
proper when separately considering each welding rod.

Quality (C1)

Q. of Raw Material
Used (C11)
Q. of Production
Process (C12)
Q. of Packaging
(C13)
Price Offered (C21)

Price (C2)

Total Cost to
Customers (C22)
Discount (C23)

Supplier 1

W1
W2
W3
W4
W5
W6

the production capability, the supplier must be able to
maintain sufficient production capacity. To do so, the
supplier should be financial stable (Jamil, et al. 2013)
which is the last criterion included.
The assertion of the supplier selection criteria as well as
their sub-criteria can be presented as the AHP
methodology framework in Figure 3.

Usage amount (kg.)
2016
2017
Average
65,375
57,919
61,647
14,680
15,660
15,170
41,470
48,760
45,115
166,580 145,940 156,260
5,980
5,991
5,986
32,030
28,260
30,145

Delivery on Time
(C31)

Supplier Selection

Delivery (C3)

Supplier Selections for Welding Rods
Supplier Selection Criteria.
To select the suppliers for welding rods applying AHP
methodology, the selection criteria must be identified.
The common criteria used to select the suppliers include
the following. The first criteria for supplier selection is
Quality of purchased items (Liu and Hui 2004; Tam and
Tummala 2001). Quality can be considered the most
important criteria to for supplier selection, especially in
steel industry (Tahriri, et al. 2008). They claim that poor
quality of raw materials or supplies directly affect the
quality of finished products. Not only the quality of the
purchased material, but the quality of the supplier’s
production process and the quality of packaging should
be considered also. It is because the good packaging can
protect raw materials during delivery. The next criterion
to be included is Price (Asamoah, et al. 2012; Gencer
and Gürpinar 2007; Ghodsypour and Brien 1998;
Khurrum and Faizul 2002; Kumar, et al. 2009; Özkan,
et al. 2011). Delivery of raw material is another
criterion to be considered (Ghodsypour and Brien 1998;
Liu and Hui 2004; Tahriri, et al. 2008; Tam and
Tummala 2001). Flexibility is the criterion added to
supplier selection in the steel industry (Tahriri, et al.
2008). Similarly, Jamil, et al. (2013) asserts another 2
criteria to select supplier in automotive industry:
flexibility and information technology. Sometimes,
there may be some urgent requests from the company
due to the adjustment of the production. The supplier
must be capable of responding to the urgency (Jamil, et
al. 2013; Tahriri, et al. 2008). The use of information
technology is required to ensure timeliness of receiving
the information regarding orders, changes, and others.
Apart from the information technology, suppliers must
be responsive to new technologies to be more
competitive (Jamil, et al. 2013). Moreover, the suppliers
must be able to cope with rush orders or changes in
order which require production capability. In addition to

Flexibility (C4)

Information
Technology (C5)

Production
Capability (C6)

Financial
Stability (C7)

Damage Free (C32)
Delivery in Full
(C33)
Responding to
changes (C41)
Flexibility in
Delivery (C42)
Flexibility in
Operations (C43)
Information System
Capabilities (C51)
Future Technology
Adaptability (C52)
Information System
Reliability (C53)
Coping with Rush
Orders (C61)
Sufficiency in
Capacity (C62)
Reliability in
Capacity (C63)
Financial Statement
and Ratio (C71)

Supplier 2

Code

Supplier 3

Welding
Welding rod
Process
FCAW
DW-100KS 1.2 mm
SMAW LB-52U 3.2 mm
LB-52 3.2 mm
LB-52 4.0 mm
LB-52NS 3.2 mm
LB-52U 4.0 mm

Figure 3: AHP Framework for Supplier Selection
Supplier Selection Process.
Following the process of AHP methodology, the experts
are asked to compare and score each criterion. The
weight obtained is then checked for consistency of the
responses by using the Consistency Ratio, CR. The
result derived from each expert yields CR less than 0.1.
Therefore, the weight determined by these experts are
consistent and reliable, and can be applied to select
supplier
for
welding
rods.
Following
the
aforementioned AHP methodology for all the criteria
and sub-criteria from all the six experts, the weight of
criteria and sub-criteria can be presented in Table 2.
Table 2: Weight of Criteria and Sub-criteria
Main Criteria
Quality, C1

Weight
Sub-Criteria
0.326 Q. of RM used, C11
Q. of Production, C12
Q. of Packaging, C13
Price, C2
0.195 Price Offered, C21
Total Cost to Cust., C22
Discount, C23
Delivery, C3
0.195 Delivery on Time, C31
Damage Free, C32
Delivery in Full, C33
Flexibility, C4
0.109 Respond to Changes, C41
Flex. in Delivery, C42
Flex. in Operations, C43
Info. Technology, C5 0.062 Info. Sys. Capability, C51
Future Tech Adapt., C52
Info. Sys. Reliability, C53
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Weight
0.431
0.431
0.138
0.438
0.438
0.124
0.414
0.171
0.414
0.443
0.443
0.115
0.145
0.388
0.467

Table 2: Weight of Criteria and Sub-criteria (cont.)
Main Criteria
Pdt. Capability, C6

Fin. Stability, C7

Weight
Sub-Criteria
0.084 Cope with Rush Ord., C61
Sufficient Capacity, C62
Reliable Capacity, C63
0.029 Fin. Statement, Ratio. C71

methods, total relevant costs for each method are to be
compared. The total cost can be calculated as follows.
Annual holding cost = (Q*/2) x H
(13)
No. of yearly orders = D/Q*
(14)
Annual ordering cost = (D/Q*) x S
(15)
Total Cost = Holding cost + Ordering cost
(16)

Weight
0.437
0.437
0.127
1.000

For each criteria, sub-criteria and weights obtained in
Table 2, the experts are asked to compare the 3 existing
suppliers for welding rods in pairs in order that the
importance score of each supplier is eventually
determined. The result of the importance score of each
supplier can be presented in Table 3. Then the total
score of each supplier can be determined by multiplying
the important score with the weights (Table 3).
According to the total score, the supplier X is selected.
Table 3: Important Score for Each Supplier
Main Criteria

Sub-Criteria

Quality, C1

Q. of RM used, C11
Q. of Production, C12
Q. of Packaging, C13
Price, C2
Price Offered, C21
Total Cost to Cust., C22
Discount, C23
Delivery, C3
Delivery on Time, C31
Damage Free, C32
Delivery in Full, C33
Flexibility, C4
Respond to Changes, C41
Flex. in Delivery, C42
Flex. in Operations, C43
Info. Tech., C5
Info. Sys. Capability, C51
Future Tech Adapt., C52
Info. Sys. Reliability, C53
Pdt. Cap., C6
Cope with Rush Ord., C61
Sufficient Capacity, C62
Reliable Capacity, C63
Fin. Stability, C7 Fin. Statement, Ratio. C71
TOTAL SCORE

Independently Order Each Welding Rod.
In this case, each welding rod is ordered independently
without any other consideration than EOQ. Therefore,
welding rods W1 – 6 which are ordered from the same
supplier are ordered with the EOQ as presented in Table
5. According to Equations (13) to (16), the calculation
of total cost from each welding rod can be determined
as presented in Table 5.
Table 5: Total cost of independently order with EOQ
(Unit for amount of welding rods: Kg.; Cost: 1,000 THB)

Score of each supplier
X
Y
Z
0.200 0.600 0.200
0.200 0.600 0.200
0.167 0.667 0.167
0.424 0.132 0.434
0.526 0.192 0.282
0.536 0.194 0.271
0.623 0.104 0.274
0.637 0.101 0.263
0.634 0.098 0.268
0.183 0.622 0.195
0.127 0.627 0.246
0.132 0.625 0.243
0.135 0.443 0.422
0.135 0.443 0.422
0.554 0.253 0.193
0.608 0.213 0.179
0.616 0.226 0.158
0.624 0.223 0.153
0.429 0.143 0.429
0.383 0.363 0.254

Items
Q*
Approx. No. of
orders per year
Annual ordering
cost
Annual holding
cost
Total cost per
item
Total Cost

W2

W3

W4

W5

78

92

60

58

215

207

30

30

30

30

30

30

8.17

9.63

6.28

6.07

22.51

21.67

109

109

109

109

109

109

52

52

52

52

52

52

W3
1,513

W4
2,879

W5
293

W6
670

39

65

20

29

54

20

6.36

10.53

3.30

4.75

8.74

3.29

6.37

10.54

3.31

4.75

8.74

3.30

12.73

6.61

9.50

17.48

6.59

14.50

67.41

(Unit for amount of welding rods: Kg.; Costs: 1,000 THB)
Items
No. of orders
per year
Q*
Annual
ordering cost
Annual
holding cost
Total Cost

Table 4: Information Required for EOQ Calculation
W1

W2
687

Jointly order for all welding rods.
In this case, all the welding rods from the same supplier
are to be ordered all together in every order, thus the
fixed ordering cost is paid just only once for all the
welding rods (S = THB109, x = THB52; S* = 109 +
6*52). Therefore, the suitable number of orders for
every welding rod in a year and the order quantity
amount of each welding rod can be determined.
Accordingly, if the welding rods are ordered together,
the company must order all the welding rods
approximately 56 times each year which bring up the
total ordering cost, holding cost, and Total cost as
presented in Table 6.
Table 6: Total cost of jointly order for all welding rods

Purchasing Welding Rods
The selected supplier X provides all the welding rods
and wires for the company as presented in Table 3.
According to the methodology of purchase ordering
presented earlier and the demand of each welding rod
(Table 1), all the welding rods for the firm can apply
EOQ to determine how much and when to order.
According to EOQ method, the information required for
EOQ calculation can be presented in Table 4.
Items
Unit price (Thai
Baht)
Lead Time (days)
Holding cost
(THB/Kg.): H
Fixed Ordering
cost (THB): S
Item Ordering
cost (THB): x

W1
1,560

W6

W1

W2

W3

W4

1,098

251

795

4.81

1.21

2.50

W5

W6

2,782
23.65

107

537

8.45

1.20

5.82

56.17

47.29

Partially jointly order for selected welding rods varied
by order.
In this case, the welding rods with similar character of
demands are to be grouped and ordered together, i.e. the
ones with high demands and need frequent order. From
the calculation steps for this applied EOQ presented
earlier the result from each step can be described as
follows.

As mentioned earlier, three alternatives for ordering
welding rods from the same supplier will be used to
select which is the most proper method to use for
welding rod ordering. In order to compare the three
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Step 1: The number for independent order for W1 – 6
equal to 39.54, 20.53, 29.50, 54.29, 20.46 and 45.04
times respectively. Therefore, the welding rod W4
requires the most frequent orders of 54.29 times a year.
Step 2: The number of joint orders ( ) for welding rods
W1, 2, 3 5 and 6 joint with equal to 69.58, 36.12, 51.91,
36.00, and 79.26 times, respectively.
Step 3: The order cycle (mi) for W1 – 6 equal to 1, 2, 2,
1, 2 and 1, respectively. For mi equals to 1, it means that
that welding rod are to be jointly order with every
single order of W4.
Step 4: Re-calculate the number of orders for all
welding rods (n) for this company which is 68 times.
Step 5: The annual number of joint orders for each
welding rod W1 – 6 equal to 68.38, 34.19, 34,19, 68.38,
34.19 and 68.38 times per year respectively. With these
numbers of orders, total cost of this method and the
order quantities can be determined (Table 7).
Table 7: Total cost for Partially Jointly Order for
Selected Welding Rods

Q*W4

Q*W1
Q*W6
1

W1
68

W2
34

W3
34

Annual fixed
ordering cost
Annual variable
ordering cost
Q*
Annual holding
cost
Total Cost

W4
68

W5

68

1.78

1.78

3.56

1.78

3.56

902

412

1,305

2,285

175

441

3.68

1.97

4.10

6.94

1.97

4.78

5

65

66

67

68
order no.

Q*W2
Q*W5
1

2

(b)

33

34
order no.

Figure 4: Flow of usage and order using applied EOQ
(a) for W1, W4, W6 (b) for W2, W3, W5
In the purchasing, this paper presented the order of
multiple products from a single supplier: independently,
jointly, or partially jointly. The result from the case
shows that partially jointly order from the same supplier
yield the least total cost. In order to determine joint
ordering, the method of applied EOQ is used in the
paper. In the basic EOQ, the order quantity must firstly
be determined, followed by determination of the
number of order. The number of purchase order in the
basic EOQ is the division between annual demand and
the order quantity. However, in the applied EOQ, the
optimal number of purchase orders must firstly be
determined to encompass the demand for every item
ordered from the same supplier. Later, the order
quantities are calculated. This study provides the future
works. For example, the applied EOQ may integrate
material quantity discount or partial delivery of the
ordered material into the model. The model can also be
extended by considering the fuzziness of demand and
delivery of the materials.

7.45
3.56

4

Q*W3

W6

34

3

(a)

(Unit for amount of welding rods: Kg.; Costs: 1,000 THB)
Items
No. of orders
per year

2

46.91

Comparing the Total Cost of Three Ordering Methods.
As presented in previous sections, it can be seen that the
ordering method that partially jointly order for welding
rods varied by order yield the least total costs of 46.91
(THB1,000) or exactly THB46,905.18 per year.
Therefore, the company should adopt this ordering
method to order the welding rods from the same
supplier. Figure 4 demonstrates the flow of usage and
orders for welding rods which are jointly ordered. The
welding rod W1, 4 and 6 are jointly ordered in every
ordering cycle, while W2, 3 and 5 are ordered every
two ordering cycles. For example, ordering no. 1 (cycle
1) include only W1, 4 and 6, then ordering cycle 2
include all the welding rods W1 – 6.
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Abstract—The efficient allocation of tasks to vehicles in a
fleet of self-driving vehicles (SDV) becomes challenging for largescale systems (e. g. more than hundred vehicles). Operations
research provides different methods that can be applied to solve
such assignment problems. Integer Linear Programming (ILP),
the Hungarian Method (HM) or Vogel’s Approximation Method
(VAM) are frequently used in related literature (Paul 2018;
Dinagar and Keerthivasan 2018; Nahar et al. 2018; Ahmed et al.
2016; Korukoğlu and Ballı 2011; Balakrishnan 1990). The underlying paper proposes an adapted version of VAM which reaches
better solutions for non-quadratic matrices, namely Vogel’s
Approximation Method for non-quadratic Matrices (VAM-nq).
Subsequently, VAM-nq is compared with ILP, HM and VAM by
solving matrices of different sizes in computational experiments
in order to determine the proximity to the optimal solution and
the computation time. The experimental results demonstrated
that both VAM and VAM-nq are five to ten times faster in
computing results than HM and ILP across all tested matrix
sizes. However, we proved that VAM is not able to generate
optimal solutions in large quadratic matrices constantly (starting
at approx. 15 × 15) or small non-quadratic matrices (starting at
approx. 5 × 6). In fact, we show that VAM produces insufficient
results especially for non-quadratic matrices. The result deviate
further from the optimum if the matrix size increases. Our
proposed VAM-nq is able to provide similar results as the original
VAM for quadratic matrices, but delivers much better results
in non-quadratic instances often reaching an optimum solution.
This is especially important for practical use cases since quadratic
matrices are rather rare.

L IST OF A BBREVIATIONS
GAP Generalised Assignment Problem
HM Hungarian Method
ILP Integer Linear Programming
KPI Key Performance Indicator
SDV Self-driving Vehicle
VAM Vogel’s Approximation Method
VAM-nq Vogel’s Approximation Method for non-quadratic
Matrices

Communications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
ISBN: 978-3-937436-65-4/978-3-937436-66-1(CD) ISSN 2522-2414

I.

I NTRODUCTION

The transportation problem is an extensively studied topic
in operational research (Dı́az-Parra et al. 2014). The methods
for solving the mentioned problem aim to minimise the total
transportation cost while bringing goods from several supply
points (e. g. warehouses) to demand locations (e. g. customers).
In general, each transport origin features a fixed amount of
goods that can be distributed. Correspondingly, every point
of transport destination requires a certain amount of units
(Shore 1970). The underlying use case, where tasks have to
be assigned to self-driving vehicles (SDVs), differs in some
regards from the classical transportation problem. In our case,
each vehicle has a capacity restriction of one, i. e. a maximum
of one load carrier can be transported at a time. Furthermore,
each task corresponds to a demand of one. This basically
means that every task can only be allocated to one single
vehicle. Additionally, the amount of available vehicles does
rarely match the number of unassigned tasks in practice. Since
the size of the matrices depends on those two factors, nonquadratic matrices (e. g. 10 × 50) are common. There are
different approaches that can be applied to solve this kind of
problem, e. g. ILP, HM and VAM. While ILP and HM manage
to always generate an optimal solution, VAM often fails to do
so. Furthermore, those methods vary greatly in the computational demand necessary to solve assignment problems. There
are two major reasons involved in the motivation for improving
the original VAM. For one, the authors wanted to keep the
great performance (computational time) of the original VAM.
Secondly, the insufficient results for non-quadratic matrices
should be improved significantly, i. e. reaching the optimum.
Following these considerations, an improved VAM version, as
proposed in this paper, was developed and compared with the
three established methods. The goal was to find a solution
that provides optimal or near-optimal results while at the same
requiring a small amount of resources (computing power).
Despite its age, the approximation method proposed by
those authors is still in use nowadays and is subject to recent
operations research as the contributions by Banik and Hasan
(2018), Ezekiel and Edeki (2018), Hlatká et al. (2017), Ahmed
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et al. (2016), and Gani and Baskaran (2014) show.
Already Shimshak et al. (1981) extended the original VAM
with rules that apply in case of ties, e. g. the same maximum
cost differences occur. Out of the four cases using either
individual rules or a combination of them, only one case
manages to generate slightly better solutions than the original
VAM in regards to costs. Furthermore, they used only small
matrices (5×5, 5×10 and 10×10) which does not provide any
information on the results achieved in large-scale applications.
Goyal (1984) further tried to improve Shimshak’s approach
in case of unbalanced transportation problems, i. e. the total
supply does not correspond to the total demand. Again, only a
small 3×3 matrix was used, thus, lacking any real informative
value. Balakrishnan (1990) realised this drawback and tested
Goyal’s approach with other not specified examples concluding
that it is not always better than Shimshak’s approach. He
in turn proposed an extended approach which was tested
in different scenarios and compared with those of the other
authors mentioned above leading to even better solutions.
In a more recent contribution, Korukoğlu and Ballı (2011)
improved the original VAM by constructing a total opportunity
cost matrix which they obtained through the addition of the
row and column opportunity cost matrix. A row opportunity
matrix is for example generated by subtracting the smallest
cost value in each row from all other values in the same row.
The column opportunity matrix is obtained in the same way.
Korukoğlu and Ballı (2011) further deviate from the classical
approach by selecting the three rows or columns with the
highest penalty costs instead of choosing only the highest one.
Out of those three, the cell with the lowest transportation cost
is consequently selected and used for resource allocation.
This paper is structured as follows: in the second chapter a
detailed description of VAM as well as a brief explanation of
the HM and the ILP are given. The third chapter features the
description of the proposed VAM-nq. Chapter four will provide
an overview of the experiments as well as the discussion of
the corresponding results. The last chapter contains a brief
conclusion to this paper.
II.

a destination j. Each source (origin) features a specific amount
of goods that can be allocated (supply). Correspondingly, each
sink (destination) usually requires a certain number of units
(demand). In order to carry out the allocation under these
circumstances, the following steps are necessary:
1) Calculate the difference between the smallest and the
second-smallest cell value for each row and each column.
2) Select the row or column which features the biggest
difference. If there is a tie, choose the row or column
containing the smallest cell value.
3) Choose the smallest cell value of the selected row or
column and allocate the corresponding task to a vehicle.
4) Eliminate the row and column that has been used for the
allocation.
5) Check if there are still vehicles and tasks left to allocate,
and repeat steps 1 - 4 in case that there are.
Apart from the later proposed adoption of VAM in this
paper, there are different authors that tried to improve or
change the classic VAM in order to achieve better results and
move closer to an optimal solution which can be achieved for
example by ILP or HM (Paul 2018; Dinagar and Keerthivasan
2018; Nahar et al. 2018; Ahmed et al. 2016; Korukoğlu and
Ballı 2011; Balakrishnan 1990; Goyal 1984; Shimshak et al.
1981).
An example for VAM can be found in Table I through Table III. Here, the rows are represented by vehicles (Vi ) and the
columns by tasks (Tj ). The costs (cij ) are the corresponding
cell values. The row differences can be found in ∆i while the
column differences are saved in ∆j. Starting with the initial
matrix (Table I), it is evident that the biggest difference can be
found in the third row featuring the lowest value in the third
column (Table II). Accordingly, task 3 is assigned to vehicle 3.
After the allocation, the third row and column are eliminated
(Table III).
TABLE I.

E STABLISHED S OLUTION M ETHODS FOR THE
G ENERALISED A SSIGNMENT P ROBLEM

This chapter is intended to provide a description on established solution methods for the Generalised Assignment
Problem. These are in particular the basic VAM as well as
the HM and the ILP. Since the use case at hand differs in
some areas from conventional examples (e. g. the vehicles can
only transport one load carrier at a time and have thus a supply
of one), these variations will be considered in the description
of VAM and the HM. The ILP approach will be adapted to
the underlying use case as well, i. e. an appropriate objective
function as well as necessary constraints will be formulated.
A. Vogel’s Approximation Method
The following description of VAM is based on the original
proposal by Reinfeld and Vogel (1958). VAM solves transport
matrices by repeating the steps as seen below until a feasible
solution is found. The cells of the matrices are filled with costs
cij associated with allocating a task to a vehicle. Those costs
occur when a vehicle brings goods from a point of origin i to
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TABLE II.

I NITIAL M ATRIX TO BE SOLVED BY VAM

cij

T1

T2

T3

T4

Δi

V1

200

100

400

50

50

V2

60

80

30

350

30

V3

210

300

70

150

80

V4

120

510

340

80

40

V5

70

80

40

400

30

Δj

10

0

10

30

M ATRIX FEATURING THE IDENTIFIED BIGGEST DIFFERENCE
(80)

cij

T1

T2

T3

T4

Δi

V1

200

100

400

50

50

V2

60

80

30

350

30

V3

210

300

70

150

80

V4

120

510

340

80

40

V5

70

80

40

400

30

Δj

10

0

10

30

TABLE III.

M ATRIX AFTER ELIMINATING ASSIGNED ROW AND

4) Check if the number of lines equals n. If it does, an
optimal allocation of the zero values is possible. If the
number of lines is smaller than n, an optimal allocation
is not yet feasible and step 5 has to be carried out.
5) Find the smallest value which is not covered by a line
and a) subtract this value from each not covered row and
b) add it to each covered column.
6) Return to step 3.

COLUMN

cij

T1

T2

T3

T4

Δi

V1

200

100

400

50

50

V2

60

80

30

350

30

V3

210

300

70

150

80

V4

120

510

340

80

40

V5

70

80

40

400

10

Δj

10

0

10

30

B. Integer Linear Programming
As already stated previously, ILP is able to find an optimal
solution for different scenarios, even large-scale problems.
Initially, one has to formulate an objective function as well
as applicable restrictions in order to receive correct results.
According to Osman (1995) and following the adoption of the
ILP to fit the use case at hand, the objective function reads as
follows:
XX
min
djv · cjv
(1)
j∈J v∈V

X

djv = 1

∀j ∈ J

(2)

djv ≤ 1

∀v ∈ V

(3)

∀j ∈ J, ∀v ∈ V

(4)

v∈V

X
j∈J

djv ∈ {0, 1}

The goal of the objective function (1) is to minimise the
sum of all costs (cjv ) for all jobs J = 1, . . . , m and for all
vehicles V = 1, . . . , n which is the result of multiplying the
decision variable (djv ) with the corresponding costs which
arise when a job j is assigned to a vehicle v. The first constraint
(2) ensures that every job is assigned to a vehicle while the
second constraint (3) makes sure that each vehicle’s capacity
of 1 is not exceeded, i. e. each vehicle can execute a maximum
of one job at a time. The last constraint (4), which applies for
both jobs and vehicles, restricts the decision variable djv to
binary values.

It has to be noted that in case of n × m matrices (e. g.
10 × 40), an extension takes places to generate n × n matrices
(e. g. 40 × 40) since the method only works with quadratic
matrices. The additional cells are filled with values that are of
the same size as the highest value of the original matrix. This
extension requires additional computing power since instead
of 400 cells (10 × 40), the algorithm has to consider 1600
cells (40 × 40). It is evident that this is a drawback when nonquadratic matrices are to be solved. This is always the case
when more tasks than vehicles have to be considered or vice
versa.
D. Comparison ILP / VAM / HM
In order to compare the three methods, experiments have
been carried out with different quadratic and non-quadratic
matrices using an Intel Core i7-6820HQ 2.70 GHz featuring
32 GB RAM. Figure 1 shows clearly that ILP requires the
most computational time for quadratic matrices. Especially,
in large matrices the time it takes to finish the calculations
rises significantly. HM and VAM on the other hand do not
require a lot of time to finish calculating the matrices. In fact,
there is almost no difference between them up until 80 × 80
matrices where the HM starts to take longer than VAM. From
this point forward, the difference between HM and VAM grows
continuously with increasing matrix size. This might lead to
the conclusion that it is more sensible to use the HM since
it is able to produce optimal solutions while maintaining a
relatively low computation time. However, looking at Figure 2
shows that the computation time for HM increases significantly
if non-quadratic matrices are involved. This is due to the
fact that HM has to generate additional rows or columns to
produce quadratic matrices since it is not able to deal with
non-quadratic problem instances (see section II). VAM on the
other hand can deal with quadratic and non-quadratic matrices
regardless of their size in a relatively small amount of time
which shows VAMs great scalability.
III.

C. Hungarian Method
The Hungarian Method was initially proposed by Kuhn
(1955) to solve the Generalised Assignment Problem (GAP).
Similar to the ILP, the HM is able to find an optimal solution
to said problem. The algorithm solves n × n matrices (e. g.
10 × 10) by carrying out the following steps until an optimum
solution is found:
1) Find the minimum value in each column and subtract this
value from all other values in the corresponding column.
2) Find the minimum value in each row and subtract this
value from all other values in the corresponding row.
3) Draw lines through the columns and rows so that all
zero values of the matrix are covered by as few lines
as possible.
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I MPROVED VAM FOR NON - QUADRATIC MATRICES
(VAM- NQ )

Prior experiments have shown, that the original VAM is
not able to produce optimal or at least near-optimal results for
non-quadratic matrices (see Figure 3). In fact, the results are
in some cases more than 100 % worse than the optimum. It
was determined that choosing the row or column featuring the
maximum difference from the smaller dimension leads to those
insufficient results. This means for example that if the matrix
contains more columns than rows, choosing a column with
the maximum difference (which is achieved by subtracting
cell values in the smaller dimension) might result in worse
outcomes. The same obviously applies vice versa if there are
more rows than columns. This can be explained with the fact
that the bigger dimension obviously features more values and

200 %
175 %
deviation from optimum

mean computation time in µs

6,000

4,000

2,000

125 %
100 %
75 %
50 %
25 %

0
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×
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×
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×
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×
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5 ×9
×
5 10
×
5 11
×
5 12
×
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×
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×
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×
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×
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×
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×
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×
20

10
20 × 1
30 × 20
40 × 30
50 × 40
60 × 50
70 × 60
80 × 70
× 0
1090 × 80
0
11 × 90
120 × 100
130 × 110
140 × 120
150 × 130
160 × 140
170 × 150
180 × 160
190 × 170
200 × 180
0 19
× 0
20
0

0%

matrix size

matrix size
Origin

ILP

HM

VAM

Fig. 3. Deviation of VAM from the optimal solution with increasing matrix
size (5.000 samples each)

Fig. 1. Mean computational time for ILP (CPLEX-solver), HM and VAM
for quadratic matrices in microseconds (5.000 samples each)

2,000
mean computation time in µs

150 %

1,500

1,000

1) Calculate the difference between the smallest and the
second-smallest cell value for each row.
2) Select the row featuring the biggest difference. If there is
a tie among rows, choose the row containing the smallest
cell value.
3) Determine the smallest cell value for the selected row and
allocate the corresponding task to a vehicle.
4) Eliminate the corresponding row and column that have
been used for the allocation.
5) Check if there are still vehicles and tasks left to allocate,
and repeat steps 1 - 4 in case that there are.

500

50
50 × 5
50 × 0
50 × 175
50 × 100
50 × 125
50 × 150
50 × 275
50 × 200
50 × 225
50 × 250
50 × 375
50 × 300
50 × 325
50 × 350
50 × 475
50 × 4 00
50 × 425
50 × 450
50 × 575
× 00
52
5

0

Origin

matrix size
ILP
HM

In general, there are two possible versions of non-quadratic
matrices. Either there are more columns than rows or more
rows than columns. The description below is based on the
first case when a matrix contains more columns than rows.
Accordingly, the rows and columns in the description have
to be switched when the second case occurs. VAM-nq solves
allocation matrices featuring more columns than rows by
carrying out the following steps:

VAM

Fig. 2. Mean computational time for ILP (CPLEX-solver), HM and VAM
for non-quadratic matrices in microseconds (5.000 samples each)

the chance is therefore higher to find a smaller cell value within
those. In order to mitigate the above stated disadvantage of
VAM, an improved version of VAM was developed.
Figure 3 shows that the results produced by VAM start to
deteriorate immediately if the matrix size is increased in only
one dimension, i. e. a non-quadratic matrix is created. It is
evident that while VAM is able to generate optimal solutions
in some cases, the cases where it fails are up to 200 % worse
than the optimum (see Figure 3). The deviations increase
continuously with increasing matrix size, even in rather small
instances. In case of 5 × 10 matrices for example, the results
can be twice as bad as the optimum value.
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Upon comparison of the original and the adapted VAM,
it becomes evident that there are some variations and simplifications. For one, VAM-nq considers only the rows in case
that there are more columns than rows (step 1). Accordingly,
only the biggest differences in the rows and the corresponding
smallest cell values are considered (step 2 and 3). Applying
those variations to the second case (more rows than columns)
would mean that only columns, their biggest differences and
smallest cell values are considered in steps 1 through 3. With
Table IV and Table V, the example of subsection II-A is
solved with both versions showing that the proposed VAM-nq
provides significant better results even in small non-quadratic
cases.

S OLUTION OF THE ORIGINAL METHOD (VAM) WITH
OBJECTIVE OF 320

S OLUTION OF VAM- NQ WITH OBJECTIVE OF 290

T1

T2

T3

T4

V1

200

100

400

50

V2

60

80

30

350

V3

210

300

70

150

V4

120

510

340

80

V5

70

80

40

400

10 %
0%
50

cij

20 %

×

TABLE V.

30 %
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9
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×
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×
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0
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×
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×

340

50
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120

50

V4

40 %

70

150

×

70

50

300

65

210

×

V3

50 %

50

350

60

50

30

×

400

80

×

100

60

50

200

V2

60 %

55

V1

T4

×

T3

50

T2

50

T1

mean deviation from optimum

cij

70 %

50

TABLE IV.

matrix size
VAM
VAM-nq

Fig. 4. Mean deviation of the original VAM and VAM-nq from the optimal
solution for non-quadratic matrices in percent (5.000 samples each)

IV.

E XPERIMENTS

In order to evaluate the performance of VAM-nq as well as
its ability to reach optimal solutions, experiments have been
carried out by using AnyLogic to generate matrices of different
sizes.
A. Design
The matrices have been randomly generated and randomly
filled with uniformly distributed costs ranging from 0 to 1.400.
Each matrix has been solved 5.000 times to provide meaningful
results. The following overview shows which matrices have
been used to generate and evaluate the corresponding key
performance indicators (KPIs):
• Mean Deviation of VAM from the optimal solution as
seen in Figure 3: 15 non-quadratic 5 × n matrices with
n = {6, . . . , 20}
• Mean Computation Times for VAM, HM and ILP as seen
in Figure 1 and Figure 2:
a) 20 quadratic matrices starting with 10 × 10 and rising
to 200 × 200 in steps of 10
b) 20 non-quadratic matrices starting with 50 × 50 and
rising to 50 × 525 in steps of 25
• Mean Deviation of VAM and VAM-nq from the optimal
solution:
a) 50 non-quadratic 50 × n matrices with n =
{51, . . . , 100}
b) 17 different mixed matrices (5 × 5, 5 × 50, 10 × 10,
10 × 20, 10 × 30, 10 × 40, 20 × 20, 10 × 60, 20 × 60,
30×30, 10×100, 40×40, 50×50, 50×100, 100×100,
100 × 200, 100 × 300)
B. Results of the Experiments
As can be seen from Figure 4, both the original VAM and
VAM-nq are not always able to produce an optimal solution,
but are instead on average deviating from it. It is also evident
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that in non-quadratic instances (as seen in Figure 4) the
deviation gap between the original VAM and VAM-nq rises
continuously when the size of the non-quadratic matrix is
increased. While the deviation of the original VAM continuous
to grow, the deviation of VAM-nq approaches 0 %, i. e. an
optimal solution is generated more often. This shows clearly
that the proposed method is more suitable to deal with nonquadratic instances than the original method. Figure 5 shows
the results of experiments performed by using the original
VAM and VAM-nq for different problem instances. In this
case, it is also evident that in non-quadratic instances the
original VAM produces results that are up to 300 % worse
than the corresponding optimal solution. VAM-nq on the other
hand displays almost no deviation and manages on average
to generate an optimal solution in all non-quadratic cases.
However, it is also recognisable that in quadratic matrices the
original VAM is always slightly better than VAM-nq, but the
differences in those cases are negligible.
V.

C ONCLUSION

Experiments have shown that VAM is substantially faster in
calculating results than HM and CPLEX-solver (ILP) across all
matrix sizes. However, VAM is not able to generate optimum
solutions in large quadratic matrices (starting with approx.
15×15) or small non-quadratic matrices (starting with approx.
5 × 6). In fact, VAM produces insufficient results in those
cases and deviates greatly from the optimum. The proposed
adapted version of VAM, introduced as VAM-nq, is able
to provide slightly worse results than the original VAM for
quadratic instances, but delivers much better results in nonquadratic instances reaching an optimum solution in most of
the cases. Based on those findings, the authors propose to
use an algorithm that includes both the original VAM and
the improved VAM-nq and which is able to switch between
those two according to the underlying situation. In case that
the underlying matrix is quadratic, the original VAM method

deviation from optimum

350 %
300 %
250 %
200 %
150 %
100 %
50 %

5
5 ×
10 × 5
5
10 × 0
1
×
10 0
2
10 × 0
3
20 × 0
4
×
10 0
2
20 × 0
6
30 × 0
10 × 60
× 3
40 1 0
0
50 × 0
5 × 40
100 × 5
0
100 × 10
0
0
1
10 × 0
0 20
× 00
30
0

0%

matrix size
Origin

VAM

VAM-nq

Fig. 5. Deviation of the original VAM and VAM-nq from the optimal solution
for different matrix sizes (5.000 samples each)

should be used by the algorithm. For non-quadratic problem
instances however, the algorithm should switch to the improved
VAM-nq.
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The objective is to minimise the total distances as per (1).
A demand node j ∈ N can only be served by exactly one
source i ∈ N due to constraints (2). Constraints (3) ensure, that a demand node can only assigned to an established
source (yi = 1) and that the outgoing flows of a source i ∈ N
cannot exceed the supply Q. Exact p sources have to be
established due to constraint (4).
This paper proposes a new hybrid heuristic which combines a self-organising map (SOM), integer linear programming, an alternating location-allocation algorithm (ALA)
and a partial neighbourhood algorithm.
One novelty of this approach is the combination of a SOM
and a generalised assignment problem (GAP) in the first
step of the algorithm. This approach exploits the structure
of the CPMP, because the first clusters of demand nodes
found by the SOM define a neighbourhood in which the
optimal locations of the sources in the CPMP can potentially be expected. A first capacitated solution as basis for
the next working steps are found by solving a GAP using
these first clusters. The next working steps combine several known techniques (integer linear programming, alternating location-allocation algorithm, partial neighbourhood
optimisation) in a new manner. All of these approaches are
extended by several size-reduction methods and a variable
relaxing-fixing heuristic to improve the capability of the entire algorithm to find good solutions for large problem instances as fast as possible.
This paper starts with a literature review, followed by the
description of the proposed algorithm. The capability of
this algorithm to find good solutions in reasonable times for
large problem instances has been tested on several benchmark instances. The computational results are reported in
the next section. The paper is finished with conclusions.

capacitated p-median problem, heuristic, self-organising
maps, alternating location-allocation algorithm, binary linear programming, partial neighbourhood optimisation
ABSTRACT
This paper proposes a new hybrid heuristic (SomAla) for
the capacitated p-median problem (CPMP) which combines
a self-organising map (SOM), integer linear programming,
an alternating location-allocation algorithm (ALA) and a
partial neighbourhood optimisation. To improve the performance of the algorithm, the structure of the CPMP is
exploited for several size-reduction methods and also for
variable-fixing techniques. The capability of this algorithm
to find good solutions in reasonable times for large problem
instances has been tested on several benchmark instances.
INTRODUCTION
The capacitated p-median problem (CPMP) is a well-known
model intended to find optimal locations of sources which
have to serve a set of demand nodes in order to minimise
the total distances between the sources and the destinations.
It can be described by using a network G = (N, A) with a
set N of demand nodes and a set A = {(i, j) | i ∈ N, j ∈ N}
of directed arcs joining the nodes. Each node, for which a
particular demand q j ; j ∈ N exists, is a potential candidate
for the location of one of p sources. If a source is located
at the demand node i ∈ N, then the binary variable yi ; i ∈
N equals one. All p sources have an identical supply Q.
The weights of the arcs represent the distances di j ; (i, j) ∈ A
between the nodes i ∈ N and j ∈ N. A matrix of binary
variables xi j ∈ {0, 1}; (i, j) ∈ A is needed for the decision
of allocating each demand node to exactly one source. The
variable xi j equals one, if the demand node j is allocated
to a source located at the node i or xi j = 0 if not so. The
mathematical model can be formulated as follows (Daskin
and Maass, 2015):

∑

di j · xi j → min

(1)

;j∈N

(2)

LITERATURE REVIEW
This literature review is only focused on the results of recently published CPMP algorithms for which the test results
of three groups of problem instances are given in tables 1, 2
and 3. A good overview of the CPMP-related literature can
be found in Lorena et al. (2003).
Lorena and Senne (2003) introduced the s jc instances,
which are derived from a geographic database of the Brazilian City Sao Jose dos Campos. Diaz and Fernandez (2006)
presented the spain instances, which contain 737 Spanish
cities as demand nodes, that have to be served by 74 or 148
sources. The instances p-3038 were introduced by Lorena
et al. (2003), whereby they adapted the TSPLIB instance
pcb3038 (Reinelt, 1994) by including from 600 up to 1000
sources.
As shown in table 1, the approaches by Boccia et al.
(2008) and Stefanello et al. (2015) provide the best objec-

(i, j)∈A

s.t.

∑ xi j = 1

i∈N

∑ q j · xi j ≤ Q · yi

;i ∈ N

(3)

j∈N

∑ yi = p

(4)

xi j ∈ {0, 1} ; (i, j) ∈ A
yi ∈ {0, 1} ; i ∈ N

(5)
(6)

i∈N
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Table 1: Objective function values for the s jc instances
Instance
sjc1
sjc2
sjc3a
sjc3b
sjc4a
sjc4b
Average

Scheuerer and
Wendolsky
(2006)
17,289
33,293
45,338
40,636
61,926
52,531
41,836

Fleszar and
Hindi (2008)

Chaves et al.
(2007)

Boccia et al.
(2008)

Stefanello
et al. (2015)

Herda (2015)

17,289
33,271
45,335
40,636
61,926
52,470
41,821

17,289
33,271
45,335
40,636
61,929
52,531
41,832

17,289
33,271
45,335
40,636
61,926
52,458
41,819

17,289
33,271
45,335
40,636
61,926
52,458
41,819

17,657
33,485
45,880
41,199
62,893
53,051
42,361

Herda (2017)

40,705
62,138
52,605

Table 2: Objective function values for the spain instances
Instance

Diaz and
Fernandez (2006)

Stefanello et al.
(2015)

8,967
8,970
6,012
6,009
7,490

8,876
8,894
5,917
5,917
7,401

spain-737-74-1
spain-737-74-2
spain-737-148-1
spain-737-148-2
Average

Janosikova et al.
(2017) GA
(post-processing)
8,959
8,945
5,913
5,920
7,434

Table 3: Objective function values for the p-3038 instances
Instance

p-3038-600
p-3038-700
p-3038-800
p-3038-900
p-3038-1000
Average

Lorena and
Senne (2004)

Stefanello et al.
(2015)

Janosikova and
Vasilovsky
(2017) SGA

Janosikova and
Vasilovsky
(2017) GGA

Janosikova et al.
(2017) GA
(hypermutation)

122,021
108,686
98,531
90,240
83,232
100,542

122,725
109,696
100,084
92,318
85,857
102,136

125,929
113,769
105,633
99,168
92,805
107,461

125,392
112,633
104,208
99,546
92,765
106,909

125,638
114,978
105,484
100,373
96,290
108,553

tive function values for the s jc instances. These objective
function values are equal to the optimal solutions. Both
algorithms are able to find these solutions in a reasonable
time. It is in general difficult to compare runtimes of different algorithms when the results were obtained on different
computer systems. Stefanello et al. (2015) tried to solve
this problem by comparing the relative time gaps between
the times needed to solve the original CPMP exactly and
to solve the problem by using the heuristic. It seems, by
comparing these gaps, that their algorithm has a better performance compared to Boccia et al. (2008) (Stefanello et al.,
2015).

Janosikova et al.
(2017) GA
(postprocessing)
126,010
113,374
105,004
99,015
93,175
107,315

et al. (2015). But it seems, even considering the different hardware, that Stefanello et al. (2015) produce the solutions faster, because the average computational time is
only 2,239 seconds compared to 34,739 seconds for the approach by Lorena and Senne (2004). All other approaches
proposed by Janosikova and Vasilovsky (2017) and values
Janosikova et al. (2017) achieve poorer objective function
values. The computational times of these approaches seem
similar to Stefanello et al. (2015), since they use a stopping
criterion of 3,600 seconds for these algorithms (Janosikova
and Vasilovsky, 2017; Janosikova et al., 2017).
It can be summarised according to all of these results that
the algorithm proposed by Stefanello et al. (2015) is the
most competitive approach of the recently published algorithms. It is a hybrid heuristic, using local search and mathematical programming techniques and is called IRMA (Iterated Reduction Matheuristic Algorithm) (Stefanello et al.,
2015).

Table 2 shows the results of the spain instances. The
averages of the objective function values found by Stefanello et al. (2015) are slightly better compared to Diaz
and Fernandez (2006) and Janosikova et al. (2017). Stefanello et al. (2015) analysed the computational times between their algorithm and the approach by Diaz and Fernandez (2006). It seems, even when different hardware is
considered, that the heuristic by Stefanello et al. (2015) provides a better performance with an average computational
time of 854 seconds compared to the 32,008 seconds needed
to solve these instances with the algorithm by Diaz and Fernandez (2006). There could also be an improvement compared to Janosikova et al. (2017), because they always let
their genetic algorithm run with a stopping criterion of 3,600
seconds to find the best solutions (Janosikova et al., 2017).

PROPOSED ALGORITHM: SOMALA
Overview
SomAla is a new hybrid heuristic which combines a
self-organising map, integer-programming, an alternating
location-allocation algorithm and a partial neighbourhood
optimisation heuristic. This section describes the proposed
algorithm in general with the following three working steps.
1. SOM-GAP-based heuristic to solve a continuous, capacitated p-median problem: A SOM is used to solve a continuous, uncapacitated p-median problem. The locations
of the sources and the allocations of the demand nodes

Table 3 shows that the column generation approach by
Lorena and Senne (2004) provides the best objective function values for all p-3038 instances followed by Stefanello
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are the basis to find a solution for a continuous, capacitated p-median problem by solving a GAP.
2. Capacitated alternating location-allocation heuristic:
The solution found in the first step is used in a capacitated ALA heuristic to find and improve a solution
for the CPMP. The allocation of the destinations to the
sources is based on a GAP which is solved by using
a size reducing technique and variable relaxing-fixing
heuristic. The locations are modified by determining
new medians for each allocation cluster. Both steps are
repeated as long as improvements for the CPMP occur
or a maximum number of steps is not reached.
3. Partial neighbourhood optimisation heuristic: In the last
step, the best solution found so far is improved by using a partial neighbourhood optimisation heuristic. In
each step, a subregion, surrounding a selected median,
is solved. If the solution found for this subregion improves the objective function value of the entire problem,
then the partial solution updates the entire solution. This
procedure is repeated until all medians are optimised or
a maximum number of steps with no improvements is
reached.

After finding the winning output unit, the weights of this
unit have to be updated in order to improve the matching.
Since the projection between the input patterns and the activity of the output units have to be topographically correct, the weights of the neighbours of the winner unit also
have to be updated. Kohonen proposed the Gaussian neighbourhood function as shown in expression (8) for a onedimensional array of output units, where σ defines the width
of the kernel (Kohonen, 2001, p. 111).
!
(n − η)2
; n ∈ {1, 2, . . . , O}.
(8)
δ (n, η) = exp −
2σ 2
To update a weight wmn between an input unit m and an
output unit n, the difference (θm − wmn ) is multiplied by the
neighbourhood value δ (n, η) and a learning-rate factor α as
shown in the learning rule (9) (Kohonen, 2001, p. 111).
∆wmn = α · δ (n, η) · (θm − wmn )
; m ∈ {1, 2, . . . , I}, n ∈ {1, 2, . . . , O}

Both parameters α and σ are usually decreased in each
step of the learning phase to ensure faster changes of the
weights in a broader neighbourhood at the beginning of the
learning process and to refine it at the end of the process.
Afterwards, for all patterns θl ∈ Θ the corresponding outputs have to be determined by applying the winner-takes-all
function:

Step 1: SOM-GAP-based heuristic to solve a continuous,
capacitated p-median problem
This section describes the generation of a solution for a continuous, capacitated p-median problem using a SOM and a
GAP.

ωl = arg

Self-organising maps

min

kθl − wn k2

n∈{1,2,... ,O}

min

n∈{1,2,... ,O}

kθl − wn k2

; l ∈ {1, 2, . . . , L}.

A SOM is a particular type of an artificial neural network
and was introduced by Kohonen (1982). The main characteristic of a SOM is the capability to find a topographical
projection f : Θ → Ω, where Θ describes L input patterns
of attributes and Ω a usually one- or two-dimensional representation of the input patterns (Kohonen, 1982). A topographical mapping means that neighbouring areas of the
input space have to activate neighbouring output units.
A SOM can be described as a feed-forward network consisting of two layers of units. The input units are completely connected with the output units in the second layer.
Let a SOM consist of I input units and O output units.
The weights on the edges between the input and outputs
unit can be formulated as a Matrix w = {wmn ∈ R | m ∈
{1, 2, . . . , I}, n ∈ {1, 2, . . . , O}}. The output units are usually organised as a one- or two-dimensional array, where
the units are laterally connected (Kohonen, 1982).
The projection f : Θ → Ω has to be found during the socalled learning phase, which means that the following steps
have to be carried out T times.
Given an (randomly selected) input vector θl ∈ Θ =
{θm |m ∈ {1, 2, . . . , I}}; l ∈ {1, 2, . . . , L}, only one unit of
the output layer can be activated according to the winnertakes-all output function (7). This is the output unit η ∈
{1, 2, . . . , O} with the minimum squared Euclidean distance
between the input vector θl and its weight vector wη (Kohonen, 2001, p. 106).
η = arg

(9)

(10)

SOM-based approach to solve a continuous, uncapacitated
p-median problem
There are some similarities between a SOM and a continuous, uncapacitated p-median problem (Cooper, 1964).
Therefore, Lozano et al. (1998), Hsieh and Tien (2004) and
Aras et al. (2006) proposed several SOM-based approaches
to solve such a location-allocation problem.
A continuous, uncapacitated p-median problem can be
described as follows. Additionally to the definitions of
the parameters and the variables of the CPMP, let S =
{1, 2, . . . , p} be a set of sources, for which the coordinates
wk = {wk1 , wk2 }; k ∈ S have to be determined. The coordinates of the demand nodes θ j = {θ1 , θ2 }; j ∈ N are known.
As shown in the model below, the intention is to find the
locations of the sources over a two-dimensional continuous
space and to allocate the destinations to the sources in order
to minimise the total distances as per (11), whereby, due to
the expressions (12), each destination has to be served by
exactly one source (Cooper, 1967).

∑ ∑ d(wk , θ j ) · xk j → min

(11)

k∈S j∈N

s.t.

∑ xk j = 1

;j∈N

(12)

k∈S

xk j ∈ {0, 1} ; k ∈ S, j ∈ N
wk1 , wk2 ∈ R ; k ∈ S

(7)

269

(13)
(14)

SomAla uses an adapted SOM to solve the continuous,
uncapacitated p-median problem. Therefore, a network
with I = 2 input units and O = p output units organised in a
one-dimensional array has to be created.
This SOM is intended to find a projection f : Θ →
Ω, where Θ describes the coordinates θl = {θ1 , θ2 }; l ∈
{1, 2, . . . , L} = N of the demand nodes and Ω the vector
of the indices of the winner units per input pattern, which
have to be obtained by the winner-takes-all function (7).
This projection is equivalent to the allocation of the demand
nodes to the sources.
In the initialisation step, the coordinates of randomly chosen demand nodes are used as initial values of the weights.
The output nodes are forced to become specialised for particular areas of the input space and have to update their
weights in order to minimise the distances d(wn , θl ); n ∈
S, l ∈ N. It is possible to use alternative distance functions
(squared Euclidean distance, Euclidean distance, Manhattan distance, great circle distance) to determine the winner
output unit in SomAla.
After the learning process, the weights wmn ; m ∈
{1, 2}, n ∈ {1, 2, . . . , p} can be interpreted as the coordinates
of the p sources. The allocation of the demand nodes to the
sources and therefore the values of the assignment variables
xk j ; k ∈ S, j ∈ N can be obtained by applying the adapted
winner-takes-all function:

1, f or k = arg min d(wn , θl )
n∈{1,2,... ,p}
xk j =
0, otherwise
; k ∈ S, j = l ∈ N

number of the time-consuming iterations in the following
alternating location-allocation heuristic.
GAP-based approach to solve a continuous, capacitated pmedian problem
The activities of the allocation variables and the coordinates
of the p sources found with a SOM are used to solve a GAP
to assign the demand nodes to the sources considering the
supply of the sources. It can be described by using a directed network with a set of source nodes S, a set of demand
nodes N and a set of directed arcs Ã joining the sources and
the demand nodes. The weights of the arcs represent the
distances dk j ; (k, j) ∈ Ã. If a demand node j ∈ N is assigned
to a source k ∈ S, then the corresponding binary allocation
variable xk j equals one, or zero otherwise. All other parameters are defined as before. The mathematical model can be
formulated as follows (Lorena and Senne, 2003):

∑

dk j · xk j → min

(16)

(k, j)∈Ã

s.t.

∑

xk j = 1

;j∈N

(17)

{k|(k, j)∈Ã}

∑

q j · xk j ≤ Q

;k ∈ S

(18)

{ j|(k, j)∈Ã}

xk j ∈ {0, 1}

; (k, j) ∈ Ã

(19)

The intention is to allocate the demand nodes to the
sources in order to minimise the total distances between the
sources and the destinations as per (16). Since it is a continuous model, the distances have to be determined on the basis
of the coordinates of the sources found by the SOM and the
coordinates of the demand nodes. Each demand node has to
be served by exactly one source due to the constraints (17).
The supply constraints (18) ensure that the deliveries of each
source cannot exceed the supply.
To decrease the effort solving this binary, linear programme, several size reducing, variable relaxing and fixing
techniques are used.
Assuming that a source usually serves only demand nodes
in its neighbourhood (Stefanello et al., 2015), the size of
the model can be reduced by ignoring all arcs between
the sources and the destinations with distances which are
greater than a defined radius d¯ surrounding the sources:

(15)

This solution can be interpreted as an initial solution for
the rest of the SomAla algorithm which exploits the structure of the CPMP because the first clusters of demand nodes
found by the SOM define a neighbourhood in which the optimal locations of the sources can be expected. These explorations improve the objective function value and partially
the runtime of the entire algorithm in comparison to other
relevant initial solution approaches
This positive effects can be shown with several tests in
comparison to a simple randomised initial solution, a greedy
initial heuristic and the approach reported by Mulvey and
Beck (1984) which Stefanello et al. (2015) applied as an
initial solution. Using the instances which are introduced in
the section COMPUTATIONAL RESULTS, the SOM initial
solution improves the average of the total distances after the
first SomAla step by 8 %, 31 % and 5 % and overall by 2 %,
3 % and 2 % in comparison to the greedy initial solution,
the randomised initial solution and the approach by Mulvey
and Beck (1984). There is a deterioration of the runtime
of the entire algorithm of 7 % and 12 % in comparison to
the greedy initial solution and the approach by Mulvey and
Beck (1984) which is unproblematic because the tests in the
section Runtime comparison for SomAla and IRMA show
that SomAla’s runtimes seem faster than the computational
times of the most competitive approach. If a randomised
initial solution is used instead of the SOM-based initial solution then there is an increase of the runtime of 26 %. This
effect is mainly based on the exploration of the structure
of the CPMP using the SOM which helps to decrease the

¯
Ã = {(k, j) | k ∈ S, j ∈ N, dk j ≤ d}

(20)

This size-reduced model is solved in two steps using a
simple but effective variable relaxing-fixing heuristic. In
the first step the problem is solved as a continuous, linear
programme by relaxing the integer constraints (19):
0 ≤ xk j ≤ 1

; (k, j) ∈ Ã

(21)

In the second step, the GAP is solved as a binary linear
programme, whereby several variables xk j , which have an
activity xk∗ j = 0 in the solution of the continuous problem,
are fixed to zero. If the supply of a source k ∈ S is completely shipped ∑{ j|(k, j)∈Ã} q j · xk∗ j = Q then all unused relations xk∗ j = 0; j ∈ N are fixed to zero and therefore deleted
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in the binary problem. For underutilised sources, an unused
relation is uniformly fixed at random with a particular probability.
The set Ã of the directed arcs joining the sources and the
destinations can be now determined as follows:
Ã = {(k, j) | k ∈ S, j ∈ N,
¯ xk j not f ixed}
d(k, j) ≤ d,

These medians define the new locations of the sources. The
basis of these calculations is a distance matrix D = {di j | i ∈
N, j ∈ N}, with which the distance between a source k ∈ S
and a demand node j ∈ N can be found via Mk , which is the
index of the node i ∈ N hosting the source:
dk j = dMk j

(22)

Step 3: Partial neighbourhood optimisation heuristic
In the last step of the SomAla algorithm the best solution
found so far is to be improved by a partial neighbourhood
optimisation heuristic, which is adapted from an approach
proposed by Stefanello et al. (2015).
The idea is to solve in each step of this heuristic a CPMP
for a subregion surrounding a selected median. If the solution found for this subregion improves the objective function
value of the entire problem, then the partial solution is used
to update the entire solution. This procedure is repeated until all medians are optimised or a maximum number of steps
without an improvement is reached.
The working steps can be described as follows:
0. The initial solution consists of the medians Mk ; k ∈ S and
the activities of the allocation variables xk j ; (k, j) ∈ Ã
found with the ALA steps.
1. Mark all sources k ∈ S as non-optimised.
2. Select randomly a non-optimised source κ ∈ S.
3. Create a set of sources S̃ ⊂ S, which consists of κ and
the z closest sources surrounding κ.
4. Create a set of demand nodes Ñ = { j | j ∈ Ck , k ∈ S̃},
which belong to the sources S̃.
5. Calculate the total distances C for the sources S̃ and the
corresponding demand nodes Ñ.
6. Solve a CPMP for the demand nodes Ñ and p̃ = |S̃|
sources and obtain the objective function value C̃ for this
sub-problem.
7. If there is an improvement C̃ < C, then update the solution of the entire problem by using the new locations of
the sources and the allocations of the demand nodes to
the sources found in step 6.
If there is no improvement C̃ ≥ C, then mark the source
κ as optimised.
8. If there exists at least one non-optimised source and a
maximum number of no-improvements is not reached,
then continue with step 2.

Step 2: Capacitated alternating location-allocation algorithm
An alternating location-allocation algorithm is often used as
a heuristic to solve location problems, for that, the location
decision and the allocation decision have to be made simultaneously.
Cooper (1964, 1972) was the first to propose this approach to solve continuous p-median problems. An example for the CPMP is the approach reported by Mulvey and
Beck (1984), which is utilised by Stefanello et al. (2015) as
an initial solution. Lorena and Senne (2003) use an ALA
as part of a local search heuristic for the CPMP, where they
re-allocate the demand nodes by solving a GAP as binary
linear programme.
The capacitated ALA heuristic proposed in this section is
also based on a GAP and consists of the following working
steps:
1. Find new medians minimising the total distances for
each of the p clusters.
2. Solve a GAP to allocate the demand nodes to the sources
found in step 1 in order to minimise the total distances.
3. If the objective function value is improved then continue
with step 1.
In step 1, the medians for the p clusters have to be calculated, where each cluster Ck ; k ∈ S can be found by analysing
the activities of the binary allocation variables xk∗ j ; k ∈ S, j ∈
D:
Ck = { j | j ∈ N, xk∗ j = 1, (k, j) ∈ Ã}; k ∈ S
(23)
The median Mk is the node s ∈ Ck , that minimises the distances to all other nodes in this cluster:

∑ dst

s∈Ck t∈C

;k ∈ S

(25)

This distance matrix can be based on road network distances
or on the same distances measures used for the first SomAla step to obtain a solution for a continuous, capacitated
p-median problem (squared Euclidean distance, Euclidean
distance, Manhattan distance, great circle distance).
For the allocations of the demand nodes to the sources,
a GAP is solved as in the first SomAla step using the
same size-reducing technique and the variable relaxingfixing heuristic.
The results of the ALA steps are the positions of the
sources and the allocations of the destinations to the sources.
The locations can be determined by the last medians Mk ; k ∈
S found in step 1. The allocations can be obtained by the
activities of the allocation variables xk∗ j ; (k, j) ∈ Ã in the solution of the last GAP solved in step 2.

In addition to the size reducing, relaxing-fixing techniques described above, two solver specific options are used
to decrease the solving time of the binary GAP. The solving
process is stopped if a specific relative mip gap or a maximum solving time is reached.
The variable-fixing heuristic is also used for the following
ALA heuristic and has a huge positive impact on the runtime
of the entire SomAla algorithm. This effect was tested compared to the exactly solved GAP as part of the SomAla algorithm by solving the problem instances used to compare
SomAla’s and IRMA’s results which will be introduced in
the section COMPUTATIONAL RESULTS. If the GAP as
part of the SomAla algorithm is solved exactly as a binary
linear programme then there is an increase of the average of
the runtimes of 28.0 % with a very small improvement of the
average of the objective function values of 0.3 % compared
to the variable-fixing heuristic used for the GAP.

Mk = arg min

; k ∈ S, j ∈ N

(24)

k
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This heuristic follows the idea proposed by Stefanello
et al. (2015), but there are some differences. The first difference is that Stefanello et al. (2015) mark all sources S̃ as
optimised if no improvement occurs after solving the subproblem. However, in SomAla only the selected source κ
is marked as optimised in this case. That means the neighbourhood of each source has to be examined. But this procedure is interrupted if a maximum number of succeeding
no-improvements is reached.
An additional difference is that in SomAla there are two
alternatives to solving the CPMP in step 6. The first alternative is to use the first two SomAla working steps. The second alternative is an size-reduced CPMP. As in the original
model, each of the demand nodes in Ñ is a potential location
of the p̃ = |S̃| sources. But it is assumed that sources only
serve destinations in their neighbourhood, so that the size of
the model can be reduced by using a maximum distance d¯
for the arcs Ã.
After completing all working steps, a best solution is
found with locations of the p sources at the demand nodes
and the allocations of the demand nodes to these sources.

The demand nodes are the 11,056 German cities and communities published by the Statistisches Bundesamt (2017)
with their geographical coordinates. Four instances are created with different ratios between the number of the sources
and the number of the the destinations.
Hereinafter, the name of a problem contains the number
of the source and of the destinations (name-nrOfSourcesnrOfDestinations). All examples and the corresponding
solution files are available at the SomAla project website
(http://stegger.net/ SomAla).
Objective function value comparison for SomAla and
IRMA
This section reports the results of the objective function
value comparison between IRMA and SomAla. The results for SomAla have to be distinguished due to the alternative approaches for the partial neighbourhood optimisation
heuristic as described before. Either the first two SomAla
working steps or a size-reduced CPMP can be used to solve
the CPMP. The abbreviation for the first approach is SomAla-MS and SomAla-MM for the a size-reduced CPMP. Table 4 shows the results for IRMA, SomAla-MM and SomAla-MS.
The best known solutions per instance are given in the
column BKS. The best known solutions for the p-3038
instances were reported by Diaz and Fernandez (2006).
Most of the other best solutions were found with IRMA
by Stefanello et al. (2015), excluding the best known solutions for spain734-74-1, spain734-148-1, rl-1304-010,
pr-2392-020, pr-2392-075 and f nl-4461-100, which were
obtained with SomAla. The average objective function
values for ten runs per instance for IRMA, SomAla-MM
and SomAla-MS are shown in the next three columns.
Each instance has been run with particular parameters,
which are published for IRMA in Stefanello et al. (2015).
For SomAla, all parameters can be obtained in the example files for all instances at the SomAla project website
(http://stegger.net/SomAla).
For a better comparison, the relative gap between the objective function values Z and the best known solutions BKS
(Ob jGap = (Z/BKS − 1) · 100) are shown in the last three
columns for the three approaches.
The results for IRMA are slightly better, but the difference of the average Ob jGap for all instances between
IRMA and SomAla-MM is only 0.21 %. For most of the
instances the objective function values of SomAla-MS are
greater than the results of the other two algorithms, but with
a small difference of the average Ob jGap for all instances
of 0.93 % compared to SomAla-MM and 1.14 % to IRMA.
It seems that IRMA and SomAla-MM are similar in their
objective function values for all instances and also on average over all instances. This can be seen in table 5. The
first column shows four classes for Ob jGap. The relative
number of instances belonging to the particular GAP class
for the three approaches are given in the next three columns.
The results for IRMA and SomAla-MM are identical. With
both algorithms it is possible to find a solution with an
Ob jGap ≤ 1 % to the best known solution for 86.2 % of the
instances. For 93.1 % of the instances, a solution with an
Ob jGap ≤ 2 % and for 96.6 % with an Ob jGap ≤ 3 % are

COMPUTATIONAL RESULTS
Test environment and instances
This last section is intended to prove the capability of the
proposed SomAla algorithm to find feasible solutions with
good objective function values in reasonable runtimes for
large problem instances.
Since it could be shown in section LITERATURE
REVIEW that IRMA by Stefanello et al. (2015) is the most
competitive approach to solving CPMPs, this algorithm is
the benchmark for SomAla. Therefore, the objective function values and the runtimes of both approaches are compared in this section by computing six of the largest instances which Stefanello et al. (2015) used to test the results of their algorithm. These instances are u-724, spain,
rl-1304, pr-2392, p-3038 and f nl-4461.
The spain instances were introduced by Diaz and Fernandez (2006) and contain 737 Spanish cities as demand
nodes served by 74 or 148 sources. Both combinations are
additionally separated in two cases with different demands
and supplies. Lorena et al. (2003) proposed the p-3038
instances, which are adapted from the TSPLIB instance
pcb3038 (Reinelt, 1994) by introducing five cases with 600,
700, 800, 900 and 1000 sources. All other instances u-724,
rl-1304, pr-2392 and f nl-4461 are introduced by Stefanello
et al. (2015) and adapted from the TSPLIB.
All distances are Euclidean distances, except the distances for the spain instances, which are calculated as greatcircle distances.
These instances provide a wide range of problem sizes
and different ratios between the demand nodes and the
sources. All instances used for the benchmark calculations
have a supply-demand ratio of ≈ 125 %.
The last instances g-11056 are not used for the comparison. These instances are only intended to show SomAla’s capability to find feasible solutions with good objective function values in reasonable times for very large instances and also to provide instances for future comparisons.
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Table 4: Objective function values for IRMA and SomAla
Instance

BKS

u-724-010
u-724-030
u-724-075
u-724-125
u-724-200
spain-737-74-1
spain-737-74-2
spain-737-148-1
spain-737-148-2
rl-1304-010
rl-1304-050
rl-1304-100
rl-1304-200
rl-1304-300
pr-2392-020
pr-2392-075
pr-2392-150
pr-2392-300
pr-2392-500
p-3038-600
p-3038-700
p-3038-800
p-3038-900
p-3038-1000
fnl-4461-0020
fnl-4461-0100
fnl-4461-0250
fnl-4461-0500
fnl-4461-1000
Minimum
Average
Maximum

181,783
95,034
54,735
38,977
28,080
8,785
8,870
5,879
5,914
2,146,252
802,283
498,091
276,978
191,225
2,231,213
1,091,983
711,111
458,145
316,043
122,021
108,686
98,531
90,240
83,232
1,283,537
548,845
335,889
224,662
145,862
420,412

Avg. objective function value
IRMA
SomAlaSomAla-MS
MM
182,611
182,588
182,382
95,160
95,824
95,344
54,735
54,867
55,626
38,977
39,088
39,808
28,083
28,292
28,881
8,876
8,799
8,901
8,894
8,926
8,996
5,902
5,886
6,019
5,917
5,960
6,077
2,166,552
2,148,798
2,149,366
806,425
804,258
804,254
498,412
500,294
502,275
276,984
279,339
280,879
191,259
192,440
195,690
2,250,292
2,236,889
2,235,790
1,098,560
1,097,700
1,092,917
711,315
714,315
715,719
458,222
460,720
462,726
316,092
317,466
323,348
122,725
123,152
124,558
109,696
110,034
111,653
100,084
100,351
102,324
92,318
92,942
95,417
85,857
86,315
88,501
1,292,622
1,284,555
1,284,037
550,758
551,031
549,126
336,007
336,901
337,205
224,684
225,423
226,283
145,871
146,577
148,454
422,893

421,966

Table 5: ObjGap distributions for IRMA and SomAla
ObjGap

IRMA[%]

≤ 1%
≤ 2%
≤ 3%
≤ 4%

86.2
93.1
96.6
100.0

SomAlaMM[%]
86.2
93.1
96.6
100.0

422,951

IRMA
0.46
0.13
0.00
0.00
0.01
1.04
0.27
0.39
0.05
0.95
0.52
0.06
0.00
0.02
0.86
0.60
0.03
0.02
0.02
0.58
0.93
1.58
2.30
3.15
0.71
0.35
0.04
0.01
0.01
0.00
0.52
3.15

ObjGap [%]
SomAlaMM
0.44
0.83
0.24
0.28
0.76
0.16
0.63
0.12
0.78
0.12
0.25
0.44
0.85
0.64
0.25
0.52
0.45
0.56
0.45
0.93
1.24
1.85
2.99
3.70
0.08
0.40
0.30
0.34
0.49
0.08
0.73
3.70

SomAla-MS
0.33
0.33
1.63
2.13
2.85
1.33
1.42
2.37
2.75
0.15
0.25
0.84
1.41
2.33
0.21
0.09
0.65
1.00
2.31
2.08
2.73
3.85
5.74
6.33
0.04
0.05
0.39
0.72
1.78
0.04
1.66
6.33

for the SomAla tests due to the release-wise performance
improvements of CPLEX.

SomAlaMS[%]
44.8
62.1
89.7
93.1

Therefore, it does not make sense to compare the original computational times reported by Stefanello et al. (2015)
with the SomAla runtimes. There is, however, an opportunity to estimate computational times for IRMA, assuming
that the same hardware and the same CPLEX version would
have been used for the tests.

found. Due to the maximum Ob jGap over all instances,
both algorithms found solutions with an Ob jGap ≤ 4 % for
all instances. Both approaches are better than SomAlaMS. Nevertheless, it is possible to find solutions with an
Ob jGap ≤ 3 % for 89.7 % and with an Ob jGap ≤ 4 % for
93.1 % of all instances with SomAla-MS.

To compute the time savings due to different hardware,
three selected CPU benchmarks (PassMark, UserBenchmark and GeekBench) are considered. Table 6 shows the
results of these benchmarks, distinguished in single-thread
and multi-thread tasks for the CPUs used for IRMA (i52300) and for SomAla (i7-6820HQ). The results for the i52300 CPU (si5) and for the i7-6820HQ CPU (si7) in the second and the third columns are scores, computed in a particular time. Therefore, the rounded ratios i7/i5 (si7/si5 · 100)
in the last column are also interpretable as the relative computational time of the i7-6820HQ system compared to the
i5-2300 system. The computational time of an i7-6820HQ
system is on average for single-thread tasks 80 % and for
multi-thread tasks 61 % of the computational time on an i52300 system.

Runtime comparison for SomAla and IRMA
In this section, a comparison of the runtimes of IRMA
and SomAla will be attempted. In general it is difficult to
compare the computational times, as the tests for IRMA
and SomAla were computed on different computer systems. Stefanello et al. (2015) used a computer with an
Intel i5-2300 2.80GHz CPU with 4 GB RAM running on
Ubuntu 10.10, whereby the tests for SomAla were computed on a MacBook Pro with a Core i7-6820HQ CPU and
16 GB RAM on macOS 12.13.4. There is an advantage
for the SomAla tests due to the newer and more performant
hardware. Both algorithms use CPLEX to solve linear programmes as part of the algorithm, whereby CPLEX 12.8
has been used for SomAla and CPLEX 12.3 for IRMA (Stefanello et al., 2015). There could be an additional advantage

Without any other information, it is furthermore assumed
that 10 % of IRMA’s algorithm runs in a single-thread mode
and 90 % is multi-threaded. Depending on this assumption and the benchmarks, a weighted average of 62 % =
b0.1 · 0.80 + 0.9 · 0.61c · 100 can be calculated as a first estimation of IRMA’s runtime. That means that IRMA would
only need 62 % of its original computational time, if Som-
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Table 6: Selected CPU benchmarks (PassMark, 2018b,a;
UserBenchmark, 2018; GeekBenchmark, 2018)
Benchmark
PassMark
single-thread
multi-thread
UserBenchmark.com
single-thread
multi-thread
GeekBench
single-thread
multi-thread
Avg. single-thread
Avg. muti-thread

Intel Core
i5-2300

Core i76820HQ

Ratio i7/i5
[%]

1,577
5,345

1,884
8,798

84
61

77
288

93
483

82
60

2,890
7,975

3,991
12,787

72
62
80
61

for IRMA. These tests show that SomAla-MM only needs
89,12 % and SomAla-MS only 19,01 % of the computational time needed for IRMA on average over all instances
which is less than IRMA’s runtime estimate of 112 % for
this environment.
The results of the comparisons in this section cannot be
evidence that SomAla solves CPMPs faster then IRMA.
But, if the assumptions for the estimations of IRMA’s relative computational times on SomAla’s test environment are
correct, then the results are strong indicators that there are
runtime improvements for all of the tested instances solved
with SomAla.
Results for the g-11056 instances
These instances are only introduced to show SomAla’s capability to find feasible solutions with good objective function
values in reasonable times for very large CPMP instances
and also to provide instances for future comparisons. These
instances are the largest instances which have ever been
published for the CPMP.
As described above, the demand nodes are all 11,056
German cities and communities published by the Statistisches Bundesamt (2017) with their geographical coordinates.
Four instances are created with different ratios between the
number of the sources and the number of the destinations,
whereby for the ratio the values 1 %, 5 %, 10 %, 20 % and
30 % have been chosen. The integer demands in an interval [1; 100] are computed randomly and the supplies are obtained with a supply/demand ratio of ≈ 143 %.
The results were obtained on a computer with an
AMD Ryzen 7 1800X CPU with 64GB RAM running on
Kubuntu 17.10.1 using CPLEX 12.8 for solving linear programmes.
Table 8 shows the objective function values and the computational times for these five instances. The columns two,
three and four contain the best known solutions (BKS) and
the averages of the objective function values of the ten runs
per instance for SomAla-MM and SomAla-MS. The best
known solutions are best solutions found during the test
of the instances. In the next columns the relative Ob jGap
are shown. The runtimes for SomAla-MM and SomAlaMS are given in the last two columns. The averages of the
relative gaps with 0.42 % for SomAla-MM and 1.16 % for
SomAla-MS are quite small and were found with an average
computational time of 2,059 seconds with SomAla-MM and
1,423 seconds with SomAla-MS which is more than satisfactory for such large instances.
The relative gaps and the computational times show that
SomAla is a heuristic which enables decision makers to find
feasible solutions for very large instances with good total
distances in a reasonable time.

Ala’s environment was used and all other impacts on the
runtime are ignored.
To estimate the potential time savings depending on different CPLEX versions, it is assumed (in absence of any
other information) that each CPLEX major release provides a 15 % time saving for size-reduced CPMP instances.
(Several own tests of the changes of the runtimes between
CPLEX 12.7 and CPLEX 12.8 of selected size-reduced
CPMP instances have observed an improvement of only
3.43 %.) This assumption of an release-wise 15 % time
saving can be combined with the benchmark based runtime estimation for IRMA, whereby it is assumed that
CPLEX causes 90 % of IRMA’s entire computational runtime. Therefore, IRMA would only need 30 % = b0.1 ·
0.62 + 0.9 · 0.62 · (1 − 0.15)5 c · 100 of its original computational time, if SomAla’s test environment and CPLEX 12.8
was used.
The runtime comparisons are reported in table 7. The
original averages of the runtimes of ten runs per instance
are shown in the second, third and fourth columns. Based
on the runtimes for IRMA tIRMA and SomAla tSomAla the runtime ratios between SomAla and IRMA tSomAla /tIRMA · 100
are shown in the last two columns for both SomAla variants.
These ratios can be used to compare SomAla’s runtimes
with the runtime estimation of 30 % calculated for IRMA.
As shown in the last row, SomAla-MM only needs
15.09 % and SomAla-MS only 7.63 % on average over all
instances of the computational time needed for IRMA. Both
averages are less than the boundary of 30 % of the estimated
relative computational time assuming that IRMA is running
on SomAla’s test environment. Additionally, the maximum
ratios of 27.93 % for SomAla-MM and 24.11 % for SomAla-MS are also less than the boundary of 30 % of IRMA’s
runtime estimation, which means that IRMA’s runtime estimations could be undercut by 100 % of the instances solved
with SomAla.
The results of a second test corresponds with these runtime comparisons. SomAla was additionally tested on an
older Mac mini with an i7-4578U CPU and 8 GB Ram running on macOS 12.13.4 using SCIP 6.0 instead of CPLEX.
The same benchmarks and CPU improvement assumptions
as before have been used to determine a new IRMA runtime
estimation with the result, that IRMA would need 112 %
of its original computational time, if this Mac mini was
used. Not included in this estimation is the fact that SCIP
is usually more slowly compared to CPLEX which is used

CONCLUSIONS
This paper proposes a new hybrid heuristic for the CPMP
which combines a self-organising map (SOM), integer linear programming, an alternating location-allocation algorithm (ALA) and a partial neighbourhood heuristic in three
working steps.
In the first step, a solution for a continuous, capacitated
p-median problem is found using a SOM and a generalised
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Table 7: Computational times for IRMA and SomAla
Instance

Computational time [sec]
IRMA
SomAla-MM
SomAla-MS
59.65
0.79
0.98
300.72
2.42
6.63
546.39
109.65
14.68
643.31
106.59
25.99
706.29
79.96
34.53
1,131.32
175.84
23.89
979.12
128.99
51.73
652.34
134.56
67.78
653.79
134.62
98.24
181.66
15.29
1.63
1,199.98
15.43
14.70
1,634.18
208.39
35.04
1,227.78
140.46
71.41
951.75
165.33
117.68
551.82
6.05
6.07
825.85
24.83
51.11
2,019.23
0.00
118.98
2,382.39
266.80
171.14
2,402.6
547.65
232.99
2,685.38
549.00
252.85
2,239.84
625.67
327.76
2,819.26
765.91
462.45
1,578.17
439.31
380.47
1,874.08
478.40
405.19
538.97
38.31
21.24
3,880.37
110.59
92.58
4,592.66
1,239.09
178.86
3,912.36
665.33
286.88
3,433.26
662.38
575.98

u-724-010
u-724-030
u-724-075
u-724-125
u-724-200
spain-737-74-1
spain-737-74-2
spain-737-148-1
spain-737-148-2
rl-1304-010
rl-1304-050
rl-1304-100
rl-1304-200
rl-1304-300
pr-2392-020
pr-2392-075
pr-2392-150
pr-2392-300
pr-2392-500
p-3038-600
p-3038-700
p-3038-800
p-3038-900
p-3038-1000
fnl-4461-0020
fnl-4461-0100
fnl-4461-0250
fnl-4461-0500
fnl-4461-1000
Minimum
Average
Maximum

1.607.05

270.26

142.39

Ratio SomAla/IRMA [%]
SomAla-MM
SomAla-MS
1.33
1.64
0.80
2.20
20.07
2.69
16.57
4.04
11.32
4.89
15.54
2.11
13.17
5.28
20.63
10.39
20.59
15.03
8.42
0.90
1.29
1.23
12.75
2.14
11.44
5.82
17.37
12.36
1.10
1.10
3.01
6.19
26.01
5.89
11.20
7.18
22.79
9.70
20.44
9.42
27.93
14.63
27.17
16.40
27.84
24.11
25.53
21.62
7.11
3.94
2.85
2.39
26.98
3.89
17.01
7.33
19.29
16.78
0.80
0.90
15.09
7.63
27.93
24.11

Table 8: Results for the g11056 instance
Instance
208,570
88,708
58,753
38,400
30,611

Obj. value
SomAlaMM
209,025
89,472
58,847
38,554
30,755

85,009

85,331

BKS
g-11056-111
g-11056-553
g-11056-1106
g-11056-2212
g-11056-3317
Minimum
Average
Maximum

SomAla-MS
208,970
90,318
58,832
38,686
31,502
85,661

ObjGap [%]
SomAlaSomAla-MS
MM
0.22
0.19
0.86
1.81
0.16
0.13
0.40
0.75
0.47
2.91
0.16
0.13
0.42
1.16
0.86
2.91

Computational time [sec]
SomAlaSomAla-MS
MM
523
491
1,800
559
2,649
1,014
1,743
1,605
3,580
3,447
2,059

1,423

function values. Both approaches provide better results than
SomAla-MS. But this approach is also able to find solutions
for 89.7 % of all instances with a relative gap of ≤ 3 % to the
best known solutions. Since the tests for IRMA and SomAla were run on different test systems, the original computational times cannot be compared. Therefore, estimations
of the computational times for IRMA, assuming this algorithm would run on SomAla’s test system, were generated.
These estimations depend on benchmark-based assumptions
about time savings of different hardware as well as assumptions about release-wise runtime improvements of CPLEX.
The comparison of SomAla’s runtimes and the runtime estimations for IRMA indicates runtime improvements for all
of the tested instances solved with SomAla.

assignment problem (GAP). This solution is used in the second step in an ALA based on GAPs to find and improve
a solution for the CPMP. In the last step, the best solution
found so far is improved by using a partial neighbourhood
optimisation heuristic.
The combination of a SOM with a GAP in the first step
of the algorithm exploits the structure of the CPMP and improves the objective function value of the entire algorithm in
comparison to alternative initial solutions. The next working steps combine several known techniques (integer linear
programming, ALA, partial neighbourhood optimisation) in
a new manner. All of these approaches are extended by several size-reduction methods and a variable relaxing-fixing
heuristic to improve the SomAla’s capability to find good
solutions for large problem instances as fast as possible.
SomAla was tested on several benchmark instances in
comparison to IRMA by Stefanello et al. (2015), which is,
according to the literature review, the most competitive approach to solving CPMPs. It could be shown that IRMA
and SomAla-MM are more or less similar in their objective

These results and the results of the g-11056 instances,
which are the largest instances ever published for the CPMP,
show that SomAla is a heuristic which enables decision
makers to find good feasible solutions for large instances
with reasonable computational times.
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for the optimal return on investment is always a major
challenge of this industry.

KEYWORDS
Daily route planning, Excel solver, Offshore marine
transportation, Offshore Support Vessel, Sweep
algorithm

E&P operating site locations can be both onshore and
offshore. The offshore is considered more costly
because it faces with bigger challenges comparison to
the onshore site. The operating cost, particularly marine
transportation cost, at offshore is thus comparatively
huge inevitably because of specialty requirements and
location disadvantages.

ABSTRACT
In offshore upstream oil and gas industry, daily logistics
and transportation are being served by Offshore Support
Vessels (OSV) such as Platform Supply Vessel (PSV),
Anchor Handling Tug Supply (AHTS) and Crew Utility
Vessel. Marine transportation is then a substantive
operating costs. To stay competitive, the cost should be
reduced and vessel route optimization can be a tool. The
case study company is an exploration and production
(E&P) company operating in the Gulf of Thailand. At
present, the planning and scheduling tasks of marine
vessel in this area are mostly conducted by manual with
none use of optimizing tools. Hence, cost and time
saving can be expected by the use of enhanced and welldeveloped vessel route planning. This paper applies the
two-phase sweep algorithm to conduct route planning, it
is assumed that there are five vessels with varied
capacities obtainable to serve offshore daily demands at
thirty remote platforms. All demand locations are first to
be clustered into groups using polar-angles sweeping
method and then refine the routes of vessel for each
cluster. All processing phases are implemented using
functions and add-in programs of Microsoft Excel. It
was noted that the primary stage of clustering plays a
very important role to the solution results. However,
overall outcomes of process experiments present that the
answers are stable and acceptable.

In general, each operating asset comprises of a
centralized complex encompassing with several remote
platforms scattered over the asset boundary. The
complex is normally where the living quarter (LQ)
platform is located. Offshore staffs stay at the LQ during
off-hours and, on daily basis, going out to work at
remote platforms, before coming back to the LQ after
missions completed.
The vessels serves daily infield personnel, equipment
and material transfer on daily basis. The vessels are
generally under long-term time charter contracts.
Operating costs such as fuel consumption, wharfage and
pilotage fee are accountable and solely managed by the
vessel charterer (E&P company). The chartered vessels
have individual characteristics and capacities which
include numbers of passenger and vessel deck spaces
that allow the vessel to carry or accommodate.
At the case study, the vessel routing process is started
every morning by a planning officer. The officer
receives trip demands every day from production,
drilling, well-service, maintenance and safety
departments. The routing plan is then arranged
manually. However, to establish the vessel routing
manually is difficult and cannot give optimal solutions
as it can be up to thirty locations needed to visit in a day.
Figure 1 shows the vessel route program work flow.

INTRODUCTION
The oil and gas component is generally grouped
according to its characteristics and operations being
performed. It can be divided into three main parts
comprising of upstream, midstream and downstream.
The upstream is an initial phase which is normally
known as exploration and production or called E&P
since its activities relate to exploration and production
of petrochemical products such as natural gas, crude oil
and condensate.

Work request from various users

Planning officer to gather and
consolidate work requested
Planning officer to manage vessel
route program based on customers
request information

The upstream business, particularly on working sites
that operate offshore, involves with a high investment
including risks with possible high rewards. To manage

Figure 1: Vessel route program work flow
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The planning officer is accountable for daily route
planning and works to serve infield personnel and cargo
both outgoing and incoming routes. Since it is currently
conducted manually, significant cost and time reduction
can be determined by the use of some optimization tools.

The UTM is a projection designed to display features on
a two dimensional surface.
This paper studies with the following conditions:
Condition 1: Vessel fleet description. Table 1 shows
resources (vessels) assumed for this study together with
individual capacities.

The primary objective of this paper is to obtain
optimization solutions related to Vehicle Routing
Problem (VRP) to conduct vessel route planning. The
paper then concentrates on daily offshore infield
personnel or deck cargo transfer operations. Supply run
between onshore supply base and offshore operating site
are therefore not included. Bulk cargo carriage in vessel
tanks underneath the deck have also been excluded.

Table 1: Vessel list and passenger capabilities.
Vessel name
Vessel A
Vessel B
Vessel C
Vessel D
Vessel E

LITERATURE REVIEW
Vehicle Routing Problem (VRP) is similar to Traveling
Salesman Problem (TSP) which first written by Dantzig
and Ramser in 1959. Liu, et al. (2014) mentioned that
the objective of both VRP and TSP are for obtaining the
shortest or optimal routes of vehicle and meanwhile
capable to serve all required demands. TSP is in regard
to one vehicle to serve fleet or group of customers with
optimal routes and get backs to original location,
whereas the VRP is about two vehicles or more. The
offshore logistics is considered more similar to the VRP
as generally there are more than one vehicle to serve the
demands. The LQ considered as center depot where all
paths must start and stop at this location while the
remote wellhead platforms regard as demand locations.

Passenger capabilities
100 passengers
95 passengers
90 passengers
85 passengers
82 passengers

Condition 2: Living Quarter (LQ) platform, location of
X = 865817m E and Y = 888640m N (UTM system),
referred as the center depot where all offshore staffs stay
during off-hours.
Condition 3: Thirty remote platforms with different
demands are required to visit as details mentioned in
Table 2 below:
Table 2: Offshore installations (remote platforms)
coordinates and individual demands.
Platforms

VRP can be unraveled by varied optimization
approaches such as exact approach, heuristics and metaheuristics depending on its size and complexity.
Heuristic is one of the prevalent approach these days
since it requires less processing time but capable to
deliver satisfactory outcomes. Two-phase sweep
algorithm stands as one of the well-known methods of
the heuristic in computational geometry.

PF-18
PF-15
PF-21
PF-29
PF-26
PF-37
PF-35
PF-25
PF-11
PF-14
PF-33
PF-24
PF-22
PF-20
PF-17
PF-10
PF-2
PF-30
PF-33A
PF-19A
PF-11A
PF-4A
PF-6A
PF-27A
QP-A
PF-34A
PF-24A

Erdoğan (2017) examined that in spite of numerous
commercial solution packages utilized to solve the VRP,
but these solutions require integration with existing
company infrastructures. The software are then needed
to be customized for such particular prerequisites.
Microsoft Excel spreadsheet is one of selected solution
and considered suitable for the study in view of
acquaintance with the interface, ease of utilize,
adaptability and accessibility. The built-in capacities in
Microsoft Excel are considered standard and adequate
for small-to-medium examination.
RESEARCH METHODOLOGY
Background and assumptions
This study uses Universal Transverse Mercator (UTM)
coordinate system to identify the platform locations.
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Passenger
In Out
12
0
23
0
15
0
17
1
16
0
11
1
20
0
8
0
9
1
12
0
22
0
15
0
12
0
11
1
5
0
16
1
17
0
14
1
16
0
9
0
12
0
8
0
15
0
4
0
5
1
11
1
13
0

X
(Easting)
842858
875100
844448
860950
861721
859297
855369
882519
883550
880688
877407
879898
875046
886299
871808
879098
868734
869123
890688
861667
875536
883928
884500
888927
888725
899979
895969

Y
(Northing)
901599
897851
896479
896950
910145
901594
896130
894349
888634
888692
882663
878799
878799
864351
872728
867198
883966
877838
893514
917583
915085
913323
908750
906915
914540
889641
887080

PF-31A
PF-2A
QP-S

18
18
15

0
0
1

874069
875338
899410

Triangle is used to explain how the Cartesian
coordinates is turned to Polar coordinates (Figure 4).

922763
919376
829491

Condition 4: Other related conditions are followed:
 No time window limitation.
 No maximum distance limitation.
 Simultaneously visit at the same platform
location is not allowed.
 All demands are assumed same priority.
 All constrains must be satisfied and cannot be
waived for any reason.

r

y

θ

Method Approach
Favinger (2008) explained basic principles of Cartesian
coordinates and Polar coordinate system. Cartesian
coordinates are used to dot for indicating how far “long”
and “up” from the origin point which is x-axis and yaxis consecutively. Figure 2 is an example of the x-axis
and y-axis which both equal to 5.

x
Figure 4: Triangle for conversion between
Cartesian coordinates and Polar coordinates
By turning Cartesian system into Polar system, a point
of Cartesian coordinates is represented as (x, y) and
converting to the Polar coordinates, it will be
represented as (r, θ) instead. It can be converted using
the formula below:

5

r2 = √(x2 + y2); and
θ = Tan-1(y/x)
y-axis

5

After getting the polar angle of each demand locations,
it first needs to sort the locations according to the
increasing order of polar angles in counterclockwise
course.

x-axis

The following approach are generally called sweep
algorithm (two-phase heuristic) by cluster-first routesecond. Gunadi, et al. (2002) used such algorithm to
solve their public transport problem. Wren (1971), Wren
and Holliday (1972), and Gillett and Miller (1974) were
pioneerly introduced this approach.

Figure 2: Cartesian coordinates
Polar coordinates are different from Cartesian
coordinates as Polar coordinates indicate how “far
away” and what is the “angle” of the point. Figure 3
shows that Cartesian coordinates are (5,5) while Polar
coordinates provide 7.07 which is the distance away
from the original point with the resulted angle of 45
degrees.

Formulate two-phase sweep solution
This step is to sweep the customer locations in radial
way or polar radian locations. The polar radian displays
the locations in a degree related to the depot location.
All processing are completed by existing functions in
Microsoft Excel as follows:

(5,5)




7.07




45º

ATAN2 to find arc tangent of the two numbers
(x and y).
DEGREES to convert an angle expressed in
radians (ATAN2) to degrees.
MOD to obtain the remainder after the
DEGREES is divided by divisor.
RANK.AVG to perform ranking against a
range of numbers in sequence.

Divide the locations into a set of cluster
In every single sweeping process for demand locations,
the sweeping process will be stopped once passenger
demands have reached the vessel constrains or

Figure 3: Polar coordinates
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maximum capacity. The cluster can then be conducted
by grouping the demand locations swept together. The
next sweeping process will be continued for the next
customer demands until no passenger demands. Figure
5 demonstrates clustered customers after completion of
the initial sweep step.

Refine the shortest route each cluster
A typical Travelling Salesman Problem (TSP) approach
is used to refine the vessel route with minimum distance.
This step will use the distance summary of each cluster
as an objective. Every time the shortest path is found,
the selected node will be linked to the specified route.
Dantzig et al. (1954) introduced a classical
mathematical model for TSP as follows:
Let
The nodes (remote platforms) with numbers 1, …, n
Cij is the distance from node i to j
Xij is assigned as a binary variable
= 1 if travelling from node i to j
= 0 if otherwise

Cluster#4

Cluster#3

Objective:

Cluster#5
Cluster#2

𝑛

𝑛

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 = ∑. ∑ 𝐶𝑖𝑗 𝑋𝑖𝑗
𝑖=1 𝑗≠𝑖,𝑗=1

Subject to:
Cluster#1

0 ≤ 𝑋𝑖𝑗 ≤ 1
SWEEPING ON
COUNTERCLOCKWISE
DIRECTION

𝑖, 𝑗 = 1, … , 𝑛;

(1)

𝑗 = 1, … , 𝑛;

(2)

𝑖 = 1, … , 𝑛;

(3)

𝑛

∑ 𝑋𝑖𝑗 = 1
𝑖=1,𝑖≠𝑗
𝑛

Vessel 1
Vessel 4

Vessel 2

Vessel 3

∑ 𝑋𝑖𝑗 = 1
𝑗=1,𝑗≠𝑖

Vessel 5

Figure 5: Clustered customers (after initial sweeping)

∑. ∑ 𝑋𝑖𝑗 ≤ |𝑄| − 1

∀𝑄 ⊆ {2, … , 𝑛}

(4)

𝑖∈𝑄 𝑗∈𝑄

After the sweeping process, locations are segregated
into clusters, the sub-problems are now become smaller
and less complex. Thus, solver should be able to manage
the sequence of the routes for each cluster to reduce the
total distance. This step can be also completed by simple
functions available in Microsoft Excel such as
VLOOKUP, IF, CONCATENATE, IFERROR and
SQRT. Prior to refining process, the model should be
first properly divided.

The objective function is to minimize the total distance
of each cluster. Equation 2 and equation 3 are to enforce
to visit each node for one time. The equation 4 ensures
that there is only one single tour covering all nodes. In
each subset Q, sub-tours are not allowed by ensuring that
the number of arcs in selected Q must be smaller than
the number of nodes in Q. Therefore, the solution gives
only one single tour and no partial circuit occurs.

Create distance summary of each cluster
Nodes (remote platform locations) in each cluster will
be linked to create routes. Total distance of each cluster
is cumulative starting from the depot point to every
customer locations and then back to the deport point. To
find the distance from one point to one point, it can be
explained by the formula below, it is assumed that the
Remote Platform A refers to (Xi, Yi) and Remote
Platform B refers to (Xj, Yj) then;

Model Validation
To check validity and effectiveness of the proposed
models, it requires to check whether or not the calculated
distance are stable and correct, the tackling time must
not be too long within acceptable time of response. Also,
the demands must be all satisfied.
Manual calculations have been made to compare and
validate the computed results. Overall results found
palatable. Resulted distances have been reduced using
few minutes of solution time. Figure 6 shows computed
vessel routes after Microsoft Excel’s solving completed.
It can be seen that the routes of each vessel are clearly
shown in separated clusters. Starting from vessel no.1

Distance between A and B = √(Xi – Xj)² + (Yi – Yj)²

280

(light-green diamond), vessel no.2 (light-blue square),
vessel no.3 (yellow triangle), vessel no.4 (dark green
cross shape), and vessel no.5 (dark blue cross shape with
additional lines) which is the last vessel.

5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40

PF-31A
PF-2A
QP-A
PF-11A PF-4A
PF-6A
PF-27A

PF-19A
PF-26
PF-18

PF-37

PF-15

PF-29
PF-21

PF-35

PF-25 PF-33A
PF-34A

PF-14

BQP
L
PF-2

PF-33 PF-11
PF-22

PF-30

PF-24A

PF-24

PF-17

PF-10
PF-20

QP-S

Vessel 1

Vessel 2

Vessel 4

Vessel 5

Vessel 3

Figure 6: Refined vessel routes after completion of
solving process.
Numerous similar-approach simulations have been
tested to check, validate and confirm the correctness of
the formula and capability of the Microsoft Excel solver.
The result shows all satisfactory, while demands and
constraints were all satisfied.

040
045
050
060
070
080
090
100
110
120
130
135
140
150
160
170
180
190
200
210
220
225
230
240
250
260
270
280
290
300
310
315
320
330
340
350

5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5
Average

99,399
99,399
49,268
82,710
109,494
158,460
158,460
158,460
158,460
158,460
158,460
158,460
158,460
158,460
158,460
158,460
158,460
158,460
158,460
92,526
52,297
52,297
52,297
123,822
117,972
126,160
118,486
133,169
89,971
101,375
117,933
91,313
39,355
45,388
59,494
108,122
110,840

84.98
113.81
113.19
99.41
128.25
93.16
38.92
38.55
39.44
39.33
38.78
39.11
39.64
39.63
39.03
39.30
38.83
38.41
39.50
127.11
77.87
68.59
38.22
79.92
115.11
103.63
92.97
123.00
81.17
98.69
74.09
92.88
79.23
69.03
96.06
103.28
78.59

Figure 7 illustrates the results of total distance
comparison after running the solver. It was found that
the appropriate starting angles should be in range from
80 degree to 200 degree as they provide the similar
optimal results.

RESULTS
Based on the conditions and assumption aforementioned
given, it was started at the angle of 000, then add at 10
degrees each until has reached the angle of 360 or 000
again. After testing and approval of execution results, it
can be said that all sweeping angles are able to provide
the ideal results within a few of minutes of computing
time. Table 3 shows the overall performance for each
starting angle of sweeping.

Unit: Meter

800,000
600,000
400,000
200,000

Table 3: Overall performance results

Sweeping Angle

0
030
050
080
110
135
160
190
220
240
270
300
320
350

-

Trial
No.

Starting
Point of
Sweeping

No. of
Vessel
Utilized

Reduced
Distance
(m)

Processing
Time
(Sec)

1
2
3
4

000
010
020
030

5
5
5
5

88,475
42,938
42,938
78,552

85.22
72.69
38.64
99.83

Before

After

Figure 7: Total distance comparison
As the matter of vessel utilization efficiency, the
utilizations results are also satisfied. Vessel utilization
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rate can be measured by dividing the used capacity of
the vessel by the maximum allowable capacity of the
vessel. Table 4 offers vessel utilization percentage for
main starting angles of sweeping. Since the capacity of
vessels in earlier orders are enforced to fully utilized,
then the last vessel will always have the least utilization
in every angles.

tasks and conducted by manual. Therefore, significant
saving (both time and cost) could be expected by a
support of automated optimization program. The
experimental computational results provide favorable
route planning outcome by the two-phase sweep
algorithm approach.
It was notably that the first stage of clustering plays a
vital role and directly affects to solution outcomes. A
careful selected clustering can result in a better solution.
The algorithm approach was tested and found capable as
decision supporting tools. The result provides a great
reduction of total distance. The demonstration is created
in Microsoft Excel as the advantages of its capabilities
that are to be accessed, adopt and upgraded when
required.

Table 4: Vessel Utilization Result
Vessel No.

Starting Angles
of Sweeping

1

2

3

4

5

000

98.0

86.3

91.1

97.6

53.7

045

94.0

95.8

77.8

94.1

65.9

090

86.0

84.2

86.7

97.6

75.6

135

86.0

84.2

86.7

97.6

75.6

180

86.0

84.2

86.7

97.6

75.6

225

93.0

92.6

91.1

96.5

53.7

270

96.0

92.6

90.0

89.4

58.5

315

97.0

96.8

94.4

94.1

42.7

Average

92.0

89.6

88.1

95.6

62.7

In this paper, the model has been created for a common
situation which all the routes must only start and finish
at the depot. However, it is conceivable that the vessel
routes may start or finish at remote platforms (not
depot). However, such a condition has not been built in
this study.
Other attractive points are different sorts of demands at
a single demand locations, and multiple priority of
demands. There are numerous things to explore and
improve in the upstream marine logistics offshore.

In terms of the processing time, the average computing
time is approximately to one minute. Figure 8 shows
results of solution times of each sweeping angle.
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KEYWORDS

vertical integration means to connect the information
systems from the top floor (i.e. the business processes
automated by an ERP system) to those of the shop floor
(i.e. the IT systems for controlling the machines in
production).

Horizontal and Vertical Integration, IoT, Cyberphysical System, Digital Twin, Simulation, Petri nets
ABSTRACT
Horizontal integration describes the linkage of
processes to simplify the flow of materials and
information between different corporations. Vertical
integration describes the connection or merging of
processes between top and shop floors inside the very
same organization to enable comprehensive possibilities
for optimization, allowing – virtually as side effect – for
the customized production of batch size one orders.
Both fields offer interesting issues, for example how to
gain insight into what kind of effects a possible
transformation could have prior to conducting said
transformation – maybe assembly of a new production
line, reengineering of a supply chain or managing the
change of a business process due to new market
constraints. Alterations naturally come at a price, thus,
testing the consequences by implementation is nearly
always infeasible.
To lessen the cost of change, transformations can be
analyzed using digital twins – by modelling real world
machinery, work pieces and processes, then simulating
them and their interaction.
The authors present a possibility to implement digital
twins in arbitrary magnitude and level of detail. A webbased specification and simulation environment allows
for modelling both high-level business processes and
field level as well as activities across companies' borders,
comprising everything between.

Figure 1: Integration of Processes across Companies
In this paper, possible implementations on the
numbered items are introduced. For item 1 a PLC-like
approach to simulate the field level is used, while an
MES-like model at the operating level is shown for item
2. The company level as located at item 3 is covered by
an ERP-like process. Lastly, a workflow interface can be
modelled at inter-company level depicted as item 4.
In the past, a major issue has been the definition of data
interfaces. Through use of standards like EDIFACT
(Electronic Data Interchange for Administration,
Commerce and Transport, ISO 9735:1988) a portion of
these issues can be attenuated. However, this only solves
the software part of the integration problem, i.e. the
coupling of the information systems used in and between
companies. Two further aspects complete the view:
• IoT (Internet of Things) technologies enhance the
picture of a company that exists in its information
systems by real time information.
• Process models extend the static view on a
company by a dynamic one which allows to test
future scenarios before they occur.

INTRODUCTION
The total or partial replacement of analogue processes
by digital, computer-manageable processes are a main
cause of the industrial revolution that can be observed
today (Wolf and Strohschen 2018). It leads to disruptive
changes in several industries where more and more
decisions are made by algorithms instead of employees.
As a precondition, real world information must be
available in an integrated model in order to simulate
possible future paths before conducting the best one.
Two integration scenarios are discussed as shown in
figure 1: while horizontal integration means the
integration of business processes along supply chains,

A model of a company which integrates data,
processes, information systems and real time information
concerning this company’s resources is called its digital
twin. It is a requirement to be able to develop cyberphysical systems for the industry of the future where the
technical systems respond smartly to their environment.
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The following section addresses the problems observed
by the authors which limit the development of digital
twins today. Research questions and methods derived
from these observations are discussed in the third section.
The main part of this paper elucidates the concepts of a
Petri net-based environment to overcome these
limitations. Further developments planned for the future
are discussed at the very end.

monoparadigmatic way by usage of a small,
generic language.
On first view, a lot seems to speak for the first solution
since there exist several (business) process modeling
languages that are widely used such as BPMN (Silver
2017), flowchart diagrams (information processing, ISO
5807:1985) or value stream diagrams (Klevers 2015).
However, since no formal definition and semantics exists
for these languages, the usefulness of interface
definitions is hardly proofed. At field and production
level, ladder diagrams are used as programming language
when utilizing PLCs. Microcomputers (like a Raspberry
Pi) are often coded on directly in a programming
language such as C or C++. In each of these cases, the
execution semantics are well defined, however no
interface is defined concerning the above-mentioned
diagrams yet.
As is illustrated in figure 2, this results in the goal of
overcoming heterogeneous concepts between different
business levels, while at the same time maintaining or –
as a secondary effect in the case of data format
mismatches – enabling the possibility to model systems
integration beyond the company's borders. This can be
achieved by the development of holistic digital twins.

CHALLENGES CONCERNING DIGITAL TWINS
A digital twin is a piece of software that models a part
of the real – its real-world counterpart. For this, the
digital twin stores all relevant status information of its
real-world counterpart and is able to observe whether the
real world behaves as predicted. Hence, the ability to
predict the future is a central contribution of digital twins.
As a consequence, it is irrelevant whether this realworld counterpart actually exists or only its idea. For
example, a production plant can already have a digital
twin during its planning phase. Simulation can then be
used to find out whether the planned plant will behave as
assumed. All fabrication steps can be tested and
optimized on the production line virtually (Kannwischer
2015). For this, the digital twin, when executed with real
data, should behave like its real counterpart (Tao et al.
2017), or more precisely, it should calculate the same
state as the one that can be observed in the real world.
Connectors from real world objects to their digital
models are needed to compare the current and the
predicted state and to deliver the relevant real-world
information to the digital twins. Traditionally, sensors
and user input have been these connectors. Hereby,
sensors are typically restricted to local machines. User
input, on the other hand, has often deficits concerning the
correctness and currentness of data. In the past, these
limitations have been accepted since they were the only
available sources of information. In a business context a
change can be observed nowadays as follows:
• Several information concerning business processes
(like orders, bills, etc.) already primarily exist in
the virtual world.
• By connecting machines and products to the
internet, which is described by the term internet of
things, also widely spread infrastructure
information can be consolidated in a single place.

Figure 2: Transition from Heterogenous Specification
Languages to a Monoparadigmatic Description
In this paper, a monoparadigmatic approach is pursued
based on Petri nets, which have been researched for more
than 50 years and are clearly defined semantically (Reisig
2010). Petri nets allow for modelling on each of the levels
mentioned in the later concept sections of this paper,
from workflow management down to the controller – an
advantage over other simulative languages that focus on
specific applications like discrete event systems.
However, the existence of this method is not enough: in
terms of applied sciences, also a web-based modeling and
execution software is presented which has been
developed over the past years and is currently applied to
integration projects to overcome the limitations described
above.

The other way around, actors controlled by digital twins
might influence the reality. Again, the internet of things
offers the ability to spread this information in a wide area.
Now, some of the major challenges are the differences
concerning description languages for a business reality.
They limit the ability to develop an integrated model.
Two possible solutions exist for this:
• Like connectors in the real world it might be
possible to link the different types of models with
interfaces to each other.
• The different views on a business from the top
floor to the shop floor are described in a

RESEARCH METHOD
According to (Hevner et al. 2004), there are seven
guidelines for Design Science Research. These and their
implementation are briefly explained as follows:
Design as an Artifact: A viable artifact must be
created. In the present case, this is a web-based
specification, simulation and control environment.

285

Problem Relevance: The goal is to develop a
technology and/or methodology-based solution to a
significant and pertinent problem. The presented artifact
not only simulates business processes based on real data,
but also optimizes and controls them.
Design Evaluation: The presented tool is used in
companies already, thus feedback from the operational
practice can be evaluated. The control part is used in
teaching and prepared for operational use due to feedback
from student users.
Research Contribution: The contribution consists of
the creation of a practical application on the theoretical
basis of the Petri net theory. The theory is enriched by
time concepts and the possibility to connect Petri net
models with the modelled reality.
Research Rigor: In theory, the simulation options
developed are compared with other simulation
environments. In practice the focus is placed on the
evaluation of how to use this approach in a company
environment.
Design as a Search Process: The present prototype is
the latest in a series that starts from the initial
implementation of the underlying principles and ends in
a productive system. Each implementation step has been
evaluated.
Communication of Research: The results achieved so
far are relevant for both research and practice. They are
presented on conferences but also, more illustrative, for
practitioners.

means of an attribute. If the position is marked, then the
actuator is switched on, otherwise switched off. If it is a
continuously controllable actuator (for example a motor
whose speed can be regulated), then the continuous
variable is specified by the token value.
Sensors can also be represented by means of a place and
in this case a token also indicates the condition of the
sensor on that place, i.e. whether the sensor supplies a
signal and, in the case of a continuous sensor, its value.
However, in the latter case a sampling interval in which
the sensor value is updated is also to be specified in
expansion of the output interface. Furthermore, such
places may only be read by transitions without deleting
or modifying the token.
The example in figure 3 illustrates this principle as a
Petri net using a production line with a processing station.

CONCEPT AT FIELD LEVEL
Possibilities for using Petri nets for machine control
and plant control have a long tradition (see (Zuse 1980),
(König und Quäck 1988), (Hanisch 1992)). In addition to
the specification and subsequent analysis of the possible
behavior of a modeled system, Petri nets can also be used
to generate code for PLCs (see (Brand 2000), (Raue
2001)).
Disadvantageous to such an approach is the need for a
new code generation in case of adjustments to the
machinery. This is not always useful in view of the
desired flexible adaptability of machines due to altering
customer demands.
An interesting and cost-effective variant is the use of
microcomputers such as the Raspberry Pi to handle
control tasks. If a web server is installed on the computer,
then the web-based modeling and simulation
environment presented here can also be installed. With
its own data types and functions, complex process steps
can be expressed compactly as a Petri net. By use of an
extension allowing access to the GPIO interface of a
Raspberry Pi, a production plant can be controlled
directly by the simulator.
Starting point for such a control is the question as to
how the actuators (for example motor or light) and
sensors (for example button or light sensor) of the
production line to be controlled are mapped in the tool
and connected to it.
For actuators, it makes sense to represent them with a
place that is linked to the appropriate GPIO interface by

Figure 3: Process for Continuous Operation of a TwoWay Conveyor Belt with Attached Processing Station
Figure 4 shows the associated code specification except
the part describing the layout has been left out to facilitate
readability. In the initial state, the model waits for the
signal from the light sensor at GPIO pin 24, which
indicates that a work piece has arrived on the assembly
line. As this is a discrete sensor, there is no need for
interval sampling. When the signal arrives, the conveyor
belt is set in motion in the direction of the workstation
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until a signal at input port 23 is detected, thus indicating
the correct positioning of the work piece. Now the
processing will take place (which for reasons of space is
not shown in detail here). Finally, the work piece is
moved in the opposite direction back to the starting point.

comparable task can be seen in figure 5, where the oldest
from a set of work orders is chosen by using a minimum
selector. In this example, the orders planned at the
company level are inserted into the production queue one
by one. During production, the work pieces must first be
fed to the workstation, then processed and finally taken
away again.
The associated specification is depicted in figure 6
barring the part describing the layout.

N levelPLC {
P pSem
(label='');
P pSI
(label='Storage In');
P pSO
(label='Storage Out');
P pFore (gpioOut=5);
P pBack (gpioOut=6);
P pSens1 (gpioIn=23);
P pSens2 (gpioIn=24);
P p0, p1s1, p2s1, p1s2, p2s2 (label='');

N levelMES {
R recOrder {calDate: datetime,
var: char, amt: int};
P
P
P
P
P
P

M (pSem=1);
M (pSI=1);
T
T
T
T
T
T

tConvFore
tReadSen1
tPro
tConvBack
tReadSen2
tFin

(label='Conveyor$Fore');
(label='Read Sensor 1');
(label='Process');
(label='Conveyor$Back');
(label='Read Sensor 2');
(label='Finished');

pSem (label='');
p0 (label='Storage In', type=recOrder);
p1 (label='Input', type=recOrder);
p2 (label='Process', type=recOrder);
p3 (label='Output', type=recOrder);
p4 (label='Storage Out', type=recOrder);

M (pSem=1);
M (p0='("2018.04.02T08:00:00","oxo",75);
("2018.04.02T12:00:00","oxo",15);
("2018.04.10T08:00:00","oxo",25);
("2018.04.01T08:00:00","xo", 25);
("2018.04.10T12:00:00","xo", 50)');

A (pSI, tConvFore, pFore, tPro, p0,
tConvBack, pBack, tFin, pSO);
A (tConvFore, p1s1, tReadSen1, p2s1, tPro);
A (tReadSen1, pSens1);
A (tConvBack, p1s2, tReadSen2, p2s2, tFin);
A (tReadSen2, pSens2);
A (tConvFore, pSens2);
A (tFin, pSem, tConvFore);

T t0 (label='', select='min(A.calDate)');
T t1, t2, t3 (label='');
A (p0, t0, p1, t1, p2, t2, p3, t3, p4,
label='A');
A (t3, pSem, t0);

}
}

Figure 4: Specification for the Model from Figure 3
(layout specification omitted for readability)

Figure 6: Specification for the Model from Figure 5
(layout specification omitted for readability)

CONCEPT AT OPERATING LEVEL

CONCEPT AT COMPANY LEVEL

Production planning focuses on the scheduling of
orders and the aggregation of individual orders into lots.
One way to solve this task has already been described in
(Simon 2017) and (Simon 2018). Key is the ability to
process several tokens put on one place in a sequence.

From an information technology perspective, the
company and the operating levels are quite similar: both
levels process orders. But while at the plant level orders
are brought into production, at the company level the
business prerequisites to be able to process these orders
are created.
The Architecture of Integrated Information Systems
(ARIS) as shown in figure 7 is a coherent frame of
reference for the various concepts used to describe a
company from the point of view of information systems.
The central role is played by the processes by which the
data of a company is linked to its operational functions.
Organizational responsibilities and the specification of
relevant output data complete this approach.

Figure 5: Process for Selection of Work Orders by Age

Figure 7: Architecture of Integrated Information
Systems (ARIS) as per (Scheer 1997)

This corresponds to the possibility of sorting data
records of a database with regard to a number of
attributes in ascending and descending order. A

Petri nets, which are mathematically defined, also offer
the possibility of modelling business processes and are
therefore used for this purpose, in particular for workflow
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management systems (van der Aalst and van Hees 2002).
They can be interpreted unambiguously and hence may
serve as the basis for an automated workflow execution.
Distinctive tokens are crucial for the use of Petri nets to
model and execute business processes. The best known
approaches to this are Pr/T-nets (Predicate/Transition
Nets) as per (Genrich and Lautenbach 1981) and Colored
Petri Nets as per (Jensen 1992). The possible usage of the
latter for modeling business processes is described
exemplarily in (van der Aalst and Stahl 2011).
In Pr/T-Nets, places are typed and can be marked with
matching tuples. Hence, places correspond to tables of a
database and their tuples to the records within a database
table. In this way, the network can be linked to a database
or filled with real data via a CSV interface.

P proc (label='Procure', type=recOrder);
P prod (label='Produce', type=recOrder);
M (p0=1);
M (ord='(1,"oxo",25);(2,"oxo",15);
(3,"oxo",25);(4,"xo",25);
(5,"xo",5)');
M (sto='("o",200);("x",80)');
M (bom='("oxo",2,1);("xo", 1,1)');
T sel (label='', select='min(A.no)');
T neg (label='', condition=
'!ENABLED(pos)');
T pos (label='', condition=
'(o>=pcsO*a)&(x>=pcsX*a)');
A (ord, sel, p1, neg, proc, label='A');
A (p1, pos, prod, label='(n,v,a)');
A (sto, pos, label='("o",o);
("x",x)');
A (pos, sto, label='("o",o-pcsO*a);
("x",x-pcsX*a)');
A (bom, pos, bom, label='(v,pcsO,pcsX)');
A (neg, p0, sel);
A (pos, p0);

A sample application is a release process for orders in
case all required materials are in stock. Otherwise, an
order process will be triggered automatically. Figure 8
shows the model for this example using icons for
visualization purposes.

}

Figure 9: Specification for the Model from Figure 8
(layout specification omitted for readability)
CONCEPT AT INTER-COMPANY LEVEL
The concepts at company and inter-company levels
share innately even greater similarities than those at
company and operating levels. If it is possible to model
and simulate business processes on an ERP level, then
connecting those with external processes on the same
level becomes trivial.
The fundamental idea of this thought can be seen in the
Workflow Management Coalition's Reference Model as
depicted in figure 10. A company's workflows can be
executed by workflow engines which themselves are
parts of workflow enactment services. Through the use
of appropriate interfaces, they may be connected to each
other, even if they reside outside the company.

Figure 8: Process for Production Order Approval or for
Repeat Order Placement, respectively
Figure 9 depicts the corresponding specification, again
without mention of the layout portion.
N levelERP {
R recOrder {no: int, var: char, amt: int};
R recStorage {part: char, pcs: int};
R recBOM {var: char, pcsO: int, pcsX: int};

Figure 10: Components and Interfaces of the Workflow
Reference Model as per (Hollingsworth 1995)

P p0 (label='');
P p1 (label='', type=recOrder);

In connection with the possibility to use Petri nets as
conceptual standard for the modelling and analysis of
workflows (van der Aalst 1996), the claim made in the
initial paragraph of this section proves true.

P ord (label='Orders', type=recOrder);
P sto (label='Storage', type=recStorage);
P bom (label='BOM', type=recBOM);
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CONCLUSIONS
The integrated modeling and simulation environment
for Petri nets presented in this article creates a
monoparadigmatic and homogeneous approach for the
simulation and control of processes at all levels of the
automation pyramid. The system is already being used as
part of consulting projects to optimize processes in retail
and logistics, and currently production processes are
being modeled, simulated and optimized on this basis in
students' projects. Also the implementation of the system
on a microcomputer is already used as part of lectures.
Overall, the results presented here make it clear that the
goal of developing an integrated digital twin for both the
various levels of the automation pyramid can be achieved
with the help of Petri nets. A simulation of vertical
integration from the top floor to the shop floor and back
is already possible, as is one of horizontal integration
along the supply chain.
FURTHER RESEARCH
In addition to the continuous expansion of the language
base, new topics get queued due to the widespread use of
the system, especially aspects of security. Different
topics are relevant: The GPIOs of a Raspberry Pi control
root privileges, which then have to be secured by the tool.
However, before such topics can be addressed, the tool
must be extended by a user management with access
rights so that security-relevant information can be
protected actually.
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which transforms the themal energy in the human body
into electrical energy through the Seebeck effect.
As suggested from the previous research (Yang et al
2007, Jadhav et al 2017), the TEG is positioned in the fat
layer, where the highest temperature difference occurs. In
these research projects, simplified human tissue cube
model was proposed for the simulation of human tissue.
In addition, the authors (Jadhav et al 2017) applied a
Krylov-subspace based model order reduction (MOR)
technology to a linear thermal model. This was then
exposed to constant heat generation input in the muscle
layer and convection effect at the skin surface. An
accurate and compact reduced order model was
generated for the fast simulation of temperature
distribution results on TEG.
In the present work, a newly designed TEG would be
embedded into a realistic human left-hand forearm model
adopted from Verma (Verma et al 2018). Instead of using
constant metabolic heat generation as the heat input, the
bio-heat model of the human tissue (Pennes 1948) would
consider the blood perfusion, metabolic heat generation
rates in different tissue layers and the convection effect
at the skin surface. The blood perfusion heat generation
results in temperature-depended nonlinear inputs in the
system. For the application of conventional MOR
algorithms (Freund 2000, Antoulas 2005), which are
designed for linear systems, a linearization strategy is
suggested for the bio-heat thermal system in this paper.
Furthermore, to do the design optimization of the TEG, a
submodeling technique is implemented, which separates
the simulation of the thermal human tissue model and the
multiphysics domain TEG model.

KEYWORDS
Energy harvesting, Human body tissue simulation,
Model order reduction, Submodeling.
ABSTRACT
The aging European population leads to the important
role of electrically active medical implants for medical
therapies. Combined with energy harvesting technology,
the power supply life time of the medical implants can be
extended. In this work, we introduce a miniaturized
thermoelectric generator (TEG), which transforms the
thermal energy into electrical energy, embedded in a
realistic human forearm model. For efficient design
optimization of TEG, we present a combination of model
order reduction (MOR) and thermal submodeling
methodology. The representative TEG positioned global
thermal human forearm model is first reduced to a
compact size through MOR method. Secondly, the
temperature results from the reduced model are projected
back to the full-scale and used as the boundary conditions
for the detailed TEG submodel.
INTRODUCTION
The increasingly aging population of Europe will be a
large problem in the next few decades. This trend leads
to the importance and necessity of developing implants
for medical therapies, such as bone and cartilage
regeneration and deep brain simulation to treat
movement disorders. However, one of the main
drawbacks of such medical implants is their limited
battery life.
Energy harvesting technologies are widely developed
nowadays as an efficient solution for self-powered
implantable medical devices, which have improved the
implants’ lifetime (Amar et al 2015). In this paper, a
thermoelectric generater (TEG) would be introduced,

STUDY CASE
The simulations are carried out in software ANSYS®
Mechanical based on a realistic 3D human left-hand
forearm model with a disc-shaped TEG device embedded
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of inputs and user-defined outputs, respectively. The load
vector 𝑄 is given as:

inside. Blood perfusion and metabolic heat generation
rates are considered in the layers of muscle, fat and skin
tissue. The convection effect at the skin surface is used
as the boundary condition.

𝑄

𝜌 𝑐 𝜔 𝑇

𝑇 𝑟, 𝑡

𝑄

(2)

Human Left-hand Forearm Model
where 𝜌 , 𝑐 are the blood’s density and specific heat and
37℃ is the
𝜔 is the perfusion rate of the tissue. 𝑇
arterial blood temperature and 𝑇 𝑟, 𝑡 is the resulting
temperature distribution in the perfused tissues. In this
forearm model, blood perfusion heat generation rate 𝑄
and metabolic heat generation rate 𝑄 are applied in
muscle, fat and skin tissue layers. In addition, the heat
dissipated from the skin surface is modelled by
convection boundary condition:

Adapted Verma’s model (Verma et al 2018), a human
left-hand forearm model is applied for the temperature
distribution simulation of human tissue (see Figure 1).
The model is constructed with layers of muscle, fat, skin,
and with blood vessels and bones. The material
properties of each human tissue are shown in Table 1.

𝑞

ℎ⋅ 𝑇 𝑡

𝑇

(3)

where 𝑞 is the heat flux normal to the boundary skin
is the ambient temperature and ℎ is the
surface, 𝑇
heat transfer coefficient in W/m2K.
Thermoelectric Generator
Figure 1: Human forearm model with bones and blood
vessels adapted from (Verma 2018)

Thermoelectric generators transform the thermal energy
into electrical energy through the Seebeck effect of
thermoelectric materials. In this paper, a TEG model with
16×16 thermocouple legs is presented (see Figure 2).

Table 1: Material properties of various tissue types

Tissue
type
Muscle
Fat
Skin
Blood
Bone

Density

Specific
heat

𝜌
(kg/m3)
1090.4
911
1109
1049.8
1908

𝑐
(J/kgK)
3421.2
2348.3
3390.5
3617
1312.8

Blood
perfusion
rates

Metabolic
heat rates

𝜔
(1/s)
3.37×10-4
3.01×10-4
9.06×10-4

𝑄
(W/m3)
498.52
279.8
841.57
Figure 2: Thermoelectric generator positioned in fat
layer in human left-hand model

After the spatial discretization with finite element
method (FEM) in ANSYS® Mechanical, the human
forearm model could be presented by the bio-heat
equation (Pennes 1948), where the temperaturedepended non-linear blood perfusion and constant
metabolic heat generation rates in different human tissues
are accounted for the heat sources. The system equations
of the forearm model reads as follows:
∑

𝐸∙𝑇 𝑡

𝐴∙𝑇 𝑡

Table 2: Material properties of various parts in TEG

TEG
Parts
Housing
Ceramic
plates
Couple
legs
(P-type)
Couple
legs
(N-type)

𝐵∙𝑢 𝑇 𝑡
(1)

𝑦 𝑡

𝐶∙𝑇 𝑡

are the global heat conductivity and
where 𝐴, 𝐸 ∈ 𝑅
is the input
heat capacity matrices, 𝐵 ∈ 𝑅
is the output matrix.
distribution array and 𝐶 ∈ 𝑅
𝑇 𝑡 ∈ 𝑅 is the vector of the unknown temperatures, 𝑁
is the dimension of the system and 𝑚, 𝑞 are the number

Density

Specific
heat

Thermal
conductivity

kg/m3

J/kgK

W/mK

Teflon

8933

385

0.25

Al2O3

3720

880

25

Bi2Te3

7700

90

1.52~1.58

Bi2Te3

7700

90

1.58~1.62

Material
type

The TEG model contains two ceramic plates
(24.64mm×24.64mm×0.565mm) with 16×16 P-type and
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computational efficiency, submodeling and model order
reuduction techniques are combined and used.

N-type Bismuth Telluride made thermocouple legs
(0.8mm×0.8mm×2.27mm) in between. The TEG is
further protected by a cylindrical Teflon housing (radius
19mm). The material properties of this TEG are
presented in Table 2, where the thermal conductivity of
the thermocouple legs are temperature-depended.
It is further placed in high-fat regions as suggested
through the steady-state thermal simulation of forearm
model. The maximum temperature difference is observed
in the fat tissue layer (see Figure 3).

Submodeling Technique
Submodeling technique separates the simulation of
thermal human tissue model and coupled-domain TEG
model. Firstly, a representative TEG model is positioned
within the thermal human forearm model. In this
representative TEG model, the structure of the
thermocouple legs are replaced by block structure
instead, which has less degrees of freedom after the
spatially discretization. The material properties of the
block structure are used based on the experimental data
(Yalkoti 2017), where the thermal conductivity is
calculated as linear. This leads to the system matrices in
equation (1) all linear. The thermal simulation of the
representative TEG positioned human forearm model is
processed and its distribution temperature results are
further used as the boundary conditions for the detailed
TEG submodel (see Figure 4).

Figure 3: Temperature distribution profile along the cut
side of the human forearm model
According to Seebeck effect, the temperature difference
between hot and cold sides of the TEG plates will be
transferred into electrical energy through the
thermocouple legs. The hot side of TEG is near to the
artery where temperature is maintained at 37℃ . In
addition, through the convection effect at the skin
surface, the heat dissipates and flows through the TEG
device from hot to cold side. A Seebeck voltage output
could be generated from the TEG through the equation,
which is directly proportional to temperature difference:
𝑉

𝑛 ∙ ∆𝑇 𝛼

𝛼

Figure 4: Detailed TEG submodel with surrounding
human tissue. Temperature results from the global full
forearm model are imported as the temperature
boundary conditions in the submodel
In order to minimize the influence of the human tissue on
the TEG model, the TEG submodel is surrounded with a
small part of human tissue. In this way, the detailed TEG
submodel simulation is separated from the global
forearm model. One could change the structure of the
TEG model and do the repeat simulations in the
submodel only.

(4)

where 𝑛 presents the number of thermocouple legs, ∆𝑇 is
the temperature difference between the top and bottom
surfaces of the thermcouple legs and 𝛼 , 𝛼 are the
Seebeck coefficients.

Model Order Reduction
Although the submodeling technique avoids the repeat
thermal simulations of the global forearm tissue model,
one still need one full-time simulation of the large-scale
forearm model (233,857 DoF) to get the temerpature
results as the temperature boundary conditions for the
submodel. To have a fast simulation of the full forearm
linear thermal model, mathematical model order
reduction (MOR) algorithm has proved its robustness
(Bechtold et al 2013). This technique generates highly
accurate and compact model which enables a fast
simulation of the forearm tissue model.
Based on FEM, the forearm thermal model is presented
by equation (1) and (2). The blood perfusion heat
generation rate is temperature-depended, which leads to

A COMBINATION OF MODEL ORDER
REDUCTION AND SUBMODELING
The simulation of the human forearm model with an
embedded detailed TEG model spends a large
computational effort due to its large dimensional FEM
model. The detailed TEG positioned forearm model
shown in Figure 2 has a total 233,857 DoF (127,307 DoF
from the detailed TEG, 106,550 DoF from the forearm
tissue). During the design optimization process, the
geometry modifications of the TEG will lead to the repeat
simulations of the whole model. In order to improve the
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reduced unknown temperature state vector obtained
through the state projection equation:

a non-linear input, whereas all other system matrices are
constant. According to this property, the temperaturedepended part could be transferred to the left-hand side
and integrated in the global heat conductivity matrix:
𝐸∙𝑇 𝑡

∑

𝐴

𝜌 𝑐 𝜔∙𝐼 ∙𝑇 𝑡
𝑦 𝑡
𝐶∙𝑇 𝑡

𝜌 𝑐 𝜔𝑇

𝑇

𝑉∙𝑧

(7)

By using the MOR methodology, the temperature
distribution result of the full forearm model is
approximated by the reduced model and the
computational time is speeded up. Furthermore,
according to equation (7), the full-scale unknow
temperature state vector of the forearm model could be
approximated by the multiplication of projection matrix
and reduced state vector. This approximated full-scale
temperature state vector could be further used as the
temperature boundary conditions for detailed TEG
submodel.

𝑄
(5)

would be a unity matrix if perfusion
where 𝐼 ∈ 𝑅
would take place in all volumes of the model. In our
implementation, the blood perfusion heat generation rate
is treated as a ‘convection-type’ effect due to the analogy
between 𝑄 and 𝑞 . In ANSYS® Mechanical, element
type LINK34 is created between each node in the forearm
tissue model and the user defined external arterial
temperature node. The perfusion heat generation rate in
equation (2) will then be treated as a convection boundary
condition on each node. The film coefficient ℎ in this
special convection boundary condition is analogy to the
blood perfusion rate coefficient 𝜌 𝑐 𝜔, which is set as
negative. This means that the heat flows into the human
tissue and this effect is equivalent to heat generation
input (see Figure 5).

SIMULATION RESULTS
The thermal simulation of the human forearm model
contains two steps. Firstly, a steady state thermal
simulation is processed and its result is further used as an
initial state for the transient thermal simulation in the
second step, where the influence of the film coefficient in
the convection boundary condition is investigated. Film
coefficient 20W/m2K is set in the steady thermal
simulation and changed to 5 W/m2K in the transient
thermal simulation. According to the standards from
European Pharmacopoeia, the room temperature is
defined from 15 to 25℃. In our simulations, we selected
the ambient temperature as constant at 15℃.
“Convectoin-type” blood perfusion and constant
metabolic heat generation rates are applied in the muscle,
fat and skin layers. Before applying the submodeling
technique, the representative TEG and detailed TEG
models are placed in the forearm model and the
temperature distribution results are compared (see Figure
6).

Figure 5: Blood perfusion heat generation defined as
“Convection-type” in ANSYS® Mechnical
Therefore, this newly obtained thermal system is now
linear, which contains only the constant metabolic heat
generation rate 𝑄 on the right-hand side. With this
linearized model, the conventional Krylov-subspace
based MOR is applied to obtain a reduced system. In this
case, software ModelReduction inside ANSYS (Rudnyi
and Korvink 2006) is used:
𝑉 𝐸𝑉 ∙ 𝑧 𝑡
∑

𝑦 𝑡

𝑉 𝐴𝑉 ∙ 𝑧 𝑡
𝐶𝑉 ∙ 𝑧 𝑡

𝑉 ∙𝑄
(6)
Figure 6: Comparison of the temperature results on the
forearm model with detailed and representative TEG

where 𝑉 ∈ 𝑅
is the reduced order projection matrix
generated
based
on
the
Krylov-subspace
𝐴 𝐸, 𝐴 𝑄 around the expansion point 𝑠
𝒦
are the reduced system matrices,
0 Hz. 𝐸 , 𝐴 ∈ 𝑅
where 𝐴 is reduced from the blood perfusion heat
integrated conductivity matrix 𝐴 through the application
of element LINK34 in ANSYS® Mechanical. 𝑄 ∈
are the reduced metabolic heat generation
𝑅 ,𝐶 ∈ 𝑅
load vector and output matrix respectively. 𝑧 ∈ 𝑅 is the

The temperature relative error between the representative
and detailed TEG positioned human forearm models are
shown in Figure 7. It is observed that the maximum
temperature relative error between the nodes of the
forearm tissue model is 2%, which means that the
temperature distribution result on the forearm model will
not be influenced too much by the representative TEG. It
is further shown that the temperature results from the
representative TEG positioned forearm model could be
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used as the temperature boundary conditions for the
detailed TEG submodel.

Figure 9: Relative error between the full-scale and
reduced-order model at selected nodes in muscle, fat
and skin layers
Figure 7: Temperature relative error between the
forearm models with representative and detailed TEG
(temperature results in TEG not included, total 106,550
DoF in the forearm tissue model without TEG)

Based on the accurate reduced forearm thermal model,
the full-scale temperature state vector is obtained through
the projection equation (7). The distribution temperature
results are further used as the temperature boundary
conditions for the detailed TEG submodel. The detailed
TEG is surrounded by a small amount of tissue, where
the resulting temperature from the full-scale forearm
model is applied (see Figure 10).

In the next, the MOR algorithm is applied on the
representative TEG positioned forearm model through
the software ModelReduction inside ANSYS. The
temperature results from the full and reduced models are
compared (see Figure 8).

Figure 10: Applying resulting temperature from the fullscale forearm model as the temperature boundary
conditions in the tissue surrounded detailed TEG
In this submodel, except the temperature boundary
condtions, the convection effect at the skin surface,
“convection-type” blood perfusion and metabolic heat
generation rates in muscle, fat, skin layers are all applied.
Through the simulation of the submodel, the temperature
results on the detailed TEG will then be obtained and they
could be further used to analyze the performance of TEG
for the optimization design. The temperature results on
the detailed TEG are compared between the submodeling
and original full-scale model simulations (see Figure 11).
The temperature relative errors on each node in the
detailed TEG are calculated (see Figure 12). The
maximum temperature relative error between the nodes

Figure 8: Temperature comparison between the full FE
model with 109,244 DoF and reduced model with 31
DoF of the forearm model at selected nodes in muscle,
fat and skin skin layers
The relative error between the full and reduced models
are calculated (see Figure 9). Maximum relative errors in
muscle, fat and skin layers are 0.33%, 0.3% and 0.27%,
respectively. This shows that the reduced model is
accurate enough for giving the temperature distribution
result of the forearm model.
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of the detailed TEG models is 8.01% and the average
relative error is 1.94%, which shows that the temperature
simulation results of the detailed TEG from the submodel
is accurate enough.

TEG embedded in human forearm tissue model. This
approach speeds up the computational time for seeking
the temperature distribution results on the TEG. Only the
simulation of the TEG in a relatively small submodel is
required. In the future, the TEG could be positioned in a
complete human body model to find optimal
performance. In addition, a multiphysics domain
simulation is purposed based on the submodel and more
complicated heat transfer effects, such as radiation and
sweating, would be considered.
Table 3: Computational time comparison between the
simulations of the detailed TEG in submodeled and
complete forearm model (On Intel® CORETM i5-7600
CPU@3.5GHz, 32GB RAM).

Figure 11: Copmrison of the temperature results on the
detailed TEG models. Left: Obtained result without
submodeling technique; Right: Obtained result with
submodeling technique

Computational
Time

Simulation of
detailed TEG in
submodel

Simulation of
detailed TEG in
complete model

MOR
Reprojection
Submodeling
Total

54.69s
373.11s
129.2s
557s

1292.7s
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Figure 12: Temperature relative error between the
detailed TEG models (total 127,307 DoF)
With submodeling technique, only the modifications and
simulations in the submodel are required and no need for
the re-computation of full thermal forearm model. The
efficiency of the optimization process could be improved.
The computational time for the whole MOR and
submodeling process is shown in Table 3. The
computational time used for the simulation of the detailed
TEG in the complete forearm model is 1292.7s, which is
2.43 times longer than the simulation in submodel (557s).
In addition, the steps of MOR and reprojection of fullscale temperature result in forearm model are required to
be processed only once. This means the simulation time
for the modified detiailed TEG in the submodel is only
129.2s. It is 10 times faster than the simulation of the
detailed TEG in the complete forarm model.
CONCLUSION AND OUTLOOK
In this paper, we present a combination of MOR and
submodeling technique for the design optimization of a

295

Simulating Dynamic Vehicle Routing Problems
with Athos
Benjamin Hoffmann, Michael Guckert,
KITE - Kompetenzzentrum für
Informationstechnologie
Technische Hochschule Mittelhessen, Germany
{benjamin.hoffmann,michael.guckert}
@mnd.thm.de

Kevin Chalmers,
Neil Urquhart
School of Computing
Edinburgh Napier University, Scotland
{k.chalmers,n.urquhart}
@napier.ac.uk

KEYWORDS
Domain-specific language, Agent-based modelling, Evolutionary Algorithms, Vehicle Routing With Time Windows.
ABSTRACT
Complex routing problems, such as vehicle routing problems
with additional constraints, are both hard to solve and hard
to express in a form that is accessible to the human expert
and at the same time processible by a computer system that is
supposed to produce a solution of sufficient quality. The formulation must be formal enough to avoid ambiguities and also
comprehensible enough to be created, discussed and shared by
domain experts. In this paper, we present the domain specific
language Athos in which complex routing problems can be
expressed in a computationally independent, human-readable
form. Athos is then transformed into code that can be run
in an adequate target platform. Suitable methods for solving
problems are available and applied to the given problem. We
present a case study in which we use a genetic algorithm
to solve instances of a vehicle routing problem with time
windows and demonstrate the end to end process to produce
a solution in the Athos environment. Moreover, we show how
the Athos system goes beyond optimisation of static routes
and can be used as a tool to simulate the impact of traffic
and congestion on the tours. We call this extended problem a
dynamic vehicle routing problem with time windows.
INTRODUCTION
Even after many years of research, routing problems are still
a focus of current research efforts. Generally belonging to the
class of NP-hard problems, the search for efficient heuristics
remains a challenge. With logistics networks growing in size
and complexity, efficiency and sustainability become central
issues for the transportation industry.
Rapidly changing requirements need software solutions that
can be easily adapted and extended. If using general purpose
languages (GPLs), changing software requires systems engineers and domain experts to interact and communicate, which
often is a source of misunderstanding leading to weak models
and error prone systems (Dalal and Chhillar 2012). A low
level of abstraction in GPLs prevents reuse of larger building
blocks and therefore implementation has to start from scratch
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Marco Gribaudo, Massimo Ficco (Editors)
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each time a new problem has to be solved. Using a proprietary
platform creates dependencies to standards imposed by a
commercial software vendor that may not always be in line
with the needs of the current project.
We suggest using a model driven approach to overcome this
dilemma. We discuss how domain experts can specify traffic
related optimisation problems declaratively with our DomainSpecific Language (DSL) Athos. Athos models are accessible
to humans and can be transformed into executable programs
to be run in appropriate target platforms (e.g. NetLogo, Repast
Symphony, or potentially any other environment).
In this paper, we demonstrate Athos and its features by showing how it can be used to model both a static and a dynamised
version of the Vehicle Routing Problem with Time Windows
(VRPTW). In the dynamic version of the VRPTW mutual
influence of traffic participants is considered. The problem runs
in a network of roads defined in the model and uses a genetic
algorithm to heuristically compute a solution. The models are
as computationally independent as possible and therefore the
algorithm and its implementation are not part of the model but
of the infrastructure of the target platform.
ATHOS
Athos is a DSL designed for the domain of dynamic transportation problems. The language is implemented in Xtext
(https://www.eclipse.org/Xtext/). The Athos architecture contains a generator that transforms Platform-Independent Models
(PIMs) into Platform-Specific Models (PSMs); i.e. executable
code to be run in a target platform. We currently support
NetLogo and use it as our main development environment.
Prototype support for Repast Simphony has also been implemented and tested. Code of an algorithmic nature (e.g. routing
algorithms and heuristics for optimisation) is implemented in
Java and made available to the target platform via libraries. The
NetLogo implementation, for instance, uses extensions that
can be accessed from the generated NetLogo models via the
NetLogo-Extension-API. Athos deliberately does not support
imperative programming as we aim to provide a purely declarative modelling language. Currently available meta-heuristics libraries in Athos are an implementation of an ACS (Ant Colony
System) for solving TSP-like problems (Hoffmann, Guckert,
et al. 2018) and an Evolutionary Algorithm for solving more
complex vehicle routing problems like the problem presented
in this paper.

The VRPTW describes the task of visiting a set of customers
for delivery or pick-up of products, depending on context.
Each visit must conform to time windows specified for each
customer. If the vehicle does not arrive within the limits of the
time window, it either has to wait until the window opens (early
arrival) or the schedule is not feasible (late arrival). Visits at a
customer may also consume a given amount of service time.
Vehicles start and end their journeys in one of possibly many
depots. If more than one depot is used, the problem is referred
to as a multi-depot problem. The problem may be formulated
for a fixed number of vehicles or the number of vehicles may
be part of the objective function of the optimisation problem.
VRPTWs can be used to optimise a single objective (e.g. overall distance travelled) or multiple objectives (e.g. number of vehicles and distance travelled) (Dabia, Demir, and Woensel, van
2014). The VRPTW is highly relevant to real-world problems
both in an operational (N. B. Urquhart, Hart, and Judson 2015)
and a planing context (N. Urquhart and Fonzone 2017). The
user of the VRPTW-solving software will be a domain expert,
e.g. a logistics analyst or transport planner. Many industrial
contexts will include additional specific constraints defined by
the business context, i.e. working conditions of staff, types
of vehicle in use, environmental or financial considerations.
The implementation of such additional, possibly very versatile,
constraints leads to an increased workload for professional
programmers using a conventional GPL. A DSL as Athos will
potentially reduce development time and give domain experts
a tool to easily modify and extend a model without having to
access software developers.
Obviously, any problem instance of a VRPTW requires travel
time data between customers and depots. Depending on the
optimisation criterion used, it may also be necessary to retain
distance or emissions data as well. Such data can be held in
an origin-destination matrix (see e.g. Dantzig, Ramser, and
Hubert 1959), or simply be calculated using the Euclidean distance between customers. However, real-world examples (N.
Urquhart and Fonzone 2017; N. B. Urquhart, Hart, and Judson
2015) usually use an underlying street graph and apply pathfinding algorithms to find routes between customers.
Summarising the discussion, we see that a DSL supporting
the domain of vehicle routing must be capable of expressing
the many different formulations of a VRP including differing
vehicle types, time windows, service times, capacity constraints and driving time constraints. At the same time, it
must also support the modelling of the underlying street graph.
The following step by step example illustrates the modelling
features of the language and how a VRPTW can be described.
The product to be delivered is soap each item having a weight
of 1 weight unit. The model contains a single agent type
named delivery with two states awt and die. The agents of
this type wait for an optimal tour to be computed and then
start delivering goods according to the tour received thereby
satisfying demands of the customers on that tour. Travel time
will be computed using the default duration function that uses
length and speed of the agents and counts in the defined
congestion factors so that a high amount of traffic in the
network has an impact on the delivery.

1
2
3
4
5
6
7
8
9

Behavioural patterns of agents are defined by means of behaviour blocks. For each agent type a single behaviour block
with an arbitrary number of behaviour states can be defined.
Behaviour states correspond to the states of an implicit finite
automaton. A state consists of a perceivable action and a
specification of transitions. Events can be defined as stimuli
that trigger a transition and entail a change of state.
The Athos meta-model reflects all of the elements of the language. Figure 1 shows how agent states are represented there.
AgentTypes are linked to exactly one AgentBehaviourBlock,
which contains one or more AgentBehaviourStates. The state of
an agent corresponds to exactly one observable behaviour that
the agent exhibits when being in the respective state. This observable behaviour is an instance of AgentBehaviourDescription. Athos has a set of built-in AgentBehaviourDescriptions
which will continuously be extended in future versions.
Additionally, an AgentBehaviourState contains an arbitrary
number of AgentBehaviourTransitions, which trigger a change
to a target state depending on a condition. Possible target states
are other named states in the AgentBehaviourBlock (in Figure 1
or anonymous states defined in the AgentBehaviourTransition.
agentTypes
agentType staticDelivery congestionFactor 60.0 maxWeight 200.0
3
behaviour awt awaitTour when finished do die;
4
behaviour die vanish;
1
2

The network is a complete graph with edge lengths equal to the
Euclidean distance between the respective end nodes. Nodes
are defined with their coordinates. As the graph is defined to be
complete, the list of edges is empty. The length of the edges is
used as travel time. Note that this is only an academic example
– any other duration function could be defined and used here.
1
2
3
4
5
6

complete network
nodes
node n1 (35.0, 35.0)
...
node n51 (47.00, 47.00)
edges

Sources and demands are defined using nodes of the network.
The keyword ea indicates that an evolutionary algorithm is
to be used to compute the tours for the vehicles. Additional
parameters for the algorithm are provided. For each demand
quantities, time windows, and service time are defined.
1
2
3
4
5
6
7
8
9
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model VRPTW_Example
world xmin 0 xmax 75 ymin 0 ymax 75
products product soap weight 1.0
agentTypes
agentType staticDelivery congestionFactor 60.0 maxWeight 200.0
behaviour awt awaitTour when finished do die;
behaviour die vanish;
functions
durationFunction normal length default

sources
n1 isDepot soap sprouts (staticDelivery)
agentsStart route
ea (n2, n3, n4, ..., n48, n49, n50, n51) popSize 30
demands
n1 hasDemand soap absQuantity 0.00 earliestTime 0
latestTime 230 serviceTime 0
...
n51 hasDemand soap absQuantity 13.00 earliestTime 124
latestTime 134 serviceTime 10

AgentType
-name:ID
-congestionFactor:double
-maxVolume:double
-maxWeight:double

behaviour

AgentBehaviourBlock

1
states 1..*

description

AgentBehaviourState

1

AgentBehaviourDescription

+name:String
0..1 conState

refState 0..1

AgentTourOptimisationBehaviour

{xor}

0..*
transitions

Fig. 1.

AgentBehaviourTransition
condtion:Expression

AgentAwaitTourFromDepotBehaviour

Athos meta-model for modelling agent behaviour.

Agents of a given type can be monitored by using metrics
in which indicators can be defined that can either accumulate
values or set values. These indicators are collected for each
agent and can be viewed for each single agent or condensed
into overall statistics. As any other feature of Athos, metrics
have a representation in the meta model analogous to that of
the behaviours. However, for the sake of brevity this is not
discussed here.
1
2
3
4
5
6
7
8
9

AgentStaticTourAntOptimisationBehaviour

defineMetrics
metrics for staticDelivery (
class metric distanceCovered
when (isAtCustomer?)
add distanceTo last customer
individual metric ticksEarly
when (isAtCustomer? && earliestTime > currentTime)
add earliestTime − currentTime
)

Beyond the optimisation of tours with the built in evolutionary
algorithm, Athos can run simulations of dynamic delivery
scenarios with these optimised schedules in which the effect
of traffic and congestion in the network can be measured up
with the individually defined metrics. While a static VRPTW
optimises tours once according to a defined objective function,
a dynamic VRPTW goes beyond that and is sensitive to
dynamic aspects of traffic in the underlying network. We
discuss and compare a static and a dynamic VRPTW in the
case study presented in the next section.
CASE STUDY
In this section, we will present a case study that compares the
static and dynamic variants of the VRPTW problem. We will
analyse how a changed traffic situation influences the success
of the planned tours. First we will use Athos to define a static
VRPTW. In addition, we will define some metrics to see how
the vehicles perform when the traffic situation stays exactly the
same throughout the entire simulation. In a second step, we
will transform the VRPTW into a dynamic VRPTW by adding
additional noise-agents that will induce congestion effects
inside the network. We will use the defined metrics to see how
congestion influenced the outcome of the calculated VRPTW
solution. Note that the complete Athos program, the generated
NetLogo programs (together with the required extension) as
well as some videos showing the simulation can be obtained
from https://athos.mnd.thm.de/public/ecmscasestudy.html.
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Figure 2 illustrates the graph used in this case study. The graph
is an artificially simplified version of an urban area with the
following characteristics:
• At its core, the area features a beltway. The roads here
are highly dependent on each other so that congestion on
one road directly expands to other roads of the beltway.
• The depot is located at the very centre of this beltway.
Access roads to the depot also belong to the beltway and
thus are also affected by any congestion on the beltway.
• The centre of this area also features a network of
highways with high capacity. These highways are independent so that congestion on one highway does not
have ripple effects on adjacent highways.
• Suburban areas are accessible through roads of less
capacity. These roads are more susceptible to congestion when used by a queue of cars or cars with high
congestion factors like heavy-goods vehicles.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18

model UrbanArea
world xmin 0 xmax 40 ymin 0 ymax 22
<<definition of agent types>>
functions
durationFunction highway
length + 1.5 ∗ accCongestionFactor default
durationFunction road length ∗ 3 + 4 ∗ accCongestionFactor
network
<<definition of nodes>>
edge undirected e01 from n0 to n1
length 0.0 cfactor 1.0 path "cityRing" function highway
edge undirected e12 from n1 to n2
length 0.0 cfactor 1.0 path "cityRing" function highway
edge undirected e16 from n10 to n11
length 0.0 cfactor 1.0 function highway
edge undirected e17 from n10 to n18
length 0.0 cfactor 1.0 function road
<< definition of other edges >>

The first two lines of the listing above give a name to the
model and define its global boundaries. The definition of the
agent types used in the case study is omitted in the listing but
will be presented shortly. Lines 4 to 7 contain the functions
that are associated to the two different road types used in the
case study. The function associated to edges which represent
highways was aptly named “highway”. The meaning of this
function is that the length of a highway defines the minimum
amount of time a vehicle needs to cross it. For example, a
highway of length 200 would require 200 ticks to be crossed by
a vehicle, given that the vehicle has a congestion factor of zero
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Fig. 2.

Artificial graph used in the case study.

and the summed up congestion factor of all other vehicles on
the road is also zero. This is due to the fact that the congestion
factor of each vehicle on a road additionally increases the time
required to cross the respective road.
Roads that belong to the same path share their accumulated
congestion factor. In the listing, edge e01 and e12 belong to
the same path. To account for the fact that normal roads take
longer to travel and are more susceptible to congestion than
highways, the road function multiplies the length of the road
by three and the accumulated congestion factors by four.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

<< environment definition >>
agentTypes
agentType delivery congestionFactor 0.0 maxWeight 180.0
behaviour awt awaitTour when finished do wait;
behaviour wait idle for 1000 when finished do die;
behaviour die vanish;
<<network definition>>
sources
n0 isDepot soap sprouts (delivery)
agentsStart route ea (n3, n5, n9, n10, n12, n13, n16, n17,
n19, n21, n22, n23, n24, n25, n26) popSize 30 at 0
demands
n0 hasDemand soap absQuantity 0.00
earliestTime 0 latestTime 500 serviceTime 0
n1 hasDemand soap absQuantity 15.0
earliestTime 15 latestTime 120 serviceTime 5
<< more demand specifications >>

The above listing shows the specification of the homogeneous
fleet of vehicles located at the depot. Lines 3 to 6 specify that
these vehicles have a congestion factor of zero and thus do
not congest the roads. Each vehicle can provide a customer
with 180 units of a given product. Line 4 specifies that this
type of vehicle waits at a depot until it is assigned a tour.
As the metrics that we will define in the next step do only
apply for existing agents, lines 5 and 6 tell a vehicle to idle
at the depot for 1,000 ticks before leaving the simulation.
In line 9, node n0 is defined to be a depot. Customers are
defined inside the brackets. Note that the code is intention-
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ally no longer computationally independent, because the ea
keyword explicitly specifies the application of an evolutionary
algorithm. This allows to specify the parameters used in the
respective algorithm – in this case, the population is set to a
size of 30. The depot searches for a set of tours for its vehicles
at the very beginning of the simulation. This is specified in line
11 with the keyword at followed by the value zero.
XXX
0.001 ·
tij xkij + 100 · |K| → Min!
(1)
k∈K i∈N j∈N

The depot uses a genetic algorithm (Hoffmann, Chalmers, et al.
2019) that internally builds a complete graph of all customer
nodes (Hoffmann, Guckert, et al. 2018) and optimises the
function given in (1). Here, K denotes the set of vehicles at
the depot, N the set of nodes of the complete graph (including
the depot), tij the travel time from node i to node j and xkij a
decision variable that is set to 1 if vehicle k travels from node i
to node j and 0 otherwise. A parameter value of 0.001 weights
the total distance covered by all vehicles. Analogously, 1000
is the weight for the number of vehicles used. The complete
set of parameter values is given in Table II.
Finally, lines 12 to 17 contain the demand specifications. Note
that the depot appears here in order to define the latest point
in time for the return of the vehicles. Table I summarises the
constraints related to the customers in this case study.
1
2
3
4
5
6
7
8
9
10
11
12

<< environment and delivery agent type >>
agentType noiseAgent congestionFactor 150.0 maxWeight 100.0
behaviour roam route exact (n1, n2, n9, n10, n3, n4, n5,
n13, n14, n15, n6) repeat 5 times
when finished do die;
behaviour die vanish;
<< functions and network definition >>
sources
<< n0 still depot >>
n1 sprouts (noiseAgent) at 2
n2 sprouts (noiseAgent) at 4
n23 sprouts (noiseAgent) at 3

The Athos code presented so far allows us to run the simulation
in a “noise-free” mode: The depot calculates a solution for the
VRPTW and sends out the vehicles to serve the customers. In
order to transform the static VRPTW into a dynamic version,
we will run a second batch of simulations in which additional
noise-agents will increase travel times on the city ring and
some of the roads/highways in the network. To this end, the
above listing introduces another agent type with a congestion
factor of 150. Due to its high congestion factor, this type of
agent considerably slows down traffic on its current road (or
path of roads). The agent follows a predefined route (specified
in lines 3 and 4) 5 times and then disappears. Lines 9 to 11
define the nodes and the exact point in time where an instance
of this type of agent appears. Note that even though node n23
is not part of the specified route of nodes for that type of agent,
it can still appear at this node. The agent then uses the fastest
way to the first node of the tour specified for this agent type
(n1).
The final part of the simulation specification for this case study
is the definition of a set of metrics. In this case study, we are
interested in the cumulative distance travelled by the delivery
vehicles. Moreover, the exact time vehicles had to wait due to
an early arrival at a customer might give some insight on the
efficiency of the calculated tour. Also, it might be important to
now the accumulated time by which vehicles arrived to late at
a customer and the total number of time windows violated and
time windows met. These metrics are specified in the following
listing.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

<< as before >>
defineMetrics updateRate 10
metrics for delivery (
class metric distanceCovered
when ( isAtCustomer? )
add distanceTo last customer
class metric ticksEarly
when (isAtCustomer? && earliestTime > currentTime)
add earliestTime − currentTime
class metric ticksLate
when (isAtCustomer? && latestTime < currentTime)
add currentTime − latestTime
class metric windowsViolated
when (isAtCustomer? && latestTime < currentTime)
add 1
class metric windowsMet
when (isAtCustomer? && currentTime <= latestTime)
add 1
)

Table II and Table III summarise the results of ten simulation
runs each for the problem without noise agents and the problem
with noise agents that introduce dynamism through reduced
travel speeds. As was to be expected, in the simulations without
noise-agents, no time windows were violated. In addition to
the 16 customers defined for the problem, the metric also
counts the timely return of a vehicle to the depot as a met
time window. Since the evolutionary algorithm used to solve
this problem is not deterministic, some runs feature solutions
with three and some with four vehicles resulting in 19 or 20
met time windows.
The introduction of noise-agents changes the situation dramatically. The noise agents effectuate the movement speed on
their respective roads in a way that the delivery vehicles do no
longer meet all time windows. In fact, nearly half of the defined
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TABLE I.

Cstm
01
03
05
09
10
12
13
16
17
19
21
22
23
24
25
26

Location
(18.0, 9.0)
(21.0, 11.0)
(20.0, 7.5)
(18.0, 15.0)
(23.0, 16.0)
(30.0, 9.0)
(25.0, 5.0)
(10.0, 4.0)
(7.0, 11.0)
(28.0, 1.0)
(0.0, 0.0)
(1.0, 9.0)
(2.0, 17.0)
(36.0, 17.0)
(34.0, 6.0)
(11.0, 1.0)

C ONSTRAINTS OF THE VRPTW.

Demand
15
20
50
45
25
30
60
35
40
15
50
30
40
35
20
15

Earliest
15
10
20
80
90
35
40
45
0
10
5
10
20
25
20
30

Latest
120
120
90
220
250
260
140
160
140
130
120
90
60
50
60
45

Service
5
7
10
15
10
5
7
8
50
9
5
15
5
8
9
10

time windows are violated. In each of the ten simulations with
noise-agents the accumulated ticks by which time windows
were missed is around 760.
In both cases the distance travelled by the vehicles was nearly
which was to be expected. The slower movement on the roads
caused the vehicles to arrive at their customers later than
originally calculated which is also reflected in the amount of
ticks that vehicles arrived too early at their customers which
is reduced by around 6.7 ticks.
In our future work, we will use Athos to further research into
dynamic VRPTW to provide strategies that provide satisfactory
solutions even in case of sudden traffic surges.
RELATED WORK
Steil et al. (Steil et al. 2011) discuss an approach that encompasses all aspects involved in the domain of patrol routing
algorithms. It covers all stages in the development of patrol
routes from the specification (expression) and simulation-based
assessment (execution and evaluation) to the translation of
patrol routes to the real-world (engagement). Accordingly, they
call their approach the 4Es approach.
The 4Es approach is similar to the approach presented in
this paper in that it integrates the expression, simulation and
evaluation in an appropriate environment. Moreover, it also
uses a DSL for the expression of routing algorithms. Their
DSL, called Turn, allows to define the next destination of an
agent in a road network by means of set reduce functions that
can be chained to successively reduce the set of all nodes
until only one node is left which is then selected as an agent’s
next destination. This way the agents in the simulation follow
a pre-defined routing strategy. The system evaluates routing
strategies by application of four distinct metrics. These metrics
provide information on the time it took a first-responding agent
to get to the node where an event occurred, the percentage of

TABLE II.
MAXDISTANCE

R ESULTS FOR TEN RUNS OF A NOISE - FREE SIMULATION ( PARAMETER SETTINGS : POP S IZE = 30; SIMPLE P ERMUTATION P ROB = 0.9;
= 4; GENERATIONS = 80; W N O O F T OURS = 100; W T OTAL D IST = 0.001; TRMT S IZE = 4; TAKE B EST P ROB = 0.8; MUTATION P ROB = 0.1.

Metric/Run
Total distance
Ticks early
Ticks late
Windows violated
Windows met
TABLE III.

Metric/Run
Total distance
Ticks early
Ticks late
Windows violated
Windows met

1
101.90
27
0
0
19

2
105.10
48
0
0
20

3
105.10
48
0
0
20

4
101.90
27
0
0
19

5
101.90
27
0
0
19

6
107.65
27
0
0
19

7
102.79
25
0
0
20

8
107.65
27
0
0
20

9
101.90
27
0
0
19

10
107.65
27
0
0
20

Avg.
104.35
31
0
0
19.5

R ESULTS FOR TEN RUNS OF A NOISE - FULL SIMULATION ( SAME PARAMETER SETTINGS AS STATED IN TABLE II).

1
104.86
39
766
9
11

2
101.71
18
764
9
10

3
101.71
18
766
9
10

4
101.71
18
762
9
10

5
101.71
18
760
9
10

nodes in the network visited by agents per day, the number of
nodes visited that were in a state in which an event of interest
is likely to occur (so-called hot nodes), an the amount of time
agents spent at such hot nodes.
Despite the mentioned similarities, the work of Steil et al.
differs considerably from our work when looked at in more
detail. First of all, the two research efforts target two different
domains. As is pointed out by the authors, patrol routing
problems share some features with vehicle-routing problems
but greatly differ in what practitioners ultimately aim to
achieve. In VRPs, in the majority of cases, the objective is
the minimisation of a given cost function. By contrast, patrol
routing dispatchers often do not search for a solution that
optimises any specific value. Instead they search for routes that
bring about satisfactory values for certain metrics as long as
the routes followed by the agents are somewhat unpredictable
and are non-deterministic. In contrast to the Turn DSL, Athos
allows an explicit definition of a list of nodes to visit in the
exact specified order or the definition of a set of nodes which
have to be visited in an order that optimises a user-defined
function. Most importantly, in the simulation framework of
Steil et al., there is no concept of velocity or congestion.
Agents move along the underlying graph among neighbouring
nodes one node per time step. Due to the fact that there are no
congestion effects or any changes in the movement speeds of
agents, their approach cannot be used to simulate dynamic
vehicle routing problems where travel times are subject to
fluctuations depending on the current traffic situation.
Another platform for traffic and transport simulations is MATSim (Horni, Nagel, and Axhausen 2016). MATSim is a mutliagent microsimulation system based on the co-evolutionary
principle. This means that the agents in the system are
equipped with a set of plans to follow. Throughout multiple
iterations the agents try and evaluate the outcome of the plans
at their disposal. In each cycle a plan is selected, applied and
evaluated. With a given probability, agents modify different
dimensions of their plans. For example, agents can vary the
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6
101.71
18
764
9
10

7
101.71
18
761
9
10

8
104.86
39
764
9
11

9
107.42
18
776
10
10

10
104.86
39
763
9
11

Avg.
103.23
24.30
764.6
9.1
10.30

time they leave a given location, choose a different route or
switch to a different mode of transport. Each agent seeks to
optimise its individual outcome.
Macijewski and Nagel present a MATSim-based approach to
evaluate algorithms for the DVRP (Maciejewski and Nagel
2012). At the same time, their work intends to plan demandresponsive transport services (DRT severcies) using the MATSim framework. In their approach MATSim is used to calculate time-dependant travel times for a given scenario. The
calculated data is then merged with additional demand and
supply data which results in a (dynamic) VRPTW. This way,
the authors designed four scenarios. The scenarios were designed to closely resemble traffic situations common to urban
environments. Two of the scenarios analysed courier services
while the other two scenarios investigated taxi services. They
calculated solutions in two ways: First, they solved the problem
using time-dependant travel times. Second, they produced
solutions based on average travel times. The latter results
were then applied to the problem with time-dependant travel
times. The authors found that for the couriers services the
routes calculated on the basis of the time dependent travel
times considerably outperformed those based on average travel
times. Their explanation is that knowledge of time-dependant
travel times allows for the calculation of routes that avoid
congested roads. Interestingly, for the taxi services travel times
for the solutions of both approaches were rather similar which
the authors explain with the nature of the demands to taxiservices which does not lend itself to careful planning. For
both scenarios, the solutions based on average times violated
the defined time windows when applied to the problem that
featured time-dependent travel times.
GAMA (Grignard et al. 2013) is a sophisticated simulationplatform. It features the GAML DSL which was designed
for modelling agent-based simulations. The DSL’s meta-model
elements can be divided into elements for the definition of
aspects related to entities, space and time. A species element
is to GAML what a class is to object-oriented languages like

Java. A distinct feature of the GAML meta-model is that it
allows agents to form containment hierarchies that can be
used to model different levels of detail in a simulation. The
species definition is also used to equip agents with skills like
movement and attributes like movement speed. The species of
an agent also defines a set of actions and reflexes. Actions
represent behaviour that an agent executes when asked to. By
contrast, a reflex represents behaviour that the agent executes
in every step of the simulation given that all guard conditions
hold. Even though GAML could also be used to model
transport and routing problems, it requires modelling in a
language not specifically tailored towards this domain. Thus,
models are on a less abstract level which makes harder to
comprehend and communicate by domain experts.
CONCLUSIONS AND FUTURE WORK
We have demonstrated how Athos can be used to model
dynamic vehicle routing problems and how solutions can
be computed. Besides the evolutionary algorithm presented
here Athos provides other heuristics for solving a variety of
complex routing problems (see Hoffmann, Guckert, et al. 2018
and Hoffmann, Chalmers, et al. 2019).
At the moment, we extend the Athos environment with a flexible interface to Open Street Map (www.openstreetmap.org) so
that the definition of the underlying network can be generated
from OSM data rather than be coded manually. Beyond that
our concern is to measure general usability aspects of the
language by letting domain experts assess the applicability
of Athos. While we currently aim at improving the modeling
capabilities of Athos our long-term intention is to develop an
integrated instrument that allows a domain expert to describe
and solve real world traffic related routing problems without
any need for algorithmic decisions. The system will choose
appropriate methods and heuristics and generate efficient bestpractice code for the target platform.
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significance of sustainability aspects. This article therefore provides an overview of sustainability firstly. On the
other hand, it presents a review of existing articles that
consider quantitative approaches to the sustainable extension of existing models for production planning and control. Accordingly, the aim of this work is to review the
state of the art regarding the extensions of different planning levels by ecological and social factors and to identify corresponding gaps in research.
The rest of the article is structured as follows. Chapter 2
introduces the sustainability and the used levels of production planning and control. In chapter 3 the review
methodology and the descriptive results are presented.
Chapter 4 gives an overview of the relevant literature and
some selected papers are analysed in detail. Finally, the
results are discussed (chapter 5) and the paper concludes
with a brief summary (chapter 6).

KEYWORDS
Sustainability; Production Planning and Control; Review
ABSTRACT
This article reviews the state of the art in research regarding sustainable extensions of hierarchical production
planning. Sustainability is currently of considerable importance due to various interest groups. Hierarchical
operational production planning and control is the state
of the art in research as well as in industrial practice for
planning of stations and their aggregations to production
systems. Thus, it might be highly relevant to improve
sustainability. In the literature mainly the scheduling
level as well as the ecological dimension are considered.
So the current research is limited to selected partial planning problems and incomplete with regard to sustainable
aspects that emerge.

PROBLEM DEFINITION
INTRODUCTION

This article is based on the concept of capacity-oriented
hierarchical production planning (in short PPC) discussed, for example, in Claus et al. (2015). The PPC is
illustrated in Figure 1 which shows the vertical structure
of production planning and the horizontal interfaces to
the supply chain. Our focus is on the hierarchy of the
level Master Production Scheduling (in short MPS), Lot
Sizing and Scheduling.

Sustainability is highly discussed in science and industry.
The drivers for sustainable development of production
companies are, for example, various groups of stakeholders such as employees, environmental activists and
government bodies. In addition, other factors such as the
limited availability of resources, rising energy costs or
the shortage of skilled workers are leading to a greater

Figure 1: Concept of hierarchical production planning (see Claus et al. 2015)
Communications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
ISBN: 978-3-937436-65-4/978-3-937436-66-1(CD) ISSN 2522-2414
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In addition, when considering sustainability, it should be
noted that numerous definitions and interpretations exist
for this term. The majority of sustainability definitions
are similar to the extent that "[...] sustainable development [...] must meet ecological, economic [and] social
[criteria]" (Rogall 2009), which also corresponds to the
three-pillar concept established with the Brundtland Report (Hauff 1987). This paper therefore considers approaches that integrate ecological and social factors.

Further keywords were deduced to cover another sustainability aspects. The second set of keywords is based on
the already mentioned concept of hierarchical production
planning and the last set of keywords is used to search
specifically for reviews. This results in a total of 208 keyword combinations for which title, abstract and keywords
from 2014 to 2019 were looked for.
A total of 2,879 papers were found from the methodology
described above. After reviewing the abstracts and removing all duplicate contributions, a total of 18 contributions were identified as relevant. After a complete
review of these contributions, further contributions were
classified as not relevant, as they do not contain a comprehensive literature review or the levels of production
planning are not the focus of the work. In the end, 10
relevant papers were identified.

REVIEW METHODOLOGY AND DESCRIPTIVE
RESULTS
The databases ScienceDirect, Wiley and WISO are
known for a complete overview of high ranked publications. These databases were searched using three sets
of keywords, which are listed in Table 1 and explained
and justified later. From this received list of publications,
relevant publications were identified on the basis of the
abstracts. Relevant papers are those that make a positive
contribution of sustainable factors within the framework
of hierarchical production planning.

ANALYSIS OF SELECTED LITERATURE
The contributions will focus exclusively on quantitative
approaches. Empirical findings are only used to quantify
different contexts. For example in Peng and Xu (2014),
there are presented empirical models of energy consumption and energy flow. Furthermore, with the exception of Bazan et al. (2016), all contributions, parallel
to single-objective approaches, point to the existence of
multi-objective approaches, whereby the former dominate.
Tables 4 to Table 6 present the classification of the overview papers selected as relevant. The classes considered,
were derived from the analysis of the individual articles
and differentiate between the solution methodology used
and ecological as well as social factors (see Table 2).

Table 1: Overview of keyword combinations
Sustainability
related keywords
Sustain*
Social
Ecologic*
Fatigue
Learn*
Exhaust*
Human*
Ergonomic*
Waste
Energy
Emission
CO2
Environment*

Production planning
related keywords
„Production Planning“
„Scheduling“
„Lot Sizing“
„Master Production
Scheduling“

Review
related
keywords
Review
State of*
Overview
Survey

Table 2: Indices for the description of solution methodology and sustainability factors
Indices
I.
II.
III.
IV.
a.
b.
c.
d.
i.
ii.
iii.
iv.

The first set of keywords represents the consideration of
sustainability. In this respect, this contribution is based
on the GRI (Global Reporting Initiative) standard which
includes guidelines for the preparation of sustainability
reports (GRI 2019). The modular GRI standard currently
comprises 36 standard modules, which are divided into
more than 120 indicators. These describe the company,
its performance and the preparation of the report itself.
Thus, 11 economic, 35 ecological and 40 social performance indicators can be identified. In order to determine the corresponding keywords, the content of the
individual standard modules was analysed with regard to
their influence by the PPC. In addition to the general keywords such as "sustain*", "ecologic*" and "social", the
following keywords were derived from the GRI standard
for the environmental dimension: "emission", "waste"
and "energy*". For the social dimension, the keywords:
"learn* ", "human*" and "ergonomic*" were inferred.

Description
Linear optimisation
Non-linear optimisation
Heuristic
Simulation
Energy
Waste
Use of resources
(CO2) Emission
Learning
Fatigue
Energy expenditure
Health risks

In addition, Le Hesran et al. (2019), Akbar and Irohara
(2018) and Grosse et al. (2017) refer to individual approaches that use algorithms (e.g. S-graph algorithm).
Further, the contributions will be analysed with regard to
the existing research focus. The main areas of research
identified are represented by the indices in Table 3.
Strongly considered means that this is the focus of the
approach contained in the overview paper and barely
considered means that only a few articles consider these
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aspects. After the following presentation of the classification of relevant identified overview papers (see Table
4 to Table 6), these are briefly summarized, beginning
with the oldest contribution.

Table 3: Indices for the description of research priorities
Indices
++
+
(+)

Description
Strongly considered
Considered
Barely considered

Table 4: Classification of Review-Paper for Master Production Scheduling
Master Production
Scheduling
Biel and Glock (2016)

I.
+

Method
II.
III.

IV.

a.
+

Ecology
b.
c.

d.

i.

Social
ii.
iii.

iv.

i.

Social
ii.
iii.

iv.

+

(+)

i.

Social
ii.
iii.

Table 5: Classification of Review-Paper for Lot Sizing
Lot Sizing
Bazan et al. (2016)
Biel and Glock (2016)
Grosse et al. (2017)
Le Hesran et al. (2019)

I.
(+)
(+)
+
++

Method
II.
III.

+

IV.

a.
(+)
(+)

+

Ecology
b.
c.

d.
(+)
(+)

++

Table 6: Classification of Review-Paper for Scheduling
Scheduling
Peng and Xu (2014)
Giret et al. (2015)
Biel and Glock (2016)
Gahm et al. (2016)
Grosse et al. (2017)
Otto and Battaia (2017)
Akbar and Irohara (2018)
Azzouz et al. (2018)
Le Hesran et al. (2019)

I.
+
++
++
++
++
++
+
++
+

Method
II.
III.

IV.

(+)

+

(+)

+

+
(+)
++
++
+
(+)

(+)
+
(+)

a.
+
++
++
++

Ecology
b.
c.
(+)

(+)

d.
+
(+)

++
++

(+)

(+)

iv.

+

(+)
(+)

++
++

++
+
(+)

++
+

Peng and Xu (2014) consider energy efficient production
systems. The focus here is on the integration of the ecological dimension in the sense of energy efficiency, with
particular emphasis on reducing and monitoring energy
consumption. For the considered production systems, 3
levels are distinguished. With regard to the levels of hierarchical production planning considered here, only the
shop floor level is considered more closely. This includes
a production scheduling where energy wastage is avoided
by considering different operating modes. The work of
Mouzon et al. (2007), who implement this for a single
machine problem, should be mentioned here as an example. As an essential result the necessity of a consideration of several levels for an energy-efficient production is emphasized.
Giret et al. (2015) also deal with the topic of energy
efficiency in their review, whereby only the scheduling
level is considered. The term sustainability refers to the
consideration of the input and output of the production
system. The social dimension is not considered. The classification is based on input- and output-oriented models
and mixed approaches. The majority of the models are
input-oriented and consider topics such as: energy peak
avoidance (e.g. Bruzzone et al. 2012) or energy cost
minimisation (e.g. Luo et al. 2013). The output-oriented

approaches focus in particular on CO2 emissions (e.g.
Zhang et al. 2015). Mixed-oriented approaches primarily
combine energy and CO2 emissions (e.g. Fang et al.
2011). Giret et al. (2015) see future perspectives in the
deepening of hybrid models that can react to unforeseeable events. However, it is pointed out that the addition of further influencing factors increases the
complexity of decision-making models, so that more bottom-up approaches should be pursued.
Bazan et al. (2016) investigate mathematical models for
reverse logistic. In the process, the existing literature with
regard to environmental aspects is reviewed. Bazan et al.
(2016) identify the work of Schrady (1967) as the origin
of the models for reverse logistic. For the literature
search, therefore, only works citing Schrady (1967) were
considered. The papers must also include an EOQ (economic-order-quantity) model or JELS (joint economic lot
size) model. However, the majority of the work does not
consider the environmental aspects in the mathematical
model. In the few models, environmental aspects are
taken into account, it is done either as a component of
unit production costs or as a combined quality and
environmental factor. Overall, Bazan et al. (2016) identify a need for research in the consideration of environmental aspects in reverse logistics. In addition, they point
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out that disposal costs have so far been considered primarily. Aspects that can be derived from this, such as
land requirements for disposal or ecological degradability, have not yet been considered.
In their review, Biel and Glock (2016) consider energyefficient decision-making models for production planning. They are also oriented towards hierarchical production planning. At the lot sizing level, for example,
Zanoni et al. (2014) have integrated various operating
modes of machines and their energy consumption for a
two-stage production system. The consideration of energy on the basis of different machine operating modes is
also widespread at the scheduling level. Thus, Shrouf et
al. (2014) consider a single-machine scheduling problem
under time-variable energy prices and mode-dependent
power consumption. Wang et al. (2015) also consider the
power consumption in a multi-station scheduling problem. In addition, emissions such as CO2 gases are also
taken into account. In summary, it can be stated that isolated solutions and no holistic approaches are discussed.
However, it also becomes clear that a long-term consideration, for example, of CO2 emissions is still open. At
the levels of lot sizing and scheduling, there is also a need
for further research into the consideration of varying
electricity prices and time-dependent CO2 emission correlations.
Gahm et al. (2016) consider energy-efficient scheduling.
The contributions are classified according to 3 main
points of view. First, models are considered that improve
energy efficiency by reducing actual energy consumption. In the model by Mouzon et al. (2007), for example, energy consumption is minimized by switching
off machines instead of leaving them in stand-by mode.
Another area covers aspects of energy supply. These include the internal infrared structure for power generation
or storage, such as a combined heat and cold storage system by Agha et al. (2010). In addition, these include
coordination methods such as price-controlled (e.g.
Nolde and Morari 2010) or event-driven (e.g. Sun and Li
2014) energy consumption adjustment. In the third area,
energy demand is controlled via various operating
modes. Overall, the importance of production planning
for improving energy efficiency is underlined and its
work provides a comprehensive framework for
classifying current and future literature.
Grosse et al. (2017) deal with the consideration of social
factors in production and logistics. The classification of
the articles is between 4 human elements (Perceptual,
cognitive/mental, moto/physical, psychosocial) and 3
levels of decision support problems (Inventory Management and Lot Sizing (IM&LS), production and assembly
management (P&AM), Intra-logistics and warehouse
management). From the point of view of the hierarchical
production planning considered here, the first two levels
of decision-making problems are considered in particular. For the IM&LS area, reference is made to a large
number of studies that take learning into account. Further
work on this level deals with cognitive (e.g. Khan et al.
2014) and physical (e.g. Andriolo et al. 2016) aspects.
These include human errors or the consideration of health

risks. In the P&AM area, too, there are primarily papers
that consider cognitive (e.g. Bautista et al. 2016) or
physical (e.g. Dode et al. 2016) social aspects. Overall, it
is summarized that social aspects are predominantly considered at the scheduling level, although the number of
papers that consider the social dimension is generally
small. One possible reason given for this is the lack of
quantifiability of social effects. In addition, it became
clear that the existing approaches are focused to cognitive
and physical social aspects.
In their review, Otto and Battaia (2017) consider physical
social aspects at the scheduling level. After a description
of various existing methods of load measurement, the
paper contains a summary of the existing literature. For
job rotation, it becomes clear that the aim is usually to
achieve an even distribution of the workload per employee. An example of this is the work of Otto and Scholl
(2013), who have developed a heuristic solution method.
For the line balancing problem, Otto and Battaia (2017)
describe the development of various studies beginning
with the work of Gunther et al. (1983), which reduce
physical stress. Another work is that of Choi (2009),
which defines 13 different parameters for describing
physical risks per task. All in all, it refers to a lack of data
to determine ergonomic risks, which makes it difficult to
take social aspects into account. Future research is therefore expected to involve greater cooperation between the
fields of ergonomics, production science and operation
research.
In their review, Akbar and Irohara (2018) cover both the
environmental and social dimensions at the scheduling
level. Classification is based on the production system
under consideration of the model type, the objective
function and the solution method used. It is found that 49
of the 50 contributions have a different planning structure. In summary, a stronger consideration of ecological
aspects is referred compared to the social dimension. The
topics of energy and CO2 emissions are addressed with
priority. Therefore, sustainability aspects should be considered more strongly in future research. In this regard,
for the ecological dimension: emissions, pollution and resource consumption and for the social dimension:
customer- and employee-oriented aspects are highlighted.
In their review, Azzouz et al. (2018) explicitly consider
learning effects at the scheduling level. They continue the
research of Biskup et al. (2008). First, existing mathematical descriptions of learning are summarised. The
work is classified according to the following categories.
The category position-based learning comprises learning
effects on the basis of produced quantities. The category
processing time-based learning, on the other hand, takes
into account the piecework processing times. For example, Kua and Yang (2006) integrate that the current
processing time depends on the previous cumulative processing time. In addition, Cheng et al. (2013) for
position-based learning and Cheng et al. (2009) for processing time-based learning consider that learning effects
do not occur indefinitely, but only up to a certain learning
level. Wang and Xia (2005) also consider an exponential
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learning process. Finally, there are also some combined
approaches. Cheng et al. (2008) distinguish between
mechanical (position-based) and human (processing time
based) learning. In summary, it is stated that learning is
predominantly considered using the log-linear model by
Wright (1936). In addition, reference is made to the work
of Janniak et al. (2011), who challenge the relevance of
considering social aspects in planning models with a
short planning horizon. Since various studies have already highlighted this relevance and future flexible production systems also require a short-term social orientation, Azzouz et al. (2018) can counteract this. Nevertheless, a long-term view of social aspects is also necessary but missing.
At the scheduling level, Le Hesran et al. (2019) consider
the reduction of waste, which includes wastewaters. After listing the literature according to thematic blocks of
operative production planning, the articles were
evaluated with regard to economic and ecological objectives, the applied solution method and the scheduling
approach. In addition to linear optimization models, heuristics and genetic algorithms are also considered for the
solution methods. The scheduling approach distinguishes
between deterministic, proactive and reactive approaches. For the economic and ecological perspective,
aspects such as productivity, profit, set-up times as well
as waste, waste water and material or fresh water consumption are considered. In summary, a future need for
research is emphasized regarding the consideration of environmental influences in a long planning horizon, since
short-term oriented optimization models may not be costoptimal due to the neglect of long-term environmental effects.

In contrast to the ecological dimension, there is limited
work in the social field. The existing papers focus primarily on the integration of learning effects. These aspects are mainly considered on the level of lot sizing and
scheduling. Further aspects to be considered are job rotation at the scheduling level in order to distribute the
workload evenly among the employees and to avoid peak
workloads. However, comparable to the ecological
dimension, mainly models with a short planning horizon
are considered. However, as the example of job rotation
shows, short-term approaches can only distribute the existing workload. It is not possible to reduce the overall
burden. Accordingly, there is a need for research that
looks at social aspects over a long-term planning horizon
and aims to improve working conditions.
The authors have set themselves the goal of closing this
gap in the long-term consideration of social aspects. In
Trost et al. (2017) and Trost (2018), for example, a corresponding approach is presented which makes it possible at the Master Production Scheduling to control the
relationship between personnel capacity requirements
and available capacity. This can be interpreted as a concrete handling of the work intensity and enables a longterm limitation of the workload. In addition, this approach is combined with aspects of personnel requirements planning so that the development and reduction of personnel resources is made possible and
therefore, the workload of the employees can be reduced
without restricting the performance of the entire production system. Further, an examination of different concrete employee workload intervals enables the consideration of further aspects such as employee workload-dependent processing times or error rates, cases of illness
as well as employee fluctuations. The latter is, among
other things, an aspect which should be considered in sustainability reporting according to the GRI standard. A
current study by Trost, Claus and Herrmann on the
potential of an adapted approach to Master Production
Scheduling with regard to the improvement of existing
deficits in working conditions, such as excessive work
intensity, is also included in this conference proceedings.
However, a major barrier to current research, is the lack
of measurability of social aspects. In addition, beside the
existing isolated approaches and parallel to the ecological
dimension future work should also consider holistic approaches to PPC that link the various planning levels in
addition. Further, the overview papers classified as
relevant, have been their focus in most cases on analysing
the state of the art at individual planning levels and sustainability dimensions. As a second step of the literature
research presented here, therefore it is planned to apply
the methodology presented here to an analysis of the
primary literature in order to provide a more comprehensive overview of all planning levels and sustainability aspects.

RESULTS
While in the previous section the articles were classified
according to the solution methods used and according to
ecological and social extensions, it is now analysed to
what extent sustainable aspects have already been implemented in the operational PPC. For this, a distinction
is made between these sustainability dimension and the
individual levels of hierarchical production planning.
The result is, that existing review papers predominantly
consider ecological aspects at the scheduling level.
In detail, from the existing work it becomes clear, that
most of the publications deal with energy and CO2 emissions. Other aspects such as other greenhouse gases,
waste reduction, resource conservation, waste water
avoidance or the ecological degradability of resources are
only considered to a limited extent. In addition, ecological aspects are currently considered primarily at the
scheduling level and to some extent at the lot sizing level.
This makes it possible to map short-term effects in particular. Therefore, there is a gap for the long term consideration, to take account of long-term environmental
impacts in the planning models as well. However, shortterm planning models also should be researched in order
to take account of further ecological aspects and the increasing flexibility of production systems.

CONCLUSSION
This article offers a systematic literature review of existing review papers that can be assigned to a sustainable
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process sustainability: A mathematical model for flexible flow
shops.” CIRP Annals-Manufacturing Technology, 61(1), pp.
459-462.
Cheng, T. C.; Ch.-Ch. W. Edwin and W.-Ch. Lee. 2008. “Some
Scheduling Problems with Sum-of-processing-times-based
and Job-position-based Learning Effects”. Information Sciences, 178 (11), pp. 2476–2487.
Cheng, T. C.; P.-J. L. Edwin; W.CH. Chin-Chia and W.-Ch.
Lee. 2009. “Single-machine scheduling with Sum-of-logarithm processing-times-based Learning Considerations”.
Information Sciences, 179 (18), pp. 3127–3135.
Cheng, T. C.; Ch.-Ch. W. Edwin; J.-Ch. Chen; W. Wen-Hsiang
and Sh.-R. Cheng. 2013. “Two-machine Flowshop Scheduling with a Truncated Learning Function to Minimize the
Makespan”. International Journal of Production Economics, 141 (1), pp. 79–86.
Choi, G. 2009. “A goal programming mixed-model line balancing for processing time and physical workload.” In Computers & Industrial Engineering, 57 (1), pp. 395-400.
Claus, T., F. Herrmann and M. Manitz. 2015 (Eds.). „Produktionsplanung und -steuerung: Forschungsansätze, Methoden und deren Anwendungen.“ Springer, Berlin, Heidelberg.
Dode, P.; M. Greig; S. Zolfaghari and W. P. Neumann. 2016.
„Integrating human factors into discrete event simulation: a
proactive approach to simultaneously design for system
performance and employees’ well being.” In International
Journal of Production Research, 54 (10), pp. 3105-3117.
Fang, K.; N. Uhan; F. Zhao and J.W. Sutherland. 2011. „A new
approach to scheduling in manufacturing for power consumption and carbon footprint reduction.” Journal of Manufacturing Systems, 30(4), pp. 234-240.
Gahm, C.; F. Denz; M. Dir and A. Tuma. 2016. „Energy-efficient scheduling in manufacturing companies: a review and
research framework.” European Journal of Operational
Research, 248(3), pp. 744-757.
Giret, A.; D. Trentesaux and V. Prabhu. 2015. “Sustainability
in manufacturing operations scheduling: A state of the art
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2017. "Incorporating human factors into decision support
models for production and logistics: current state of research". IFAC-PapersOnLine, 50(1), pp. 6900-6905.
Gunther, R.E.; G.D. Johnson and R.S. Peterson. 1983. “Currently practiced formulations for the assembly line balance
problem.” Journal of Operations Management, 3, pp. 209–
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Logistik.“ Springer, Berlin, Heidelberg, New York, 9. edition.
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supply chain model with errors in quality inspection and
learning in production”. In Omega, 42(1), pp. 16-24.
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PPC. A comprehensive scheme of keywords was developed and applied. The most promising 10 papers are
analysed in detail. However, mainly the scheduling level
and the ecological dimension are considered. Further,
these papers show a strong focus on the environmental
dimension, with the focus on energy and CO2 emissions.
In the social field, on the other hand, learning effects are
mainly taken into account. All in all, there is a need for
research in both dimensions to consider further aspects,
such as waste reduction, resource conservation, the work
intensity of employees and the associated employee exhaustion. In addition, previous approaches have mainly
focused on short-term aspects and have partially neglected long-term effects. As a result, currently long-term
effects of sustainable factors are almost disregarded.
These are, for example, increased sickness rates or error
rates due to a high work intensity. Therefore it is the task
of future research to consider sustainable aspects in approaches with a long planning horizon. In addition, further ecological aspects such as the avoidance of waste
and resource-saving production must be integrated into
the planning models and for the social dimension, aspects
such as work intensity, deviations in regular working
hours and sufficient staffing must be taken into account.
In addition, the existing and future approaches of
individual planning levels must be brought together to
form holistic approaches across the entire PPC. This
concerns the ecological as well as the social dimensions
and a holistic approach to sustainability.
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For this, the paper is structured as follows. Section 2 presents a literature review, which contains deficits in working conditions and the actual state of the art. In section 3
the case study is introduced and in section 4 the linear
optimization model is described. The results and a discussion are outlined in section 5. The paper ends with a
conclusion in section 6.
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ABSTRACT
This article illustrates the problem of deficient working
conditions like high work intensity and underlines the
possibilities of production planning and control to improve them. However, an included literature search presents that previous approaches have predominantly considered social aspects within a short planning horizon and
that there is a need for a long-term consideration. To address this research gap a linear optimization model for
Master Production Scheduling is presented, which has
been extended by basic aspects of personnel requirements planning and a control of personnel work intensity.
The results show that improvements in working conditions can be achieved through adapted production planning without an automatically increase in costs. However, challenges in quantifying the corresponding social
correlations are identified as well.

LITERATURE REVIEW
For considering sustainability, it must be noted that numerous definitions exist. The majority of definitions are
similar to "[...] sustainable development [...] must meet
ecological, economic [and] social [criteria]" (Rogall
2009). However, the definition of the individual sustainability dimensions has not yet been finalised. For this article the interpretation of the International Ergonomics
Association is used, which defines human factors as:
"[...] scientific discipline concerned with the understanding of interactions among humans and other elements of
a system [...] in order to optimize human well-being [...]".
Therefore, human factors have to be considered in production companies in case of manual activities, because
an interaction between employees and the production
system is given. For that, this interaction can be influenced by PPC (Grosse et al. 2017), for example, the concrete workload is determined by the PPC.
Furthermore, deficits in working conditions can be identified, which indicate an urgency of social improvements.
In an evaluation of a survey of works councils, for example, the intensity of work, the pressure to perform, the
number of overtime hours and the deviations from standard working hours are described as significant problems
(WSI 2017). This is confirmed by Schmucker (2014),
where work intensity is rated as poor. According to
Nerdinger et al. (2014), the consequences of poor working conditions can be an increased heart rate, frustration
or increased errors, which in the long term leads to psychosomatic illnesses, resignation and demotivation. For
example, the BKK Health Report 2017 attributes 25% of
lost days to musculoskeletal diseases and 16% to mental
illness (Knieps and Pfaff 2017). In addition, the DAK
Health Report 2018 shows an increase of more than
160% in days of incapacity to work between 1997 and
2017 (Storm 2018). This creates a need for adapted planning models.

INTRODUCTION
Sustainable developments have become increasingly important in research and industry. This is driven by various
interest groups like environmental activists as well as
government agencies and other factors like resource
shortages or a shortage of skilled workers. Production
planning and control (in short PPC) offers corresponding
potential, since resources can be conserved due to adapting planning. For this article, the integration of social aspects is specifically chosen, because there are various
deficits in current working conditions like high work intensity, so that a stronger consideration of social aspects
appears to be necessary. In addition, the Master Production Scheduling (in short MPS) is chosen to enable a consideration of long-term effects, like changes in processing times due to exhaustion effects caused by high
work intensity, which could not be observed in planning
models with a short-term planning horizon. Therefore, a
linear optimization model for MPS extended by social aspects will be presented and possibilities for improving actual working conditions will be demonstrated.
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The levels MPS, Lot Sizing and Scheduling according to
the concept of hierarchical production planning by Claus
et al. (2015) are considered, to show the current state of
the art on PPC approaches that aim to improve the identified deficits. For this, Vorderwinkler and Heiß (2011)
report that no work is known that integrates social aspects
into the PPC. The overview paper by Trost et al. (2016)
confirms this for the MPS. In the area of lot sizing, within
the work of Arslan and Turkay (2013) the personnel
hours are considered as a minimization target respectively as a limit value in the constraints. Jaber and Bonney (2007) integrate a two-phase learning and forgetting
model into a classic Economic Manufacture Quantity
Model. At the scheduling level, reference is made to the
work of Boysen und Fliedner (2011), which reduces the
workload on airport ground staff, which can be transferred to a production environment. Peteghem and
Vanhoucke (2015) also highlight potentials for reducing
stress. Grosse et al. (2017) present a systematic literature
review in which relevant papers are classified into a
framework consisting of four social and three production
and logistics levels. Transferred to the concept of hierarchical production planning, it can be summarised that for
lot size planning there are only a few papers that contain
the social dimension. These include, for example, the
work of Khan et al. (2014), in which errors and learning
effects are assumed. Andriolo et al. (2016) determine an
ergonomic lot size using a multicriteria objective function in which in addition to costs, health risks are also
taken into account. A larger number of papers can be assigned to the scheduling level. For example, Otto and
Scholl (2011), Cheshmehgaz et al. (2012) and Bautista et
al. (2016) consider health risks in the constraints by limiting the maximum workload. Directly in the target function, the workload is minimized in Choi (2009), Battini
et al. (2016) and Mossa et al. (2016). Further work exists
on job rotation and nurse scheduling. However, these are
aimed at distributing the existing total load evenly. Due
to the short planning horizon, however, a reduction in the
total workload is not achieved. In the end a conclusion of
the paper of Grosse et al. (2017) is, for example, that
there is a lack in research for quantifying effects of social
aspects like exhaustion. However, the few works that
take exhaustion into account usually assume an exponential course (see Jaber et al. 2013; Zhang et al. 2014).
In summary, a the consideration of average work intensity, the number of overtime hours and deviations in regular working hours in a long-term planning horizon,
which is to be assigned to the MPS, can be identified as
gaps in research. Therefore, a corresponding approach is
presented in chapter 4, which addresses this gap.

ma=2, it is assumed that an external service provider is
responsible for building and reducing the available capacity and that the employees have a backlog of experience compared to the core workforce, which is taken into
account by a lower available capacity.
Table 1: General Parameters
Parameter
J
K
S
Staff
T
W
Z

Value
2
2
3
2
60
3
1

In addition, employee-related parameters from the findings of a Saxon industrial company are used. Table 2
shows the available capacity per employee (in time
units), the cost rates for building and reducing a workforce and the lead times for adjusting the available capacity (in periods).
Table 2: Employee parameters per worker class (ma)
Parameter
CAPA ma

ma=1
524 400

ma=2
393 300

m Cost
ma

15 000

1 500

n Cost
ma

60 000

100

we ma
wf ma

3
3

1
0

Table 3 shows the cost rate per worker as well as internal
and external conditions for personnel requirements planning. The cost rate per worker is based on the IG Metal
collective agreement for the metal and electrical industry
(Saxony, Germany).
Table 3: Parameters for personnel requirement planning
Parameter

Staff Min
ma, j

ma=1
ma=2
ma=1
ma=2
ma=1
ma=2

j=1
3 671
5 435
1 000
1 500
0
0

j=2
3 671
5 435
2 500
4 500
0
0

Staff TotalMax
j

-

1 500

4 500

Staff TotalMin
j

-

0

0

Staff Cost
ma, j
Staff Max
ma, j

CASE STUDY
The case study examined here is oriented towards a manufacturing industrial company. The parameters used here
are defined in chapter 4 regarding the model formulation.
For the case study, at first, general parameters are presented in Table 1. The different employee groups (Staff)
are interpreted as core employees (ma=1) and temporary
employees (ma=2). In addition, for employee group

Finally, Table 4 and 5 contain the inventory cost rate and
further inventory aspects (in quantity units) as well as
shift bonuses and parameters for the determination of the
shift model. Based on a 5-day week, a one- (s=1), two(s=2) and three- (s=3) shift model are available.
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Table 4: Parameters for warehousing
Parameter
hk

k=1
115

k=2
165

I Init
k

0

0

I Max
k

30 000

37 500

Initial number of worker per worker class
ma, production segment j and shift model s
Max
Maximum number of worker per worker
Staff ma, j
class ma and production segment j
Min
Minimum number of worker per worker
Staff ma, j
class ma and production segment j
TotalMax Maximum number of worker per producStaff j
tion segment j
Minimum number of worker per producStaff TotalMin
j
tion segment j
Planning horizon (t = 1, 2, …, T)
T
Number of periods for overtime balancing
V
Maximal number of forerun periods for
W
modifying of capacity (w = 1, 2, …, W)
Number of forerun periods for capacity
we ma
building per employee group ma
Number of forerun periods for capacity rewf ma
duction per employee group ma
Fix
Fixed production quantity per product k
x

Staff Init
ma, j,s

Table 5: Parameters for determining the layer model
Parameter

SAbove
j,s
SBottom
j,s
S Cost
s

j=1
j=2
j=1
j=2
-

s=1
500
1 500
0
0
0

s=2
1 000
3 000
501
1 501
0

s=3
1 500
4 500
1 001
3 001
0.083

MODEL FORMULATION
The linear optimization model presented here is based on
Trost (2018) where a control of work intensity and basic
aspects of personnel requirements planning are included.
For this purpose, the relationship between capacity requirements and available capacity is constrained and in
order to ensure the flexibility for the production system
at the same time, the building and reducing of available
capacity is integrated. The following parameters and decision variables are used:

k

Z

Decision Variables

a j,t
b j,t

Parameters

CAPA ma
d k,t

I k ,t
m ma, j,t

Available capacity per worker of a worker
class ma
Product demand per product k and period t

hk

Capacity requirement per forerun period z,
production segment j, and product k
Cost rate for storage per product k

I Init
k

Initial inventory per product k

overtime j,t

I Max
k

Maximum stock capacity per product k

p j,s,t

J

Production segments (j = 1, 2, …, J)

K
MA
m Cost
ma

Products (k = 1, 2, …, K)
Worker class (ma = 1, 2, …, MA)
Cost rate for building capacity per worker
class ma
Cost rate for reducing capacity per worker
class ma
Maximum worker utilization per production segment j
Minimum worker utilization per production segment j
Number of shift models (s = 1, 2, …, S)
Maximum limit for number of worker per
production segment j and shift model s
Minimum limit for number of worker per
production segment j and shift model s
Cost factor for calculating shift bonuses
per shift model s
Cost rate per worker of worker class ma
and production segment j

f z, j,k

n Cost
ma

R Max
j
R Min
j
S

SAbove
j,s
SBottom
j,s
S Cost
s

Staff Cost
ma, j

Number of forerun periods for production
(z = 1, 2, …, Z)

n ma, j,t

Staff ma, j,s,t

x k,t

Available capacity per production segment j and period t
Capacity requirement per production
segment j and period t
Inventory per product k and period t
Number of recruitments per worker
class ma, production segment j and period t
Number of layoffs per worker class ma,
production segment j and period t
Quantity of overtime per production
segment j and period t
Boolean-Variable for shift model determination per production segment j,
shift model s and period t
Number of worker per worker class ma,
production segment j, shift model s and
period t
Produced quantity per product k and period t

Objective Function
The objective function minimizes the costs from inventories, employees, shift bonuses and capacity building as
well as reducing (see equ. 1-7).
ObjectiveFunction  Minimize  TotalCosts 

(1)

Total Cos ts  InventoryCost  StaffCost
Shift Cos t  BuildingCost  Re ductionCost

(2)

InventoryCost   Tt  kK h k I k,t

(3)



StaffCost 
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MA
 Tt  Ss  Jj  ma
Staff Cost
ma, j  Staff ma, j,s,t

(4)

t
Cost
ShiftCost   Tt  Ss  Jj Staff Cos
ma, j Staff ma, j,s,t Ss

(5)

MA Cost
BuildingCost   Tt  Jj  ma
m ma m ma, j,t

(6)

Cos t
ReductionCost   Tt  Jj  MA
n ma, j,t
ma n ma

(7)









S
TotalMax
 MA
ma  s Staff ma, j,s,t  Staff j
∀ 1 ≤ j ≤ J; ∀ 1 ≤ t ≤ T
MA
Bottom
 ma Staff ma, j,s,t  p j,s,t S j,s


∀ 1 ≤ j ≤ J; ∀ 1 ≤ s ≤ S; ∀ 1 ≤ t ≤ T
MA
 ma Staff ma, j,s,t  p j,s,t S Above
j,s

Constraints



∀ 1 ≤ j ≤ J; ∀ 1 ≤ s ≤ S; ∀ 1 ≤ t ≤ T

At first the general constraints: warehouse balance sheet,
definition of initial stock, the fixing of an initial production quantity, the limitation of the maximum stock level
and the determination of the capacity requirements are
mapped in equ. 8-12.

x k,t + I k,t-1-I k,t  d k,t
∀ 1 ≤ k ≤ K; ∀ 1 ≤ t ≤ T

I k,t 0  I Init
k

 Ss p j,s,t  1
∀ 1 ≤ j ≤ J; ∀ 1 ≤ t ≤ T

x k,t 1  x Fix
k
∀1≤k≤K

I k,t  I Max
k
∀ 1 ≤ k ≤ K; ∀ 1 ≤ t ≤ T

 zZ  K
k f z, j,k x k,t  z  b j,t


∀ 1 ≤ j ≤ J; ∀ 1 ≤ t ≤ (T-Z)

(8)

a j,t  b j,t
R Min
j

(9)

∀ 1 ≤ j ≤ J; ∀ 1 ≤ t ≤ (T-Z)

a j,t  b j,t
R Max
j


(10)

∀ 1 ≤ j ≤ J; ∀ 1 ≤ t ≤ (T-Z)

(11)



∀ 1 ≤ ma ≤MA; ∀ 1 ≤ j ≤ J; ∀ 1 ≤ t ≤ T
MA S
 ma  s Staff ma, j,s,t  Staff TotalMin
j
∀ 1 ≤ j ≤ J; ∀ 1 ≤ t ≤ T

 Ss Staff ma, j,s,t  Staff Max
ma, j
∀ 1 ≤ ma ≤ MA; ∀ 1 ≤ j ≤ J; ∀ 1 ≤ t ≤ T

(21)
(22)

(23)
(24)

Finally, due to the social orientation of this model, overtime planned for the long term is not permitted. But for
the analysis of strategies that allow this, this can be considered with equ. 24. However, since no overtime costs
are calculated, equ. 25-27 takes into account that overtime must be compensated within a fixed interval.

(12)

Next, the extensions by basic aspects of personnel requirements planning are described. Equ. 13-15 define the
available capacity, the employee balancing sheet and the
initial number of employees, whereby different employee
groups are considered. In addition, internal and external
conditions are taken into account in equ. 16-19. The minimum number of employees per production segment as
well as per production segment and employee group are
included in order to ensure the ability to work. The maximum number of employees per production segment is
deduced from the number of workstations und the maximum number of employees per production segment and
employee group consider the limitation of available
skilled workers on the labour market. Furthermore, in
equ. 20-22 it is taken into account that a variable number
of employees may require different shift systems.
S
 MA
ma  s Staff ma, j,s,t CAPA ma  a j,t
∀ 1 ≤ j ≤ J; ∀ 1 ≤ t ≤ T
S

 s Staff ma, j,s,t-1 m ma, j,t-we(ma)
-n ma, j,t-wf(ma)   Ss Staff ma, j,s,t
∀ 1 ≤ ma ≤ MA; ∀ 1 ≤ j ≤ J; ∀ 1 ≤ t ≤ T
Staff ma, j,s,t 0  Staff Init
ma, j,s
∀ 1 ≤ ma ≤ MA; ∀ 1 ≤ j ≤ J; ∀ 1 ≤ s ≤ S
 Ss Staff ma, j,s,t  Staff Min
ma, j

(20)

The next extension of control the work intensity is
mapped in equ. 23-24, whereby this is interpreted as the
ratio of capacity requirement to available capacity.


∀1≤k≤K

(19)

b j,t -a j,t  overtime j,t
∀ 1 ≤ j ≤ J; ∀ 1 ≤ t ≤ (T-Z)

 tt  V overtime j,t  0
∀ 1 ≤ j ≤ J; ∀ 1 ≤ t ≤ (T-Z)

 tt 00  V overtime j,t  0
∀1≤j≤J

(25)
(26)
(27)

RESULTS AND DISCUSSION
For the investigation three demand situations are distinguished on the basis of an earlier demand forecast
(40 000 for k=1 and 50 000 for k=2) and a standard deviation of 5%, 10% and 20% in order to map different production situations. Furthermore the study distinguishes
between three scenarios which are deduced from various
possibilities to improve the deficits in working conditions
identified in chapter 2. The first scenario (MPS) allows
an employee utilization between 0% and 120% (RMax
=1.2 and RMin =0). This represents the state of the art,
whereby long-term planned overtime is allowed. For the
compensation of the overtime (equ. 26) an interval of half
a year (V=5) is considered in accordance with the working time law § 3 (Germany). As a first improvement in
working conditions, the second scenario (MPS-OR) prohibits the long-term planning of overtime. This overtime
reduction (OR) is achieved by limiting the maximum employee utilization (RMax=1.0). The third scenario (MPSOR-WIC) considers a concrete work intensity control
(WIC) to improve the working conditions. For this, four
intervals per production segment between 80% and 100%
with an interval width of 5% are considered as employee

(13)
(14)
(15)
(16)
(17)
(18)
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utilization (80-85%, 85-90%, 90-95% and 95-100%
[RMin-RMax]). In addition, this enables the consideration of employee utilization-specific processing times.
This is based on the assumption that the processing time
increases with increasing employee utilization due to exhaustion effects. In this respect, 3 different exponential
exhaustion courses are assumed (strong, low and no exhaustion). In total, the different employee utilization intervals per production segment results in 16 single solutions for each demand situation and the course of exhaustion. For the determination of the optimal solution out of
this single solutions 3 different strategies are distinguished to analyse the respective improvements of working conditions. The first strategy stands for using the
most cost-effective solution as the result. In the second
strategy, the employee utilization interval of 95-100% is
blocked and the now most cost-effective solution is taken
as the result. Finally, the third strategy considers the solution of the employee utilization interval 80-85% as the

result. The following results were obtained using CPLEX
12.7.1 and a 3.30 GHz PC with 192 GByte RAM. Each
problem (in total 150 problems) could be solved within
300 seconds. At first, the corresponding costs are presented in Table 6. In order to examine the improvement
of the scenarios on working conditions, the deviation of
the regular working time is determined by the maximum
amplitude of the employee utilization (see Table 7) and
the work intensity is interpreted as average employee utilization (see Table 8). However, for the third scenario it
should be noted that due to the control of work intensity
the maximum amplitude of employee utilization is always 5%. The overtime hours are not explicitly reported,
due they occur only in the first scenario. In order to make
visible the improvements achieved in working conditions
and the associated cost effects, for the first scenario the
concrete numerical results are pointed out and for the second and third scenario the percentage deviations from the
first scenario are presented.

Table 6: Total Costs for each scenario and demand trend
Demand Trend
MPS
MPS-OR
Strong Exhaustion
MPS-OR-WIC

Low Exhaustion
No
Exhaustion

Strategy 1
Strategy 2
Strategy 3
Strategy 1
Strategy 2
Strategy 3
Strategy 1
Strategy 2
Strategy 3

5%
651 614 893 MU
+ 0.76 %
- 0.38 %
- 0.29 %
+ 3.17 %
+ 0.89 %
+ 2.88 %
+ 10.16 %
+ 0.89 %
+ 6.14 %
+ 18.51 %

10 %
660 484 851 MU
+ 1.58 %
+ 1.09 %
+ 1.17 %
+ 4.59 %
+ 2.38 %
+ 4.36 %
+ 11.60 %
+ 2.38 %
+ 7.63 %
+ 19.96 %

20 %
669 906 419 MU
+ 5.01 %
+ 5.35 %
+ 5.43 %
+ 8.89 %
+ 6.70 %
+ 8.70 %
+ 16.04 %
+ 6.70 %
+ 12.05 %
+ 24.64 %

Table 7: Amplitude of employee utilization for each scenario and demand trend per production segment
Demand Trend
5%
10 %
20 %
Production Segment
j=1
j=2
j=1
j=2
j=1
j=2
12.69 %
12.62 %
22.35 %
23.45 %
46.46 %
43.1 %
MPS
- 35.8 % - 36.72 % - 37.95 % - 38.63 % - 47.01 % - 50.7 %
MPS-OR
- 60.59 % - 60.39 % - 77.63 % - 78.68 % - 89.24 % - 88.4 %
MPS-OR-WIC*
* For all exhaustion courses and strategies identical, due to the fix employee utilization interval.
Table 8: Average employee utilization for each scenario and demand trend per production segment
Demand Trend
Production Segment
MPS
MPS-OR

MPS-OR-WIC

Strategy 1
Strong
Strategy 2
Exhaustion
Strategy 3
Strategy 1
Low
ExStrategy 2
haustion
Strategy 3
Strategy 1
No
Strategy 2
Exhaustion
Strategy 3

5%
j=1
j=2
99.22 %
99.20 %
- 0.47 %
- 0.30 %
- 15.28 %
- 0.13 %
- 15.28 %
- 5.17 %
- 15.29 % - 15.23 %
- 0.21 %
- 0.14 %
- 5.20 %
- 5.15 %
- 15.25 % - 15.16 %
- 0.21 %
- 0.14 %
- 5.24 %
- 5.18 %
- 15.25 % - 15.14 %
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10 %
j=1
j=2
98.38 %
98.37 %
- 0.99 %
- 0.56 %
- 14.67 % + 0.63 %
- 14.62 %
- 4.45 %
- 14.57 % - 14.62 %
+ 0.64 % + 0.63 %
- 4.45 %
- 4.47 %
- 14.53 % - 14.53 %
+ 0.64 % + 0.63 %
- 4.43 %
- 4.46 %
- 14.65 % - 14.43 %

20 %
j=1
j=2
96.50 %
97.01 %
- 0.46 %
- 0.35 %
- 12.95 % + 2.21 %
- 12.93 %
- 2.95 %
- 12.88 % - 13.30 %
+ 2.66 % + 2.21 %
- 2.54 %
- 2.97 %
- 12.96 % - 13.38 %
+ 2.66 % + 2.21 %
- 2.55 %
- 2.99 %
- 13.1 % - 13.49 %

For the first scenario (MPS) the results show that an increase of demand fluctuation is associated with an increase in costs and in the amplitude of employee utilization as well as a decrease in the average employee utilization. This is due to the fact that greater fluctuations in
demand lead to higher capacity fluctuations. On the one
hand, these are compensated by a greater amplitude of
employee utilization and on the other hand the costs are
rising due to increased pre-production and adjustments of
the available capacity. With classical approaches these
expected results cannot be investigated and it underlines
the ability of the here presented approach to model typical effects of real production systems. Furthermore, an
expected high work intensity is also apparent. In addition,
overtime planned for the long term is permitted at the first
scenario. For a 35 hour week, for example, this would be
7 hours per week with a maximum employee utilization
of 120%. Furthermore, a high amplitude of employee utilization can be observed. 12%, for example, correspond
to 4.5 hours per week for a 38 hour week. Accordingly,
this results reflect the deficits in working conditions identified in chapter 2.
In the second scenario (MPS-OR), the first improvement
in working conditions is the elimination of long-term
planned overtime. Parallel to the first scenario, a cost increase due to rising fluctuations in demand can also be
observed. In addition, the cost variances also increase in
comparison to the first scenario with increasing fluctuations in demand. Furthermore, a lower amplitude of employee utilization of more than 35% can also be seen.
However, the average working intensity can only be improved insignificantly.
In the third scenario (MPS-OR-WIC), the work intensity
is improved by controlling employee utilization. It becomes clear that further reductions of up to 89% of the
amplitude of employee utilization can be achieved as a
result. In addition, the selection of a suitable strategy can
improve the average work intensity. However, it can be
seen that Strategy 1 cannot guarantee any improvements.
For example, an improvement of more than 12% is
achieved for strong exhaustion effects in production segment 1. This is due to the fact that for this cases the employee utilization interval of 80-85% is the most cost-effective. However, the other results of Strategy 1 show
that no general conclusions can be drawn from it. In addition, next to the previous observations due to increased
fluctuations in demand, a cost increase can also be observed with decreasing exhaustion and from strategy 1 to
3.
In order to analyse the improvements achieved in working conditions, these should be linked to the resulting cost
implications. First, it can be rejected that improvements
in working conditions are automatically associated with
cost increases, as can be seen from the results of the third
scenario for strategies 1 and 2 with strong exhaustion effects and 5% fluctuation in demand. Nevertheless, it must
be taken into account for the evaluation of the indicated
cost increases that the current model does not consider
any further effects of improved working conditions apart
from employee utilization-specific processing times.

These are, for example, reduced illnesses, leaves or errors
of employees. With the average illness rate in Germany
of 4.28% (Statista 2019) and the findings from chapter 2,
about 1.75% of illnesses can be attributed to muscular,
skeletal and psychological causes. If this is only transferred to personnel costs, scenario 1 and a 5% fluctuation
in demand, for instance, result in costs of over
11 400 000 money units, which corresponds to a cost increase of about 1.64%. Further costs are incurred due to
the loss of production due to illness or the short-term replacement of employees. The leaving of employees and
an increase in the number of errors also lead to additional
costs, which should be considered by evaluation of the
indicated cost increases. But it must be mentioned that
such correlations currently cannot be quantified.
Finally, it is concluded that working conditions can be
improved through an adapted MPS and that this is associated with a justifiable increase in costs or a reduction in
costs. However, it also becomes clear that the investigated scenarios for strong fluctuations in demand lead to
cost increases of more than 5%, so that future investigations should consider alternative strategies such as wider
employee utilization intervals.
CONCLUSION
The article demonstrated that working conditions of manufacturing companies can be improved through adapted
production planning. From the presented literature review it was pointed out that deficits in working conditions like high work intensity exists. Furthermore, it became clear that social aspects are predominantly considered in planning models with a short-term planning horizon and that there is a gap in research for planning models with a long-term planning horizon. To address this
gap und to improve the mentioned deficits in working
conditions a linear optimization model for MPS was presented, which include a control of work intensity. The
representative case study shows that improvements in
working conditions are not automatically associated with
increasing costs, especially if, in addition to the employee
utilization-specific processing times considered here,
other effects of improved working conditions such as
lower employee fluctuations are taken into account.
However, the challenges of future research will initially
consist in quantifying these correlations. In addition,
there is a need for further research into the investigation
of alternative strategies to improve working conditions,
in particular for production situations with strong fluctuations in demand.
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nurses, social workers, etc.) in different care settings
(specialised/comprehensive kidney disease centres,
teaching and community hospitals, dialysis centres,
patients’ own homes etc.) throughout their renal disease
treatment journey. High quality care requires a seamless
service from the beginning to the end; therefore it is
essential to use the workforce resources in an efficient
way. In other words, we need allocate the right staff
with the necessary skills in the right place at the right
time in this long journey for CKD patients.

KEYWORDS
Home Health Care, Nurse Scheduling Problem
Modelling, Behavioural Operational Research
ABSTRACT
In this work, using a Behavioural Operational Research
(BOR) perspective, we develop a model for the Home
Health Care Nurse Scheduling Problem (HHCNSP)
with application to renal patients taking Peritoneal
Dialysis (PD) at their own homes as treatment for their
Chronic Kidney Disease (CKD) in the UK. The
modelling framework presented in this paper can be
extended to much wider spectra of scheduling problems
concerning patients with different long-term conditions
in future work.

Our general research topic concerns the workforce
management for the patients with long-term conditions.
In this preliminary work, we will study the Home
Health Care Nurse Scheduling Problem (HHCNSP) for
CKD patients taking Peritoneal Dialysis (PD) treatment
at their own homes. For the majority of patients, CKD is
a life long condition. Treatment, care, and support
should be compatible with the patients’ overall lifestyle
and maximize the rehabilitation into society. This
motivates us to take the patients’ perspectives into
account in the HHCNSP, and we aim to have better
understanding of how the patients’ perspectives may
impact on the workforce scheduling in the integrated
healthcare delivery.

INTRODUCTION
Medical advances have turned many life-threatening
conditions, such as kidney failure, into long-term
conditions. More and more people survive acute
episodes of illness and live many years with their
conditions (Ham et al. 2012). The rise of the prevalence
of long-term conditions has presented many challenges
to the current health and social care systems. People
diagnosed with long-term conditions are the most
intensive users of health and social care services
because their needs are usually more complex than
those with acute diseases (Ham et al. 2012).

LITERATURE REVIEW
Modelling with patients’ perspectives
In the literature of workforce management problem, to
our knowledge, there are very sparse works that take
human’s behaviour factors, or patients' perspectives into
account in the modelling process. However, continuity
of care, a related topic, can be interpreted to consider
patients’ perspectives in the modelling process.

During the past decade, research has been focused on
integrated care models as a solution to build more
effective and efficient healthcare systems that can better
meet the needs of patients and the populations
(Chouvarda et al. 2015). This is especially the case for
the patients with chronic conditions, such as chronic
kidney disease (CKD), cancer, diabetes etc., where
patients typically require a relatively broad mix of
services across sectors over time (Ham et al. 2012). For
example, a patient with CKD requires care provided by
a wide range of healthcare professionals (e.g.
nephrologist, surgeons, hospital nurses, community

“Continuity of care” refers to that medical and
paramedical care are delivered by means of a sequence
of coordinated and uninterrupted practices consistent
with patients' needs, if possible by the same caregiver in
each practice (Shortell 1976). With the continuity of
care, the patients normally receive care from the same
caregiver and do not have to continuously develop new
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relationships with new caregivers. On the other hand,
the care operators can build detailed profiles on the
patients during this long-term care, thus any potential
loss of information among caregivers is circumvented
(Lanzarone and Matta 2014). Despite the importance of
this topic, continue of care is only marginally addressed
in the literature (Borsani et al. 2006; Hertz and Lahrichi
2009; Lanzarone et al. 2012). More work is required to
add patients’ behavioural factors into modelling in this
case.

their domicile rather than in a hospital. On the one hand
the HHC leads to a significant improvement in the
quality of life for patients, as they continue to live in a
familiar environment. On the other hand this approach
makes considerable cost savings in the health care
system, as the hospitalization costs are circumvented.
The HHC is a fast growing healthcare approach
particularly in western countries, because these societies
are under unprecedented pressure from aging
population, increase in chronic pathologies and soaring
healthcare cost. In the meantime, the fast introduction of
innovative technologies also accelerates the practice of
the HHC in these societies.

Behavioural Operational Research approach to
healthcare delivery
OR research has been widely applied to healthcare
problems, which can potentially lead to more effective
and efficient healthcare. However, a significant
proportion of the research findings failed in practice,
this can be down to research did not take human factor
into consideration when the researcher modelling the
healthcare process. The lacking of the consideration of
human factors in the modelling, among many of other
causes, may have hampered the effective solution
transfer from academia to clinics.

The HHC services involve diverse professional figures.
Patients are usually assisted by nurses and, depending
on the cases, may also require the supports from other
professionals, such as physiotherapists, physicians, and
psychologists. In some cases, they may require specific
facilities to be brought and managed at home. Hence,
many resources, including nurses and other categories
of operators, support staff and material resources, are
involved in the delivering of the HHC services.
The HHC involves the management of several resources
and must take into account many requirements and
constraints. Nurse rostering in hospitals (see Burke et al.
2004; Cheang et al. 2003) is one component of the HHC
as the healthcare inevitably deals with nurse
management. However, in HHC services there are some
unique nurse rostering features that are not usually
addressed in conventional nurse rostering problems.
These features include the continuity of care (Haggerty
et al. 2003) and the burnout risk (Borsani et al. 2006),
which make the HHC nurse management distinctive
from the conventional approaches. In particular, the
main issues to be considered are the partitioning of a
territory into districts, the dimensioning of human
resources, the assignment of the visits to operators (or
the patients to operators in the case of continuity of
care), the scheduling of nurses’ duties and the routing
optimization (Carello, and Lanzarone 2014).

Applying new insights from patients’ behaviours to
their care plans can lead to better healthcare outcomes at
a lower cost. A previous study (Hallsworth, et al. 2016)
gave an overview of these insights and showed how
they can be applied in practice, mainly in health policy
making. In the report it stated that healthcare systems
consist of many different relationships. As well as the
direct patient–practitioner relationships, there are
patient–family/community relationships, practitioner–
practitioner
relationships,
provider–commissioner
relationships, and so on. Understanding what drives and
influences the way these participants interact could
result in better healthcare outcomes for less money.
Pessôa et al. (2015) presented the practical applications
of an integrated use of soft and hard methodologies
applied in a case study of a surgical centre, where the
low volume of surgeries taken place was the major
issue. Cognitive maps were used to elicit the
perspectives of the health professionals, which
supported simulations and guided the execution of the
model. It was found that many factors, including human
resources, patients, room schedules, material and
structural constraints, affected the number of surgeries
to be performed. This multi-methodology approach
demonstrated, in addition to traditional hard OR
methods, soft OR methodologies, such as Behavioural
OR, can collaborate work together and provide
solutions to real-world problems.

Previous studies on the HHC problem can be mainly
divided into two groups: one group dealt with the daily
schedule of parents visits and the routing of nurses, and
the other group dealt with the staff planning and
management from a mid/ long-term perspective. In the
latter one, the districting problem involved the grouping
of patients and nurses according to the geography and
skill compatibility, usually aiming at balancing the
workload among different groups (Blais et al. 2003;
Lahrichi et al. 2006; Carello, and Lanzarone, 2014).
PROBLEM DESCRIPTION

Home Heath Care Problem

In Fig. 1, we illustrate a typical care pathway for the
patients with CKD undertaken the PD treatment in a
major renal unit in the UK. Among all the renal patients
in the unit, only those medically eligible for the PD
could enter the PD treatment programme. The care for

Home health care (HHC) has been widely studied due to
its significance in the healthcare for the patients with
long-term conditions. The HHC consists of delivering
medical, paramedical and social services to patients at
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these patients usually include 1) Biochemical and
nutritional monitoring and diagnosis. The hospital
nurses in the renal unit perform this. 2) Non-surgical
treatments and assistances. The named renal community
dialysis nurses perform this. 3) Psychological and social
aspects of treatment and care. Social care workers
performed this.

a.

b.

In the pathway, a PD catheter insertion surgery is
performed, usually followed by a two-week healing
period. Following the discharge to the community, the
patients receive a short period of PD training at home or
in hospital. Community dialysis nurses pay frequent
home visits to the patients, and the patients need to
attend several outpatient clinic check-ups in the
hospital. After the patients enter a “steady state” in their
PD treatments, the patients will conduct the PD
independently at home. The frequency of the follow-up
HHC visits delivered by the community dialysis nurses
depends a great deal on the patients’ confidence and
general conditions. Most of the stable patients only need
attend the renal unit for clinical review ever 3-4 months.
For patients with additional needs, their HHC visits are
conducted by a range of specialized PD nurses,
community nurses and social care workers. The HHC
visit consists of a diverse set of tasks, including the
collection of dialysate and urine samples, blood tests,
patients’ regular check-ups, etc.

c.
d.

e.

f.

All patients should, where possible, be
adequately prepared for renal replacement
therapy and this should include receiving
information and education about PD treatment.
Where possible, timing of PD catheter
insertion should be planned to accommodate
patient convenience, commencement of
training between 10 days and 6 weeks to enable
correction of early catheter-related problems
without the need for temporary haemo dialysis.
Dialysis centres should have a dedicated team
approach to catheter insertion.
Both residual urine and peritoneal dialysis
components of small solute clearance should
be measured at least six monthly or more
frequently if clinically indicated.
Peritoneal membrane function should be
monitored
regularly
(6
weeks
after
commencing treatment and at least annually or
when clinically indicated). Daily urine and
peritoneal ultrafiltration volumes, with
appropriate correction for overfill, should be
monitored at least six-monthly.
Patients should undergo regular revision of
their technique and receive intensified training
if this is below standard.

Based on these guidelines and our consultancy with the
PD team in the renal unit in this study, we will model
these factors into our model.

The BRS gives guidelines on the care pathways and the
workforce planning for renal patient care teams, mainly
based on patients’ medical conditions. Here, we
summarise some key guidelines closely related to the
care pathway:

Fig. 1 The illustration of the care pathway for the patients in the PD treatment in a major renal unit in the UK.
the care plans and thus a better healthcare outcome is
expected. In Table 1, we illustrate the structure of
patient profile.

MODELLING
Patient profile modelling
Patients’ perspectives consist of patients’ health
condition, as well as their behavioural factors. Primarily
the patient’s care plan is conducted based on their health
conditions, e.g. biochemical and nutritional markers,
etc. The care pathway given by British Renal Society
(BRS) needs to be strictly adhered to. That is, the
medical conditions of patients should be the principle
factors to consider when designing the care plan for the
patients. At the same time, the BRS indicates that the
care plan needs to be able to be adjusted and tailored to
patients’ individual needs, life styles and personal
preferences. It is essential to have the patients stick on

Table 1. Patient profile example
Patient ID
Medical condition

Life style
Patient’s individual needs
and preferences
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******
Estimated Glomerular
Filtration Rate (eGFR):
Urine protein:
Blood pressure:
etc.
Fulltime work:
Preferred slots of visits:
Health literacy measures:

Some of patients’ individual needs, i.e. life styles and
personal preferences may be easy to identify and
describe, thus they are relatively simple to be modelled
in the profile. For example, in the category of life styles
the patients who have full time jobs are not available at
normal working hours, therefore any home visits should
be scheduled to be delivered at out of hours as much as
possible. However, some of patients’ individual needs
are more intangible. A reliable and tangible measure is
needed to describe patients’ individual needs. We
propose that the patients’ health literacy can be a
valuable measurement for individual needs.

regimens, make decisions about dialysis, and keep up
with multiple appointments in the health care system.
There is increasing evidence that health literacy plays an
important role in the care of patients with kidney
disease.
One key massage we can take from these cohort
researches is that there is a significant association
between the patient health literacy and dialysis
initiation. This is consistent with the comments from the
head nurse in the PD team we interviewed in the renal
unit. Patients’ health literacy decides the time and
length of dialysis initiation, and also the length and
frequency of home visits. Thus we propose to use health
literacy as a measurement to profile patients.
Consequently a mid-term care plan for each patient will
be developed. The plan consists of the initial time and
length of dialysis training, and the length and frequency
of home visits etc., which are tailored to individual
patients’ needs according to different patient profiles. In
Table 3, we illustrate the structure of a mid-term care
plan for a patient.

The Institute of Medicine defines the health literacy as
“the degree to which individuals have the capacity to
obtain, process, and understand basic health information
and services needed to make informed health decisions”
(Taylor et al. 2017). The health literacy is a complex
issue including diverse communication skills of
individuals beyond simply being able to read. It also
involves oral understanding (speaking and listening
skills), numeracy, and cultural and conceptual
knowledge. The prevalence of limited health literacy is
higher amongst the elderly, minorities and those with
lower socioeconomic status including income and
education (Taylor et al. 2017).

Based on this plan, a list of tasks for each patient is
prepared (Table 4). In this list, each visit is assigned to
specific time windows. Some of the task’s time
windows can be tight while others are more flexible,
depending on the nature of the tasks and the conditions
of the patients. It should be mentioned here that the
complexity of the model is embedded in this task list. It
links tasks, patients, nurses’ skills and time slots
together.

Health literacy is particularly important in the large and
growing number of patients with CKD due to the
complexity of the disease, which requires a high level of
patient involvement and self-management skills. The
patients with kidney diseases must follow appropriate
dietary restrictions, adhere to complex medication

Table 2. Health literacy measures used in some studies given in a review(Taylor et al. 2017)
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Table 3. A mid-term care plan for a patient
Patient ID
Initial training
period length
Home
visit
frequency
Home
visit
length
Home
visit
preferred time
slot
Priority
Possible
additional aid

Table 5. Nurse skill level

******
2 weeks

Level 8-10
Level 4-7
Level 4
Level 0-4

Every 2 weeks in first 3 months, then
every month
30 minutes

Continuity of care modelling

After work time

CKD patients need lifelong care involving medication,
dialysis, and/or transplantation, etc. In long-term care,
continuity of care is a highly sought attribute.
Continuity of care develops a constraint in the proposed
models. As a result the healthcare workforce has to be
planned, scheduled and deployed with the consideration
of continuity of care for patients.

High

Table 4. Task list
Task
Task
1:
Patient ID;
Initial
training
Task
2:
Patient ID;
regular visit
Task
3:
Patient ID;
efficiency
check visit
Task
4:
Patient ID;
sample
collection
Task
5:
Patient ID;
Initial
training

Senior registered practitioner
Intermediate registered practitioner
Newly registered nurse
Health care assistant

Time
window
[Week1
day 1-day
3]

Skill level
required
Level 8

Preferred
slot
Morning [M]

[Week1
day 1-day
5]
[Week2
day 1-day
5]

Level 4-7

Afternoon
[A]

Level 4-7

Late day [L]

[Week2
day 1-day
2]

Level 4-7

Morning [M]

[Week2
day 3-day
5]

Level 8

We try to develop the right “chemistry” between
patients and caring staff. It is intuitive to argue that
patients do not like frequent changes of nursing staff.
Therefore, continuity of care means that only one
operator for each category is assigned to a patient. The
principal operator, who is not changed for a long period,
preferably provides all of the visits required by the
patients to the operator’s category.
Problem formulation
Our model is developed with patients’ profiles which
will be constructed from patient health literacy screen,
care workforce profiles and patient-centred continue of
care constraints which have been discussed in the above
sections. The list of notation is given in Table 6.
The patients’ profiles will be developed based on
patients’ medical conditions, life styles, personal
preferences and the results of health literacy screen
which are illustrated by Table 1. Based on this, the PD
team will make a visit plan for each patient as shown in
Table 3. The key information in the visit plan for each
patient consists of initial training period lengths, home
visits frequencies, timeslots of home visits, expected
length of home visits and any additional aids maybe
needed. Then the visit list is constructed as shown in
Table 4. Patients will be roughly clustered based on
their home locations. To mathematically formulate the
visit list based on patient profiles, we design the set of
nurses denoted as , and the set of visits at patients’
homes denoted as . For each visit
a time window
is define as
as shown in Table 4 where
and
specify the earliest and latest respectively
possible starting time of the visits. This time window
need strictly meet the RAS guidelines we stated above,
at the same time, allow certain flexibility with respect to
individual patient’s conditions and needs. We use
parameter to model the skill category of carer. If
=1,
k has the skill to be assigned to visit i.

Morning [M]

Carer’s profile modelling
PD is performed by patients (and/or carers) in the
community. In most renal units the community dialysis
teams provide training and support for renal patients at
home. To provide patients comprehensive renal nursing
care, a staff to patient ratio of up to 1:20 is
recommended depending on geographical factors and
travelling times. This would then enable a series of
patient care activities, such as training of patients at
home or in hospital, monthly nursing visits and support
at home, quarterly nurse led multi-professional clinic
visits, troubleshooting, management of anaemia,
ongoing patient education, performance monitoring and
audit. In Table 5, we give the skill levels of nurses for
modelling purpose.

We use the parameter to model the continuity of care
by assigning different values to the parameter.
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cost (third term). The weight can be set accordingly to
emphasis the importance of each object. Constraint (2)
ensures that each visit is covered exactly once or left
uncovered. Constraint (3) ensures that nurse can only
perform the task that is in his/her skill set. Constraint (4)
ensures that each task is scheduled in patients’ preferred
time slot. Constraint (5) models the flexible date in
which a patient’s visit can take place. Constraint (6)
states that for each nurse can only perform one task on a
particular day and particular slot. Constraint (7) states
that for each nurse that the total working slots are within
the contract hours of working slots plus overtimeworking slots. Constraints (8) and (9) define the
decision variables.

Parameter is the priority of visit. The higher the
parameter value, the more important the visit.
To model the problem, two sets of decision variables
are defined: the binary scheduling variables
and
the binary coverage variables .
Table. 6 Notation in the modelling
Sets:
Set of task, index
Set of nurses/carers, index
Set of scheduling day, index
Set of slot, index
Parameters:

The complexity of the model is embedded in the task set
I. It links tasks, patients, nurses’ skills and time slots
together. This task list will be constructed based on PD
care pathway, as well as patient’s health literacy and
personal preferences. At this stage we are undergoing
the model validation by our clinic partner before we
start to collect the data.

The priority of task
The continuity of care parameter
The contacted working slot for nurse
Overtime slot for nurse
Skill category parameter
Patient’s preferred slot
The earliest starting time for task
The latest starting time for task
Weightings of objective funtions

∑

∑∑

∑

CONCLUSIONS
A rigorous model of HHC cooperating BOR for the
renal patients taking PD at their own homes has been
established. We are going to present this model to the
PD team in a major renal unit in collaboration with us to
validate the model. Based on the feedback we will
gather the corresponding information to conduct a case
study on the HHCNSP problem.

( )

s.t.
∑∑∑

( )

∑∑

( )

∑∑

( )

∑∑

∑

In general, solving this HHCNSP problem is
computationally challenging. To tackle this complex
problem efficiently, we will investigate hybrid solution
methods in our future work. These hybrid methods
integrate and take the advantage of different techniques
from different disciplines such as Integer Programming,
Constraint Programming and local search algorithms.
The clinical results will be reported in our future
publications.
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more, the fast calculation is needed for control system
algorithm implementation.
Mathematical modeling of transient processes for
computer simulation purposes requires a few various
energy streams. Also, in many cases the energy density
field is non-uniform in the 3D space, so the partial
differential equations must be applied, and they are nonlinear if a better accuracy is expected. As a rule, they
have no analytic solutions, and the finite element
paradigm is to be used. For the object under
consideration a multidisciplinary model must combine
the finite element analysis with other computational
engineering tools and applications.
In this paper a simulation results achieved from FEM
(Finite Element Method) is compared with dynamic
model with nonlinearities implement into lookup table
blocks (Tomczuk, Schröder and Waindok 2007). The
simulation model of the electromagnetic linear actuator
was built in the FEM environment (Comsol
Multiphysics). This FEM environment was chosen due
its high versatility and availability. Comsol Multiphysics
allowed for the testing of static and dynamic phenomena
in electromagnetic fields and simulating displacement of
the tested components. Although, the MES calculations
can include nonlinearities in determining the parameters
of the designed actuator, due to the time-consuming
process of the calculations are insufficient for the
analysis of extensive control algorithms (Tarnowski and
Krzyzynski 2011) or for the self-monitoring system. The
best solution seems to be a combination of calculation,
where the values determined from FEM models are
tabulated and implemented in dynamic models. This
approach allows taking into account in the model of
nonlinearity resulting from uneven magnetic field
distribution in the air gap of the actuator, while ensuring
good accuracy of the performed calculations in a
relatively short time.
The considered linear actuator consist of two parts:
a cylindrical unmovable coils surrounded by a soft
ferromagnetic case, and a runner made from sequence of
permanent magnet rings with a soft ferromagnetic
gaskets, under normal atmospheric pressure (figure 1).

KEYWORDS
Tubular linear actuator, linear motor with permanent
magnets, dynamic simulation, Finite Element Method
(FEM).
ABSTRACT
In this paper the simulation results of dynamic
properties of a linear electromagnetic actuator are
presented. The electromagnetic actuator consist of
a series of coils and a mover made from permanent
magnet rings with ferromagnetic gaskets. The dynamic
simulation models were designed into two ways: with
using the Finite Element Method (in Comsol
Multiphysics package) and the dynamic model designed
in the Matlab-Simulink package with look up table
blocks containing the results form FEM analysis. The
results of mathematical models simulation are presented
and compared with experimental measurements. The
computations enabled an investigation into and an
assessment of the control system requirements.
INTRODUCTION
Linear electromagnetic actuators with permanent
magnets are commonly used in many applications in
automation and robotics systems (Yoon and Dongwook
2017), (Szymak and Morawski 2012), (Ling and Wang,
2018), (Kondratiuk and Gosiewski 2013). It is mainly
caused by its advantages, such as: simple and compact
construction, direct implementation of the linear
movement, low cost production and the possibility to
achieve high acceleration. Moreover, a linear motion is
a natural output, so there is no need of any mechanical
transmission. A system with a linear electromagnetic
actuator has a built-in self-monitoring system compared
to traditional solutions, because by observing the power
parameters, it can be diagnosed the technical condition.
For that reason the accuracy of mathematical model is
needed to estimate the desired technical parameters of
the actuator without interrupting its exploitation. What is
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The coils are supplied by a voltage impulse of finite
time with different control algorithm.

Fload – loading force;
Fe – electromagnetic force;
Kd – friction coefficient;
n – number of actuator segments (coils).
In the constructed models, the non-linearity of the
magnetic field was modelled, while the influence of
eddy currents and thermal losses in the magnetic field
was omitted.

2
3

8

1

4
6

5

STATIC SIMULATION RESULTS

7

In the figure 2 the model of the three-segment actuator
with a plotted magnetic flux distribution is presented. If
the coil are not powered, then the runner is in the neutral
position, which means that the symmetry centers of the
movable and stationary parts overlap. The magnetic
field strength lines are the result of permanent magnets
with ferromagnetic parts of the magnetic circuit. The
magnetic field distribution between the left and right
side of the motor can be observed, therefore the
resultant force acting on the runner is close to zero.
In this model a few physical phenomena is solved
simultaneously. It can be useful to observe much output
information in specific points of the device as a function
of input construction data. Because of the model
symmetry and the long simulation computation time
only half of the electromagnetic device has been taken
under consideration.

Figure 1: The scheme of the actuator:
1 – coil, 2 – ferromagnetic casing, 3 – aluminum shield,
4 – linear bearing, 5 – permanent magnet,
6 – ferromagnetic ring, 7 – base,
8 – diamagnetic ring
In the next sections the mathematical model is depicted
with simulation results. At the end of the paper the test
stand is presented with experimental results.
THEORY - MATHEMATICAL MODEL
The coil magnetic energy and the electric energy are
coupled, and the interchange depends also on the
position of the magnets (Waindok and Tomczuk 2017).
A distribution of the magnetic field is not uniform
neither in the air gap nor in the ferromagnetic parts of
the devices so it must be modeled as a continuous in
space (Piskur and Just 2009). If the mover velocity is
not high, the air pressure resistance may be omitted. As
the motion process of the mover is short, the
temperature increase is small and the process may be
assumed as an isothermic and all material parameters to
be constant, unless the process is repetitive with high
frequency. To summarize, there are many nonlinear
phenomena, and they are strongly coupled (Gieras,
Piech and Tomczuk 2011).
Equations describing the mathematical model of a linear
actuator with permanent magnets can be written in the
form of a system of Ordinary Differential Equations
(ODE):

1
k (i, z) 
dik

 dt   (i, z)  uk  R ik  z  vz 
k



ik

dz
  vz
dt
d 2 z 1
 dt2  m Fe (ik , z)  Kd  vz  Fload


where:
u – supply voltage;
R – coil resistance;
i – coil current;
 – magnetic flux,
m – the mover mass;
z – position of the mover;

(1)

k 1,2...n

`
Figure 2: Magnetic flux density distribution for the
runner neutral position
In the figure 3 the distribution of magnetic flux in the
three-segment actuator is presented, while supplying
the central coil with a voltage 20 Volts (the coil current
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F = f(i,z)

is 8 Amperes). In the calculations, the non-linear
characteristics of B (H) of the ferromagnetic elements
of the actuator were adopted, allowing a realistic
representation of the effect of local magnetic saturation
of the material. The magnetic field of the coil is
subtracted from the field produced by the permanent
magnet, then the coil case near the air gap is most
saturated. After moving the permanent magnet from the
center of the coil to the position between the coils
(figure 3), the highest saturation occurs in the coil case
of the powered stator segment.
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Figure 4: The electromagnetic force as a function of the
coil current and the runner displacement
phi = f(i,z)
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Figure 5: The magnetic flux as a function of the coil
current and the runner displacement
dphi/dz = f(i,z)
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Figure 6: Partial differential of the magnetic flux as
a function of the coil current and the runner
displacement
dphi/di = f(i,z)

Figure 3: Magnetic flux density distribution for the
runner displacement
The electromagnetic force were calculated for the runner
displacement from 0 to 36 mm, with 1 mm step and for
the coil current varies from 1 to 12 A. The results of
electromagnetic force Fe=f(i,z) simulation with using the
FEM package were depicted in the figure 4. For the
same values of displacement and the coil current the
electromagnetic flux density Ψ=f(i,z) were calculated
and presented in the figure 5. In the figure 6 and 7 the
two coefficients: dΨ(i,z)/di and dΨ(i,z)/dz were
presented. The two coefficient calculated with FEM are
to be used in dynamic model.
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Figure 7: Partial differential of the magnetic flux as
a function of the coil current and the runner
displacement
DYNAMIC SIMULATION RESULTS
The nonlinear function of Ψ=f(i,z) and F=f(i,z) achieved
from nonlinear static model were implemented in the
dynamic simulation model with using two dimensional
„look-up table” blocks. The whole system were
designed according to the equations (1). This method of
design makes it possible to take into account magnetic

326

non-linearity resulting from uneven magnetic field
distribution in the air gap of the motor, so it is more
accurate than modeling based on analytical
dependencies. In the figure 8 the simulation model is
depicted with three coil subsystems, while in the figure 9
the one subsystem is presented with look-up table
blocks, with magnetic field values evaluated from partial
differential equations (resolved in Comsol Mutiphysics).
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Figure 8: The three coils actuator model in the Matlab
Simulink package
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Figure 12: The control and self-induction (EMF) voltage
comparison
The final comparison between the both methods are
presented in the figure 13, where the mover velocity is
depicted as a function of time. Although the power
supply was sequential, differences in the charts are
probably caused by the redistribution of FEM mesh.
There are some methods of generation FEM mesh for
moving objects (Gosiewski and Henzel 2013): reference
configuration (ALE); Lagrangian approach; Eulerian
approach and these methods will be analysed in the next
step of investigation focusing on the remeshing impact
on simulation accuracy.

Figure 9 The coil subsystem in simulation model
The control algorithm
The actuator was supplied with voltage in the form of
rectangular pulses (figure 10) with an amplitude of
20 Volts and a single pulse width 0.05 second. Applying
voltage to individual coils causes exponential rise of
current to the maximum value of 8 Ampere. This is due
to the coil inductance and power supply unit
performance (Chojnacki, Falkowski and Henzel 2013).
The simulation results were achieved from Matlab
Simulink model taking under consideration electric
circuit. If the permanent magnet movements and
nonlinearities of the magnetic part of the model is taken
under consideration then the differences between two
methods of modelling can be seen (figures 10-11).
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Figure 11: Control voltage u, coil current – i
The differences are mainly caused by taking into
account in the FEM model the phenomenon of magnetic
hysteresis and the self-induction of voltage in the coils
due to the permanent magnet movements. If only selfinduction voltage is taken under consideration then it
can be seen strong electromagnetic interaction between
coils. In the figure 12 the self-induction voltage
achieved from Comsol Mutiphyscis package is
presented with comparison to the supply voltage.
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Figure 13: The mover velocity (v) as a function of time
achieved from the two simulation methods
EXPERIMENTAL RESULTS

0.3

Figure 10: Control voltage – u, coil current – i

The validation process was carried out on the laboratory
test stand presented in the figure 14. The coil was made
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from 300 copper wires with the diameter of
1 millimeter. The coil resistance R was equal 2.1 Ohm,
and the inductance L was 5.5 milli Henr. The coil was
supplied from the brushless PWM servo amplifier from
the Advance Motion Control Company (AMC). The
displacement of the core was measured with linear
position potentiometer and the core velocity was
calculated. For the current measurements the specialized
current sensors were used. The real time system was
used for control algorithm, measurements and gathering
data.
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The simulation model is presented, with a careful
consideration of the hysteresis of ferromagnetic parts,
and nonlinear distribution of the magnetic field.
A combination of the two method packages (Comsol
Multiphysics and Matlab) gives the powerful
opportunity to analyze the object without building the
prototype. The MES environment allows for more
accurate mapping of physical phenomena and
nonlinearities of the magnetic field distribution
occurring in the actuator. Discrete models, on the other
hand, require the use of simplifications and do not take
into account losses and couplings occurring in the
magnetic circuit, until the mutual interactions are
implemented.
Dynamic model implemented in Matlab-Simulink with
nonuniformly distributed magnetic field achieved from
Comsol Multiphysics gives better results than simulation
only in FEM package. What is more, simulation time is
shorter for presented method than in FEM package.
For the verification process the laboratory test stand was
designed and some result were depicted.
The designed laboratory test stand will be used for
further analysis of the control algorithm optimization as
well as for diagnosis purposes.
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Figure 16: The displacement of the mover as a function
of time for different frequencies powered of the coil
CONCLUSION
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Figure 14: The laboratory test stand:
1- three coils stator, 2 - linear bearing,
3 – runner (permanent magnet rings with ferromagnetic
gaskets), 4 - position sensor, 5 - specialize current
sensor
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Figure 15: The speed of the runner as a function of time
The characteristic of the mover velocity as a function of
time is presented in the figure 15. It can be seen that the
velocity achieved during the experiment and from the
simulation is up to 0.45 metr per second after the power
supplied the first coil. Then, after the voltage impulse
supplied to the next coils, some differences can be seen,
mainly caused by the friction in the laboratory model
which is difficult to define in simulation model.
The impact of the supplied voltage frequency on the
mover displacement is shown in the figure 16. Taking
under consideration the mover inertia the movement is
more smooth for short time duration between the next
voltage impulses and the oscillations become smaller
until the maximum supply frequency. Above the
frequency of 13.3 Hertz of the voltage power supplied,
the coil current is not able to achieved nominal value
and the mover does not increase its velocity.
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ABSTRACT
At present, the level of consciousness and awareness
about environmental problems are increasingly
internationally concerned from society businesses
and governments globally. A number of
organizations have begun paying greater attention to
diminish the harmful impact of business activities in
terms of production, consumption and purchasing
behavior which may affect the environment. Despite
environmental concern, numerous consumers are
willing to pay more for environmental benefits.
Supplier selection process is a key role which helps
the business to be success in a global arena. The
appropriate supplier selection is one of the most
important issues for any organization which affecting
the total supply chain performance and the quality of
final product. Thus, this paper proposes an approach
for evaluation and ranking suppliers. In particular, the
main focus of this study is to incorporate
environmental responsibility requirements into
supplier selection. An illustrate example in a
cosmetic and beauty community enterprise was
conducted to implement how to select the most
suitable supplier using TOPSIS method. A set of
criteria and sub-criteria were identified from a real
case company. The decision was made on the basis of
observation of three suppliers with four criteria and
ten sub-criteria. The main contribution of this study
provides a noteworthy tool to help decision makers in
the selection process and reduce the subjective bias to
some extent.
INTRODUCTION
The world today has suffered from environmental
destruction, resource depletion, pollution problems,
and global warming everywhere. The sources of
pollution vary from small unit of natural sources to
large volume of emission from industrial activities
(Robinson 2005; Habre et al. 2014). Consequently,
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the level of consciousness and awareness about
environmental
problems
are
increasing
internationally;
both
from
businesses
and
governments globally. With environmental concern
in mind, several consumers are willing to pay more
for environmental options (Singh 2011). According
to the UN Global Compact (2010) report, about 93%
of CEO‟s around the world are fretful about
sustainability
in
their
businesses.
Several
organizations have begun paying greater attention to
diminish the harmful impact of business activities in
terms of production, consumption and purchasing
behavior which may affect the environment.
Environmental awareness and concerns lead to the
emergence of sustainable development; minimizing
negative impact on nature, ecology and society. To
overcome these challenges, it is necessary to shift
from traditional practices to a more sustainable
practice across sectors. Enterprises need to find new
solutions of manufacturing, taking into consideration
environmental aspects in their supply chains. Hence,
green production has become one of the utmost vital
explanations in environment protection among
companies.
Supplier selection is the beginning of the supply
chain process. Appropriate supplier selection affects
the total supply chain performance and the quality of
the final product (Onder and Dag 2013). It is almost
impossible to successfully produce high quality
products without satisfactory vendor selection,
especially in today‟s competitive environment.
However, this task is very complicated due to the
variety of factors that must be considered during the
selection process. Moreover, those factors may vary
from time to time and industry to industry.
One of the important tasks in selecting the suitable
suppliers is to apply the right supplier selection
criteria. Traditionally, factors affecting supplier
selection were mostly based on price, delivery time
and quality. In today‟s world supplier selection takes
into
account
the
supplier‟s
environmental
responsibility. Selecting green supplier is the key
process of finding a sustainable partnership that will
be able to provide customers with lower prices,
higher quality, shorten delivery time, flexibility as
well as consideration on minimizing the
environmental effects (Lee et al. 2009). In other
words, each focal enterprise should take

responsibility for final producing products to
stakeholders in terms of quality, cost, flexibility, as
well as environmental effects. As such, the feature of
raw materials used in the production process is a
significant role in meeting greater customers‟
satisfaction,
stakeholders
and
government
(Molamohamadi et al. 2013).
The increasing complexity of economic and social
systems results in an increase in the complexity of the
related decision problems. Selecting appropriate
suppliers are complicated tasks due to the fact that
several steps and criteria are involved in decision
making process (Onder and Dag 2013). Such criteria
are both quantitative (e.g. cost) and qualitative (e.g.
delivery) aspects. According to the literature, various
evaluation models for supplier selection were
examined and explored. Conventional models usually
considered economy aspects as a single objective
(Luthra et al. 2011). Such example models are linear
programming method and total cost ownership which
mainly emphasise on minimizing costs of production.
Whereas, different approaches have been taken into
consideration this problem as a multi-criteria decision
making (MCMD) problem (Zarbini-Sydani et al.
2011). Some of these approaches are Data
Envelopment Analysis (DEA), Analytical Hierarchy
Process (AHP), Analytical Network Process (ANP),
Decision-making Trail and Evaluation Laboratory
(DEMATEL) and so on.
In the literature, there are various research activities
concerning supplier selection and evaluation.
However, the studies which taking green concepts
into account are still limited (Akman and Piskin
2013) and mostly pay attention on large companies.
Moreover, in order to meet the requirements of
business in today‟s competitive environment, several
criteria both quantitative and qualitative aspects must
also be involved in green supplier selection.
Therefore, in this paper multi-criteria decision
making (MCMD) is employed to implement and
analyze for selecting the most efficient supplier
among a set of alternatives in green suppliers using a
case study of One Tumbon One Product (OTOP),
located in Chonburi province in Thailand.
The rest of this paper is arranged as follows. Briefly
related literature is presented in section two. Next,
research methodologies are introduced in section
three. Section four illustrates the proposed approach
using a case study of OTOP products in cosmetic and
beauty enterprise. Finally, conclusions are drawn in
the final section along with recommendations for
future research.
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LITERATURE REVIEW
Selection Criteria
Previous studies reveal varieties of factors involving
in supplier selection decisions factors. In 1966,
Dickson had summarized 23 different criteria for
vendor selection which had been found in the
literature. The study revealed that quality, delivery
time and performance history were the most
significant factors for supplier selection. This study
was re-examined by Weber et. al. (1991) via
reviewing all seminal articles between 1966-1990.
The results of Weber‟s study introduced ten criteria
in order to choose the best suppliers, which are net
price, delivery, quality, production capability,
geographic
location,
technical
capability,
management and organization, reputation and
position in industry, financial position and
performance history (Alehashem et al. 2013).
It can be noticed that early studies had focused on
identifying the criteria which buyers were used to
select suppliers (e.g., Dickson 1966; Lehmann and
O'Shaughnessy 1982). These have been extended to
identify supplier selection under specific buying
conditions; for example, strategic buyer-supplier
partnerships (Hiram 1990). As mentioned by Sarkar
and Mohapatra (2006) two important dimensions of
a supplier's abilities were classified, i.e. performance
and capability. Performance is defined as the
demonstrated ability of a supplier to meet a buyer's
short-term requirements in terms of cost, quality,
service and other short-term criteria. Whereas
capability is defined as the supplier's potential that
can be leveraged to the buyer's advantages in the
long term.
In the last two decades, supplier selection based on
environmental/green consideration has been attracted
the attention of numerous researchers. For instance,
Govindan et al. (2013) studied 33 previous papers
from 1996 to 2011 on green supplier selection. Later,
Nielsen et al. (2014) reviewed international journal
articles from the appearance to 2013. Both studies
revealed the growth of green criteria taking into
consideration in supplier selection process. Some
environmental
aspects
are
green
image,
environmental management system, pollution control
and so on.
Multi-criteria
Approach

Decision

Making

(MCMD)

Recently, the number of research incorporating the
environmental factors in supplier selection and
evaluation is growing. Multi-criteria decision making
(MCMD) methods have been employed to supplier
selection problem (Ho et al. 2010). According to
Hajiagha et al. (2016), MCDM deals with the
evaluating and choosing of the best alternative based
on several criteria. Besides, each main criterion can

be related with several sub-criteria, whereas each
sub-criterion can be related with slightly lower subcriteria. Some of the popular MCDM methods
applying for evaluating and selecting the most
suitable applications are Analytic Hierarchy Process
(AHP), Analytic Network process (ANP),Technique
for Order of Preference by Similarity to Ideal
Solution (TOPSIS), Decision-making Trial and
Evaluation Laboratory (DEMATEL) and Preference
Ranking Organization Method for Enrichment
Evaluations (PROMETHEE II). Ghorabaee et al.
(2017) provide a state-of-the-art survey of the typical
methods deployed for supplier selection problem
from the literature by analyzing the frequency of
MCMD approaches employed for selecting and
evaluating suppliers. Without considering other
methods, it was found that AHP is the most popular
approach, followed by TOPSIS method. Table 1
shows the frequency of typical methods deployed for
supplier selection problem from Ghorabaee et al.‟s
study.
Table 1: Frequency of Typical Methods for Supplier
Selection
Method

Journal
paper

Book
chapter

Conference
paper

Total

%

AHP
ANP
TOPSIS
VIKOR
MOORA
ELECTRE
DEMATEL
DEA
OTHERS

29
7
28
10
4
4
5
4
47

3
0
1
0
0
0
0
1
1

21
5
12
0
0
0
0
3
13

53
12
41
10
4
4
5
8
61

26.8
6.1
20.7
5.1
2.0
1.2
1.2
4.0
30.8

Source: Adapted from Ghorabaee et al. (2017)

Step 1: Construct normalized decision matrix.
This step transforms various attribute dimensions into
non-dimensional
attributes,
which
allows
comparisons across criteria.
The normalized score or rij is defined as follows:

rij  xij /

m

x
i 1

2
ij

i =1, 2, ..., m and j = 1, 2, ..., n (1)

where xij and rij are original and normalized score of
decision matrix, respectively.
Step 2: Construct the weighted normalized decision
matrix.
Here wj represents a weight of each criteria for
j = 1,…n. Then multiply each column of the
normalized decision matrix by its associated weight
to get vij. The weighted normalized decision matrix is
written as equation (2):
vij = wj rij

(2)

Step 3: Determine the ideal and negative ideal
solutions.
Ideal solution is determined by
A* = { v1* , …, vn*}
where

vj*

(3)

={ max (vij) if j  J ; min (vij) if j  J' }

Negative ideal solution is determined by
A' = { v1' , …, vn' }

(4)

where v' = { min (vij) if j  J ; max (vij) if j  J' }
Step 4: Calculate the separation measures for each
alternative from A* and A'.

RESEARCH METHODOLOGIES
TOPSIS Method
In this paper Technique for Order of Preference by
Similarity to Ideal Solution (TOPSIS) method is
employed to evaluate suppliers based on their
performance towards criteria. TOPSIS was originally
developed by Yoon (1980) and Hwang and Yoon
(1981) and then further investigated by Hwang et al.
(1993). The primary principle is to select alternatives
which have the shortest distance from the positive
ideal solution (PIS) and the farthest distant from the
negative-ideal solution (NIS). As mentioned by
Govindan et al. (2013), compare to other related
methods such as AHP and ELECTRE, TOPSIS is
more reasonable and understandable. One of the
benefits of TOPSIS is that the method avoids pairwise comparison process. Moreover, a measureable
assessment accounts for both the ideal and non-ideal
choices at the same time (Mohammed et al. 2018).
TOPSIS algorithms can be defined in a succession of
six steps as follows:
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The separation measure from the ideal alternative is
calculated using the m-dimensional Euclidean
distance. The distance of each alternative from A*
and A' is calculated using the following formulas:
Si* = [  (vj*– vij)2 ] ½

i = 1, …, m (5)

Si' = [  (vj' – vij)2 ] ½

i = 1, …, m

(6)

Step 5: Calculate the relative closeness to the ideal
solution Ci*.
Ci* = Si' / (Si* +Si')

0 Ci*  1

(7)

Step 6: Rank the preference order.
Rank the preference order and select the alternative
with maximum Ci* which is closest to 1 or rank
alternatives according to Ci* in descending order. The
larger value of Ci* indicates the better performance of
the alternatives.

CASE ILLUSTRATION AND RESULTS
In this study, Case A, a micro enterprise, is selected
as a case study. The Case A which is OTOP or
community enterprise was firstly formed by
housewives group with 15 people in 9 villages in
Chonburi province for over 20 years. This group of
people has worked together to produce consumer and
beauty products such as shampoos, cream baths,
soaps, facial masks and balms. Products are sold to
local markets though the own shop, as well as direct
selling to other consumers through regional
exhibitions and fairs organised by the government.
Since the growing level of environmental awareness,
the case enterprise has now focused to produce
mainly on organic and natural products. Most
materials such as aloe, butterfly pea, jasmine rice,
eucalyptus oil, peppermint oil and lemon oil come
from local suppliers in the eastern part of Thailand.
Management team of the group is responsible to
design when to produce each product as well as
helping together to find out and select suitable
suppliers for raw materials. Currently, the case A
aims to develop supplier selection intensively with
respect to environmentally friendly targets. However,
there is not any tool to help management team to
select the proper suppliers as yet. Accordingly,
development of the right supplier evaluation criteria
and model is essential for this case enterprise. It will
not only enable the producer to promptly deliver the
quality goods, reduce its operating costs but will also
take environmental issues into the consideration at
the same time. The application of the proposed
algorithm is displayed in Figure 1 and then explained
in the following steps.
1

2

3

4

5

• Identifying Criteria and Sub-criteria for
Evaluation
• Assigning Sub-criteria Weight
• Determining Qualified Suppliers

• Obtaining the Final Rank

Figure 1: Steps of Applying Proposed Algorithm
Criteria

and

Sub-criteria

Table 2: Criteria and Sub-criteria for Supplier Selection
Criteria

Sub-criteria

Cost (C1)

Raw material price (C11)
Procurement cost (C12)
Product quality (C21)
Service quality (C22)
Willingness to improve quality (C23)
On time delivery (C31)
Responsiveness (C32)
Production capacity (C33)
Pollution controls/waste management
(C41)
Pollution prevention/ Use of
environmental friendly materials (C42)

Quality (C2)

Delivery and
Service (C3)
Environment
(C4)

Assigning Weights for Sub-criteria
Five experts (three of them were management team,
another one was a government officer who had
responsibility to promote OTOP products in Thailand
and the rest was a key customer of this enterprise)
were selected to involve the process. They were
asked to weight those ten sub-criteria according to
their importance using score 1 to 10. 1 means that
sub-criteria were the less importance whereas 10
means that sub-criteria were the most importance.
Then, Rank Order Centroid (ROC) technique
(Roszkowska 2013) was employed to calculate
weights of those sub-criteria. The results of
importance weights of the criterion by ROC are
demonstrated in Table 3. It is noticed that product
quality (C21), on time delivery (C31) and pollution
prevention/use of environmental friendly materials
(C42) are the top three importance sub-criterion in
the supplier selection process by ROC technique for
this community enterprise.
Table 3: Weight and Rank of Sub-criteria

• Evaluation of Alternatives by Implementing
TOPSIS Method

Identifying
Evaluation

According to data collection of the case company
through interviews and inquiries compared with those
reported in the literature, it was found that in supplier
selection, the company has stressed on the 4 main
criteria with 10 sub-criteria as displayed in Table 2.

for

All relevant data were collected by interviewing the
management team concerned, assessment document
and published literature. Interview is one of the most
important sources which offer to gain insight into the
enterprise practices. Then main and sub-criteria for
supplier evaluation criteria were set up.
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Sub-criteria

Weight

Raw material price (C11)
Procurement cost (C12)
Product quality (C21)
Service quality (C22)
Willingness to improve quality (C23)
On time delivery (C31)
Responsiveness (C32)
Production capacity (C33)
Pollution controls/
waste management (C41)
Pollution prevention/ Use of
environmental friendly materials
(C42)

0.109563
0.021111
0.292897
0.084563
0.033611
0.192897
0.010000
0.047897
0.064563

Rank
4
9
1
5
8
2
10
7
6

0.142897

3

Determining Qualified Suppliers
Three main suppliers, represented by SA, SB and SC
were evaluated by the president of Case A using a
1-10 scale (1-lowest performance,..,10-highest

performance). Table 4 illustrates the ratings of each
supplier with respect to each of sub-criterion.
Table 4: Input Values of the TOPSIS Analysis
Sub-criteria
C11
C12
C21
C22
C23
C31
C32
C33
C41
C42

Weight
0.109563
0.021111
0.292897
0.084563
0.033611
0.192897
0.010000
0.047897
0.064563
0.142897

SA
8
8
6
8
7
7
8
7
9
9

SB
7
6
8
7
9
8
7
8
7
8

SC
8
9
8
9
8
6
6
7
8
6

Evaluation of Alternatives by Implementing
TOPSIS Method
Then the normalized decision matrix is constructed.
After that weighted normalized decision matrix as
well as the ideal and negative ideal solutions are
obtained. The results are displayed in Table 5.
Table 5: Weighted Normalized Decision Matrix
C11
C12
C21
C22
C23
C31
C32
C33
C41
C42

SA
0.0777
0.0124
0.1757
0.0777
0.0235
0.1350
0.0124
0.0335
0.0581
0.1286

SB
0.0679
0.0093
0.2343
0.0679
0.0303
0.1543
0.0109
0.0383
0.0452
0.1143

SC
0.0582
0.0140
0.2343
0.0874
0.0269
0.1157
0.0093
0.0335
0.0517
0.0857

A*
0.0777
0.0140
0.2343
0.0874
0.0303
0.1543
0.0124
0.0383
0.0581
0.1286

A'
0.0582
0.0093
0.1757
0.0679
0.0235
0.1157
0.0093
0.0335
0.0452
0.0857

Based on TOPSIS method, the ideal and negative
ideal solutions are computed using equation (3) and
(4).Then the Euclidean separation distances of each
alternative from the positive ideal solution (A*) and
the negative ideal solution (A') are calculated using
equation (5) and (6) in order to find the relative
closeness to the ideal solution (Ci*). Finally, the
performance of evaluation and the rank of supplier
are obtained, which is presented in Table 6.
Table 6: TOPSIS Results
SA
SB
SC

S i'
0.053544
0.076821
0.062315

Ci*
0.459453
0.723006
0.503082

The TOPSIS was applied to perform and analyze on
case study of a micro scale community enterprise in
Chonburi province, Thailand. The main advantages
for using this approach are TOPSIS is transparent,
reasonable and rational. Four Criteria and ten subcriteria for supplier selection of the Case A were
identified by interviewing the management team,
assessment document and published literature. It was
revealed that product quality, on time delivery, and
pollution prevention/use of environmental friendly
materials are the most importance factors for the case
enterprise to evaluate suppliers. Based on the
TOPSIS method, „SB‟ is the best alternative supplier,
followed by „SC‟ and „SA‟, respectively.
One of the limitations of the paper is that only a real
case study is illustrated. In future studies, other
techniques such as Structural Equation Modeling
(SEM) could be employed to identify criteria and
sub-criteria from a group of community enterprises in
the country. Analytical Hierarchy Process (AHP)
could then be combined to weight the importance of
those factors. In addition, the proposed model of this
study could be extended by taking fuzzy
environments into consideration in order to deal with
the imprecise judgments, and the ambiguity of human
being's judgment. Accordingly, the efficiency of the
evaluation could be increase and more precisely.
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Obtaining the Final Rank

S i*
0.062995
0.029431
0.061551

conflicting criteria. As such, Technique for Order of
Preference by Similarity to Ideal Solution (TOPSIS)
method was proposed to rank the alternatives.
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Fusion (PBF); (vi) Sheet Lamination and (vii) Direct
Energy Deposition. Inside each category, the machines
are mainly distinguished by the kind of material they
can work with. Every technology has pros and cons in
terms of the building process velocity, accuracy and
quality of the part, surface roughness and postprocessing needs, amount of waste and costs. AM is a
general expression to indicate different kind of
application as:

ABSTRACT
Additive Manufacturing (AM) is a modern
manufacturing approach and it is considered one of
the key enabling technologies of Industry 4.0
paradigm. The attractive feature of this technology
concerns, mainly, the possibility to build
geometrically complex parts in a single step avoiding
all the stages of a traditional manufacturing process
and, therefore, reducing the production lead time.
Originally, this technology was intended for the rapid
prototyping. Nowadays the integration of AM in the
Traditional Practical Context (TPC) continues to
expand and it is emerging as a valid alternative for the
production of low size batches that consist of
customized products. This work points out the open
issues about the spread of AM technologies,
especially, in the production of metal parts.
Simulation is a strategic method to evaluate the
changes caused by the inclusion of this disruptive
technology in a conventional shop floor. The Analytic
Hierarchy Process (AHP) is used as decision making
approach to prioritize the simulation techniques.
Keywords:
Production
Simulation,
Manufacturing Integration, Analytic
Process





Rapid Manufacturing, that (RM) indicates
the production of end-use components
achieved through AM machines (Rudgley,
2001);
Rapid Tooling (RT) refers to the fabrication
of tools that support conventional
manufacturing proceedings while Rapid
Prototyping (RP) represents the most
effective technique to validate how good the
product is before the series production starts.

This paper considers AM in terms of RM emphasising
PBF technologies for metal processing. In these systems
a laser (Selective Laser Melting) or an electron beam
(Electron beam melting-EBM) melts a limited area of
the material powder together in each layer until the part
is completely realised. The use of AM leads to technical
and economic advantages in many sectors; e.g. in
aerospace, which is one of the leading sector for the
production of medium-high complexity parts with AM,
the utilization of Ti-6Al-4V allows to reduce the buy-tofly index from the common value of 15 to 1. The main
feature of AM is the ability to create high customized
and very complex component without further tooling or
manufacturing costs and in a single step with minimal
added processing. In fact, some authors such as Fera et
al. (2017) affirm to evaluate the advantage of using AM
in a better way, it is feasible to refer to complexity
instead of production volume as decision driver. The
“complexity for free” allows the designers to imagine

Additive
Hierarchy

INTRODUCTION
American Society for Testing and Materials (ASTM)
defines AM processes as being capable of “joining
materials to make objects from 3D model data,
usually layer upon layer, as opposed to subtractive
manufacturing methodologies”. In addition to this
definition, ASTM proposes a classification (Standard
Terminology
for
Additive
Manufacturing
Technologies, 2012) of AM technologies, based on
how the layers are built, into seven categories: (i) Vat
Photopolymerization; (ii) Material Jetting; (iii) Binder
Jetting; (iv) Material Extrusion; (v) Powder Bed
Communications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
ISBN: 978-3-937436-65-4/978-3-937436-66-1(CD) ISSN 2522-2414
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the product into a single piece without any loss of
functionality. Moreover, although high-speed CNC
machining manage to cut out an amount of material
much faster than AM can add an analogous quantity
(according to EPMA (2015) , AM deposition rate for
SLM is around 1-3 mm3/s), the number of machines,
setups and stages increase proportionally with
complexity and therefore the production lead time
grows up. With AM, the manufacturing process of the
item requires only a 3D model and raw materials
without needing any tool or fixtures. Another crucial
aspect in the estimation of AM’s economic and
managerial benefits is represented by AM machinery
capability of producing simultaneously several parts in
its build chamber. This feature could lead to an
important reduction of inventory management costs
(Mani et al. 2014). Despite these positive features, AM
is still affected by some technical and operational
issues. Problems concerning dimensional and
geometrical tolerances (it means a lack of 5-20
microns), anisotropy, low mechanical strength, high
surface roughness and porosity involve the necessity of
some post-processing treatments (e.g. milling, grinding
and polishing techniques) and limit the widespread
implementation of AM in the manufacturing systems.
On the side of operations management, there are many
open issues related to the very high investment costs
for AM machines and materials. Changes involving
the scheduling of the activities and the supply chain
have still not been investigated in depth. Due to the
wide range of variables that characterize a
manufacturing system, simulation modelling is,
probably, the only tool able to solve complex
operational problems without disrupt the existing
system. The simulation methods most widely used in
manufacturing systems are Discrete Event Simulation
(DES), System Dynamics (SD) and Agent- Based (AB)
Simulation (Seleim et al.,2012). In manufacturing
context, simulation helps to understand the system
behaviour in order to raise production throughput,
minimise production cost or reduce energy
consumption (Mounsey et al., 2016). At first, this work
presents an analysis of the current literature. It focuses,
mainly, on the research that deal about operations
management issues. Moreover, the review lists a series
of researches about the use of simulation modelling for
the development and testing of new manufacturing
system. In the second part, since the choice of the best
simulation tool is also related to not quantitative issues,
it will be used a well known method to prioritize
solutions of problems that calls for also qualitative
opinions. The method here proposed is the Analytic

Hierarchy Process (AHP). It has been used to prioritise
the simulation methods in order to select the most
suitable for the analysis of changes caused by the
integration of a disruptive technology in a TPC.
Literature Review
The adoption of AM technologies was widely
investigated in the this decade (Berman, 2012;;
Campbell, 2011). The adoption of AM technologies
affects each level of production and logistics system
(Pour et al., 2016) and have effects on design,
manufacturing and supply chain organisations (
Holmström et al. 2010):





Manufacturing: smaller economic batch size
and easier design customisation, no need to
use additional tools, wastes reduction;
Design: functional optimisation of product;
Supply chain: simpler supply chain due a
reduced lead time and lower stock levels

Introduction of AM in traditional manufacturing context
could modifies all the value creation system processes.
Kritzinger et al. (2018) propose a validation tools to
analyse the applicability of additive manufacturing to
existing productive enterprise. Mellor et al. (2014) have
proposed a framework for the implementation of AM.
The changes of the company’s value chain have been
also reported by Ituarte et al. (2016), which demonstrate
how the small-series and pre-series production at the
manufacturing refinement stages is, today, an effective
alternative to the rigid conventional processes. The
product and volume flexibility (Spalt & Bauernhansl,
2016) available using AM allow to modify the product’s
shape at any stage in order to pander the rapid changes
in the market. The literature presents several costing
models which distinguish themselves, mainly, on the
cost structure. First Hopkinson & Dickens (2003)
compare laser sintering manufacture cost with those of
injection moulding in order to achieve a break-even
analysis and to establish when RM is economically
suitable. Ruffo et al. (2006) , basing the analysis on a
“full costing” estimation, developed a new cost model
for laser sintering production intending to fill the gap
and the restrictions of the previous one: the model takes
into account the chance to produce with AM different
parts at the same time in a single build and asses the
effects of indirect costs such as machine hour,
production overhead, machine costs on the trend of the
cost per part vs. production volumes curve . It is
necessary to be able to compare the performances of
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several kinds of AM technologies. Baumers et al.
(2013), first, applied a cost model to a DMLS platform,
and then (2016) construct another to evaluate the
differences in efficiency between EBM and DMLS
both in terms of costs incurred in production and
consumption of energy. Fera et. al. (2017) establish a
cost structure depending on the sequential steps of the
construction job and introduce in their model the
Overall Equipment Effectiveness (OEE) index in order
to ensure the analysis closer to the real operations
management issues. This research paves the way for
the optimization of production logistics in a mixed
environment characterised by the presence of AM
machines and traditional ones. Schröder et al. (2015)
made a significant research for the determination of the
critical parameters on costs architecture of additive
manufacturing: the selection of the best AM machines
for metal PBF application is the first management
decision. The inclusion of AM into a TPC is a subject
under constant debate. Mellor et al. (2014) proposed a
conceptual framework that takes into account all the
external and strategic factors which impact on AM
implementation. A decision making framework for the
choice of a successful mix of production strategies was
suggested by Achillas et al (2015). Zanardini et al.
(2015) give a “three-steps” evaluation guideline whose
purpose is to help the managers to compere
conventional production scenario with another made up
of AM machines. An enterprise could be structured on
several levels of management and a variation at one of
them could have important effects on the others. The
simulation is probably the only appropriate tool for the
evaluation and control of these dynamics, especially,
when the real world is founded on a complex network
of elements and a large number of variables are present
(Jahangirian et al, 2013). The first important example
on the use of simulation for manufacturing systems
dates back more than 30 years (Schroer & Tseng,
1988). Today simulation approach can be used to
evaluate several kind of issues going from the process
design to ergonomics (Caputo et al., 2019). In
simulation modelling each method is intended to be
applied in a specific range of abstraction levels
(Benjamin et al. 1998). System Dynamics (SD) is at the
top of this abstraction scale: processes are considered
as stocks and the flow between them are described by
differential equations (Borshchev & Filippov). DES is
at the lowest level of abstraction: the system elements
are modelled as “object” whose state changes when a
particular “event” takes place (Schriber et al., 2009).
DES is supported by many user friendly software such
as ARENA (Smith et al. 1994), Flexsim (Krenczyk et

al. 2018), SLX. Gatsou et al. (2009) use DES approach
to identify the failings of real manufacturing systems.
The capability of DES to evaluate the shop-floor
performances was demonstrated by Ng et al. (2014)
who used a statistical path to identify the main
measurement production criteria. Mounsey et al. (2016)
used Simio DES software to evaluate the effects caused
by the variations of the shift working patterns and the
total number of Machine Operators on both the number
of good parts built and the unit part cost for three
different components made by metal additive
manufacturing technologies Agent Based (AB) models
are between those of SD and DES: whatever it is selfcontained, autonomous and it has a state that change
with time and that interacts with other elements of the
system could be considered an agent (Mecal & North,
2010). According with this definition, an agent could
represent as much a physical item as an entire company
and the global behaviour depends on the behaviour rules
of many individuals (Borshchev & Filippov). Monostori
et al. (2006) explored engineering design, process
planning, production scheduling and control; at the end
they concluded that AB modelling is an alluring
optimisation tool for all domains of manufacturing.
Avventuroso et al. (2017) exploited the simulation
modelling software Anylogic to build an agent-based
simulation model of a FMS made up of 3D-printing
stations. Although this research do not deal with metal
additive manufacturing, it provides important results
with regard to the impact of process constraints as well
as the demand variation on the production line
throughput. Due to the reduced lead time and to the
great level of customisation, most of the researches
focus mainly on the opportunity to radically change the
supply chain (Chiu, 2016), but not many of them use
simulation modelling to analyse scheduling and
production planning problems
SIMULATION TECHNIQUES PRIORITIZATION
The literature review show there are few investigations
about the exploitation of simulation modelling to assess
the performance of a new manufacturing systems made
up both of AM technologies and traditional machines.
This approach could lead to have numerical models and
to get better system awareness, to accelerate production
time, to further reduce lead time, to improve
productivity and to support decision making activities
concerning the choice of the best manufacturing
scenario to implement. Although the technology is not
enough mature to produce high volume batches of metal
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parts, there are same important strengths which should
be leveraged to radically change the production
paradigms. A critical issue, certainly, consists in the
balancing of cost factors, because if on the one hand
SLM and EBM machines are capital-intensive, on the
other the simultaneous production of different
components without it needs to execute expensive
setups and the opportunity to decouple the fixed cost
from production volumes make more economically
feasible the production of small batches. Besides the
cost evaluation, the inclusion of AM machines in a
shop floor modifies the whole production system and,
consequently, the production planning and control must
be totally reconsidered. In this section the Analytic
Hierarchy Process (AHP) has been chosen as decision
making quantitative technique to identify the most
suitable simulation method (goal) among the three
options DES, ABS and SD. The AHP is a multi-criteria
analysis that allows to take
the best decision
minimizing the inconsistence of the decision makers’
qualitative judgements about a fixed numbers of
criteria. It enables decision-maker to prioritize a series
of alternatives through a combination of qualitative and
quantitative evaluations.
Since the aim of this paper is to identify the best
simulation method for the analysis of a new concept of
shop floor composed of disruptive technologies, the
criteria chosen represent some of the most influencing
issues in production system’s organisation. They are:
(i) resource saturation, (ii) queues analysis, (iii) layout
design, (iv) cost and time management and (v) material
flow. Fig. 1 shows the AHP hierarchical model built
for this research. The analysis has been carried out
using the decision support software SuperDecision®.

VALUE

INTERPRETATION

αij
1

i and j are equally important

3

i is slightly more important than j

5

i is quite more important than j

7

i is definitely more important than j

9

i is absolutely more important than j

1/3

i is slightly less important than j

1/5

i is quite less important than j

1/7

i is definitely less important than j

1/9

i is absolutely less important than j
Fig. 2: Rating scale

percentage to the criteria and to the alternatives which
means their priority with regard to goal. So, ten experts
(researchers, professors and practitioners with at least 5
years of experience in the field of operations
management) were asked to express a sets of pairwise
comparisons: the criteria compared to the goal, and the
alternatives compared to each of five criteria. This
means that if the expert rates the couple Resource
saturation-Queue analysis with the vote 5, the software
considers the Resource saturation is quite more
important than Queue analysis with regard to the choice
of the simulation method, while a judgment of 1 means
they are equivalent. In the second step, judges rates on
the effectiveness of an options to another with regard to
a specific criterion. To minimize the inconsistency of
the judgments, the geometrical mean of the proposed
votes for each couple was calculated. The final step is
the computation of the priority. The software provides
the option ranking based on the entered grades. The
following tables show respectively the priorities for the
criteria (Table 1) and for the options (Table 2) in term of
percentage preference with respect to the goal.
Table 1: Priorities of the criteria related to the goal
Criteria
Cost and time management

Figure 1: AHP hierarchical model
The method is based on a set of pairwise comparison of
the criteria: each couple aij is scored on a scale of 1 to 9
(Fig. 2) ; the analysis, at the end, gives a weight
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Preference
[%]
33.21

Material flow

19.18

Layout planning

17.13

Resource saturation
Queue analysis

15.39
15.09

Table 2 : Priorities of the alternatives
Alternatives

Preferences [%]

ABS

41.4

DES

35.5

SD

23.1

demonstration of the substance of this results through
the application of an Agent Based Simulation for
assessing the practical scenarios in which AM allow to
the production companies to get same technical,
economical and managerial advantages.
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ABSTRACT
High-rate growth of underwater robotics has led
to the development of new robot models that move
underwater mimicking marine organisms' motion. They
are called "biomimetic underwater vehicles" (BUV)
because they use the wave propulsion modelled after
fish shapes and kinematics.
The paper analyses a mathematical model of the
BUV motion. The model was implemented in Matlab
program for numerical tests and simulation of a
vehicle's performance under real conditions. This way
the most effective way to change the BUV course was
determined.
INTRODUCTION
Figures 1: MIT's biomimetic underwater vehicle (BUV)
"SoFi"

In recent years, dynamic development of
biomimetic unmanned vehicles (BUV) has been
observed. In many countries research and scientific
institutions, such as Massachusetts Institute of
Technology (MIT) and the Defense Advanced Research
Projects Agency (DARPA) in the USA, work on
designs and upgrades of BUVs that have unique motoric
capabilities in the marine, land and air environments
due to their mimicking of natural movement of animals,
including fish, birds and insects. Fig. 1 (Katzschmann,
DelPreto, MacCurdy and Rus 2018).
One of the latest design trends in this field is the
development of underwater robots, in particular BUVs
(Vincent 2003, Szymak 2016). The vehicle designs are
usually modelled on fish, which are the prototype of the
shape and movement, although vehicles modelled on
jellyfish, rays, marine mammals, etc. were recently
noted. Regardless of the prototype of the vehicle
engineering, in each case a thorough analysis of the
movement of the animal is necessary as well as its
simplified mathematical modelling. In contrast to
screw-propelled ROVs (Remotely Operated Vehicles)
and AUVs Autonomous Underwater Vehicles), BUVs
are wave-driven by a fins-like motion.

The next chapter presents a mathematical model
developed for the BUV motion modelling. Then,
selected results are presented of the BUV
maneuverability simulation tests on a mini CyberSeal
vehicle (Fig. 2) performed at the Institute of Electrical
Engineering and Automatics of the Polish Naval
Academy the AMW. The last chapter summarizes the
study.

Figures 2: Mini CyberSeal
Communications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
ISBN: 978-3-937436-65-4/978-3-937436-66-1(CD) ISSN 2522-2414
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Considering the above assumptions, a non-linear
model of motion with six degrees of freedom was
adopted for the mini CyberSeal's motion simulation.
The vehicle motion was described by six differential
equations with the following matrix form:

MATHEMATICAL MODEL
Mathematical modelling of an underwater
vehicle is a complex issue (Szymak 2016). This is due
to the difficulty of experimental determination or
calculation of a very large number of parameters that
must be known to solve motion equations. Therefore, in
order to simulate the motion of an underwater vehicle,
some simplifications regarding the vehicle design are
accepted, e.g.: it is considered as a rigid body, with 3
symmetry planes, its centre of mass coincides is in its
centre of buoyancy, it moves with six degrees of
freedom, at a low speed, in a viscous fluid.
By analysing an underwater vehicle's motion,
two reference systems are defined:
1) Earth-fixed coordinate system xyz
2) mobile, underwater vehicle-fixed coordinate
system xoyozo.
The mobile coordinate system is called the
"vehicle reference system" and it begins in the vehicle's
geometric centre. The axes of this coordinate system
correspond to:
1) x0 – longitudinal axis from stern to bow
2) y0 – transverse axis to starboard side
3) z0 – vertical axis to bottom.
Movement of the mobile coordinate system
xoyozo is reported relative to the Earth-fixed coordinate
system xyz. Because of the vehicle's low speed, the
acceleration of points on the Earth's surface due to its
spinning motion is neglected and the xyz system is
considered as stationary. It is suggested that the angular
and linear velocities be described in the vehicle
reference system, while the vehicle's orientation should
be described in the stationary coordinate system. The
vehicle motion parameters are defined according to the
SNAME notation, as shown in Table 1.

ݒሶ

1

2

3
4
5
6

Motion
Along xo axis
(from stern to
bow)
Along yo axis
(to starboard
side)
Along zo axis
(from up to
down)
Around xo
axis (rolling)
Around yo
axis (rocking)
Around zo
axis (yawing)

u

x

Y

v

y

Z

w

z

K

p

I

M

q

T

N

r

\

(1)

Figures 3: Mini CyberSeal propulsion model
The left side of equation (1) describes forces and
moments of forces induced by physical phenomena,
such as: rigid body inertia and inertia of masses
associated with viscous liquid, hydrodynamic resistance
of water, balance of gravity and buoyancy.
The right side of equation (1) shows the vector of
forces and moments of forces acting on the vehicle,
generated by the vehicle's propulsion system. In
addition, the right side of equation (1) considers the
impact of environmental disturbances (wind, wave and
sea current, the largest impact on BUV). Using the
mathematical relationships reported in references
(Fossen 1994), parameters can be calculated of the
matrix describing the left side of equation (1). To
analyse the right side of equation (1), however, more
compiled calculations should be adopted. Commonly
used underwater vehicles are mostly screw-propelled,
whereby with specific mathematical formulas
(Katzschmann, DelPreto, MacCurdy and Rus 2018,
Fossen 1994) the pressure generated by the propulsor
can be calculated. With the new propulsion system, i.e.
the wave-propulsion mimicking the action of fish fins,
the forces and moments of forces should be determined
Wp:

Angular Position
Forces
and
and
and
linear
Euler
moments
velocities angles
X

ࢍሺKሻ

where:
v – vector of linear and angular velocities, i.e. v = [ u, v,
w, p, q, r]
– vector of vehicle position coordinates and Euler's
angle in the fixed system
M – inertia matrix (sum of rigid body matrix MRB and
associated masses matrix MA)
D(Q) – hydrodynamic damping matrix
g(K) – restoring forces matrix (gravity P and buoyancy
B)
– vector of forces and moments affecting the vehicle

Table 1: Notation used to describe underwater
vehicle motion

Degrees of
freedom

ࡰሺݒሻݒ
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left side fin by inserting the right fin's inclination angle
αp.

(2)

3,5

where:
X, Y, Z – forces acting on vehicle in the
longitudinal, transverse and vertical symmetry axis,
respectively
K, M, N – moments of forces acting in relation to
the longitudinal, transverse, and vertical symmetry axis,
respectively.
The vector of forces and moments of forces
generated by the wave propulsion can be calculated by
considering the propulsion system set-up in each design.
Fig. 3 shows the mini CyberFoka propulsion model
consisting of two counterphased tail fins and two
independently controlled side fins.
The thrust produced by each fin should be
brought to the centre of gravity O (Fig. 3) using simple
vector transformation formulas:
X = Xtl + Xtp + Xl + Xp
Y = Ytl + Ttp
Z = Zl + Zp
K=0
M = Ml + Mp
N = Ntl - Ntp + Nl - Np

3

T [N]

2,5
2
1,5

Tav

1

Tosc

0,5
0
0,33 0,66

1

1,33 1,66

2

f [Hz]

Figures 4: Changes in average thrust Tav and in
trust oscillation amplitude Tosc for different fin drive
frequencies.

(3)
(4)
(5)
(6)
(7)
(8)

Thrusts Ttl, Ttp, Tl, Tp generated by both rear fins
and both side fins, respectively, were determined
experimentally for precisely defined fin shapes and
surfaces, using the laboratory bench described in the
paper by P. Szymak and S. Bruski Microprocessor
system for measurement of a thrust generated by an
underwater vehicle (Szymak and Bruski 2016). Each
fin's thrust is an instantaneous value changing in time,
depending on the fin motion control parameters, i.e. fin
oscillation amplitude and frequency. The thrusts depend
also on the fin material type (stiffness). Therefore, at
each change of the fin shape, dimensions and material
the measurements should be repeated (Szymak and
Bruski 2016) and the thrust experimentally evaluated.
Based on the results of the measurements shown in Fig.
4, it can be assumed that thrust T generated by the fin is
the sum of two components:

where:
tl, tp, l i p – subscripts referring to the action of the left
rear fin, right rear fin, left side fin and right-side fin,
respectively.
The individual components of the vector, e.g. .
Xtl, Ytl, Ntl can be calculated using the position of these
fins with respect to the centre of gravity according to
equation:
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)

(19)
where:
Tav – constant thrust component at a specific fin
oscillation frequency
Tosc – variable component modelled by a sinusoidal
wave with a specific amplitude (at a specific fin
oscillation frequency).
The mathematical model of the mini CyberFoka
BUV wave propulsion was implemented in the Matlab
environment. Such a model can be used to check many
parameters, such as the best way to manoeuvre the
BUV.

where:
Ttl, Ttp, Tl, Tp – thrusts generated by the left rear fin,
right rear fin, left side fin and right-side fin, respectively
βl, βp, αl, αp – angles shown in Fig. 3,
r1 – distance from vehicle's centre of gravity to the
centre of rear fins' axes along x0 axis,
r2 – distance from rear fin axes centre to the centre of
rear fins' rotation along y0 axis,
r3 – distance from vehicle's centre of gravity to the
centre of side fins' rotation along x0 axis,
r4 – distance from side fins' rotation centre to the centre
of left or right-side fin's rotation along y0 axis.
The vector components for the right fin Xp, Zp,
Mp, Np can be calculated from formulas (15-18) for the

SIMULATION TEST RESULTS
The mathematical model presented in the
previous chapter was used to check the BUV
manoeuvrability. The dimensions of an actual BUV
model were used for the tests. It was assumed that the
underwater vehicle is made of a cylinder-shaped
symmetrical hull, 0.44 m long and with 0.12 m
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diameter. The fin drives were positioned in relation to
the centre of gravity as follows:
1) r1 = 0.11 m
2) r2 = 0.015 m
3) r3 = 0.08 m
4) r4 = 0.085 m
The following vehicle course changes were
tested:
1) Both rear fins oscillate, one inclined by 45 degrees
and the other in the neutral position, side fins do not
work.
2) Both rear fins oscillate, one inclined by 45 degrees
and the other by 15 degree in the same direction, side
fins do not work.
3) Both rear fins oscillate, one inclined by 45 degrees
and the other in the neutral position, side fins work in
the neutral position.
4) Both rear fins oscillate, one inclined by 45 degrees
and the other by 15 degree in the same direction, side
fins work in the neutral position.

Figures 6: Changes in position on xy plane and
in u and v velocities of a BUV with fins oscillating at 2
Hz in example 2 on the left side, in example 4 on the
right side.
SUMMARY
The mathematical model of a biomimetic
underwater vehicle presented and implemented in the
Matlab environment allows to perform initial
simulations of the vehicle motion and to check the
effectiveness of course changes depending on the
inclinations of individual rear fins and the operation of
the propulsion system with or without additional side
fins. In the next stage, the results of simulation tests will
be verified on a real object and other herein nondescribed course change combinations will be. After
positive verification of the mathematical model or after
possible modifications, further work is planned on the
mathematical model for the development and
subsequent testing of various BUV course and trim
controllers.

Figures 5: Changes in position on xy plane and
in u and v velocities of a BUV with fins oscillating at 2
Hz in example 1 on the left side, in example 3 on the
right side.
Fig. 5 shows changes in the position and in u and
v velocities of BUV with fins oscillating at 2 Hz at the
course changes No. 1 and 3. In the first case, thereby
only the rear fins worked, with one inclined at 45
degrees and the other one in neutral position, the
circulation radius was obtained of ca. 0.45 m. With the
same rear fins’ settings and with the side fins' additional
operation, the BUV moved faster but along a trajectory
with a larger circulation radius.
The next Fig. 6 shows results of the simulation of
change in BUV position's on xy plane and in u and v
velocities at the course changes No. 2 and 4, where the
second rear fin was also inclined by 15 degrees in the
same direction as the first fin. In both cases, smaller
circulation radii were obtained, whereas course change
No. 2 involving the rear fins' inclination,
by 45 and 15 degrees, respectively, in the same
direction, with non-working side fins, which turns out to
be the most effective, i.e. with turning radius of 0.35 m.
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ABSTRACT
The present work concerns the study of a new type of
excavator considering the hydraulic arms and cylinders
made of aluminum instead of the classic construction
steel. The work after a first geometric evaluation of the
machines on the market is realized on a machine,
estimating the real geometry with which the arms are
made. The most probable working conditions to which
the excavator is subjected during the life cycle of the
machine are studied and imployed into calculation
software both to determine the dynamic actions
generated by the movement and to estimate the values
of the stresses, displacements and relative instability
coefficients. This study is carried out both for the
original steel solution and for the innovative aluminum
solution. Finally the safety coefficients are estimated
assuming that the cycles to which the excavator is
subjected are equal to 2 * 10 ^ 6. From the analysis it
emerges that the solution is absolutely constructively
implementable and achievable allowing a total weight
reduction (cylinder and arms) of about 65% thus
allowing either an increase in the flow rate or even a
reduction in the performance of the hydraulic system
present on the machine.

Figure 1: Excavator dimension [m]

Figure 2: Excavation diagram

DESCRIPTION OF THE MACHINE

DEFINITION OF LOAD CONDITIONS

The machine at the base of this study is a commercial
excavator produced by the CAT company whose
acronym is 336F. This machine has a motor with a
power of 234 kW and an operating weight of 40800 kg.
The main dimensions of the excavator are shown in
Figure 1 while in Figure 2 there is also a diagram
relative to the excavator working area.
The machine is equipped with two arms. The first one
close to the control cabin and the axis of rotation of the
machine has a length of 6.9 m while the second arm,
the stick, the one to which the bucket is attached, has a
length of 3.9 m.

An excavator during the life cycle is subjected to
several load conditions, for example the load
conditions of an excavator used in a marble quarry are
different from those of a one used in a construction site
or used in the field of civil demolition where there is a
clamp in place of the bucket. It is important to
underline that the use of the excavator can vary during
the life of the machine. Given this variability and in the
absence of specific information and because the study
is a comparative study between different structural
solutions, it was decided to adopt two loading
conditions, in order to simulate the loading phase of a
trailer. To do this the loading conditions considered are
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the leveling Figure 3 and the lifting at the minimum
distance Figure 4.
(b)

[m/s^2]

(a)

Figure 3: Condition of levelling (a) start, (b) stop

[s]

Figure 6: Trend of the acceleration module (point a)
(b)

[m/s^2]

(a)

Figure 4: Condition of lifting at minimum distance (a)
start, (b) stop
NUMERICAL
CONDITIONS

SIMULATIONS

OF

LOAD
[s]

The real actions that act on the structure of the
excavator are given by the load that the excavator has
to move to which also the dynamic actions must be
added. These actions depend both on the speed and on
the acceleration of the movements and on the structure
that moves the load (Bošnjak et al. 2012), (Solazzi et
al. 2014) and (Zrnié 2015). These actions have been
estimated using the SolidWorks software by imposing
a horizontal translation speed of the bucket (load
contion 1) equal to 1m/s and in the vertical direction
(load condition 2) equal to 8°/s (Vujic et al. 2017),
(Winck et al.2015). These values derive both from
experimental analyzes on a similar excavator and from
the performance evaluation of the hydraulic system on
board the excavator under study. The simulated
movement is shown in Figure 5 while Figure 6 and 7
show the acceleration trends in absolute value and in
vertical direction present at the bucket attachment
point.

[m/s]

Figura 7: Trend of the acceleration in vertical direction
(point a)

[s]

Figure 8: Trend of velocity module (point a)

[m/s]

(b)

(a)
[s]

Figure 9: Trend of velocity in vertical direction
(point a)

Figure 5: Movement simulation
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(2)
[m/s^2]

limit=

the limit value is the tensile yield strength

sn.

(3)
Fcrt= critical load of instability.
(4)
δmax= maximum displacement present in the structure.
[s]

Figure 10: Trend of the acceleration module (point b)

Specification of the material and determination of
the safety coefficient

[m/s^2]

For the construction of the excavator in its original
configuration, the use of the classic S355 UNI EN
10025-3 construction steel was assumed. For the
optimized/lightened solution (Mallick 2010), we
thought of the use of a light alloy or the 6063T6 UNI
EN573-3 aluminum alloy as it presents a good
compromise between costs and performance (Gouveia
and Silva 2017), (Solazzi 2012) and (Solazzi et al.
2017). Table 1 shows the characteristics of the
materials used for the study and design of the
excavator arms in question.

[s]

Figure 11: Trend of the acceleration in vertical
direction (point b)

Table 1: characteristics of the materials considered

DETERMINATION OF SOLLECITATIONS

Material

The aim of this work is also to design the two
excavator arms in order to lighten the structure in order
to maintain the same safety coefficients (Solazzi 2011).
For this reason, materials generally not used in the field
of earth moving machine have been chosen (Miscia
2015), (Solazzi 2010), (Solazzi and Scalmana 2012)
and (Solazzi 2018). So in order to have a new machine
with the same performance as the original
configuration using light alloy such as alluminum
alloy, it is essential that it has at least similar
coefficients with respect to the ratio between the
permissible strees and maximum stress present in the
component, in other words, a similar value with respect
to the static safety coefficient. Another criterion
adopted was the evaluation of the maximum
deformation of the structure which must be very
similar for the different structural solutions designed
and in all the load conditions implemented. Another
important aspect considered during the dimensioning
of the various elements is related to the buckling
phenomena. The following formula refers to a plate
subjected to a compressive force.

S355
6063T6

Density ρ
[kg/m3]

Young
modulus
E [MPa]

Poisson
ratio ν

[MPa]

[MPa]

780
270

210000
69000

0.28
0.33

355
215

510
221

y

R

Determination of the stresses by analytical way
To determine the stress present during load conditions
and to define the thickness/dimensions of the 6063T6
light alloy solution Figure 12, it was decided to identify
three different sections for the boom Figure 13 and two
sections for the stick Figure14.

(1)
b=width
S=thickness
a=length

Figure 12: Arms section

The adopted criteria for the design of new
structural solutions for the arms are the following:
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Figure 13: Position of the sections for the boom

Figure 15: Complete excavator
The results presented below refer to the stresses Figure
16 and to the displacement Figure 17 caused during the
lifting phase at the minimum distance for the boom (in
S355 and in Al 6063T6) and for the stick (in S355 and
in 6063T6) Figure 18 e Figure 19.

Figure 14: Position of the sections for the stick
Table 2 shows the values of the stresses and of the
geometrical characteristics present in the arms
considering the load condition related to the lifting at
the minimum distance Figure 4.

(a)

Table 2: Size of the sections and relative stress present
during the lifting condition at the minimum distance
for S355 and 6063T6
S355

H
[mm]
360
850
485
850
360

S
[mm]
25
25
25
25
25

VM [MPa]

Sez. A
Sez. B
Sez. C
Sez. D
Sez. E

B
[mm]
500
500
500
500
500

Al
6063T6
Sez. A
Sez. B
Sez. C
Sez. D
Sez. E

B
[mm]
500
500
500
500
500

H
[mm]
600
1000
570
1000
450

S
[mm]
25
25
25
25
25

VM [MPa]

(b)

Figure 16: Stress in the boom for lifting at the
minimum distance (a) S355, (b) 6063T6

50.5
33.0
28.3
30.6
38.1

(a)

75.2
26.4
23.7
30.5
31.8

(b)

Figure 17: Displacment in the boom by lifting at the
minimum distance (a) S355, (b) 6063T6

Evaluation of the stresses present in the arms
Being a complex geometry, after a first estimate of the
section by analytical way, it was necessary to realize
the solid models of the structure and then perform the
numerical analyzes using the finite element calculation
technique. The software used is Autodesk Simulation
Mechanical and in general for both solutions (steel
S355 and aluminum 6063T6) the calculation model is
composed of 30000 elements for the boom and of
20000 elements for the stick (Bofang 2018) and
(Jonathan 2017). In order to make a correct modeling,
both the excavator frame and the hydraulic cylinders
for actuating the arms were simulated, as shown in
Figure 14.

(a)

(b)
Figure 18: Stress in the stick for lifting at the minimum
distance (a) S355, (b) 6063T6
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(a)

(b)

Figura 22: Second buckling phenomena boom S355

Figure 19: Displacment in the stick by lifting at the
minimum distance (a) S355, (b) 6063T6

Table 3: First two minimum values of buckling
phenomena for two materials

Figure 20 shows the stresses present during the
leveling phase (load condition 1) both for the solution
in S355 and in 6063T6 light alloy.

Material
S355
Al 6063T6

(a)

1.15
1.34

1.48
1.45

EVALUATION OF FATIGUE LIFE
In general these machines are used for many years and
therefore are subject to numerous stress cycles. For this
reason, a work cycle consisting of a bucket filling
phase is assumed through the load condition called
leveling (Figure 3) and lifting phase of material that
can be identified by the load condition of lifting at the
minimum distance (Figure 4). Through this
combination of load condition it is possible to
reproduce the load sequence of a trailer. From the
numerical analyzes we have obtained the values of
stresses present in the various sections of the arms. In
particular, the check is carried out in the points most
stressed for sections B and D in Figure 13 and 14.
These values are shown in table 4. It also shows the
preliminary estimate of the safety factor considering
the limit value for the material adopting 2x106 cycles.

(b)

Figure 20: Stress in the arm assembly for the levelling
condition (a) S355, (b) 6063T6
Evaluation of the instability coefficients
Through the numerical models, in addition to the
evaluation of both the stresses and the deformations
present in the arms, we proceeded to determine the
instability coefficients for the two materials adopted
(Eslami 2018), (Björn 2007), (Falzon and Aliabadi
2008) and (Tomasz 2013). Figures 17 and 18 show the
deformed arms in S355. The buckling valuess are
shown in Table 3.

Table 4: Fatigue safety coefficient estimation
Material
S355
Al 6063T6

Sez. B
LC1
25.7
16.7

Sez. B
LC2
40.4
21.4

Sez. D
LC1
16.9
12.5

Sez. D
LC2
32.8
18.3

η min
5.05
4.13

CONCLUSIONS/RESULTS/DEVELOPMENTS
As can be seen from the results obtained from the
simulations Figure 16-20, these are comparable with
those obtained by the arms of an excavator made of
non-conventional material such as 6063T6 aluminum
alloy, guaranteeing the same characteristics of the S355
construction steel. This was possible because the
geometry and dimensions of the box sections that make
up the arms of the excavator have been modified,
trying to mantain the same safety coefficients both with
respect to the stresses and to the displacement. The use
of a light alloy guaranteeing a reduction in the weights
Table 5vof the components under examination thus
guaranteeing either a possible increase of the
transportable mass for the same components or a

Figura 21: First buckling phenomena boom S355

355

reduction in the power of the propulsive and
oleodynamic system of the machinery reducing the
costs and the impact environmental. It should be noted
that the production of the aluminum alloy arms leads to
an increase in production costs, but this increase can be
limited by the increse of the hourly production thanks
to the increasing of the transportable mass or by the
reduction of costs linked to a propulsion and oli
pumping system with lower performance. This study
was based on two load conditions: levelling and lifting
at the minimum distance, the aim is to conduct this
study considering and investigating other load
condition and their different combinations so as to be
able to recreate as much as possible the real uses of the
excavator. Other developments will also be linked to
the the use of different materials such as composite
mateials based on carbon fibers for the construction of
the arms, but also other components that make up the
excavator itself.
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them is the sweep (or duck foot cultivator), a widely
applied tool design.
The traditional way of design is based on analytical
assumptions, experiences and measurements. After
planning concepts, the manufacturers produce several
prototypes for development purposes, then the various
shapes and materials are tested in laboratory and in field
measurements. The drawbacks of this method are the
high costs and the length of the design time. However,
these can be reduced with the application of numerical
simulations. One of the most widespread numerical
methods in engineering is the finite element methods
(FEM) which is mainly applicable to model continua.
When the exact load distribution is unknown, FEM
calculations often use assumptions, which leads to less
accurate results. However, they can still give enough
information for design purposes many times, as,
according to Saint-Venant’s Principle, the difference
between two different, but statically equivalent loads
become very small at sufficiently large distances from
load. A typical case when the forces are hard to determine
is, when the tool of the machines interact with granular
materials, such as the soil-sweep interaction.
The discrete element method (DEM) is a developing
numerical method, which excellently models
discontinua. It is also able to compute the arising forces
on tools. If the load values from the DEM simulation are
used as input data, instead of the approximate forces,
more accurate results can be obtained in the FEM
simulations. For example, in our case, the stresses can be
calculated accurately not only in the frame, but near the
surface of the sweep as well. Hence, DEM was utilized
in our study to model the mechanical behaviour of soil to
compute the force distribution on the sweep precisely
during its motion in soil. The forces were imported from
the DEM simulation into the FEM simulation by a
formerly developed one-way connection technique
(Orosz et al. 2018). In comparison with the assumptional
method, where the draft force would be dispersed on the
surface of the sweep.

ABSTRACT
Agricultural production is based on proper tillage, where
different types of cultivators are often used. The sweep is
often applied among the several cultivator designs. The
traditional design procedure of these tools is based on
producing several prototypes and inspecting them during
cost-demanding laboratory and field measurements.
However, it is possible to reduce the number of necessary
prototypes by utilizing numerical analyses.
Static yield and fatigue are possible mechanical failure
modes of the sweep. By utilizing a one-way coupled
finite-discrete element simulation method, it becomes
possible to find the stress concentration areas during the
linear motion of the tool in soil, which can cause the
failures.
The geometry of a sweep was 3D scanned to get an
accurate 3D surface model. The reaction forces between
the soil and the sweep were calculated by the application
of discrete element method (DEM) and the stress field
was computed with the use of finite element method
(FEM). The stress field was also estimated by assuming
a homogenous distributed reaction force. The paper
discusses the difference between the results of the two
reaction force computing methods and the influence of
using the coupled simulation.
INTRODUCTION
One of the principal influencing factors of agricultural
productivity is the proper preparation of the soil, which
is mainly performed by tillage machines. They plant
seeds, destroy weeds, dig, overturn, loosen, aerate the top
layer of the soil and compact its surface if needed. A
modern tillage machine is usually composed of two
components: the power and traction source (the tractor)
and the appliance. The appliances are changeable and
have several types of designs to be able to perform their
specific task. They also have two main parts: the support
frame and the tools, which interact with the soil. There
are certain types of agricultural appliances, the
cultivators, which stir and pulverize the soil and one of

MATERIALS AND METHODS
As the parametric 3D model of the sweep was not
available for us, we used reverse engineering methods to
digitize its geometry. The body of the sweep was firstly
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3D scanned, then was refined in more different computer
aided design (CAD) software to produce suitable inputs
for the DEM and FEM software.

Discrete element model
The discrete element method is a numerical technique,
which is appropriate to model soils and the soil-tool
interaction. The basics of DEM modelling were defined
by Cundall and Strack (1979), and were improved by
many other researchers. The method simulates materials
with an assembly of particles, which have independent
kinematical degrees of freedom. Interactions can arise
and cease between these elements (Bagi 2007). The
possible shapes of elements are various as well as the
definition of interaction forces.
For developing the DEM model, the Yade open-source
software (Šmilauer et al. (2015)) was used in our study,
in which several different interaction models are
available regarding the micromechanical relation
between discrete particles. The software applies
Newton’s and Euler’s law of motions with the central
differences explicit time integration scheme. In this
research, the so-called CohFrictMat, model (Šmilauer et
al. (2015)) was used for soil, which involves normal and
shear force, friction and cohesion between particles. The
cohesion micro-parameter was used to model the
mechanical effect of moisture content of the soil. For the
sweep FrictMat model was used, which is similar to
CohFrictMat, but has no cohesion. The applied
micromechanical parameters, which were calibrated
using soil bin tests, are listed in Table 1.

Geometry
As the first step, the body of the sweep was 3D scanned
by the application of NextEngine Laser Scanner, which
resulted a triangular surface mesh in stl format. This raw
mesh was processed improved with Autodesk
Meshmixer. The DEM software requires an stl file,
however, the FEM modelling was more effective by
giving a parametric solid body as an input. Therefore, a
solid body was created for the FEM program with the
utilization of the Autodesk Inventor software.
Furthermore, a support rod was added with a rivet, as it
was not missing from the scan data. Figure 1 shows the
difference between the raw scan data (a) and the
processed and re-modelled solid geometry (b).

a)

b)

Table 1: Micromechanical Properties of DEM
Simulation

Figure 1: Raw 3D Scan of The Sweep (a) and the 3D
Solid Model (b)

Micro-Young
Poisson
Density
Inter-particle
friction angle
Normal
cohesion
Shear
cohesion
Rolling
resistance
Twisting
resistance

To be able to import the edited geometry into the DEM
simulations, the solid geometry was converted back to stl
format. The result mesh was further optimized by
MeshLab software to save computational time in the
DEM simulation. The result is show on Figure 2.

Soil
5∙106
0,4
2600

Sweep
1∙1012
0,3
7850

Unit
N/m2
kg/m3

30

30

°

1,76∙105

-

Pa

0,88∙105

-

Pa

0,6

-

-

0,6

-

-

Instead of the simple spheres, so-called clumps were used
in this study. They are composed of spheres, connected
to one another and form an independent, discrete,
perfectly rigid unit. The density was homogeneous within
the clumps. To find the proper particle shape, several
preliminary simulations were run, where the appropriate
set of particle assembly for energy dissipation were
studied. The results of these simulations were presented
in a previous study (Tamás et al. 2018). The created
model was calibrated with a previously conducted soil
bin test, which was presented in detail in our previous
work.

Figure 2: Optimized Surface Model of the Sweep Made
from the Solid Model
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In this study, the application of relatively small particle
size was an aim in order to get accurate forces on the
surface of the sweep tool geometry, which were later
exported to the FEM simulation. The length and the
width of the modelled soil bin were 0.6 m, based on the
work of Milkevych et al. (2018). It had to be filled with
particles up to the height of 0.25 m., To accomplish this,
firstly a loose pack of particles were generated with the
desired shape and size distribution, then they fell freely
under the influence of gravity. The unnecessary particles
were deleted after the settling process. The spheres’ radii
of the prepared clumps were between 2.72-4.82 mm, and
the soil bin contained about 100 000 particles.
The geometry of the sweep and the soil bin were
modelled by triangular surface elements (facets). These
particles have no width, mass and inertia and are defined
by the position of their three vertices. However, they can
interact with clumps and record the arising forces on
them. The facets of the sweep were directly specified by
the imported stl file. The sweep moved with a prescribed
constant velocity during the simulation, and the arising
forces on every facet were exported sequentially in text
files with a specific format. The average of the sweep
forces was also computed between the adequate sweep
positions, when it was fully immersed in the soil. The
draft force was also computed by the summarization of
adequate components of facet-forces. The DEM
simulation is shown in Figure 3.

analysis, heat transfer, fluid flow and electrodynamic
processes.
FEM also models materials with limited number of
elements like the DEM, however, the mechanical degrees
of freedom of FEM elements are not independent: they
are defined by common nodes and form a 1, 2 or 3dimensional mesh
This feature makes DEM more suitable to describe bulk
materials, and FEM to model continua.
The FEM simulation was performed in the static
structural module of ANSYS Workbench 19.2 Student
Edition. As the strains were relatively small and the
material of the sweep was steel, linear material model and
solver was utilized.
The geometry was cut into four separate bodies to make
meshing and boundary condition definition easier (Figure
4): first is the sweep tool, the other three are the different
segments of the support rod. The sweep is modelled with
quadratic tetrahedron elements and the rod segments are
made up of quadratic hexahedron (brick) elements. In
reality, the middle rod segment is fixed to the other parts
of the tillage machine. For that reason, the displacements
and rotations of nodes on the surface of the middle rod
segment were fixed in all dimensions. Between the rod
and the sweep, a bonded type contact connection was
used.

Figure 4: The Part with the 4 Bodies
The external forces were imported from the DEM
simulation via a text file and were mapped to the surface
of the sweep tool. The material properties are shown on
Table 2. During the simulations, the von Mises
equivalent stresses and the deformations have been
computed.

Figure 3: The Simulation of the DEM Model of SoilSweep Interaction. (the Particles are Coloured
Randomly)

Table 2: Material Properties of the Sweep in FEM
Simulation

Finite element model
Finite element method (FEM) (Zienkiewicz 1971) is a
numerical method, which discretizes differential
equations in space. It is mainly used to model continuum
materials. The typical problem areas are structural

Density
Young’s Modulus
Poisson
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7850 kg/m3
200 000 MPa
0,3

RESULTS
Figure 5 shows the draft force on the sweep as a function
of its displacement. Initially (at 0 m displacement), the
tip of the sweep only touches the side of the soil bin, so
the force is zero. After the beginning of the simulation,
the sweep starts to penetrate the soil and the draft force
starts to raise. The tool is 250 mm long in the moving
direction, from which the support rod takes 45 mm.
Therefore, at slightly after 0.2 m displacement, the
growth of the force stops. At the displacement of 0,25 m,
the sweep completely penetrates the soil. At 0,6 m
displacement, it starts to leave the soil, until 0,85 m,
when its entire body escapes. Because of that, the force
is expected to remain constant form 0,25 m until 0,6 m,
then reach zero at 0,85 m after a mellow decrease.
However, Figure 5 shows a difference: at about 0,5 m,
the force starts to raise drastically and drops suddenly to
zero slightly after 0,8 m. This phenomenon is caused by
the jamming of soil particles between the sweep and the
wall of the soil bin, when the sweep approaches the end
of the box. This just happens in the simulation and does
not occur in real working conditions.

Figure 6: Von Mises Stress on the Sweep at the
Displacement of 0,05 m (momentary DEM forces)
In the second case, at 0,4 m displacement, the entire body
of the sweep is moving in the soil. The displacements on
the sweep are visible at the Figure 7. The total
deformation was 1,65 mm at the tip of the sweep.

Figure 5: Draft Force as a Function of Displacement

Figure 7: Displacements on the sweep, at the DEM
displacements of 0,4 m

The FEM simulations were made with the same sweep
geometry, material definition, and boundary condition.
The difference between them is the time, when the loads
were exported from the DEM simulation. In the first case
(Figure 6), only the tip of the sweep penetrates the soil,
and the tool displacement is 0,05 m in the DEM model.
The loads are imported from a text file. The maximum
von Mises equivalent stress was 104 MPa at the middle
of the sweep. The total deformation was 0,99 mm at the
tip of the sweep.

The peak von Mises equivalent stress was also at the
middle of the sweep, in the indicated area, (Figure 8) and
its value was 158 MPa, which was definitely higher, than
in the former case.

Figure 8: Von Mises Stress on the Sweep at the
Displacement of 0,4 m (momentary DEM forces)
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In the third FEM simulation case (Figure 9) the
assumption method and our coupled method were
compared. In this case, the whole sweep is inside the
material in the DEM simulation. The draft force was
computed by the DEM simulation and had a magnitude
of 1700 N. This force was homogenously distributed on
the surface. The peak equivalent stress was on the same
area, with the value of 126 MPa. The total deformation
was 1,45 mm at the tip of the sweep.

accurate between 0,25 and 0,5 m sweep positions, as
before 0,25 m, the sweep is not completely penetrating
the soil. On the other hand, after 0,5 m, the stress
suddenly increases as the jamming of particles occur
between the rod and the wall of the soil bin. It is clearly
visible, that the stresses, which uses momentary DEM
forces are higher in most cases than the assumption
method, where the results computed with the aid of draft
forces.
500
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Figure 9: Von Mises Stress on the Sweep at the Average
DEM forces (Uniformly Distributed Draft Force)

Momentary DEM
Distributed Draft Force

In the Figure 10, the results of the new method are visible.
The case is the same as on the Figure 9, the difference
between them is that in this case the load is not a
uniformly distributed force, they are imported from the
DEM simulation. The peak von Mises equivalent stress
was at the same spot, with the value of 118 MPa. The
total deformation was 1,23 mm in the tip of the sweep.

Averaged DEM

Figure 11: von Mises Stresses as a Function of Sweep
Positions
SUMMARY AND CONCLUSIONS
In our study, three force distribution definition methods
were compared in the case of FEM simulation of stresses
of a sweep during its linear motion in soil. The first one
was based on the draft force and used an assumption: it
was distributed homogenously on the surface of the tool.
The other two applied DEM simulations to compute the
arising forces on the segments of the sweep surface
model: momentary and time-averaged values were
exported. Compared to the assumption method, the stress
field was almost identical in case of averaged DEM
forces, but was higher when applying momentary loads.
This leads to the conclusions, that in case of FEM
simulation of a tool that interacts with a granular
material:
• If a proper assumption is made regarding the force
distribution on a tool, it can evaluate the average
stresses
• Averaged forces from DEM simulations are also
can be used to compute average stress distribution
and to validate the force assumptions
• Importing momentary forces from DEM
simulations are able to compute momentary peak
stresses in the tool

Figure 10: Von Mises Stress at the Average DEM
Forces (Averaged DEM Forces)
The von Mises equivalent stress values of all simulations
can be seen in Figure 11. The results are the most
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The results prove the importance and benefits of coupled
FEM-DEM simulations.
The method has the opportunities for further
development. The abrasive wear was not taken into
consideration in this research, in the future, we should
pay attention to this failure form, as it is a common
failure.
The connection was a one-way connection which is
accurate enough in case of small displacements. But for
large displacements, a two-way connection is required
between FEM and DEM simulations.
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may be crucial in the energy, chemical and petrochemical
sectors.
There exist a great number of works considering
theoretical and practical aspects of streaming
electrification phenomena occurring in dielectric liquids,
performed by Touchard et al., e.g. (Touchard 1978, 2001;
Touchard et al. 1996), Gibbings, et al., e.g. (Gibbings
1970, 1987), Cabaleiro et al.(Cabaleiro et al. 2016),
Clermont et al.(Clermont et al. 2017), Leblanc et al.
(Leblanc and Paillat 2016) and Paillat et al. (T Paillat et
al. 2012; Paillat et al. 2001). Electrification in Couette
flow was investigated by Zahn et al., e.g. (Jansen and
Zahn 1991; Lyon et al. 1988; Morin et al. 1991;
Washabaugh and Zahn 1996). Works considering
measurements and analytical issues of streaming
electrification occurring in a rotating system were
investigated in, e.g. (Zmarzly and Fracz 2016; Zmarzly
2009a; 2009b; Zmarzly et al. 2015). Significant works on
numerical simulations of streaming electrification were
performed by El-Adawy et al. in (El-Adawy et al. 2010a;
2010b, 2011).
The main purpose of the work whose results are
presented in this paper was to find a computer model that
properly describes the streaming electrification process.
There are a lot of parameters that can influence the results
(Du and Zhang 2016; Nouri et al. 2016; Ruochen and
Hongfu 2017). The main issue in this case is the necessity
to adopt a large number of assumptions and
approximations, e.g. turbulence modeling simplification
(Huang et al. 2016). However, on the basis of preliminary
works and research conducted in the flow system
(Zmarzly and Fracz 2016) and based on numerical
studies conducted by other contractors and that presented
in this paper, it was confirmed that it is possible to
achieve numerically satisfactory results. Based on
analysis of the calculations presented here and those
previously achieved, it may be stated that the simulation
results are in line with measurement data presented in the
literature.
The main contribution of this paper lies in the design and
implementation of the numerical model and the
determination of the time and space distributions of
concentration, velocity and current density in the
considered geometry under laminar conditions using
COMSOL Multiphysics commercial software. Further,
results of numerical simulations of streaming
electrification current during Morlet-type oscillations are
presented.

KEYWORDS
Streaming electrification, numerical model, FEM,
computer simulation, modified Couette system.
ABSTRACT
The paper deals with multiphysical modeling of
streaming electrification phenomena occurring in a
modified Couette system filled with electro insulation oil.
The electrification process occurs during flow of liquids
of low conductivity, e.g. in certain chemicals, fuels or
mineral oils. In this paper a numerical model of the
streaming electrification process is presented. Computer
simulations have been conducted in order to determine
the behaviour of the electrification current under various
conditions. The differences between the impact of
amplitude and diffusion level on the charge concentration
within the analyzed domain were investigated. The
model design and selected results depicting the impact of
various model parameters are included in this paper.
INTRODUCTION
The goal of the research task whose results are presented
in this paper was to determine a numerical model of the
streaming electrification process occurring in a modified
Couette system and to perform a theoretical investigation
of the influence of various parameters on the achieved
results.
The streaming electrification phenomenon relates to
charge accumulation at specified locations in liquids of
low conductivity (e.g. certain chemicals, fuels or mineral
oils) especially at higher velocities and with increased
field intensities flowing through pipes(Egan 2017; Hu et
al. 2017; Liu et al. 2017; Talhi et al. 2016; Zhou et al.
2016). This process is due to generation, conduction,
diffusion and convection of electric charge. If the
accumulated discharge exceeds the threshold value,
electrical discharges may occur, which in turn may lead
to dangerous situations and even critical accidents. This
phenomenon is an issue in equipment using dielectric
liquid, which relates to, for example, high power
transformers, oil tanks and gas stations (Chen et al. 2015;
Du et al. 2017; Wei et al. 2016). Theoretical and practical
investigations into the phenomenon of streaming
electrification may allow engineers to design secure and
reliable systems, in which flow of low-conductivity
liquids may lead to electrification processes. Further, it
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MATERIALS AND METHODS

Adawy et al. 2011; Leblanc et al. 2016; Palmer and
Nelson 1997) but previous numerical studies led to the
conclusion that the value may be much higher for
transformer oils. Therefore, D was varied from 10˗6 to
10˗12 in the present study. The considered domain was
divided into finite elements. The mesh size was
investigated maintaining the optimal element quality.
The resulting mesh consists of 31,522 triangular
elements, 786 edge elements and 16,155 mesh vertices,
and the resulting number of DoF equals 65,410. The
minimum element quality is 0.6719, while the average
element quality is 0.97. The mentioned metrics were
calculated using skewness.

One of the basic types of systems for streaming
electrification measurements is the rotating system. This
system uses a spinning disk or a rotating cylinder and
enables the measurement of electrification current or
voltage, based upon which the charge is then calculated.
In the research, the author designed a computer model of
a swinging system, which is a modification of the Couette
system and was proposed in (Zmarzły 2012). The
Couette system uses coaxial cylinders. The inner cylinder
is able to rotate in both directions with a specified speed.
The system therefore allows for continuous measurement
of electrification.
The subtasks were as follows: preparation of the
simulation environment; definition of appropriate
assumptions and minimal simplifications which maintain
computational validity; geometry design; meshing;
implementation of governing equations and preparation
of solver; definition of boundary conditions; execution of
simulations within the model; analysis of results;
comparison of results against the experimental results of
studies presented in, e.g. (Metwally 1996; Zmarzly and
Fracz 2016; Zmarzly 2013; Zmarzly et al. 2015, 2017).
The model geometry was built assuming geometry and
parameters corresponding to experimental measurements
given by (Zmarzły 2012). In order to perform
calculations within a reasonable time on infrastructure
available to the author, the model was simplified to a
cylinder as depicted in Figure 1.

Figures 2: The boundary conditions applied in
numerical simulations
The governing equations applied in calculations are
given by Equations (1–7). Fick’s law describes diffusive
transport in a flux and is adequate when the diffusing
species is dilute with respect to a solvent. It was assumed
that the transport of species is due to diffusion and
convection. The mass balance equation is as follows from
Equations (1) and (2). The flux N [mol/(m2s)] is
calculated according to Equation (2).
+ ∇ ∙ (−𝐷∇𝑐) + 𝐮 ∙ ∇𝑐 = 0
𝐍 = −𝐷∇𝑐 + 𝐮𝑐

(1)
(2)

where: c [mol/m3] is the concentration of species, D
[m2/s] is the diffusion coefficient, u [m/s] is the velocity
vector, which is calculated from Equation (3). The
Navier–Stokes equation, which relates to the oscillating
cylinder (sliding wall depicted in Figure 2) is presented
in Equation (3).

Figures 1: Section of the Couette facility implemented
in the simulation program depicting the modelled
domain
The outer cylinder is fixed, while the inner cylinder
swings according to a defined movement. Since the
object under study is symmetrical, only a 2D section was
considered in calculations (see Figure 2). The space
between the cylinders is filled with transformer oil,
which for the defined temperature T=293 K has the
following parameters: dynamic viscosity: 0.02 Pa*s; heat
capacity: 1720 J/(kg*K); density: 879 kg/m3; thermal
conductivity: 0.1107 W/(m*K). In the available
literature, the values of diffusion coefficient D vary in the
range of approximately 10˗9–10˗12 (Bauer 2012; El-

𝜌

𝐮

+ 𝜌(𝐮 ∙ ∇)𝐮 = ∇ ∙ −𝜌𝐈 + 𝜇(∇𝐮 + (∇𝐮) ) (3)
𝜌∇ ∙ (𝐮) = 𝟎

In the present work we omitted the term for migration:
˗qγ/ε, since we assume analysis of dielectric liquid
flowing through in a macroscopic model as compared to
the Debye length, which is in the order of nanometers. It
was therefore assumed that charge displacements due to
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migration phenomena, which occur at the boundary of
the cylinder wall (metal) and transformer oil (insulator),
may be neglected. Further, we consider that no external
electrical field is applied, nor are there any electrodes
within the model, which could produce migration of ions
within the object at a macroscopic scale. Based on
(Miyamoto and Miura 1989) and (Metwally 1996) it was
further assumed that the streaming current i is
proportional, including a constant multiplicity α to the
carrier (particles) concentration c and in the case of
laminar flow, to the flow rate U, thus: i= αcU. Since there
is no external electrical force acting on the system, the
relationship between i and conductivity was omitted. The
accumulation of particles is represented by the first term
of Equation (1). The convection assumes an
incompressible flow without turbulences (laminar flow
was applied). The inner and outer cylinders are
overcharged with a concentration equal to 1e˗9 mol/m3.
The specified boundary conditions are depicted in Figure
2. The initial values for calculations are as follows:
u=[0,0] m/s, p=0 Pa, c=0 mol/m3. The open boundary for
transport of charges, assuming normal stress equal to 0
N/m2 is given by Equation (4).
−𝜌𝐈 + 𝜇(∇𝐮 + (∇𝐮) ) 𝐧 = 0

Figures 3: Example waveform of the cylinder
oscillations FMorlet by A=1, B=1, C=0.1, f=20
RESULTS AND DISCUSSION
During the research works the impact of the following
parameters of the simulation model were investigated:
diffusion coefficient D, frequency f, amplitude A. The
space and time distribution of concentration and velocity
and the multiplication of both from the considered
parameters were investigated.
Figures 4 and 5 present the waveforms of charge
distribution, which was calculated as the product of
velocity magnitude and concentration U*c at various
points in the vicinity of the oscillating wall for diffusion
D=1e˗6 for the Morlet-type inclination of amplitude
A=0.1 m/s and A=5 m/s, respectively.

(4)

The open boundary for convection and diffusion is given
by Equations (5) and (6).
𝑐 = 𝑐 , 𝑑𝑙𝑎 𝐧 ∙ 𝐮 < 0
−𝐧 ∙ 𝐷∇𝑐 = 0 , 𝑑𝑙𝑎 𝐧 ∙ 𝐮 ≥ 0

(5)
(6)

The open boundary was used to transport mass across
boundaries. It specifies exterior species concentration on
parts of the boundary where fluid flows into the domain.
The third term accounts for the convective transport due
to a velocity field u. This field was obtained from
coupling to fluid flow due to momentum balance. The
movement of the inner cylinder Um was defined by a
Morlet-type function (7), visualized in Figure 3.
𝐹

(𝑡) = Ae

cos 𝑓(𝑡 − B)

Figures 4: Development of U*c over time at various
points in the vicinity of the oscillating cylinder for
A=0.1m/s and D=1e˗6

(7)

From the Figures it can be seen that the charge
concentration changes according to inclination. The
impact is higher in the vicinity and decreases
significantly at 1 mm from the moving wall. For higher
amplitudes (e.g. A=5 m/s) the shape of the charge
concentrations is distorted. The distortions are not seen at
lower amplitudes (e.g. A=0.1 m/s). Figures 6 and 7
present the wave forms of the product of velocity
magnitude and concentration U*c, at the point 2 mm
from the oscillating wall for various diffusion
coefficients: D={1e˗4, 1e˗5, 1e˗6, 1e˗7, 1e˗8, 1e˗9,
1e˗10} for the Morlet-type inclination of amplitude
A=0.1 m/s and A=5 m/s, respectively.

where: A, B, C – const. parameters; t – time; f –
frequency.
The no-slip condition is defined as u=0. Sliding wall
conditions are defined as u=FMorlet(t). The value of
parameter A in Equation (7) was varied in the range of
0.06 to 5 m/s, which corresponds to a Reynolds number
up to 4,256. This was due to the assumption of a laminar
flow regime and was also determined by fitting to the
experimental setup.
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Figures 5: Development of U*cover time at various
points in the vicinity of the oscillating cylinder for A=5
m/s and D=1e˗6

Figures 8: Particle concentration changes overtime at a
point in the vicinity-2 mm from the oscillating cylinder
for A=0.1 m/s and various D={1e˗4…1e˗10}

Figures 6: Development of U*c over time at a point in
the vicinity-2 mm from the oscillating cylinder for
A=0.1 m/s and various D={1e˗4…1e˗10}

Figures 9: Particle concentration changes over time at a
point in the vicinity-2 mm from the oscillating cylinder
for A=5 m/s and various D={1e˗4…1e˗10}
Figure 10 presents the velocity magnitude U calculated
along a line in the centre of the object while the inner
cylinder was moving according to Morlet-type
inclination. The inclination amplitude was A=0.1m/s, and
diffusion D=1e˗6. Figure depicts development over time
t in the range from 0 to 5 s.

Figures 7: Development of U*c over time at a point in
the vicinity-2 mm from the oscillating cylinder for A=5
m/s and various D={1e˗4…1e˗10}
Based on the dependencies presented above it can be
stated that the impact of diffusion is directly proportional
to the resulting charge distribution. For higher amplitudes
(e.g. A=5 m/s) and diffusions D less than 1e˗6 the
resulting charge concentration falls below zero. There is
no significant difference in the calculated charge
concentrations for D=1e˗9 and 1e˗10.
Figures 8 and 9 present the wave forms of concentrations
c at various points in the vicinity of the oscillating wall
for diffusion D=1e˗6 for the Morlet-type inclination of
amplitude A=0.1 m/s and A=5 m/s, respectively.

Figures 10: Velocity magnitude along a line in the centre
of the object (marked as line l in Figure 2) by inner
cylinder movements according to the inclination
A=0.1m/s, D=1e˗6, tMorlet =0:5 s
Figure 11 presents the spatial distributions of particle
concentration within the analyzed domain at various
amplitudes of the inclination at simulation time t=0.5 s.
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The chosen results correspond to the time when the
impact of the oscillating cylinder on the analyzed domain
was the highest.
Figures 15 and 16 present the spatial distributions of
particle concentration within the analyzed domain at
various diffusion coefficients for the Morlet- and Gausstype inclinations at simulation times t=1s and t=0.5s and
at simulation times t=5s and t=3s,respectively. The
chosen results correspond to the last calculation step.
From space distributions of concentrations depicted it
can be identified the higher its amplitude the greater the
impact range. After the impact of inner cylinder
movements decreases the significance of amplitude also
disappears.

exists, the diffusion coefficient of 1e˗6 was selected as
the most reasonable for analyses.
Distortions of the charge density (the product of the
concentration and velocity magnitude), which are greater
when further from the moving cylinder, are similar to
those observed in experiments presented in, e.g.
(Zmarzły 2012).
CONCLUSIONS
The paper considers simulation studies on phenomena of
streaming electrification occurring in a modified Couette
system filled with transformer oil. The geometry consists
of two cylinders: a movable inner and a fixed outer
cylinder. Theoretical investigations of the influence of
various parameters on the achieved results were
performed using numerical simulations. A defined
Morlet-type movement of various amplitudes of
inclination and various diffusion coefficients were
applied and the calculated results were analyzed. The
gathered characteristics were compared to experimental
signals given in the available literature and similarities
were identified. Based on the comparative analysis of the
achieved results the following was stated:
 The concentration of charges is not significantly
impacted by cylinder movements of low
amplitudes, but changes with inclinations of higher
amplitudes. The impact is higher in the vicinity and
decreases significantly the further from the moving
wall. For higher amplitudes the shape of the charge
concentrations is distorted for this type of
inclination.
 The concentration undergoes the process of
equalisation according to the assumed boundaries,
but the process is slower the further from the wall.
 The impact area rises with the amplitude of
inclination, but it disappears after the movement of
the inner cylinder stops.
 The impact of the diffusion coefficient is directly
proportional to the charge distribution. For higher
amplitudes and diffusions D<1e˗6 the resulting
charge concentration falls below zero. There is no
significant difference in the calculated charge
concentrations for D=1e˗9 and 1e˗10. The
concentration rises over time more slowly for
smaller diffusion D. The value of D=1e˗6 was
selected as the most reasonable for the analyses due
to the gathered data's similarity to the experimental
data presented in the literature.
In the future works it is planned to analyse other types
of inner cylinder movemnts, e.g. sinusoidal or gaussian.

Figures 11: Particle concentration distribution in the
analyzed domain, for inner cylinder moving according to
Morlet-type function at t=5 s for various amplitudes,
diffusion D=1e˗6
Figure 12 presents the spatial distributions of particle
concentration within the analyzed domain at various
diffusion coefficients at simulation times t=5s. The
chosen results correspond to the last calculation step.

Figures 12: Particle concentration distribution in the
analyzed domain, for inner cylinder moving at t=5 s for
various diffusion coefficients D and amplitude A=5 m/s
The higher the diffusion value, the higher the impact on
the charge concentration. For diffusion levels below 1e˗7
there is no impact of the oscillating cylinder on the
concentration distributions while for values above 1e˗6
the impact seems to be too high. Since in measurement
results presented in, e.g. (Zmarzły 2012) the impact
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The heat expansion and the following rapid cooling
makes destructive residual stresses in the material.
These occasionally occurring thermal loads and the
continuous cyclic stress from the rail-wheel contact
together leads to so-called Rolling Contact Fatigue
(RCF) and thermal crack initiation. Such a defect on a
wheel tread can be seen on Figure 1.

Railway wheel, Rolling Contact Fatigue, Crack
propagation, Thermal cracks, Finite Element Method,
Ansys, SMART - Separation Morphing and Adaptive
Re-meshing Technology
ABSTRACT
In this paper, a new FE crack propagation method
called SMART was studied in order to make a proper
validation for further probable implementation.
The target application field is the rail-way contact
phenomena where the thermal RCF problem is
required to be investigated from the crack propagation
point of view on a more efficient way. Experimental
test was performed previously by Peixoto to validate a
sub-surface crack propagation model. The validation
was performed on a CTS specimen with mixed-mode
loading conditions, evaluating the crack propagation
angle. Correspondingly, we used the same test
apparatus but we calculated with a different method.
During the analysis, Paris’ law was used to model the
constant propagation phase of the crack.
The comparison of the previous and current results
indicate that the new method performs well and shows
similar values as the experimental evaluation and other
FE methods. However, some of its’ assumption
entraps the tool from being able to analyse certainly
complicated environments but the testing on a bit
higher level can be started.
INTRODUCTION

Figure 1: Thermal cracks on the wheel tread
(Handa and Morimoto, 2012)

In case of railway wheels, several reason can cause
wheel failure which could have significant effect on
the safety operation and maintenance costs.
During an intensive braking process stick-slip
phenomenon can occur which causes undesirable high
thermal loads on the wheel tread. On wheels where the
trains are equipped with Wheel Slide Protection
system (WSP) more serious temperature can arise in
some specific hot-spots. This load makes to expand the
wheel surface and volume under the surface as well
(Zwierczyk and Váradi, 2014).

Several researches investigate the mechanism of the
RCF phenomena in order to estimate more and more
accurately the fatigue time. These investigations are
essential for ensure the vehicles to operate on even
higher speeds and at the same time to be more reliable
from the safety and maintenance point of view.
The aim of the paper is to represent a new efficient
easy-to-use crack propagation Finite Element (FE)
method which could be implemented later to examine
various RCF and other fracture mechanical problems.
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EXAMINATION OF FATIGUE CRACKS

In this paper the new so-called S.M.A.R.T. (Separation
Morphing and Adaptive Re-meshing Technology)
(ANSYS) crack propagation modelling method is
being validated by simulating a CTS specimen in FE
environment and comparing the results with the ones
from the study of Peixoto and Castro (Peixoto and de
Castro, 2017).

In case of structural cracks, the probability of
uni-directional loading is really small. Most of the
times there are at least two main direction where the
loading acts. As well as in case of the rolling contact
between rail and wheel where the contact pressure and
traction pressure cause Mode I. - opening and Mode II.
- in plane shear crack loading but also Mode III - out
of plane shear loading (Figure 4) for instance when a
train goes through on a curved rail track part
(Ekberg and Kabo, 2005).
When uni-directional load becomes a mix of tensile
and shear stress (mixed mode loading) the plane of the
crack propagation path changes (Biner, 2001)
(Figure 2).

THE VALIDATION
The experiment is performed in three different loading
angles: 30°, 45°, 60°, according to the article of
Peixoto and de Castro (Peixoto and de Castro, 2017).
Mode-I

Mode-II

Mode-III

Figure 2: The direction of crack propagation in
different loading directions on CTS test pieces
(Biner, 2001)
The experimental evaluation of material parameters in
case of mixed mode loading does not have an own
standard so it is difficult and not obvious to compare
the different test apparatuses.
One of the most used method is the experiment by
Richard (Richard, 1985), which gives reliable
information about the material properties of the crack
propagation by the evaluation of the Contact Tension
Shear (CTS) specimen with the proper loading device
(Figure 3).

Figure 4: The loading modes of crack propagation
(Ekberg and Kabo, 2005)
The crack propagation method – S.M.A.R.T.
The advantage of the S.M.A.R.T. crack propagation
modelling tool is that during the crack tip movement
the model is being updated simultaneously both the
geometry and the FE mesh at each solution step. Also,
standard elements can be used to mesh the bodies and
the vicinity of the crack. Furthermore, the crack
propagation studies can be scaled up, because the
remeshing is only restricted to a small area in a
specific radius around the crack tip. These features
make the method easy-to-use for every user.
Compared to other techniques the simulation can be
set up by several clicks so it is no need for long
preprocessing and mesh generating time to examine
the path and propagation preferences of a predefined
crack. The method is ready to be used for static crack
growth analysis and examine J-integral or critical
stress-intensity factor as fracture criteria or on the
other hand, it is able to simulate fatigue crack growth
as well. It is also beneficial that the user is allowed to
enter any kind of crack growth law into the software
for various materials. Basically, the method calculates
fatigue according to the Paris’ law (1), which
determines the crack growth rate (Paris et al., 1961)
for specific materials and load cases in the linear and
stable phase (II) of the crack propagation (Figure 5):

Figure 3: The geometry of the Compact Tension
Shear (CTS) specimen and the loading device
(Biner, 2001)
Peixoto and de Castro (Peixoto and de Castro, 2017)
used this method to validate material properties of a
railway wheel to perform RCF sub-surface crack
propagation simulation. The validation was based on
the crack propagation angle in CTS specimens.
Experimental results were compared to the different
numerical models.
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da
= C ∆K m
dN

The geometry of the CTS specimen and the defined
initial crack

(1)

The values of 𝐶𝐶 and 𝑚𝑚 are the constants of Paris’ law
(𝑎𝑎 is the length of the crack, 𝑁𝑁 is the number of load
cycles, ∆𝐾𝐾 is the stress intensity factor range), which
depends on the material properties and the
characteristic of the crack.

Figure 6: The CTS specimen with its’ dimensions
The FE mesh
The mesh is made from tetraeder elements. The global
element size is 3 mm. In the crack tip vicinity by
10mm radius the crack is condensed with 1 mm
elements (Figure 7).

Figure 5: The behaviour of fatigue cracks in metals
(Anderson, 2005)
Although the method can handle various new features
it has to deal with several assumptions as well which
are the followings (ANSYS):
-

Multiple load steps are not supported,

-

Only one crack can be defined,

-

Linear Elastic Fracture Mechanics is presumed,

-

3-D Mode I dominant crack growth only,

-

Large-deflection, crack-tip plasticity and cracktip closure are ignored.

Boundary conditions and loads

The material properties
According to the crack propagation model the material
of the specimen is assumed to be homogeneous
isotropic steel with linear elastic behaviour 𝐸𝐸 = 210
GPa, 𝜈𝜈 = 0,3.

Table 1: The constants of Paris’ law for the three load
cases (Peixoto and de Castro, 2017)
𝛼𝛼

30°

2.87E-11

4.81

45°

𝐶𝐶

7.49E-11

4.45

60°

3.24E-11

4.82

Figure 7: The mesh and the boundary conditions on
the CTS specimen.

𝑚𝑚

The specimen is fixed with cylindrical constraints in
radial and axial directions in the holes below. The
acting load is 𝐹𝐹 = 1000 𝑁𝑁 force, which is divided
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between the three upper holes (𝐹𝐹1 , 𝐹𝐹2 , 𝐹𝐹3 ) according to
the following equations (Richard, 1985):
1
𝑐𝑐
𝐹𝐹1 = 𝐹𝐹 ∙ � cos𝛼𝛼 − sin𝛼𝛼�,
2
𝑏𝑏
𝐹𝐹2 = 𝐹𝐹 ∙ sin𝛼𝛼,

Results

1
𝑐𝑐
𝐹𝐹3 = 𝐹𝐹 ∙ � cos𝛼𝛼 + sin𝛼𝛼�.
2
𝑏𝑏

(2)
(3)
(4)

The evaluation of the study was not made from stress
point of view but from physical one. Therefore, the
scales on the figures are not relevant, they are only
exposed to emphasize the location of the crack tip.
As can be seen on Figure 8 and on Figure 9, the angle
of crack propagation increases with the loading angle
increasement so the tendency is corresponding as
expected.

Figure 9: The 𝛽𝛽 angle of crack propagation in case of
𝛼𝛼 = 45° and 𝛼𝛼 = 60°

Table 2: The comparison of the result of Peixoto and
de Castro (Peixoto and de Castro, 2017) and the
SMART method
𝜶𝜶

β - Numeric

β - Abaqus (MTS)
β - Experimental
β - S.M.A.R.T.

30°

45°

60°

26°

37°

49°

25°

36°

48°

23°

34°

46°

25°

34°

45°

THE IMPLEMETATION FIELD
In the presence of high temperature loads thermal
micro-cracks occur on the wheel tread. By the
following various cyclic loading, fatigue cracks can
start from the wheel tread (Figure 10) and cause
serious inconveniencies for the operators of the trains.
Figure 8: The 𝛽𝛽 angle of crack propagation in case of
𝛼𝛼 = 0° and 𝛼𝛼 = 30°

Table 2 summarizes the previously calculated results
from (Peixoto and de Castro, 2017) and the results
which is given by the new S.M.A.R.T. module in
Ansys. It can be seen, that the differences between the
experimental evaluation is only 1-2 degrees and
compared to the other numerical studies is also not
considerable.
So, it can be stated that the method calculates the
angles of propagation properly related to previously
published results.
It can be seen also that results given by the new
S.M.A.R.T. method has minimal difference compared
with the experimental results and also compared to the
simply numerical and the method used by Abaqus
which is applied frequently for such problems.

Figure 10: Thermal microcracks on the wheel tread
and a far gone fatigue crack originated also from a
micro-crack. (Wuhrer et al., 2006)
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This phenomenon has been already investigated by
Zwierczyk (Zwierczyk, 2015) and Váradi (Zwierczyk
and Váradi, 2014) from the stress point of view.
Furthermore, several efforts have been made also to
investigate the thermal crack initiation phase (Figure
11) for instance by Handa et al. (Handa et al., 2010;
Handa and Morimoto, 2012). But in order to
understand the mechanisms of the problem a more
comprehensive view is needed where the crack
propagation also have to be taken into account. The
future goal is to apply the method to investigate
thermal crack behaviour on railway wheels in case of
stopping brake circumstances.

tip closure or the limited loading modes. Later, if at
least the above-mentioned assumptions are going to
leave off a great and really easy-to-use tool will be
available to help the investigations in the field.
SUMMARY
In this study a new crack propagation modelling tool
called the S.M.A.R.T. was investigated. The
advantage of the module is that it automatizes the
solving process by changing the geometry and
remeshing the model with low effort in every iteration
step continuously, so it makes the work considerably
more time effective and easy-to-use.
The goal was to validate the new method according to
a previous experimental evaluation of CTS specimens
with mixed mode loading (Mode-I, Mode-II) by
Peixoto and de Castro (Peixoto and de Castro, 2017).
Based on the performed studies, it can be stated that
the method completes the requirements by simulating
the experimental results with only small mistakes.
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stiffness, resulting in even higher loads and possible
material failure. The aim of this study is to examine
stress and strain states of railway brake tubes in case of
critical load cases at seen in Figure 1 mounted on railway carriages.

KEYWORDS
filament-wound composite tube, cord-rubber tube,
railway brake tube, bending, FE model, cold
environment, reverse curve
ABSTRACT
The aim of this study is to examine railway brake tubes
subjected to bending due to operation on a railroad
reverse curve with extremely low curve radius in case of
critical load cases at simulation has been performed in order to determine the
input prescribed displacements of the FE simulation.
Then, FE model is presented for the critical positions,
without and with internal pressure. Stress and strain
states have been analysed. Finally, a standard deflection
test has been carried out along with the FE model of the
deflection test based on the material model of the FE
model of bending for experimental validation.
Tsai-Hill failure indices are lower than 1 and equivalent
stresses in rubber liners are lower than tensile strength
of rubber for all load cases, so material failure is not
imminent regarding such extreme operating conditions.
With internal pressure applied, maximum failure indices
tend to be lower. The deflection test results are in good
agreement with the corresponding FE model deflection
results, validating FE model of operation (reverse curve,
-40 C).

Figure 1. Illustration of railway brake tubes mounted on
railway carriages
KINEMATIC SIMULATION
Tubes are actuated by positioning pins throughout the
operation. For determination of the location of
suspension points of the positioning pins (representing
couplings), a kinematic simulation has been performed
in PTC Creo 2.0 Mechanism environment as it is used
in engineering practice. The kinematic model consists of
railway carriages traveling on railway tracks having an
arc with a radius of 80 m and two straight sections
(Figure 2). This curve radius is regarded as extremely
low in railway construction practice.

INTRODUCTION
Composite tubes are applied in a great number of
industrial fields; in transportation, oil industry and
aeronautics due to their high specific strength and high
specific stiffness [1]. The most extensively utilized
manufacturing technology of cord-rubber tubes is
filament-winding because of high fiber precision, and
being well-suited to automation [2]. The most common
operational loads are uniaxial tension, internal pressure,
biaxial tension and bending [3]. The most frequently
the optimal one related to biaxial tension. [4] Filamentwound cord-rubber composite tubes are extensively
used as railway brake pipes because of their high
specific strength, high flexibility and relatively low cost.
During railway operation, brake tubes are subjected to
high bending loads in railway tracks with extremely low
curvature radius. In cold environment, their mechanical
behaviour is also stiffer, because of elevated matrix

Figure 2. Schematic diagram of the railway track in the
kinematic simulation
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railway tracks by slot constraints at the two sides of each
bogie representing railway wheels. Connection of the
bogies to a carriage is pin, with a maximum permitted
rotation of 10 [5], representing center pivots. The
carriages are connected to one another by a draw gear, a
part able to rotate around fixed points in the carriages.
The right bogie of the right railway carriage contains a
servo motor for actuating the assembly on the railway
tracks. Dimensions of the kinematic simulation have
been determined based on railway standards [6], [7] and
data of Siemens SF 400 bogie [8], see Figure 4.

Figure 3. Schematic diagram of the kinematic model
with constraints
Figure 3 shows arrangement of the railway cars and
bogies on the railway track. Bogies are connected to the

Figure 4. Representation of the kinematic model with dimensions

Figure 5. Distance of suspension points of the positioning pins
In the initial point of the kinematic simulation, the
distance of the suspension points of the positioning pins
on the carriages is 840 mm. In Figure 5, this distance
can be seen related to the left pair of tubes as a function
of distance covered. At first, this distance decreases
because that pair of tubes is on the inner side of the
railway track. In the second half, the left pair of tubes is
on the outer side of the track, therefore, the distance is
higher. In the middle of the kinematic simulation, the
distance of the suspension points increases extremely,
because the front carriage and the back carriage are on
curved tracks having opposite curvatures. The worst
cases are the minimum and maximum distances of the
suspension points throughout the kinematic simulation,
so these cases are needed to be examined in terms of
loads, stress and strain states. These extremums are:
655 mm and 1379 mm.

Figure 6. Railway cars at minimum suspension point
distance

Position results of the kinematic simulation can be seen
in Figure 6 (for minimum suspension point distance)
and in Figure 7 (for maximum suspension point
distance).

Figure 7. Railway cars at maximum suspension point
distance
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FE MODEL

positioning pins, whose distance is 10 mm in
direction Z.

Length of both tubes is 620 mm. The tube consists of
composite reinforcement layers and rubber liners
(Figure 8). The inner diameter of the tube is 28 mm, its
outer diameter is 44 mm, the thickness of the rubber
liners is 2.4 mm. The material coordinate system of the
reinforc
-55].

Table1. Prescribed displacements of FE model without
internal pressure
translation translation
rotationY
X [mm]
Z. [mm]
min. s.
242.7
33.5
9.3
d. left
min. s.
-242.7
-33.5
-9.3
d. right
max.
278.6
615.86
-3. 7
s.d. left
max.s.d.
-278.6
-615.86
-3.7
right
where min. s. d. left is the abbreviation of minimum
suspension point distance load case-left remote point
max. s. d. left is the abbreviation of maximum
suspension point distance load case-left remote point

Figure 8. Cross-section of the tube [9]
Material model of reinforcement layers is transversely
isotropic, material properties of the composite layers
have been calculated based on mixture rules [10] and
material properties of the components [11]. Material
properties of components of reinforcement layers are as
follows: modulus of elasticity of fibre is Ef=2961 MPa,
re is supposed to be f=0.2,
modulus of elasticity of rubber matrix is Em=Er=
19.1 MPa. E1=1345 MPa, E2=E3=57 MPa,
12= 13=0.
23=0.496, G12=G23=G13=19 MPa.
Rubber liners, made of EPDM-EVA compound,
regarded as incompressible, have been described by a 2
parameter Mooney-Rivlin model with parameters
C10=3,34 MPa, C01=1,077 MPa, D=0 1/MPa. These
material properties have been validated previously by
uniaxial tensile tests performed on test specimens and
tube pieces.[11]
Rubber is vulcanized around yarns, so connection of
inner and outer rubber liners to reinforcement layers is
bonded.

Figure 10. Meshed FE model at the tube-positioning pin
contact
The Finite Element model consists of 151548 nodes,
110800 SOLID185 hexahedral elements and 50260
SOLID 187 tetrahedral elements, a detail of the mesh
can be seen in Figure 10. (The positioning pin consists
of two bodies, bonded to one another, due to meshing
considerations.)
At t=0 s of the FE simulation, the distance of the
suspension points of the positioning pins is 1140 mm,
derived from [7]. Prescribed displacements for
minimum and maximum suspension point distance load
cases are listed in Table 1 relative to the initial
configuration.
We further investigated the load case of additional
internal pressure in case of the minimum and maximum
suspension point distances (Figure 11). By exploiting
the symmetry of the model, in these examinations, only
a half model has been considered (the left tube and its
pins). The pressure load is 5 bar, the displacement of the
connecting remote point (in the middle) and the
displacement of the suspension point of the positioning
pin match those of the displacement results of the
simulation without internal pressure. This simulation

Figure 9. Prescribed displacements in front view and top
view
Actuation of the tubes is realized by prescribed
displacements (Figure 9) of the suspension points of the
positioning pins, which have been determined by the
kinematic simulation. The tubes are connected to one
another in the middle by a fixed joint of holes of two

379

consists of two time steps. In the first one, an internal
pressure of 5 bar is applied to the inner lateral surface of
the tube, while in the second one, the prescribed
displacement results are applied.

comprises of the tube, gripped in a clamp, and a weight
placed inside a stopper at the free end of the tube
(Figure 12). The test assembly had been placed inside a
climate chamber at a temperature of At the beginning of the test, the yarn has been cut,
applying the load, vertical deflection has been measured
and recorded after 10 s. The measured deflection has
been 15 mm.

Figure 11. Half FE model with internal pressure

Figure 12. Schematic diagram of test rig for deflection
at low temperature [16]

Failure behaviour has been analysed with Tsai-Hill
failure criterion. Tsai-Hill criterion is widely utilized for
describing failure behaviour of cord-rubber composites
[12]. Tsai-Hill criterion [13] is the maximum work
criterion, an extension of the von Mises criterion (based
on the stored distortional energy) to anisotropic
materials with the utilization of strength properties in
material directions (listed below). Criterial equation for
the Tsai-Hill theory for 3D case is as follows [14] [15]:

d: deflection of the tube
m: stopper with location for weight (mass of 2 kg)
A deflection simulation, being a nonlinear static
simulation has also been performed based on the
dimensions of the test assembly and the FE model of the
tube presented beforehand. The deflection simulation
consists of the tube, the rigid bracket and the mass. The
rigid bracket is fixed and the tube is bonded into the
inner lateral surface of it (Figure 13). There is a 20 N
load applied to the mass at its center of gravity.

(1)
where
X, Y and Z are tensile/compressive strength values in
material direction 1, 2 and 3 respectively
Q, R and S are shear strength values in planes 23, 13 and
12 respectively

Figure 13. Meshed FE model of deflection
THERMAL STRESSES
A thermomechanical model of one tube has been
created in order to inspect thermal stresses attributed to
thermal expansion effects (contraction) because the
assembly is cooled to (

X= Xt tensile strength, if the stress is tensile, X1= Xc
compressive strength, if the stress is compressive
If failure index is less than 1, failure does not occur.
The strength properties are the following:
Rm, y=342.5 MPa (ultimate tensile strength of the yarn,
derived from the uniaxial tensile test of the composite
tube at room temperature [9]), Rm, r=11 MPa (ultimate
tensile strength of the rubber matrix, derived from the
uniaxial tensile test of the composite tube at [11]). Strength properties in material directions are as
follows:
Xt=Xc=342.5 MPa , Yt= Yc=Zt= Zc=34.2 MPa
(assuming strength is much lower in transverse
directions); Q=R=S=5.5 MPa, derived from the strength
of the rubber (half of the strength of the rubber)

Figure 14. Thermomechanical model of the brake tube
A temperature boundary condition of applied to the outer lateral surface of the brake tube, and
the left remote point is fixed, while the right remote
point has a free degree of freedom in X direction
(Figure 14).

DEFLECTION TEST AND ITS FE MODEL
Deflection test has been carried out according to [16]
along with an FE model of the deflection test in order to
validate the FE model of bending of tubes in operational
conditions presented beforehand. The test assembly
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RESULTS
RESULTS WITHOUT INTERNAL PRESSURE

Figure 18. Tsai-Hill failure index distribution in case of
maximum suspension point distance

Figure 15. Equivalent strain results for minimum
suspension point distance with deformed shape
(deformation scale 1:1)

Figure 19. Tsai-Hill failure index distribution in case of
maximum suspension point distance, in the vicinity of
the maximum value (rear view)

Equivalent strain results can be seen in Figure 15 for
minimum suspension point distance and those for
maximum suspension point distance in Figure 16 along
with deformed shapes.

In case of maximum suspension point distance, due to
bending and torsional loads, a local maximum failure
index of 0.58 can be seen between the positioning pins
(Figure 18). Overall maximum failure index is 0.628,
occuring in the outermost layer near the contact of the
positioning pin and the tube (Figure 19). This value is
below 1, so failure is not probable in this load case
either.

Figure 17. Tsai-Hill failure index distribution in case of
minimum suspension point distance

Figure 20. Equivalent stress in the inner rubber liner,
minimum suspension point distance, in lateral section

Figure 16. Equivalent strain results for maximum
suspension point distance with deformed shape,
(deformation scale 1:1)

Maximum equivalent stress arises in the inner rubber
liner in case of minimum suspension point distance
(Figure 20), having a value of 8 MPa constrained to a
small area. This value is below the ultimate tensile
strength of the rubber at -

Maximum failure index is 0.54 in case of minimum
suspension point distance (Figure 17), arising at the
bent curve of the tube, being far below the criterial
value 1, therefore failure is not imminent in this load
case for composite plies.
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Normal stresses in material direction 1 are considerable
(Figure 23), having the same magnitude as stresses
arising in case of the tube piece subjected to uniaxial
tension of 30 mm. [11]

Figure 21. Equivalent stress in the inner rubber liner,
minimum suspension point distance, in lateral section

Figure 24. Normal stress in material direction 1 in the
outermost layer, maximum suspension point distance
with pressure

In case of maximum suspension point distance
(Figure 21) , maximum equivalent stress also occurs in
the inner rubber liner. The maximum value is under the
critical value in this case.

In case of maximum suspension point distance
(Figure 24) , stresses reach 16 MPa, which is
considerable though far lower than the strength limit.

RESULTS WITH INTERNAL PRESSURE

Figure 25. Tsai-Hill failure index distribution in case of
minimum suspension point distance, with internal
pressure
Tsai-Hill failure index distribution is almost symmetric
in case of minimum suspension point distance with
internal pressure applied (Figure 25), the maximum
failure index (0.53) being slightly lower than with no
internal pressure (0.54).

Figure 22. Equivalent stress in rubber liners, minimum
suspension point distance with internal pressure applied,
in lateral section
In Figure 22, equivalent stress distribution can be seen
for rubber liners. These stress values are much lower
than the tensile strength of the rubber, therefore material
failure is not expected.

Figure 26. Tsai-Hill failure index distribution in case of
maximum suspension point distance, with internal
pressure
In case of maximum suspension point distance
(Figure 26), the resulting failure index distribution is
asymmetric as in case of no internal pressure applied
because there is a significant torsion due to the
prescribed displacements. Maximum failure index is
slightly lower than in case of no pressure applied.
RESULTS OF THE DEFLECTION TEST

Figure 23. Normal stress in material direction 1 in the
outermost layer, minimum suspension point distance
with internal pressure

The maximum vertical deformation of the deflected
tube is -16.5 mm (Figure 27) which is 10% higher than
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experimental results showing fairly good agreement,
justifying the appropriateness of FE results of
operational conditions.
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Figure 28. Thermal stresses in radial direction (X)
Thermal stresses in radial direction (X) (Figure 28) are
not significant, therefore the effect of thermal
contraction can be neglected in the FE models detailed
above.
CONCLUSIONS
Prescribed displacement values, dependent on the
kinematic simulation, and cold environment (represent extreme operational conditions. Material
failure indices in reinforcement layers and equivalent
stress values in rubber liners show that the arising stress
values are below the permissible stress limits, therefore
the analysed composite tube is still applicable in these
load cases and will probably not undergo material
failure. Maximum failure indices tend to be slightly
lower in case of internal pressure applied, although the
domain in which the maximum value is situated tends to
be larger in that case, therefore the effect of internal
pressure seems to be beneficial because stress
concentration is reduced.
FE model of operational bending on a reverse curve
with extremely low curve radius at low temperature has
been validated by standard deflection test and its FE
counterpart.
Thermal stresses attributed to thermal expansion can be
neglected because the stresses in radial direction of the
tube are not significant based on the thermomechanical
model.
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The other significant failure form is fouling. Fine
particles can move upwards from the sub-ballast and the
subgrade soil into the ballast due to weather and
mechanical effects. The fallen transferred goods (e.g.
coal dust) and iron dust from the brakes contaminates the
ballast as well.
Not every part of the ballast is loaded equally. Most of
the forces are taken and spreaded by a pack of grains
under the rail fastenings. D. R. Ahlbeck et al. (1979)
proposed this pack to be cone-shaped. During the
construction, the top layer (~100 mm) of this pack is
compacted by tamping machines. By approximating the
cone shape with a cuboid, a 600x280x100 mm large
cuboid is alloted, which is hereafter referred as rock
beam. On Figure 1 the rock beam is marked with the
hatched area, the overall dimensions and the number of
granules inside the volume are also noted.

ABSTRACT
The crushed rocks of the railway ballast are subjected to
repeated loads due to train traffic. Most of the forces are
taken by a relatively small portion of rocks, which are
located in a volume underneath the rail fastenings. In this
study, a combined experimental and simulation method
is introduced, which applies a load that results similar
forces compared to the real ones acting in that small
volume. During this test, the aggregate is disposed in a
mortar, then periodic normal force is applied. The effect
of different grain shapes was studied on the mechanical
behaviour of the aggregate by the examination of the
compression of the pack over time due to the periodic
force. The crushing of the grains was also measured. We
also present, how the number of time and cost demanding
measurements can be reduced by the application of
discrete element numerical simulation.

a,

INTRODUCTION
The railway track structure supports and guides railway
carriages, therefore carrying, distributing and conveying
the load to the foundation. The upper section of the
railway track structure, consisting of the rails, tie plates
and sleepers is laid on the ballast, which has the required
flexibility and strength to support the track structure. The
ballast is situated on the sub-ballast and the subgrade soil.
The primary role of the crushed stone ballast is to convey
and reduce the pressure transferred from the sleepers on
to the subgrade. Furthermore, the crushed stone ballast
must provide sufficient resistance against the
longitudinal and transversal movement of the track,
ensure that the track stay level and drain off rainwater.
The mechanical behavior of the clean crushed stone
ballast is determined by the geometrical and material
properties of the aggregate. In response to the external
forces the sliding, rearrengement and fragmentation of
the particles takes place. Consequently, the loadability of
the ballast changes. Besides the stress resulting from
traffic load, other impacts also weaken the ballast.
Fragmentation of stones also occurs during the creation
and maintenance of the ballast (tamping, profiling) as
well as due to weather effects like freezing.

b,

Figure 1: The Rock Beam Inside the Track Structure
(a: Cross Section, b: Side Section)
The optimal grain size distribution is often studied,
however, the grain shape, which has also a great effect on
the mechanical loadabilty is regularly neglected. The
rocks which make up the ballast are classified into two
groups based on their shape: equant and flat particles.
Equant particles have greater strength compared to flat
ones, however the latter ones play a crucial role in the
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interlocking of ballast. This implies that there is an
optimal ratio for the number of equant and flat particles
at which the load bearing capacity of the rock beam is the
greatest.
The presented research investigates the short-term grain
sliding and crushing behaviour of the ballast due to
repeated mechanical loads utilizing measurements and
simulations. It also studies the effect of grain shape.
LABORATORY TESTS
Methodology of Laboratory Tests
Measurements were carried out to study the effect of
repeated loads experimentally, which at the same time
was also used to validate the numerical model. Equant
(LZ), flat (LL) and original (mixed, LE) rocks were
tested. During these tests the compressional displacement
and normal force over time were registered.
As the 32/50 mm ballast rocks were too large for the test
equipment, they were modelled with smaller, 20/32 mm
particle size andesite, which came from the KŐKA Kőés Kavicsbányaszati Kft’s mine located in Komló,
Hungary. After the periodic compressions, the grain size
distributions were also measured.
The test was carried out using thick-walled steel mortar
(d=170 mm, A=226,87 cm2) and INSTRON universal
(compression) testing system (Type: 5989 L 1217)
(Figure 2). The pulsating loads were set between max.
50 kN and min. 3 kN, as for the number of load cycles
N=10, 20 and 30 were applied.

Figure 3: Compressive Force – Compression Diagram
in Case of Equant (LZ 30) Pack – Measurement

Figure 4: Compression – Time Diagram in Case of
Equant (LZ 30) Pack – Measurement
For grain size distribution measurements, four sieves
were used with 12, 16, 20 and 32 mm mesh size. Figure 5
represents the sieve curve before and after 30
compressions for equant rocks. The size distribution of
the original aggregate is known. If the size scale is
logarithmic, the distribution between measured points
can be approximated by lines.

Figure 2: The Measurement Layout for Testing
Repeated Loads
Results of Laboratory Tests
Figure 5: Sieve Sizes Before and After the Compression
Process (LZ pack, 30 cycles)

The measured compressive force [kN] versus
compression [mm] values together with the changes in
compression [mm] over time [s] are presented on
Figures 3-4. The measurement time was transformed in a
way that on average one second is equivalent to one
compression cycle. Natural logarithmic functions were
also fitted to the compression-time graphs.
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Also, the granulometric rating value (Mi) was calculated
from the particle size distributions of the pack before and
after the test. Which is the sum percent passings over the
sieve line at the measured points. In case of original
aggregate, this value is M0=300 (Figure 6). As this value
decreases when grain crushing occur, it is a good tool to
get quantitve information of fragmentation with a single
number.

forces act between particles, these forces are also
considered in the model.
The grain density (ρ) for andesite is known. The
magnitude of the normal force is proportional to the
overlapping (common) volume by the so-called normal
volumetric stiffens (kn) material parameter. The
magnitude of the shear force is proportional to the mutual
sliding and rotation of the particles by the shear stiffness
(ks) material parameter. The maximum shear force
magnitude is defined by the Columb friction law based
on the mutual friction angle (φ) value.
The source of the used micromechanical parameters,
which are listed in Table 1 is literarure (Eliáš 2014),
where they were calibrated by uniaxial compression in a
mortar as well.
Table 1: Micromechanical Parameters of the DEM
Model
ρ
kn
ks
φ

Figure 6: Calculation of Granulometric Rating Value in
case of Original 20/32 Aggragete and 4 Sieves

Stones
2600
2∙1013
2∙108
0,6

Mortar and plate
7800
2∙1014
2∙109
0,4

Unit
kg/m3
N/m3
N/m
rad

The model of the measurement device’s geometry is
detailed in a previous publication (Orosz et al. 2017). The
aggregate with predetermined particle distribution and
flakiness index is settled in the mortar by gravitational
deposition. The initial compaction is reached by
preloading the particles with forces equivalent to the
weight of the top part (15 kg) used in the experiments.
The resultant geometry can be seen on Figure 7.

NUMERIC SIMULATIONS
Firstly, the adequate method had to be selected during the
creation of the numerical model. The discrete element
method (Cundall and Strack 1979) represents the
material with individual particles and interactions acting
in-between them, which makes modelling of individual
grains feasible. The particles (or elements) have
individual degrees of motional and rotational freedom
(Bagi 2007). Several different particle shapes and
connection types can be defined.
The Discrete Element Model of the Crushed Stone
Aggregate
The applied software is Yade (Šmilauer 2015) discrete
element software. The software is Linux based and opensource, thus its operation and the embedded models can
thoroughly be studied. Yade solves the basic principles
of mechanics (differential equations) by numerical
integration. To approximate the shape of crushed stones,
polyhedral model (Eliáš 2014), which consists stiff
particles was chosen. In the simulation the crushing of
particles was not considered. As an approximation, the
shape of crushed stone particles was formed by randomly
generated polygons based on the Voronoi method. The
software generates the set of particles following the
prescribed particle shape and size defined by upper and
lower sieve size. The size of the particles (Di) is in line
with the measured 20/32 mm aggregate. In the model the
equant particles have a 2:2:1, while the flat particles have
a 4:2:1 aspect ratio.
The material model of the particles in the simulation is
assumed to be ideally rigid, thus the compressibility of
real stones is taken into account by connections between
elements. When particles make contact, normal and shear

a)

b)

c)

Figure 7:
a) The Original (Containing 30 pc% Flat Particles);
b) 100 pc% Equant;
c) 100 pc% Flat Particle Pack after Preloading
The preloaded, hence compacted packs were subjected to
periodic load for 30 cycles. The magnitude of the normal
force in accordance with the laboratory measurements
was between 3 and 50 kN. The loading procedure was
driven by displacement, resulting in a more stable
simulation.
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Simulation Results
Table 2: Steepness of Logarithmic Regression for the
Tested Packs (“a” Values)

Since the particles were unbreakable in the simulation,
the particle size distribution did not change. In the model,
compaction occurs only due to the displacement and
sliding of particles. During the measurements, particle
fregmentation occurred mostly during the first load cycle,
thus when evaluating the simulation, we did not consider
fragmentation in the model and the compaction was
adjusted to match the measurement results.
Simulation results are presented in forms of compressive
force [kN] – compression [mm] and compression [mm] –
time [s] graphs on Figures 8-9.

Ratio of flat particles
Measurement “a” value
Simulation “a” value

0%
0,888
0,866

30%
0,664
0,917

100%
0,585
1,01

Conclusions can be drawn from the measurements
themselves, but the experimental results also can be used
to validate the simulation model, which can be applied to
extend the results without performing new
measurements. Table 3 shows the extended “a” values of
the logarithmic functions by DEM simulations.
Table 3: Steepness of Logarithmic Approximation (“a”
Values) Based on Simulations
Ratio of flat
particles
Simulation
“a” value

0%

10%

20%

30%

100%

0,866

1,37

1,26

0,917

1,01

Crushing
Figure 8: Compressive Force – Compression Diagram
in Case of Equant (LZ) Pack – Simulation

Because the particles were unbreakable in the
simulations, information were gathered about the particle
crush in measuerements with the use of sieve
measurments and granulometric rating values.
The characteristic value of change (λi) is the quotient of
the granulometric rating values after (Mi) and before (M0)
the application of periodic load, expressed as a
percentage. The original granulometric rating value for
the studied 20/32 mm particle size is M0=300 and the
values after the compression cycles are listed in Table 4.
The calculated characteristic values of change are shown
in Table 5.
Table 4: Granulometric Rating Values after Being
Subjected to Periodic Loads

Figure 9: Compression – Time Diagram in Case of
Equant (LZ) Pack – Simulation
COMPARING
RESULTS

AND

EVALUATING

THE

Compaction
During the evaluation procedure, the measured
compressive force versus compression and compression
versus time diagrams were compared with the simulation
results. As the simulations were speeded up in
comparison to the measurements to save computational
time, the times were transformed to get a same basis.
The steepness of the natural logarithm regression
function (“a” value) fitted onto to the compression versus
time graph was selected as the characteristic value. These
values for the 30-cycle laboratory measurements and the
computer simulation as well are presented in Table 2 as
a function of flat particle ratio.

Equant (LZ)
Flat (LL)
Original (LE)

M10
284,8
240,9
282,9

M20
283,7
240,2
268,7

M30
264,7
246,4
280,5

Average

269,5

264,2

263,9

Table 5: The Characteristic Values of Change

Equant (LZ)
Flat (LL)
Original (LE)
Average
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λ10 [%]
94,9
80,3
94,3

λ20 [%]
94,6
80,1
89,6

λ30 [%]
88,2
82,1
93,5

89,8

88,1

88,0

CONCLUSIONS

Orosz, Á., J. P. Rádics and K. Tamás. 2017. “Calibration
of railway ballast DEM model” In Proceeding of the
31th European Conference on Modelling and
Simulation 2017 (Budapest, Hungary. May. 23-26.).
ECMS, 523-528.

Using a 20/32 mm particle size pack as sample, we were
able to model the effect of shape in case of the 32/50 mm
railway track ballast. The acquired results are adequate to
evaluate the behavior of the stone pack for various
number of load cycles.
The discrete element simulations are capable of
reproducing the effects of repeated loads. The qualitative
simulation results are in accordance with the laboratory
tests, but the model needs further refinements to
quantitively reproduce the laboratory tests. By using
computer simulation one can decrease the number of time
consuming and costly laboratory tests. This requires a
target-oriented laboratory test to determine the
fundamental parameters for the computer simulation.
Such model can be used to evaluate the behavior of the
crushed stone ballast for different composition and
number of load cycles.
In further stages of the research it is advised to conduct
more measuremnts in order to get statstically reliable
data. The discrete element model can be improved by
refining the paramers and taking particle breakage into
account. The results also showed the importance of
proper initial compaction, which also have to be studied
in detail.
We recommend that simulations are completed for
various crushed stone ballast types generally used to
create the track bed. The conducted and evaluated
simulation should provide the basis for answering the
arising matters concerning the construction and
maintenance of the railway track structure.

Šmilauer, V. et al. 2015: Yade Documentation 2nd ed. The Yade
Project.
DOI
10.5281/zenodo.34073
(http://yadedem.org/doc/).
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Prince (1973); Ware et al. (2013); Blum (2005)), but
also to do some quantitative modeling. The purpose of
this quantitative modeling is to form the basis for
assessing the effect that various approaches to modify
the narratives would have. To achieve this we need to
establish relevant metrics that will allow us to see
whether proposed small variations in the narratives will
be acceptable and lead to a reduction in antagonisms and
public turmoil or they will conflict with the basic
concepts in the narrative and be rejected by those who
espouse it. It should be noted that within the population
of a nation a narrative may by espoused by different
segments of the population and one segment of the
population may espouse multiple narratives..

KEYWORDS
Narratives, Concept maps, Social Networks, Influence
nets, Courses of Action
ABSTRACT
A methodology is presented for the quantitative
modeling and assessment of master narratives in order
to develop ways in which a master narrative may be
modified without affecting its fundamental beliefs. The
modeling approach is based on first developing a
concept map of the key beliefs in the narrative and then
using social network analysis measures to assess the
strength and influence of these beliefs. Finally,
influence net models are used to derive and evaluate
strategies for modifying the effects of these beliefs.

The technical approach is described in the next
section. To illustrate the application of the approach a
case study is presented in the third section in which one
of the master narratives in a country is analyzed.

INTRODUCTION
The twenty seven years long conflict between Greece
and the Former Yugoslav Republic of Macedonia is not
about land or, more generally, physical resources; it is
about national master narratives. (Delaunay 2018; Kirby
2019) While the political leadership of the two countries
has been attempting to resolve this issue, the
populations of both countries object strongly to what
they consider a violation of essential master narratives.
For example, Greece’s master narrative is based on
ancient history: Macedonia, Philip II of Macedon and
Alexander the Great. The fact is that the region known
as Macedonia was split up after the 1912-14 Balkan
wars with the largest part within the Greek border, a
large part in now named the Republic of North
Macedonia, and a small part in Bulgaria. Now that an
agreement over the name has been reached, a clear
challenge for the governments of both countries is to
modify the prevailing narratives without altering their
fundamental ideas in order to avoid public protests by
the populations of the two countries. It should be noted
that there is already cooperation in the financial and
commercial sectors and, with Northern Macedonia
joining the European Union and NATO, the cooperation
will increase in other sectors.

TECHNICAL APPROACH
The proposed approach for modeling, analysis and
development of strategies for modifying narratives
consists of five steps. The first step is the narrative
deconstruction using Concept maps (Novak and Cañas
2006) and social network modeling and analysis tools
(Carley 2006). In the second step, the work on assessing
narrative grammars by Cobb et al. (2014) in the context
of the six social orientations proposed by Van Lange
and Joireman (2008) is used to define attributes that
characterize a narrative and assign values to them. In the
third step, the set of attributes is expanded to reflect the
network analysis results of the first step. In the fourth
step, the analytical results are used to identify which
concepts and which relationships in the narrative are
most susceptible to revision or change. Finally, in the
fifth step, Influence Nets are used to evaluate potential
strategies for modifying the narratives based on the
results of the fourth step.
Step 1: Narrative Deconstruction
Given a narrative, the underlying concepts are
identified and the relationships among them established.
This is expressed in the form of a Concept Map.
Concept maps are graphical tools for organizing and
representing knowledge. They include concepts, usually
enclosed in circles or boxes of some type, and
relationships between them indicated by a connecting

The example above, one of many in the set of
worldwide conflicts between nations and ideologies
(whether national or trans-national,) indicates a need not
only to understand narratives (and there is a very
extensive literature on narratives; see for example
Communications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
ISBN: 978-3-937436-65-4/978-3-937436-66-1(CD) ISSN 2522-2414
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line linking two concepts. Essentially the result is a
network, similar in structure to a Social Network.
Consequently, a number of the metrics used to analyze
and evaluate social networks can be used. Typical
examples are degree and geodesic centrality.

say Positive Value, and assign to it the variable x1 and
set its range to be [0..10]. Then place the value of this
attribute for each one of the narrative types on this
range, as shown in Fig. 3. Note that the “distances”
between the six types of narratives are, in general, not
equal. The process is repeated for all five attributes and
produces a five dimensional vector x = [x1, x2, x3, x4, x5]
that characterizes a given narrative.

Van Lange and Joireman (2008) have proposed a set
of six “social orientations.” They are Altruism (A),
Equality (E), Cooperation (Co), Competition (Cp),
Individualism (I), and Aggression (Ag). Cobb et al.
(2014) have used these social orientations to classify
accordingly six types of narratives and have
characterized the first three as Transformative and the
second three as Escalatory. In their discussion they
describe these orientations as follows: “Altruism favors
benefit for the other, Equality favors minimizing the
differences between parties, Cooperation emphasizes
value creation and shared benefits, Competition favors
benefits for Self over Other within shared rules of the
game, Individualism favors exclusively benefits for
Self, and Aggression favors minimizing benefits for the
Other.”

Step 3: Map to Additional Narrative Attributes
In the same way that Cobb et al. (2014) defined
attributes to characterize the narratives, additional
attributes can be defined for both the nodes (concepts)
and the links (relationships) of the concept map of a
narrative. For example, strengths can be assigned to
both the concepts and the relationships. Step 3.1
expands the list to include attributes derived from the
“network style” analysis of the concept caps such as the
degree centrality and the geodesic centrality (a type of
closeness centrality; see Agneessens et al. 2017) derived
from the social network depiction of the concepts and
their relationships. In step 3.2 these attributes are
quantified. The scale can be numeric or reflect ranges
such as High and Low.

Step 2: Define Attributes and Assign Values
Cobb et al. (2014) also defined five attributes as
components of escalatory and transformative narrative
syntax. These five attributes in the narrative typology
can be partitioned into three groups: Value: Positive and
Negative; Logic: Plot Logic; and Character: Other and
Self. The corresponding assigned values by Cobb et al.
(2014) are shown in Figures. 1 and 2.

Step 4: Vulnerability Assessment of Narratives
Algorithms already developed in Network Sciences to
identify weaknesses in a network either because of
nodes or because of links are applied to determine which
concepts and which relationships are most vulnerable

The following approach was used to quantify the
values of the attributes. Consider one of the attributes,

Figure 1: The Three Transformative Social Orientations

Competition

Individualism

1. Strategic
winning
2. Loosing
3. Survival of the
fittest
4. Losers
5. Winners

1. Self-interest
2. Stupidity
3. Ends justify
means
4. Naïve/dumb
5. Practical

Aggression
1. Survival
(life/values)
2. Loss
3. Forced into
violence, we fight
4. Evil sub-human
5. Righteous

Figure 2: The Three Escalatory Social Orientations
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dedication by saying: “If India builds the bomb, we will
eat grass and leaves for a thousand years, even go
hungry, but we will get one of our own.” Thanks to the
ingenuity and leadership of heroes such as AQ Khan
and in defiance of Western and Indian attempts to
undermine the program, Pakistan developed the
greatest of all technological capabilities. Pakistan’s
nuclear bomb proved to the world that Pakistan was the
most advanced and powerful Muslim country in the
world, and deserves international respect and prestige
accordingly. With the nuclear bomb, Pakistan entered
the exclusive ranks of the world’s nuclear powers.
Today, the United States and India conspire to strip
Pakistan of its nuclear capability. Pakistan must never
give up the bomb and the ability to defend itself against
existential threats—it is what makes the world respect
Pakistan and what keeps conspiring Indians and
Americans in check. To protect this capability,
Pakistanis must support the Army that guards the
nuclear arsenal and the civilian heroes like Khan who
gave Pakistan this great gift. National survival is the
reward for this vigilance: in the face of perpetual
threats, the nuclear bomb is the ultimate guarantor of
Pakistan’s continued existence.” (Monitor 360 2011).

I Ag
8

10

Figure 3: Attribute Quantification
. However, this is not sufficient. The next step is to
assess whether a change to a concept or a relationship
will nudge it towards a more desirable member of the
six typologies (e.g., re-shaping the narrative from
aggressive to competitive).
Step 5: Course of Action Development
With the results obtained in Step 4, it is now possible
to assign influence values to an Influence Net, (Chang
et al. 1994; Haider and Levis 2005; Haider et al. 2008)
a specialized form of Bayesian nets, constructed from
the concept map relationships and the user objectives.
The Influence Net then is used to generate potential
Courses of Action (Wagenhals and Levis 2000) for
reshaping narratives to be more favorable (or less
negative) toward the user’s objectives.
CASE STUDY
The technical approach is illustrated in a simplified
form through an example based on a study conducted by
Monitor 360 (2011) in which nine Master Narratives
were identified for Pakistan. The narratives were also
associated with overlapping population segments that
espoused them. These are:

Step 1: Narrative Deconstruction
The narrative serves as the basis for creating a concept
map. First, all the key concepts in the narrative are
identified and nodes are created. Then the narrative is
used to establish the relationships between the nodes.
These are expressed as short verb phrases. The resulting
concept map for the first narrative is shown in Fig. 4.

1. Pakistan’s Nuclear Pride – broadly held across
segments
2. The US Plot Against Pakistan - broadly held across
segments
3. Fair-Weather Ally - broadly held across segments
4. Hostile India - broadly held across segments
5. Jinnah’s Modern Vision – urban mainstream elite
6. Jinnah’s Islamist Vision – Islamist conservatives,
urban middle class
7. Guardians of Pakistan - broadly held especially by
Pakistan Army
8. Victims of Military Rule - urban mainstream elite
9. Defensive Jihad – Islamist militants

Step 2: Define Attributes and Assign Values
The basic attribute vector has been defined as:
x = [Positive Value, Negative Value, Plot Logic,
Character – Other, Character – Self]
A set of illustrative values for Pakistan’s Nuclear
Pride narrative would be: x1 = [10, 9.5, 10, 9, 10]; it falls
clearly within the Aggression social orientation type.
The same approach (Steps 1 and 2) was applied to the
other eight narratives and then each vector xi was
weighted by the fraction of the population that embraces
that particular narrative. An issue that makes matters
more complex is that population segments overlap and
may embrace multiple alternatives. This issue requires
the involvement of subject matter experts to resolve it
and also to identify marginalized narratives that are
embraced by small segments of the population. These
narratives usually contain concepts that may be very
hard to modify (e.g., the Defensive Jihad narrative).

All nine narratives were deconstructed because they
contain many common concepts and relationships. Once
this is done, they need to be weighted by the population
segments that embrace them and by the relative
importance of each population segment. For simplicity
of presentation in this paper, only the first narrative is
used here to illustrate the approach.
“Encircled by enemies on all sides, Pakistan has faced
existential threats since its birth. Zulfikar Ali Bhutto
launched Pakistan’s nuclear program in response to
these enemies, declaring Pakistan’s commitment and

Step 3: Map to Additional Narrative Attributes
The Concept map of Fig. 4 indicates clearly that there
is a network structure to this narrative. Consequently, a
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Figure. 4: Concept Map Based on “Pakistan’s Nuclear Pride” Narrative
tool such as ORA (Carley 2006) was used
to construct a social network model of the
narrative. One depiction of that model is
presented in Fig. 5. There are many
measures that have been defined to assess
the properties of Social Networks. The
first used is the centrality degree which
focuses on the location of a node in a
network, i.e., to how many nodes does it
have a direct connection whether
incoming or outgoing? The results of this
analysis are shown in Table 1. There are
14 nodes in this network. Consequently,
Number of Links = ∑ 𝑘

𝟑𝟔
𝟐

= 18;

Average Degree = L/N = 18/14 = 1.29
Maximum Degree = 5.
The degree distribution is: °1 = 4/14, °2
= 4/14, °3 = 3/14, °4 = 0, °5 = 3/14.
The size of the nodes in Figure 5 indicates
the geodesic centrality, another measure
of the influence a node has on another node.

Figure. 5: The SN of Narrative #1
axis and a second 2-dimensional space on Character with
the axes being Other and Self. The computation of the
vector of attributes x would place the particular issue on
these two spaces. The Pakistan’s Nuclear Pride narrative

Step 4: Vulnerability Assessment of Narratives
We now define two spaces, a 3-dimensional space on
Values and Plot Logic with Positive Value for the x axis
and Negative value for the y axis and Plot Logic on the z
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Table 1: The Centrality Degree of the Network in Figure 5
Node

1
2
3
4
5
6
7
8
9
10
11
12
13
14

Degree ‐> k(in)
Pakistan
0
Pakistan's Enemies
2
Nuclear Power
2
India
0
Zulfikar Al Butto
1
Pakistan Army
1
Nuclear Program
1
Pakistan's Continued Existence
2
AQ Khan
1
Advanced and Powerful Nuclear Country
3
USA
0
Nuclear Bombs
3
National Respect
1
Prestige
1

Current state

10

Character

◊
10

Positive Values 10

Self

Plot Logic
0

Target state

◊

10

k
5
3
3
1
2
2
3
2
2
5
1
5
1
1

The problem can be formulated as follows: What
courses of action (COAs) could country Y take to move
the location of the attribute vector at time t0 of the
narrative(s) of country Z to a more desirable position at
time t1. The solution to this type of problem is well
documented and tools exist for carrying out the
modeling and the analysis. In this case, Influence nets
will be used and the associated software application
Pythia. (Levis 2014).

has been set in this illustrative case study to have a
narrative typology state with respect: to the US as x1 =
[10, 9.5, 10, 9, 10]. This is a clearly a highly escalatory
narrative syntax with respect to all attributes. The
question arises: Can this narrative be moved from the
Aggression type to the Competitive and Cooperation
types, i.e., get the values of the attributes be less than 5?
This is depicted graphically in Figure 6.

◊

k(out)
5
1
1
1
1
1
2
0
1
2
1
2
0
0

0

Other

10

Figure 6: Current and Target State of the Narrative
Cobb (2016) advises that “Marginalized narratives []
need to be engaged [to] form the basis for programs/
interventions.” Consequently, the next step is to identify
which beliefs are fundamental and highly ranked in their
relative assessment with respect to the other beliefs in
the narrative. The centrality measures can be used to
determine these beliefs. The results for the example
narrative are shown in Figure 7.

Figure 7: The Five Highest Ranked Beliefs
An Influence Net can be considered as a special
instance of a Bayesian Network using CAST logic
(Chang et al. 1994) for knowledge elicitation and loopy
belief propagation for probabilistic inference. To
generate timed Influence Nets Wagenhals et al. (2000)
have added a special set of temporal constructs to the
basic formalism. Influence nets have been used for
developing alternate COAs and evaluating their
effectiveness in achieving objectives. The modeling of
the causal relationships is accomplished by creating a
series of cause-and-effect relationships between some

Five out of the 14 beliefs (nodes) had the percentage of
measures for the particular belief node rank in the top
three. Furthermore, Cobb (2016) states that narratives
evolve not by changing minds but by downgrading
legitimacy, changing interaction, altering positioning.
She advises that the root beliefs should be identified as
they anchor that or related narratives. These insights lead
to Step 5, the design of potential courses of action to reposition the narratives.
Step 5: Course of Action Development
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desired effects and the set of actions that might impact
their occurrence in the form of an acyclic graph. The
directed edges between nodes are inscribed with two
influence coefficients and a time delay. An Influence Net
based on the concepts and relationships in the Concept
Map of Fig. 1 is shown in Fig. 8. Directed arrow with
arrowheads indicate a positive influence while round
arrowheads indicate negative influence.

probability that the described belief will hold. The results
show that the effect of India’s and the Army’s actions
increase the belief in Pakistan’s continued existence,
agreement to reduce nuclear weapons and focus on
peaceful nuclear power have a serious negative impact on
the belief that Pakistan is an Advanced and Powerful
Nuclear Country with negative consequences on the
beliefs for Prestige and National Respect. However, Fig.
7 shows that “Advanced and Powerful Nuclear Country”
is a key belief that cannot be easily shaped. It is clear that
additional intervention nodes need to be introduced that
will influence various intermediate beliefs. Then the
evolutionary algorithms embedded in Pythia can be used
to obtain courses of action, if they exist, that will shift the
narrative down to less Aggressive position.

To indicate how this models works, consider the case
where India makes vigorous diplomatic efforts to deescalate the relationship with Pakistan, the Pakistan
Army decreases its influence on the government, and the
US increases its diplomatic efforts to support the
peaceful use of nuclear power. The results are shown in
Fig. 9 where the values in the nodes indicate the

Figure 8: Initial Influence Net Representing the Influencing Relations in the Narrative

Figure 9: Influence net representing the effect of a suggested course of action
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Haider, S.; A. K. Zaidi; and A. H. Levis (2008. “Identification
of Best Sets of Actions in Influence Nets”. International
Journal of Hybrid Intelligent Systems (IJHIS), vol. 5, No. 1,
19-29.

CONCLUSION
A quantitative approach to modeling and analyzing
master narratives has been presented where a variety of
modeling and simulation tools is used. The approach has
been illustrated by a simple case study in which many
of the complexities of the problem have been
suppressed. In an actual case, all relevant narratives
should be analyzed in parallel and an Influence Net in
which all the concepts and relationships are present
should be included. The reason for this is that
population segments that embrace narratives overlap a
lot – a particular segment may embrace 3 or 4 narratives
but with different degrees of conviction. Furthermore,
small segments of the population (the “elites” or an
extremist group) may have very strong influence in
changing the narratives.

Kirby, P. 2019. “Macedonia and Greece: Why this 27-year row
may be about to end, BBC News, 24 January
Levis, A. H. 2014. Pythia 1.8 User’s Manual, System
Architectures Laboratory, George Mason University,
Fairfax, VA.
Monitor 360. 2011. Master Narratives: Country Report:
Pakistan. MasterNarratives@rccb.ois.gov
Novak, J. D. and A. J. Cañas. 2006. “The Theory Underlying
Concept Maps and How to Construct and Use them”
http://cmap.ihmc.us
Prince, G. 1973. A Grammar of Stories: An Introduction.
Mouton, The Hague.
The Economist, 2019. “Macedonia is getting a new name”. 19
January, p. 51
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LITERATURE REVIEW
In clinical trials and biostatistics studies, the clinical
equivalence testing aids us to interpret the equality of two
different measurements. Westlake (1972) used the
equality to decide that the new drug would be essentially
equivalent to the current drug. They analyzed in a
crossover trial with two independent drugs, where μX and
μY are the true population means of the mean total urinary
excretion of drug for standard and new formulations
respectively, with sample size of n1 n2 n each
subject. Based on normality assumptions, the difference
sample has the t distribution with n  2 degrees of
freedom, where S2 is the mean squared error. Then the
95% probability inequality of the mean total urinary
excretion is P X  ' d PY d P X  '. , where ' k1S 2 / n

ABSTRACT
In pharmaceutical and medical studies, we would like to
show any formulations or two treatments are equivalent.
For example, Westergren ESR and STATplus ESR are
two popular measurements of sedimentation rate, which
are used to monitor disease severity in patients with
rheumatoid arthritis and other inflammatory rheumatologic
conditions. Westergren ESR is a well-known measurement
that was developed by R. S.Fahraeus and A.V.A.
Westergren in 1921, while STATplus ESR is an
innovative measurement to accelerate turnaround time.
Compared with Westergren ESR, the result from
STATplus ESR is easier to understand. Since these two
measurements can be used to test the same study, it is
necessary to know if they can be switched.

 X Y
2 X Y

k2 S 2 / n  X  Y

. This implies that

k1  k2 S 2 / n . Therefore, k1, k2 can be

evaluated from solving two equations. The first equation
is the integral of the t distribution from k2 to k1, which
equals 0.95. The second equation is 2 X  Y

Typically, a new measurement process is compared with
an existing measurement process. Paired data of these
two measurements occur because they are used on the
same subject. Usually, paired t- test is appropriate for
paired data, but it does not fit well for some situations
because paired t-test can only be used to check significant
differences from paired data. If the paired data have
positive or negative association, the result from the
paired t-test might be the same. For example, one paired
dataset has positive correlation, and the other one paired
dataset has negative correlation. But paired t- tests give
the same conclusion because they have the same
differences . Moreover, the paired t- test might have low
power for scale-type relationships.

k1  k2 S 2 / n. He will conclude that both are
equivalent, if the mean total urinary excretion of new
drug is within 15% of the standard drug.
Four year later, Westlake (1976) extended his previous
paper and found alternative ways to evaluate k1 and k2. In
the conventional approach, k1+k2 = 0 then k1 = −k2
=t0.975,n−2. Under the logarithmic transformed data, his
confident interval is k2 S 2 / n  X  Y d log10 PY / P X
d k1 S 2 / n  X  Y

In this paper, we propose a test that has reasonable power
for both shift and scale-type relationships, which is based
on shift- scale type relationships. We consider an
equivalence testing for hypothesis. It is an approach to
swap the hypotheses so that statistical equivalence of the
two measurements is the alternative hypothesis and bears
the burden of proof. We conclude “ equivalence” only if
there is evidence to support the claim that the magnitude
of disagreement between the two measurements lie
within specified limits.

“Bioequivalence trials is the comparative trials to test
two different measurements are equivalent in vivo,” is
said by Westlake (1979). The 95% confidence interval on
the difference between μX and μY is formed as follows
X  Y  P X  PY
inequality k2 d
d k1 , where X and
S 2/n
Y are the mean of the standard measurement and the
new measurement. The probability from k2 to k1 of t
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both measurements are equivalent. Next, they also added
another approach is called the power approach that is a
statistical test for no difference between the average of
two measurements at the level 0.05. The power approach
for the alternative hypothesis of no difference is
H1 : PY  P X z T . Their rejection region for the power

distribution with the degrees of freedom n−2 equals to
0.95. Conventionally, k1 + k2 = 0 then k1 = −k2 = t0.975,n−2.
However, Kirkwood & Westlake (1981) were still
rethinking about the bioequivalence. They claimed that
“If this approach is used it will be seen that the use of a
conventional 1  D confidence interval with D 0.05 is
unduly conservative since the probability that the interval
falls within the r' limits, where the difference in means
is ' . It can be shown to be  D / 2 , or 0.025.” Then the
estimate Gˆ is equivalent to acceptance, where '  G  '

approach under the null hypothesis is t0.975,X d

S 2/n
d t0.975,X . They compared these two approaches and the

results showed that “the power of two one-sided tests
(TOST) is superior to the power approach as a test of the
interval hypothesis H0.”

exceeds 1  D . Conventionally, the probability that G  '
is less than D / 2 and the probability that G ! ' is less
than D / 2 .

Stegner et al. (1996) explained “the equivalence testing
for use in psychosocial and services research: an
introduction with examples.” They use the two one-sided
test to test the hypothesis. Their method is the same as
Schuirmann (1987)’s method. However, they showed the
example of the original data and the logarithmic
transformation data.

In 1984, Hauck & Anderson claimed that the ANOVA
testing was to test the equality of two measurements, but
it could not test for equivalence testing, which two
measurements differ by less than the specified limits. So,
they constructed the equivalence testing by setting the
alternative hypothesis as H1 : A0 < μY /μX < B0, where μY
and μX are the population means of the experimental
measurement and the standard measurement, respectively.
Next, they took logarithmic transformation and got
H1 : A  KY K X  B , where A = log10(A0), B = log10(B0),

KY

log10 PY and K X

was T

Berger et al. (1996) developed their testing from Hauck
& Anderson (1984) method by using the two one-sided
tests (TOST) which were proposed by Schuirmann
(1987). The bioequivalence of proportion of the
population mean was PY / P X and took logarithmic

log10 P X . The test statistic

Y  X  ( A  B) / 2

transformation to get the testing: H 0 : KY K X d Tl or

, where Y and X are the

KY K X t Tu , where KY log(PY ), K X log(P X ) . Let μX
and μY denote the true population means of AUC for the
standard drug and for new drug, respectively. If they
reject H0 for both tests, then they will declare that two
measurements are equivalent. They also showed the
misconception of size D in equivalence testing. The
100(1 − 2 D )% two-sided confidence interval for KY  K X

S 2/n
sample means for the new measurement and for the
standard measurement (in the logarithmic scale) and S
is the mean squared error from the ANOVA table under
the logarithmic transformation. They quested that the
difference in means was from the center of the
equivalence interval (A + B)/2. Under testing ±20%
criteria, the alternative hypothesis is H1 : 0.8 < μY /μX <
1.2 They approximated the p-value with U FX T  G
 FX  T  G , where G

B A
2S 2 / n

is [ D

D  tD ,X S 2 / n , D

D  tD ,X S 2 / n ] when D

X  Y From this confidence interval, they concluded
the test drug is equivalent to the standard measurement if
and only if ª¬ D  , D  º¼  Tl ,Tu .

.

Another well-known bioequivalent paper was published
by Schuirmann (1987). They extended the Hauck &
Anderson (1984) by using the “two one-sided tests”
(TOST) with the alternative hypothesis
H1 : T1  PY  P X  T 2 ,
where

Y X

Brown et al. (1997) developed Schuirmann (1987) with
the alternative hypothesis is H1 : T  ' ,where T log( U )

KY K X , KY
PX

T1  T2 , T1 and T 2 are the lower and upper

log(PY ), K X log(P X ). When PY and
are the parameters for the new treatment and the

standard treatment. '

bounds specified in the two one-sided tests (TOST). They
consider it to be two separate tests:
H 0 A : PY  P X d T1 vs. H1 A : PY  P X ! T1

log 1.25

0.223. Let D a

N (T , V ), D is an estimated value of T . By Schuirmann
(1987), the rejection region of the two one-sided tests at
the level D is ' t D  tD S D , where tD is the upper
2

and H 0 B : PY  P X t T 2 vs. H1B : PY  P X  T 2
The test statistics
Y  X  T1
T2  Y  X
and t2
.
t1
S 2/n
S 2/n
If t1 t t1D ,X and t2 t t1D ,X , they will reject H0. Then they

quantile D of the t distribution with degrees of freedom
X and S D is the standard error of the mean difference.
Chambers et al. (2005) used the same method as
Schuirmann (1987)’s method. Then the confidence

concluded the alternative hypothesis which states that
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interval for the difference mean is (Y  X ) r tD , n1  n2  2

CLINICAL EQUIVALENCE TESTING

S p 1/ n1  1/ n2 , where Sp is the pooled estimate of V .

The weakness of an approach is that equivalence is stated
under the null hypothesis and is default conclusion when
evidence is lacking to say otherwise. Here, we propose to
use a clinical equivalence approach where equivalence is
the alternative and require the burden of proof.

We will reject H0 if the confidence interval is within the
acceptance limits, and then we conclude that these two
measurements are equivalent.
Limentani et al. (2005) used the two sample t test to
calculate the critical value T G  S *[t1D , n2  t1 E /2, n2 ]

Our study focuses on testing for statistical equivalence of
two different measurements. A new measurement may be
proclaimed equivalent to the current measurement if the
difference is small. So we set an alternative hypothesis
that T P1  P2 is in a small interval about 0, i.e.

2 / n , where G is a hypothetical value, D is a given
significance level, E is the type 2 error, S *
, and FJ2, n 1 is the 100J

th

S

n 1

FJ2, n 1

H1 : T1  T  T2 where T1 and T 2 are limits specified by
the investigator. The null hypothesis is that T does not
lie within the required limits, or H 0 : T d T1 or T t T2 .
More details can be found in Lehmann & Romano
(2005).

percentile of the chi-square

distribution with n−1 degrees of freedom. They will
reject the hypothesis H0 if the confidence interval for the
difference mean is contained within T ,T . This
concludes that
nonequivalent.

these

two

measurements

are

The hypothesis for the two one-sided tests are
H 0 : T d T1 or T t T2
vs H1 : T1  T  T 2 .
Where T1  T2 , T1 and T 2 are the lower and upper bounds
specified in the two one-sided tests (TOST). We can
consider it to be two separate tests:
H 0 A : T d T1 vs. H1 A : T ! T1

Nandakumar (2009) developed the study from
Stefanescu & Mehrotra (2007) with cross-over design by
comparing the test and reference drug formulation’s
effect on a subject for the small sample from. Moreover,
they proposed the robust procedures to test the small
sample population bioequivalence hypothesis. In
addition, he propounded the multivariate bioequivalence
hypothesis by comparing the Least squares procedure
and the component-wise rank method.

H0 : T t '

alternative hypothesis will be

T

D
SD / n

1, 2, }, n , and SD

T1

T2 , then our

-

H1 : T  ', where

. Then |T| is a folded t distribution. He

showed that T
T 2 and T2 has the F distribution with
degrees of freedom 1 and n−1. Then, the statistic that he
used for equivalence testing is T a F1, n 1 with noncentral
parameter G

PD
SD / n

H1 B : T  T 2

T2

' . Then our

vs H1 : T  '.

where ' is selected by the investigator or physician and
is a benchmark for clinical equivalence. In this paper,
we will compare three equivalence tests.
- Shift-Equivalence test H1 : E0 0

 T2 . Let Di be the differences between the pair
is the estimated value of V D . If '

vs.

Suppose, in addition, that T1
hypothesis is

Wellek (2010) proposed the alternative hypothesis of the
paired t-test for equivalent testing is H1 : T1  PD / V D
measurements, Di a N P D , V D2 , i

H 0B : T t T2

and

Scale-Equivalence test H1 : E1
Shift-Scale-Equivalence test
H1 : (E0 , E1 ) (0,1)

1

SHIFT-EQUIVALENCE TEST
To test H1 : E0

0 , we can consider our paired testing as

H1 : Pd

.

or

These are some literature reviews that related to the
clinical equivalence testing. However, we focuses on the
paired-observations study. Also, the purpose of our study
is to detect shift or scale type relationships on
bioequivalence testing.

0

H 0 : Pd t ' vs

H1 : Pd  '.

Where ' is a small interval about 0.
We propose two different approaches
1. Shift-E test: Using TOST by Schuirmann approach.
2. Shift-E* test: Using square-root F-test by Wellek
approach.
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where A log '1 , and B  A log1/ '1
Under the normality assumption that the statistics are
D A
DB
and tl
.
tu
Sd / n
Sd / n

Shift-E test: Using TOST by Schuirmann approach
Schuirmann (1987) proposed the two one-sided tests
(TOST). We apply his approach with our study which has
the paired-observations study and our hypothesis as
H0 : Pd t ' vs H1 : Pd  '
Then our two one-sided tests are
H 0 A : Pd d ' vs.
H1 A : Pd ! '
and
H 0 B : Pd t '
vs.
and the statistics are
D'
and t2
t1
Sd / n

Where D and Sd are the mean and standard deviation of
difference between Y and X (in logarithmic scale). It
rejects null hypothesis at level D and declares the two
measurements to be equivalent if both tests reject, that is,
tl t tD ,X and tu d tD ,X .

H1B : P d d '

'D
Sd / n

2-DF FOR SHIFT-SCALE-EQUIVALENCE TESTING

Where D and Sd are the mean and standard deviation
of the difference between Y and X , respectively. It
rejects H0 at level D and declares the two measurements
to be equivalent if both tests reject, that is, t1 t t1D ,X and

Shift-Scale-Equivalence test
Shift-Scale model is equivalent to fitting a simple
regression and conducting a 2-df test on both intercept
and slope. We propose a procedure for doing clinical
equivalence hypothesis testing: H1 : (E0 , E1 ) (0,1) or

t2 t t1D ,X .

Shift-E* test: Using Square-Root F-test by Wellek approach.
Our alternative hypothesis will be
H1 : Pd 0

or

H 0 : Pd t ' vs

H1 : Pd  '

Under the normality assumption, the statistic is
D
T
Sd / n
Where D and Sd are the mean and standard deviation
of the difference between Y and X , respectively. From
Wellek (2010) studied, |T| is a folded t distribution. He

H 0 : E0 t '0

E1  1 t '1

vs. H1 : E 0  ' 0

E1  1  '1

Where '0 and '1 are investigator-specified values that
represent limits of allowable clinical dissimilarities. We
would like to call this testing as “2-df for Shift-ScaleEquivalence Testing” or “Shift-Scale-Equivalence
tesing.” In our simulations, we used ' 0 0.10 X 3.74
and '1 0.10 so that our alternative hypothesis test
representing equivalence is effectively
H1 : ^ E 0  3.74`

T 2 and T2 has the F distribution with
degrees of freedom 1 and n−1. Hence, the rejection
region is T t F1D ,1,n 1

showed that T

^E

1

 1  0.10`

SCALE-EQUIVALENCE TEST
To test H1 : E1 1 , the equivalence testing can be
constructed the alternative hypothesis as
H1 : PY / P X 1

or

H 0 : PY / P X t '1 vs

H1 : PY / P X  '1 ,

where '1 is small interval about 1. We have to study
Scale-E test: Using TOST by Berger approach.

Figures 1: An Alternative Region
This alternative region may be represented by a rectangle
drawn in Figure 1. The null region is the region outside
the rectangle. We propose a rejection region of the form

Scale-E test:Using TOST by Berger approach
Berger et al. (1996) developed the Schuirmann (1987)
approach (TOST) by using logarithmic transformation.
Applying his method with our study, our hypothesis is
H0 : Kd t log '1 vs
H1 : Kd  log '1

^
{ ^ Eˆ

Where Kd

log PY  log P X
Let '1 ! 1, A log '1 , B  A . Then
H1 : A  Kd  B,
It is two one-sided tests.
H 0 A : Kd t A vs. H1 A : Kd  A
or

H 0 B : K d d B vs.

` ^ Eˆ  1  C `
 t S ` ^ Eˆ  1  t S ` ,

RR { Eˆ0  C0
0

J

1

b0

1

1

J

b1

where tJ is chosen so that the shift-scale test has desired
size. The power function of the test is

H 1B : K d ! B
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J (E )

PE ª Eˆ0  C0 , Eˆ1  1  C1 º ,
¬
¼
E E0 , E1  : :0

where V b0 ,V b1 ,V b01 and Ub are unknown. So we use their
estimators: Sb0, Sb1, Sb01 and rb.
Then

:1

1 tJ Sb1 tJ Sb0

We want to find the critical region based on the type I
error is 0.05. That is the size D

D

E :0

D

and

sup P RR

E0 , E1 H0

E :0

where C0

tJ Sb0 , C1

f ( Eˆ0 , Eˆ1 ) dy0 dy1 ,

1 tJ Sb1  tJ Sb0

sup P ª Eˆ0  C0 , Eˆ1  1  C1 º ,
¬
¼

sup J ( E )

³ ³

P( RR)

tJ Sb1

min(tJ 1 , tJ 2 ) .

We can find the tJ

sup P ª Eˆ0  tJ Sb0 , Eˆ1  1  tJ Sb1 º
¬
¼
E :0

(a) Find tJ 1
We fix E0

Since the rejection region is symmetric about (0, 1) which
is the center of the rectangle in Figure 1, then the power
function decreases as we move farther away in either
direction. Then the size of the test (or supremum of the
power function under the null region) should occur on the
boundary of the rectangle. This is the rationale behind the
testing procedure/algorithm that we propose below. First
we search for the maximum along the vertical sides of the
rectangle (with its corresponding tJ ), then along the

'0 and evaluate

PE1 ( RR | E0

PE1 ( RR)

1 tJ Sb1 tJ Sb0

f (' 0 , Eˆ1 )dy0 dy1 d 0.05

³ ³

h E1

'0 ) { h(E1 )

(1)

1 tJ Sb1  tJ Sb0


1

f (' 0 , Eˆ1 )

2
2
ª
§ y ' ·§ y  E ·º
1 «§ y0 '0 · § y1  E1 ·
¨
¸ ¨
¸ 2 rb ¨ 0 0 ¸¨ 1 1 ¸»
¨ Sb ¸¨ Sb ¸»
2 1rb2 ««¨© Sb0 ¸¹ ¨© Sb1 ¸¹
0 ¹©
1 ¹¼
©
»
¬

horizontal sides of the rectangle (and its corresponding
tJ ). The smaller of the two tJ ’s gives the correctly-sized

Where

rejection region.

Then we calculate E1* by derivative h E1 with respect

The steps to find the tJ to satisfy the size of the test

to E1 and set it equal to 0.

D

g E1

0.05 .
Our alternative hypothesis is

³ ³

^
{ ^ Eˆ

0

1tJ Sb1  tJ Sb0

0

b0

1

J

get tJ 1 .

b1

(b) Find tJ 2

sup J (E )

sup P RR d 0.05,

E :0

We set E1

E :0

where H0 : E0 t '0
P( RR)

E1 1 t '1

PE0 ( RR)

P ª Eˆ0  tJ Sb0 , Eˆ1  1  tJ Sb1 º
¬
¼
ˆ
P ª¬ tJ Sb0  E 0  tJ Sb0 ,1  tJ Sb1  Eˆ1  1  tJ Sb1 º¼

h E0

Where
1

2SV b0V b1 1  Ub2



e

1
2 1 Ub2

'1 , and calculate

PE0 ( RR | E1
1 tJ Sb1 tJ Sb0

³ ³

'1 ) { h(E0 )

f ( Eˆ0 , '1 )dy0 dy1 d 0.05

(3)

1 tJ Sb1  tJ Sb0

We know that
f ( Eˆ0 , Eˆ1 )

E1 . Calculate t J(1)1 from equation (1).

(iii) Repeat (i) and (ii) until t J(i11)  t J(i)1  0.001 . We will

3. Find the tJ so that

D

Start with E1(0)

(ii) Use t J(1)1 and equation (2) to get E1(1) .

` ^
`
 t S ` ^ Eˆ  1  t S `
J

ª§ y  E ·
§ y  '0 ·º
1
1
«¨ 1
¸ » dy dy
¸  rb ¨ 0
¨ Sb ¸ » 0 1
1  rb2 Sb1 «¬¨© Sb1 ¸¹
0
©
¹¼
2

An algorithm to find the tJ 1 .

Sb01

Eˆ1  1  C1

0

f (' 0 , Eˆ1 )

{0

(i)
2. Set a rejection region:
RR { Eˆ  C

e

w
h E1
wE1
1tJ Sb1 tJ Sb0

H1 : E0  '0 E1 1  '1.
1. Calculate statistics:
Eˆ0 , Sb0 , Eˆ1 , Sb1 , cov( Eˆ0 , Eˆ1 )

2S Sb0 Sb1 1  rb2

2
2
ª§
· §
§
·§
·
·º
«¨ y0  E0 ¸ ¨ y1  E1 ¸ 2 U ¨ y0  E0 ¸¨ y1  E1 ¸ »
b¨
«¨ V
¸
¸»
¸ ¨
¸¨
b0 ¹ © V b1 ¹
©
© V b0 ¹© V b1 ¹ ¼»
¬«

f ( Eˆ0 , '1 )

1
2S Sb0 Sb1 1  rb2



e

2
2
ª
§ y  E ·§ y ' · º
1 «§ y0  E0 · § y1 '1 ·
¨
¸ ¨
¸ 2 rb ¨ 0 0 ¸¨ 1 1 ¸ »
¨ Sb ¸¨ Sb ¸ »
2 1rb2 ««¨© Sb0 ¸¹ ¨© Sb1 ¸¹
0 ¹©
1 ¹¼
©
»
¬

Then we evaluate the E 0* by derivative h E0 with respect
to E0 and set equal to 0.
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g E0

Shifted simulation:

w
h E0
wE0
1tJ Sb1 tJ Sb0

³ ³

f ( Eˆ0 , '1 )

1tJ Sb1  tJ Sb0

{0

Table 1: The Power of the Test
Data Simulated from Y E0  X  H ,

ª§ y  E ·
§ y  '1 · º
1
0
«¨ 0
¸  rb ¨ 1
¸ » dy dy
¨ Sb ¸ » 0 1
1  rb2 Sb0 «¬¨© Sb0 ¸¹
1
©
¹¼
4

where E0

An algorithm to find the tJ 2 .
(i) Start with E 0(0)

E 0 . Calculate t J(1)2 from equation (3).

H0

(ii) Use t J(1)2 and equation (4) to get E 0(1) .
(iii) Repeat (i) and (ii) until t J(i21)  t J(i)2  0.001 . We will
get tJ 2 .
We will get critical value tJ

C0

tJ Sb0 , C1

min(tJ 1 , tJ 2 ) and then

tJ Sb1 . We check whether the value of the

H1

test statistic Ê0 falls in the rejection region C0 , C0
and Ê1 falls in the rejection region 1  C1 ,1  C1 . If it
does, then we reject the null hypothesis and conclude
these two measurements are equivalence. If not, we
cannot reject null hypothesis and conclude
H0 : E0 t '0 E1  1 t '1 or these two measurements

H0

are not equivalent. I would like to call this test as “2-df
for Shift-Scale-Equivalence Testing”.

, 4 , and V 2

32 .

E0

Shift-E

Shift-E* Scale-E

-4
-3.9
-3.8
-3.7
-3.6
-3.5
-3
-2
-1
0
1
2
3
3.5
3.6
3.7
3.8
3.9
4

0.9197
0.9467

0.0000
0.0000

0.1540
0.1930

ShiftScale-E
0.0277
0.0403

0.9653
0.9787
0.9873
0.9920
0.9997
1.0000
1.0000
1.0000

0.0000
0.0000
0.0000
0.0000
0.0143
0.5130
0.9843
1.0000

0.2327
0.2783
0.3230
0.3733
0.6623
0.9660
0.9997
1.0000

0.0560
0.0740
0.0937
0.1177
0.3077
0.8097
0.9880
0.9993

1.0000
1.0000
1.0000
0.9940
0.9890
0.9807
0.9677
0.9490

1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000

0.9990
0.9260
0.4663
0.2353
0.1967
0.1730
0.1443
0.1153

0.9873
0.8057
0.2787
0.1137
0.0893
0.0700
0.0513
0.0387

0.9153

1.0000

0.0970

0.0277

The Shift-Scale-E test achieves the size of the test
D 0.05 , but it has lower power than Shift-E test. In

SIMULATIONS
We investigate the performance of our equivalence
hypotheses through simulation. We study the size and the
power under various conditions. It is the proportion of p
values that are lower than a specified D -level, which is
0.05. The simulations were replicated 10,000 times with
Y E0  E1 X  H , where X is the Westergren data and

comparison, the Shift-E test, does not hold its size.
Scaled simulations:
Table 2: The Power of the Test
Data Simulated from Y E1 X  H ,

H a N (0, V ) , where V are 3 for each of the following
cases:
1. Shifted simulation: Y E0  X  H (See table 1)
2. Scaled simulation: Y E1 X  H (See table 2)
3. Shift-Scaled simulation: Y E0  E1 X  H (See table
2

4, 3.90, 3.80,

2

2

where E1 = 0.8, 0.85, 0.9, ..., 1.2, and V 2

H0

3), where H a N (0, V ), V = 32
2

2

E0 = -4, -3.9, -3.8, ..., 4
E1 = 0.8, 0.85, 0.9, ..., 1.2.
For each simulation, we compare four different approaches
as follows:
- Shift-E test: Using TOST by Schuirmann approach.
- Shift-E* test: Using Square-Root F-test by Wellek
approach.
- Scale-E test: Using TOST by Berger approach.
- Shift-Scale-Equivalence test.

H1

H0
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32 .

E1

Shift-E

Shift-E* Scale-E

0.80
0.85
0.90
0.92
0.94
0.96
0.98
1.00
1.02
1.04
1.06
1.08
1.10
1.15
1.20

0.0000
0.3163
0.9970
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
0.9990
0.2977

0.0000
0.0000
0.0000
0.0003
0.1087
0.7860
0.9940
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000

0.6033
0.8803
0.9893
0.9970
0.9993
0.9997
1.0000
1.0000
1.0000
1.0000
0.9990
0.9923
0.9733
0.8203

ShiftScale-E
0.0000
0.0000
0.0010
0.0353
0.3117
0.8183
0.9907
0.9993
0.9867
0.8213
0.3287
0.0340
0.0007
0.0000

0.0003

1.0000

0.5580

0.0000

The Shift-E test holds the size on the boundary of the H0
region. In contrast, the Shift-E* test, Scale-E test and
Shift-Scale-E test do not hold their size and have lower
power than Shift-E test.

ACKNOWLEDGEMENT
This work was financially support by the grant
research fund of the Faculty of Science, King
Mongkut's Institute of Technology Ladkrabang.

Shift-Scaled simulations:
REFERENCES

Table 3: The Power of the Test
Data Simulated from Y E0  E1 X  H ,
where E1 = 0.98, E0 = -4, -3.9, -3.8, ..., 4 and V 2

E0
H0

H1

H0

-4
-3.9
-3.8
-3.7
-3.6
-3.5
-3
-2
-1
0
1
2
3
3.5
3.6
3.7
3.8
3.9
4

Shift-E

Shift-E

Scale-E

0.3893

0.0000

0.0633

0.4797
0.5757
0.6717
0.7537
0.8163
0.9763
1.0000
1.0000

0.0000
0.0000
0.0000
0.0000
0.0000
0.0003
0.0423
0.6867

0.0837
0.1043
0.1387
0.1767
0.2127
0.4513
0.9090
0.9963

1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000

0.9940
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000

1.0000
1.0000
0.9743
0.6570
0.3760
0.3270
0.2813
0.2363

1.0000

1.0000

0.1920
0.1660

Berger, R. L., Hsu, J. C., et al. 1996. “Bioequivalence trials,
intersection-union tests and equivalence confidence sets.”
Statistical Science, 11 (4), 283–319.
Brown, L. D., Hwang, J. G., & Munk, A. 1997. “An unbiased
test for the bioequivalence problem.” The annals of
Statistics, (pp. 2345–2367).
Chambers, D., Kelly, G., Limentani, G., Lister, A., Lung, K. R.,
& Warner, E. 2005. Analytical method equivalency.
Pharmaceutical Technology.
Hauck, W. W., & Anderson, S. 1984. “A new statistical
procedure for testing equivalence in two-group comparative
bioavailability trials.” Journal of Pharmacokinetics and
Biopharmaceutics, 12 (1), 83–91.
Jones, B., & Kenward, M. G. 2014. Design and analysis of
cross-over trials. CRC Press.
Kirkwood, T. B. L., &Westlake, W. J. 1981. “Bioequivalence
testing–a need to rethink.” Biometrics, 37 (3), 589–594.
Kutner, M. H., Nachtsheim, C. J., Neter, J., Li, W., et al. 2005.
Applied linear statistical models, vol. 103. McGraw-Hill
Irwin New York.
Lehmann, E. L., & Romano, J. P. 2005. Testing statistical
hypotheses. Springer Science & Business Media.
Limentani, G. B., Ringo, M. C., Ye, F., Bergquist, M. L., &
MCSorley, E. O. 2005. Beyond the t-test: statistical
equivalence testing.
Nandakumar, S. P. 2009. Statistical procedures for
bioequivalence analysis.
Schuirmann, D. J. 1987. “A comparison of the two one-sided
tests procedure and the power approach for assessing the
equivalence of average bioavailability.” Journal of
pharmacokinetics and biopharmaceutics, 15 (6), 657–680.
Stapleton, J. H. 2009. Linear statistical models, vol. 719. John
Wiley & Sons.
Stefanescu, C., & Mehrotra, D. V. 2007. “A more powerful
average bioequivalence analysis for the 2× 2 crossover.”
Communications in Statistics-Simulation and Computation,
37 (1), 212–221.
Stegner, B. L., Bostrom, A. G., & Greenfield, T. K. 1996.
“Equivalence testing for use in psychosocial and services
research: An introduction with examples.” Evaluation and
Program Planning, 19 (3), 193–198.
Wellek, S. 2010. Testing statistical hypotheses of equivalence
and noninferiority. CRC Press.
Westlake, W. J. 1972. “Use of confidence intervals in analysis
of comparative bioavailability trials.” Journal of
Pharmaceutical Sciences, 61 (8), 1340–1341.
Westlake, W. J. 1976. “Symmetrical confidence intervals for
bioequivalence trials.” Biometrics, (pp. 741–744).
Westlake, W. J. 1979. “Design and statistical evaluation of
bioequivalence studies in man.” In Principles and
Perspectives in Drug Bioavailability, (pp. 192–210).
Karger Publishers

32

ShiftScale-E
0.0257
0.0383
0.0537
0.0713
0.0897
0.1133
0.3010
0.8007
0.9790
0.9907
0.9817
0.8060
0.2790
0.1140
0.0897
0.0703
0.0517
0.0390
0.0280

The Shift-Scale-E test achieves the size of the test, but
has lower power than Shift-E test. In comparison, the
Shift-E test, does not hold its size.
CONCLUSIONS
Our simulations show that the Shift-E testing performs
the best as it has the most power of the test without
considering the size of the test. On the other hand, the
Shift-Scale-E testing achieves the size of the test, but it
has lower power of the test.
If we consider the power of the test only, the Shift-E test
(it is well-known as Two One-sided Test: TOST) works
the best. To consider the size ot the test, only the ShiftScale-E testing (it is our proposed testing as 2-df for shiftscale equivalence test) works well as our expected.
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Engineering Controllers for Swarm Robotics via
Reachability Analysis in Hybrid Systems
Francesco Leofante, Stefan Schupp, Erika Abraham, Armando Tacchella
KEYWORDS

for the emergence of desired behaviors or, on the contrary, might hamper the ability of the swarm to reach
the desired goals when specific circumstances arise.
In this paper, we propose to fill this gap by attacking the problem of engineering swarm robotics systems
through hybrid formalisms. In particular, hybrid automata [16] can be leveraged to define richer models.
Once such models are available, reachability analysis
can be employed to overcome the incomplete coverage
of testing and simulation. Here we report on the application of reachability analysis of hybrid automata to
verify controllers for swarm robotics. Modeling challenges are discussed, together with features and limitations of tools for reachability analysis. Preliminary
results are shown to support feasibility. Our contribution can be summarized as follows:
• Introducing hybrid automata and reachability analysis as a method to formally engineer robot swarms; to
the extent of our knowledge, this is the first contribution in this direction, with previous works focusing on
models that abstract from physical dynamics.
• Modelling and analysing two simple but realistic
swarm robotics systems, one entailing synchronization
without central coordination, and another considering
collision avoidance in exploration tasks.

Simulation of Control Systems, Model Checking of
Hybrid Systems Swarm Robotics
ABSTRACT
In this paper we propose hybrid systems and reachability analysis to verify properties in swarm robotics
systems, i.e., teams of robots performing cooperative
tasks without any centralized coordination. We discuss
the challenges that are to be faced and we report on
the experience gained from applying hybrid formalisms
to the verification of swarm robotics systems.
INTRODUCTION
Swarm robotics systems are specific kind of distributed autonomous mobile robotic systems wherein
a set of robots cooperatively perform a task, without
any centralized coordination [28]. The peculiar feature
of robot swarms is that, although individual robots are
governed by relatively simple reactive controllers, complex behaviors arise in the swarm, leading the team to
achieve goals that would defy each single robot in isolation, or would require more expensive robots to be
achieved as effectively as the swarm does. Interest in
this research field has been increasing in the last decade,
since it allows for robust, flexible, efficient and scalable
solutions — see, e.g, [5] for a review.
While understanding individual robot behavior is
easy, predicting the overall swarm behavior is difficult,
and thus engineering controllers for individual robots
that will guarantee a desired swarm behavior is not
a straightforward task. Traditionally, the analysis of
swarms is carried out either by testing real robot implementations, or by computational simulations – see,
e.g., [20], [22]. However these approaches provide little guarantees on the actual swarm behavior as they
suffer from intrinsically incomplete coverage. As suggested by many authors — see, e.g., [31], [29], [18], [6]
— desired levels of assurance in swarm behavior can
be obtained via formal methods. However, considering
the work done in this direction, we realized that most
approaches abstract away details about the continuous
dynamics of the robots, which may indeed be crucial
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Swarm robotics draws from the “simple control rules
of various biological societies, particularly ants, bees
and birds to the development of similar behaviors in
cooperative robot systems” [28]. A swarm can be characterized as in [5]: robots are autonomous; robots
are situated in some environment and act to modify
it; robot’s sensing and communication capabilities are
local; robots do not have access to centralized control and/or global knowledge; robots cooperate to accomplish a task. The cooperation among robots happens in different ways, including explicit communication through, e.g., a wireless network, or implicitly
through stigmergy [3], i.e., robots sense changes made
by other robots, and then adjust their behavior accordingly. In any case, the collective behavior is not predefined to any extent at the global level, but it is most
likely to be emergent, i.e., the result of several local
robot-to-robot and robot-to-environment interactions.
Here we take as working definition the one given in [24]
asserting that emergent behaviors are characterized by
two properties: (i) they are manifested by global states
or time-extended patterns which are not explicitly programmed in, but result from local interactions among
a system’s components; (ii) they are considered interesting based on some observer-established metric.

From an engineering point of view, the main advantage of swarm robotics systems lies in the fact that
all robots in the swarm feature the same architecture
whereon the same software stack and the same set of
reactive control rules are implemented. Furthermore,
swarms are inherently robust, because the failure of
a single robot rarely affects the success of the whole
task. From an abstract point of view, examples of tasks
which can be accomplished using swarms include aggregation, pattern formation, object clustering/building,
and self-assembling [5]. More concretely, in [32] it is
suggested that the following tasks might be best solved
by swarms: (i) environmental monitoring, e.g., detecting the accidental leakage of a chemical; (ii) operating
in dangerous/harsh environments, e.g., decommissioning nuclear power plants or clearing corridors in mining fields; (iii) containing damage, e.g., amassing oil
from a fractured tank of a carrier. In all these cases,
the robustness, cheapness, scalability and reconfigurability of swarms are key to their performances in operations. In this work we consider swarms of MarXbots [4],
ground-based robots that use differential-drive treels.
MarXbots have been conceived and built through several European projects focusing on swarm robotics —
see, e.g, [26]; successful applications of such robots can
be found, e.g., in [11] and [10]. To support our experimentation, we use ARGoS [30], a simulator designed
to efficiently simulate complex experiments involving
large swarms of robots, developed within the same European projects mentioned above.

tual implementation of robot controllers are not explicit. As an example, consider aggregation behavior.
The goal of aggregation is to group all the robots of
a swarm in a region of the environment [5]. Notice
that this requirement can be stated precisely, e.g., “after a predefined time lapse the maximum distance between any two robots shall be less than a given threshold ”. However, one of the most common methods to
implement aggregation is based on probabilistic finite
state controllers – see, e.g., [14] – whereby each robot is
equipped with a simple reactive controller that explores
the environment and, when it detects other robots, it
decides stochastically whether to join or leave the aggregate. Empirical evidence shows that a swarm of
robots equipped with such simple reactive strategy can
indeed aggregate [14], but the correct design and implementation of a single controller is clearly not enough to
increase confidence in such overall behavior. As mentioned in [5], testing with simulated and real robots
has to be performed in order to observe desired behaviors in swarms, but simulation may not account for all
the subtleties of real robots and environments, whereas
testing with real robots is extremely time consuming
and potentially very expensive.
The fact that traditional system engineering techniques may not be suitable for swarm robotics has
opened the path to alternative techniques, most noticeably those based on formal verification [31], [29], [18],
[6]. To the best of our knowledge, the first contribution
along this line of investigation is [31], wherein the authors investigated the applicability of formal methods
to the verification and validation of spacecraft using
swarm technology. More specifically, they considered
a number of approaches including Communicating Sequential Processes (CSP), process algebras, X-machines
and Unity Logic. However, their conclusion at the time
of the contribution (2004) was that none of the approaches had all the properties required to assure correct behavior and interactions of swarms in the context
of the ANTS (Autonomous Nano Technology Swarm)
concept mission. In [29], agent-oriented software engineering (AOSE) are investigated to provide support to
developing swarm robotics systems, still in the context
of the ANTS mission. However, no mention related
to assuring behaviors is to be found in the contribution
which is largely confined to model-based design and implementation techniques. A series of papers by Clare
Dixon et al. – see, e.g., [18] for the most recent contribution in the series – explores the potential of modeling
robot swarms using a composition of (probabilistic) finite state machines and of proving swarm-level requirements using model checking of (probabilistic) temporal
logic. Noticeably, in the case of probabilistic models
and logic, the model of each single robot controller is
very close to the actual implementation, and model
checking of relevant properties is reported to be feasible for swarms of relatively small size – less than 4
robots according to the experiments in [18]. The main
limitation of these approaches is that the dynamics of
the robots and the interactions between robots and the

THE PROBLEM OF SWARM
ENGINEERING
Swarm robotics is the subject of an intense research effort, as witnessed by dedicated conferences,
e.g., ANTS, and journals, e.g., Swarm Intelligence1 .
However, in spite of some recent contributions [9], [23],
[1], swarm robotics systems are still largely confined to
academia [5] where they enjoy the status of research
prototypes built to collect empirical evidence. In this
setting, engineering efforts can be kept at a bare minimum, i.e., enough to survive a single experiment, so
there is no strong push towards introducing rigorous,
but also time-consuming, approaches. We posit that
engineering swarm robotics systems amounts to (i) getting a swarm of robots to perform a given task and
(ii) making sure that repeatable and reliable behavior
is obtained from the swarm with sufficient confidence.
While requirement (i) has been the subject of extensive research – see [5] for a recent review – requirement
(ii) is still not considered mainstream. This is not surprising, because for a swarm robotics system the relation between the definition and the implementation of
the system “behavior” is somewhat non-standard with
respect to other distributed robotics implements, and
other engineered systems as well.
Indeed, while swarm-level requirements can be expressed with sufficient precision, the causal links among
the conditions stated by the requirements and the ac1 Publisher’s

link: http://link.springer.com/journal/11721
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Init(l0 ) ∧ Inv (l0 ). A state (l, ~v ) is reachable in H if

environment are neglected, whereas in robot swarms
these could be crucial to the performances of the whole
system. Finally, in [6] an approach based on probabilistic finite state machines and probabilistic temporal
logic is put forth in order to provide property-based
design of swarm robotic systems. The case study of aggregation is presented and studied in the context of a
swarm of 10 robots. Also in this case, the robot model
and the interaction model abstract away the concrete
robot dynamics.

δ

e

δ

2
1
0
. . . of H
(l2 , ~v2 ) →
(l1 , ~v1 ) →
there is a path (l0 , ~v0 ) →
with (l, ~v ) = (li , ~vi ) for some i ≥ 0.

Once a hybrid automaton of a given hybrid system
has been formalized, we might be interested in analyzing its behavior. Given that the hybrid systems we are
considering are physical agents that can act and modify the environment, we might want to enforce stringent
safety requirements upon their behavior. Such requirements can be formalized as sets of states to be avoided
in the state space of a hybrid automaton.

HYBRID SYSTEMS REACHABILITY
ANALYSIS

In the following, we briefly introduce the syntax and
The reachability problem for hybrid automata is the
semantics of hybrid automata, and motivate their usage
problem to decide whether a given state (or any state
in the context of swarm robotic systems.
from a given set) is reachable by a hybrid automaDefinition 1 (Hybrid automata: Syntax [16]) A hyton. As the reachability problem for hybrid automata is
brid automaton is a tuple H = (Loc, Var , Flow , Inv , Edge, Init)in general undecidable, some approaches aim at comconsisting of:
puting an over-approximation of the set of reachable
• A finite set Loc of locations or control modes.
states of a given hybrid automaton. We focus on approaches based on flowpipe construction, which itera• A finite ordered set Var = {x1 , . . . , xn } of realtively over-approximate the set of reachable states by
valued variables; we also use the vector notation ~x =
the union of a set of state sets – see e.g. [12] for fur(x1 , . . . , xn ). The number n is called the dimension of
˙ we denote the set {ẋ1 , . . . , ẋn } of dotted
ther details. To represent a state set, typically either
H. By Var
a geometric or a symbolic representation is used. Gevariables (which represent first derivatives during conometric representations specify state sets by geometric
tinuous change), and by Var 0 the set {x01 , . . . , x0n } of
objects like boxes [27], (convex) polytopes [34], zonoprimed variables (which represent values directly after
topes [15], or ellipsoids [19], whereas symbolic reprea discrete change). Furthermore, Pred X is the set of
sentations use, e.g., support functions [21] or Taylor
all predicates with free variables from X.
models [7]. These representations might have major
• Flow : Loc → Pred Var ∪Var
˙ specifies for each location
differences in the precision of the representation (the
its flow or dynamics.
size of over-approximation), the memory requirements
• Inv : Loc → Pred Var assigns to each location an
and the computational effort needed to apply operinvariant.
ations like intersection, union, linear transformation,
• Edge ⊆ Loc × Pred Var × Pred Var ∪Var 0 × Loc is a
Minkowski sum or test for emptiness.
finite set of discrete transitions or jumps. For a jump
(l1 , g, r, l2 ) ∈ Edge, l1 is its source location, l2 is its
For a given state set p, flowpipe-construction-based
target location, g specifies the jump’s guard, and r its
approaches compute the successors of the states from p
reset function, where primed variables represent the
by first over-approximating the set of states reachable
state after the step.
via time evolution (flowpipe) and afterwards the set of
• Init : Loc → Pred Var assigns to each location an
states reachable from the flowpipe as jump successors.
initial predicate.
Time evolution is usually restricted to a time horizon
The evolution of a hybrid system over time can be
(either per location or for the whole execution), which
described by a run in the respective hybrid automaton,
is divided into smaller time steps. The states reachable
which includes both continuous evolution (flow) and the
from p via one time step are over-approximated by a
discrete state changes (jump). The formal semantics of
state set p1 , for which again the time successors p2 via
a hybrid automaton is defined as follows.
one time step are computed. This procedure is repeated
Definition 2 (Hybrid automata: Semantics) The oneuntil the time horizon is reached or the successor set
step semantics of a hybrid automaton H =
gets empty (due to the violation of the current loca(Loc, Var , Flow , Inv , Edge, Init) of dimension n is spection’s invariant). The union of the resulting state sets
ified by the following operational semantics rules:
p1 , . . . , pk , which are called flowpipe segments, overl ∈ Loc ṽ , ṽ 0 ∈ Rn
approximates the flowpipe. For each outgoing jump
n
n
0
~ f(δ) = v
~
f : [0, δ] → R
f/≈ = ḟ : (0, δ) → R
f(0) = v
∀ ∈ (0, δ). f (), f˙() |= Flow (l ) ∀ ∈ [0 , δ]. f () |= Inv (l )
and each of the flowpipe segments the jump successors
Rule flow
δ
(l, ~v ) → (l, ~v 0 )
are computed, to which the above procedure is applied
iteratively until a given upper bound (jump depth) on
~ |= ð v,
~ v
~ 0 |= r v
~ 0 |= Inv (l 0 )
e = (l, g, r, l0 ) ∈ Edge ṽ , ṽ 0 ∈ Rn v
the number of jumps is reached or until a fixed point
Rule
jump
e
(l, ~v ) → (l0 , ~v 0 )
is detected. A non-exhaustive list of software impleδ0
A path of H is a (finite or infinite) sequence (l0 , ~v0 ) →
mentations of flowpipe-construction-based methods ine1
δ2
e3
δ4
cludes Cora [2], Flow* [8], HyCreate [17], HyPro
(l1 , ~v1 ) →
(l2 , ~v2 ) →
(l3 , ~v3 ) →
(l4 , ~v4 ) →
. . . with
[33] and SpaceEx [13].
(li , ~vi ) states of H, δi ∈ R≥0 , ei ∈ Edge, and ~v0 |=
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counting
ẋ = 1

x ∈ [0, f ]

can subsequently be verified. Furthermore, encoding
the behavior described in Equation 1 is non-trivial, as
it involves a case distinction. To reproduce such behavior, we adopted the following solution. The case
distinction is encoded in guarded discrete transitions,
two for each variable. Instead of introducing exponentially many transitions to cover all combinations for all
variables, we make use of N − 1 intermediate locations
where no changes occur in the continuous dynamics –
we refer to such locations as empty. Note that the introduction of those additional locations should not increase the complexity of the reachability analysis as no
flow occurs and no time passes. Our solution employs
urgency and multi-edges (i.e., two or more transitions
connect the same pair of locations), however not all
tools for linear reachability support such features. Of
course, other modeling choices could have been made,
e.g., eliminate multi-edges by introducing additional intermediate empty locations with exclusive transition
guards, or enforce urgency with a combination of invariants and guards. However this would have resulted
in an unnecessarily complex model.

xi > f
x0i := 0
x0j := xj + ε ∀j 6= i
firing
ẋ = 0

x≤f
*
* xN ≥ f
x0N := 0
xN < f

x1 ≥ f
x01 := 0
adapting*
ẋ = 0
*

x1 < f

N −1

Fig. 1: Hybrid automaton for the synchronization problem.
CASE STUDIES
This section shows experimental results for two problems from the field of swarm robotics, which are analyzed using hybrid systems reachability analysis.
A. Synchronization without central coordination
A.0.a Problem description.. This experiment reproduces the behavior of pulse-coupled oscillators as
described in [25] and implemented in the ARGoS simulation environment (see Figure 3). In particular, the
model involves a population of MarXbots, each of which
is equipped with a LED. Each robot is characterized by
a state variable xi representing a counter, subject to the
following dynamics:
ẋi = 1

0 ≤ xi ≤ f,

A.0.c Reachability analysis results..
We carried out our experiments using our own implementation based on our C++ library for reachability analysis HyPro. We modeled a system consisting of
three robots 2 starting with different initial sets for
the counter variables (x1 ∈ [0, 5], x2 ∈ [15, 20], x3 ∈
[30, 35]) and an update factor α = 1.1. A plot of the
set of reachable states for a predefined time bound of
300s can be found in Figure 4a, which shows the set
of reachable states for all robots combined in one plot.
Results of reachability analysis show that global synchronization emerges over time. In particular, after a
short time period the counter values x2 , x3 already are
almost perfectly synchronized. Counter variables are
updated by factors proportional to their current values
resulting in different convergence behavior as shown in
Figure 4b). Here we can see that as soon as x3 reaches
the firing threshold, x1 and x2 undertake discrete updates of different quantities. Approximate synchronization is reached after about 250s.

i = 1, . . . , N

where f represents the so-called firing threshold.
When xi = f , robot i flashes its central LED and xi
is reset to zero. Robots are assumed to interact by a
simple form of pulse coupling: when robot i flashes, it
increases all the other robots’ counters by an amount
defined by α, or pulls them to firing, according to the
following relation:

xi = f =⇒

x0j


:=

α · xj
0

if α · xj < f
otherwise

∀j 6= i

B. Collision avoidance in exploration tasks

(1)
This problem represents a good example of how
global swarm behaviors can emerge in decentralized distributed systems without being explicitly specified by
individual control algorithms.

B.0.a Problem description.. This experiment models a scenario where MarXbots perform collision avoidance while exploring a square environment. Given arbitrary initial poses (i.e., position and heading), robots
start moving following straight line trajectories. Each
robot is equipped with a range sensor used to detect
static and dynamic obstacles – e.g. walls and robots –
within a fixed sensing distance. If the sensed distance
between two robots is below a security threshold, a collision avoidance behavior is triggered. Our experiment
implements a simple collision avoidance scheme where
robots always prevent collisions by turning by a fixed
angle. Angles are defined using the classical notation

A.0.b Modeling.. The automaton for the synchronization problem is shown in Figure 2 following the
notation presented in Definition 1. In addition to what
is already defined, the symbol * placed next to a transition denotes urgency, which forces the control to take
the respective transition as soon as it is enabled.
Despite the simple dynamics involved in this experiment, this problem poses some interesting challenges.
First of all, not all the tools for reachability analysis
support parallel composition – to our knowledge only
SpaceEx supports this feature. To overcome this limitation, we derived a non-compositional model which

2 Note that this number has been chosen for the sake of readability of the plots. Higher swarm sizes have successfully been
analyzed.
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Fig. 2: Synchronization of flashing behavior within a swarm.
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Fig. 3: Reachable sets for the synchronization of three robots. Figure 4a shows the evolution of reachable sets over
a time horizon of 300s, while Figure 4b shows the effect of the first discrete jumps in more detail.

where zero reflects a heading along the x-axis and angles increase counterclockwise. This behavior will be
active until both robots are sufficiently far away from
each other, that is, their distance is above the security threshold. A slightly different behavior is triggered
whenever a static obstacle, is detected. In this case,
the heading of the robot is changed following simple
reflection-like behavior. This experiment, albeit in a
simplified form, shows how reachability analysis can be
employed to analyze robotics systems involving differential drive actuation, field of view of sensors, heading
of robots as well as collision avoidance. A simulation
in ARGoS of the behaviors described above is shown
in Figure 5.

leading to large models. Given the presence of nonlinear terms in the kinematic model of the robots, only
Flow* could be used for the analysis of the model.
The tool does not provide support for urgency, forcing
us to use clock invariants to obtain a similar behavior.
Moreover, if two robots get too close we impose a turn
of a fixed angle – e.g., π3 to the right in the example
shown here. Since θi ∈ [0, 2π] for each robot, additional
locations (labeled as adapting θi ) have to be introduced to check, and adjust if needed, the value of each
of the robots’ headings. Modeling the collision avoidance for walls requires to take into account the robot’s
pose upon their detection. To do this we enumerate all
possible configurations in which the robot is about to
leave the workspace and for each we introduce transitions and locations to update the robots’ heading accordingly. For the sake of simplicity this is represented
in Figure 6 by means of the predicates atB(x, y, θ) and
update(θ) and the location wall avoidance.
To do this, we introduce additional locations (labeled as wall avoidance) to update the heading of
each robot, as Flow* does not support multi-edges.

B.0.b Modeling..
The automaton for the collision
avoidance problem is shown in Figure 6. The notation
is analogous to the one used in Figure 2. We use B
to represent the workspace of the robot and by di,j
we denote the distance between two robots, which has
to be above a security threshold ε. A clock c is used
to model timing constraints on the execution of the
controller, e.g. the frequency at which the controller
executes.
Modeling this scenario is non-trivial, due to intricacies of the problem as well as limitations of the tools.
First of all, our scenario includes complex behaviors

B.0.c Reachability Analysis results.. As the dynamics of this model is nonlinear due to the involved
transcendental functions, we could not make use of our
own library, which is only suitable for linear hybrid
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(a) Sensors detect a violation of the safety area.

(b) Collision avoidance is triggered, robots turn.

Fig. 4: Collision avoidance behavior with two robots and static obstacles. Trajectories followed by robots are also
depicted.

v = const ∧ w = 0
x, y ∈ B
θ ∈ [0, 2π]

adapting θ1
ẋ = v cos θ
ẏ = v sin θ
θ̇ = w, ċ = 1

θ2 ≥ 0
θ1 < 0
θ10 := θ1 + 2π

wall avoidance
ẋ = 0
ẏ = 0
θ̇ = 0, ċ = 1
x, y ∈ B
c≤0

atB(xi , yi , θi )
update(θi )

c ≥ 0.1 ∧ d1,2 ≤ ε
driving
avoid collision
θ10 := θ1 − π3
ẋ = v cos θ θ0 := θ2 − π ∧ c0 := 0
ẋ = v cos θ
2
3
ẏ = v sin θ
ẏ = v sin θ
θ̇ = w, ċ = 1
θ̇ = w, ċ = 1
x, y ∈ B
c ≤ 0.1

c ≥ 0.1 ∧ d1,2 > ε
c0 := 0

θ1 ≥ 0 ∧ θ2 ≥ 0

x, y ∈ B
c≤0

θ2 < 0
θ20 := θ2 + 2π

x, y ∈ B
c≤0

θ1 ≥ 0 ∧ θ2 < 0
θ20 := θ2 + 2π

adapting θ2
ẋ = v cos θ
ẏ = v sin θ
θ̇ = w, ċ = 1
x, y ∈ B
c≤0

Fig. 5: Hybrid automaton for the collision avoidance
with two robots. To ease model understanding not all
locations are depicted here.
automata and used Flow* instead. During analysis
we tracked the position of two robots behaving according to the automaton presented before. Our first
results (see Figure 7a) show the trajectories of two
robots obtained by using an exact initial pose pi – here
π
p1 = (4, 1, 3π
4 ) and p2 = (2, 1, 4 ). Initially both robots
drive straight until the distance between them is below
the safety threshold ε. The control switches to collision
avoidance behavior instantly adjusting the heading by
a fixed amount. Note that more than one loop between
driving and avoid collision might be needed before a safe distance is established again. Furthermore
we can observe, that after bouncing off the walls, both
robots encounter each other again, resulting in a second
evasive maneuver. The presented plots show a projection of the trajectory abstracting away time. Therefore
an intersection of trajectories does not necessarily imply a collision of the robots.

both robots after the first maneuver are shown in Figure 7b. From the results we can see the impact of the
larger initial sets, as the flowpipes containing the possible trajectories show branching behavior. Branching
is due to the non-determinism introduced by working
with sets. In general, sets contain more trajectories,
which can satisfy certain predicates at different points
in time. In this case, while parts of the flowpipe already
allow to end the evasive maneuver (i.e. the guard predicate to avoid collision is not satisfied), others still
contain trajectories whose distance is below the threshold ε forcing the control to continue collision avoidance.
The observed effect for even small initial sets already
indicates that classical approaches based on simulation
are prone to miss certain cases. Reachability analysis
instead tracks every single trajectory starting from the
initial set and can provide conclusive results. However
this comes at the price of increased computational effort as this approach accounts for all possible systems
behaviors due to the introduced non-determinism on
single maneuvers.
CONCLUSIONS
In this paper we have shown how algorithms and
tools for verification of hybrid systems could be
employed to analyze controllers for swarm robotics.
Reachability analysis via flowpipe construction was
used as the basis for the verification of global swarm
behavior. Experimental results show the feasibility and
potential of our approach, nevertheless several challenges are yet to be addressed in order to increase the
applicability of such technique to robotics.
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Chen, X., Ábrahám, E., Sankaranarayanan, S.: Flow*: An
analyzer for non-linear hybrid systems. In: Proc. of CAV’13.
LNCS, vol. 8044, pp. 258–263. Springer (2013)
Delight, M., Ramakrishnan, S., Zambrano, T., MacCready,
T.: Developing robotic swarms for ocean surface mapping.
In: Proc. of ICRA’16. pp. 5309–5315 (2016)
Ducatelle, F., Caro, G.A.D., Pinciroli, C., Gambardella,
L.M.: Self-organized cooperation between robotic swarms.
Swarm Intelligence 5(2), 73–96 (2011)
Ferrante, E., Brambilla, M., Birattari, M., Dorigo, M.:
Socially-mediated negotiation for obstacle avoidance in collective transport. In: Proc. of DARS’10. pp. 571–583 (2010)
Frehse, G.: An introduction to hybrid automata, numerical simulation and reachability analysis. In: Formal Modeling and Verification of Cyber-Physical Systems. pp. 50–81
(2015)
Frehse, G., Guernic, C.L., Donzé, A., Ray, R., Lebeltel,
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Sparc T1 processor, where four-thread cores were combined into one CPU. For home applications, the first
multithreaded processor was the Pentium 4 presented
in 2002, which was equipped with the Hyper-Threading
technology, thanks to which the work could be divided
between two virtual threads. The next step on the way
to multi-core was the Intel Pentium Extreme Edition
processor, which physically glued two Pentium 4 cores
into one chip. This design faced with major performance problems, mainly associated with the separation of
the cache memory of each core. This problem was solved in its successor, the Core 2 architecture. Simultaneously with Intel’s designs, its main competitor, Advanced Micro Devices (AMD) presented its dual-core
Athlon 64 X2 processors.

CPU; Optimization; Parallelization; Vectorization
ABSTRACT
The main aim of this study is to answer the question:
how to effectively implement the creation of the finite
element stiffness matrix in parallel simulations of Finite Element Method using the full advantages of modern multiprocessors such as parallelization combined
with vectorization. In this work, an efficient method for
implementation of a Finite Element Method numerical
integration algorithm on a modern Intel Haswell CPU
architecture was developed. This algorithm was chosen, due to its non-trivial structure and the fact that
its optimization is often omitted in research in favour of
accelerating the other phases of FEM. Tests included
two types of tasks to solve, with the use of two types of approximation and two types of finite elements.
During this study, several methods for the implementation of the chosen algorithm was investigated, including
Intel Cilk Plus, Intel Intrinsics and other computing
techniques. Results were compared with an older Sandy Bridge architecture, showing a significant impact of
vectorization and large cache on the performance of the
modern CPUs. Our research gives suggestions for choosing the optimal design of algorithms and effectively
using all of the features of the modern CPUs.

Since the introduction of the first multi-core processors, it has been possible to observe continuous attempts to increase the number of cores, along with reducing the size of the transistors forming them. Already
in 2007, Intel unveiled a prototype Polaris processor
with 80 cores, and in 2009, a 48-core Single-Chip Cloud Computer. Hardware solutions presented in these
processors have been successfully implemented in newer architectures such as Sandy Bridge and Many Integrated Core (MIC).
The next step to increase the computational capabilities of modern general purpose processors is to equip
them with specialised units for operations on vectors.
Thanks to this, it has become possible to make fragments of programs corresponding to the Single Instruction Multiple Data (SIMD) paradigm, that is, where a
single instruction is used simultaneously for many data.
The first unit of this type was the MMX (MultiMedia
eXtensions) introduced in 1996 in Pentium processors,
allowing operations on 64-bit integers. The next units
that expand the vector capabilities of modern processors were 128-bit Streaming SIMD extensions made for
the single precision floating point operations. Subsequent versions of SSE introduced support for double
precision numbers and added a large number of vector
processing support commands. The presence of such registers also enables the packaging of independent data
and its processing by the vector units.

INTRODUCTION
The development of modern general purpose processors is associated with continuous attempts to increase
their power through various treatments. The initial frequency increase and the growing number of transistors
were supplemented by the expansion of the number of
computing cores. This is related to Moore’s law saying
that the number of transistors in integrated circuits
doubles every 24 months (Moore, 1965). The current
trend in the use of many cores in the production of
general purpose processors began with IBM introducing in 2001 Power4 processor which was the first unit
with two cores in one chip (Tendler et al., 2002). At
the same time, the concept of multithreading has been
developed (Ungerer et al., 2002). Both concepts were
combined in the "Niagara" architecture of the UltraCommunications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
ISBN: 978-3-937436-65-4/978-3-937436-66-1(CD) ISSN 2522-2414
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NUMERICAL INTEGRATION

calculated using (3)

Numerical integration is an important part of many
engineering problems. One of the computing methods
that is widely using numerical integration is the Finite
Element Method. FEM is used to calculate the approximate solution of partial differential equations defined
for a given, computational area Ω with given conditions on the margin ∂Ω (Zienkiewicz and Taylor, 2000;
Becker et al., 1981). For the purpose of calculations,
it is assumed that the calculated area should be divided into elements with simple geometry (tetrahedrons,
cubes, prismatic elements). The whole system matrix,
called the stiffness matrix, is obtained by assembling
element stiffness matrices, with the entries corresponding to pairs of element basis functions. The form of
the basis functions depends on the chosen approximation method. In this research, discontinuous Galerkin
approximation and standard linear approximation methods were used. The first of these methods define basis
functions as an extension for the entire computational
area of the element shape functions φr (r = 1, ..., NS ),
which are the local polynomials of the order p, independently for each element. In the standard linear approximation method, the basis functions are created by
the appropriate "glueing" of the shape functions defined
for individual elements. In a single element, the shape
functions are in the form of linear or multi-linear functions depending on the used element (tetrahedral or
prismatic).
The integrals calculated for the shape function of individual elements form local stiffness matrices for each
element. The elements from these matrices can appear
in some places in the global stiffness matrix.
To calculate each entry of the element stiffness matrix we are using the equation (1).
AeiS jS =

Z X
Ωe

C iD j D

iD ,jD

∂φiS ∂φjS
dΩ,
∂xiD ∂xjD

beiS =

NQ NS ND
XX
X
iQ

iS

DiQ iD ψ iQ iD iS voliQ ,

(3)

iD

A single element of the global stiffness matrix and
load vector is the integral over the entire computational
area, which can be presented as the sum of integrals
over individual elements:
Z
XZ
...dΩ =
...dΩ
(4)
Ω

ei

Ωei

Due to the zeroing of each of the basis functions in
the entire computational area except one or several elements, in most cases, elements in global stiffness matrix
are equal (or near) to zero. This means that the created stiffness matrix is a rare matrix. The number of
non-zero elements depends on the mesh type, the type
of elements and the selected approximation. For a linear approximation, the number of non-zero elements in
the row of the matrix is of the order of a dozen or so.
In the case of discontinuous Galerkin approximations
of higher degrees, the number of non-zero elements increases to hundreds in a row. Nevertheless, in any case,
most of the matrix elements are equal to zero.
As a consequence of the formulas and conclusions
above, we can present a generic numerical integration
algorithm (Fig. 1).

(1)

In the next step we are changing the variables from
the real to the reference element and in order to perform numerical integration we are using numerical quadrature to transform the equation (1) into the sum
(2).
AeiS jS =

NQ NS ND
X
X X

C iQ iD j D ×

iQ iS ,jS iD ,jD

ψ

iQ iD iS

ψ

jQ jD jS

(2)

iQ

vol ,

In the above formula C is an array of a problem dependent coefficients, each ψ are global derivatives of element shape functions and voliQ is the determinant of
Jacobian transformation matrix multiplied by a Gaussian quadrature weights. Indices denoted by iQ (jQ ), iS
(jS ) and iD (jD ) are in turn responsible for: Gaussian
points, shape functions and different spatial derivatives
for test and trial function. The corresponding formula
for the right hand side vector, called the load vector, is

Fig. 1. FEM numerical integration algorithm

In our previous work, we focused on transferring the
selected algorithm to various types of hardware accelerators. This included some hybrid processors like PowerXCell (Krużel and Banaś, 2010; Krużel and Banaś,
2013) and AMD Accelerated Processing Unit (Krużel
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TABLE I: Tested Intel Xeon processors (Intel Corporation,
2018)

and Banaś, 2015), Intel Xeon Phi numeric coprocessors (Krużel and Banaś, 2014), and GPU-based architectures (Banaś and Krużel, 2014; Banaś et al., 2018).
The main problem considered in previous works was
the method of managing, often limited, resources of various types of accelerators in order to obtain an efficient implementation of the numerical integration algorithm. This resulted in the development of several
efficient implementations of the algorithm for individual accelerators and the creation of an automatic code
tuning system (Banaś et al., 2016) in order to maximise the universalisation of the generated code. This
work aims to take advantage of a series of low-level
programming mechanisms in order to achieve the highest possible efficiency for the surveyed architectures
of general purpose processors. This allows for obtaining
the appropriate reference results for further accelerator
studies. It will also check whether the mechanisms appropriate for modern processors, such as vectorisation
and parallelisation will allow using the full power of the
hardware for non-trivial algorithms such as numerical
integration in FEM.

Frequency
Cores
Threads
L2 Cache
L3 Cache

Xeon E5-2699 v.3
(Haswell)
2,3 GHz
18
36
4,5 MB
45 MB

The configuration used in this work included both
multi-core, multi-threading and multiprocessor configuration (2 processors per system). The characteristics
of the tested processors are presented in table I.
PROGRAMMING TOOLS
ModFEM
As the primary tool, a modular software framework
for engineering calculations using the Finite Element
Method (ModFEM) was used (Michalik et al., 2013).
Thanks to its modular structure, it allows for modification of individual fragments of FEM calculations such
as approximation, mesh operations or solver solutions.
The main module managed by the user is the problem
module, which is used to define the FEM weak formulation and determines what other modules will be used.
For the current work, the approximation module of
the ModFEM framework was modified to support optimisations made to the numerical integration algorithm.
The problem modules of the analysed problems have also been modified, in order to properly prepare the data
structures and compare the obtained results with and
without optimisation.

MODERN CPU
During the research, the author analysed the numerical integration algorithm on a CPU based on the Intel
Sandy Bridge architecture and its successor with the
code name Haswell. Intel Sandy Bridge was the first
CPU architecture equipped with 256-bit AVX (Advanced Vector eXtension) units allowing for the processing
of 4 double-precision or 8 single-precision floating point
numbers at once. The main differences between the two
architectures lay in the increased numbers of processing units in the newer architecture. These additional
processing units are supporting AVX2 instructions - of
which the most important is the so-called FMA (fused
multiply-add) (5), which was previously available only in digital signal processors (DSPs) and accelerators
(PowerXCell 8i).
a =b+c∗d

Xeon E5 2620
(Sandy Bridge)
2 GHz
6
12
2 MB
15 MB

Programming languages and extensions
The programming language used to create the code
was C as one of the most efficient high-level languages,
allowing at the same time a relatively low-level control over the hardware and how it interprets the issued
orders.
The primary compiler used by the author was the Intel C Compiler (Intel Corporation, 2015) that is a part
of the Intel Parallel Studio XE package and the GNU
C Compiler (gcc) with extensions supporting parallelism and vectorisation. During programming of general
purpose processors, the following libraries and language
extensions were used:
OpenMP - application programming interface allowing the use of threads in the shared memory model.
It allows for dividing work between individual threads.
It has built-in structures that facilitate the division of
work so that the programmer can balance the load depending on the available resources (OpenMP Architecture Review Board, 2015)

(5)

The use of FMA instructions considerably accelerates
algorithms that use the multiplication and addition in
one step and improves their accuracy by operating on
non-rounded components. In addition, in Haswell architecture, arithmetic and logic units that were operating
on 128 bits were replaced with 256 bits units. A significant improvement applied in the Haswell architecture is
the upgrade of the cache memory handling with an additional address generation management unit allowing
two reads and one write to be performed during each
clock cycle, which was only possible for the Sandy Bridge architecture with the appropriate data alignment of
memory (256-bit) (Kanter, 2012). As noted, from the
computing power point of view, the main improvements
in the new Haswell architecture are based on adding a
set of AVX2 instructions expanding the previous one,
which is associated with the increase of the number of
available registers from 144 to 160 per core and adding
FMA instructions.

Fig. 2. Intel Cilk Plus Array notation (right) compared with
standard notation (left)
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Cilk Plus - C language extensions introducing the
possibility of parallelisation in a way analogous to
OpenMP. Also, Cilk Plus introduces an array notation
(Intel Cilk Plus Array Notation), which facilitates the
handling of tables for the programmer and automatic
vectorisation for the compiler (Fig. 2). Thanks to language extensions, Intel Cilk Plus allows for a direct
identifying fragments for vectorisation and allows for
a proper aligning of tables to match vector registers.

on whether the processor will always have the necessary data available (for high-intensity values), or its
processing pipelines will wait for the data to be delivered from memory (for low-intensity values). For each of
the processors, it is possible to calculate the arithmetic
intensity limit value, called the processor (or machine)
balance. It separates the cases when the intensity is
high from the cases where data from memory are not
supplied quickly enough to ensure that processing pipelines work without downtime (McCalpin, 1995). For
the estimated numbers of floating point operations and
accesses to memory, in the case of integration for linear approximation, the arithmetic intensity values are
presented in the table II.
TABLE II: Theoretical arithmetic intensity of the numerical
integration algorithm for a standard linear approximation

Fig. 3. Intel Intrinsics instruction

Poisson
tetrahedron prism
16,89
47,73

Intel Intrinsics - a set of instructions that are directly translated to the machine language (assembler) of
the processor. They allow for total control over the way
of execution while giving full access to the arithmetic
logic units of the processor. This allows for direct optimisation of the code without using the compiler option
(Fig. 3).

convection-diffusion
tetrahedron prism
24,62
60,08

In the same way, the arithmetic intensity value was
calculated for the convection-diffusion problem with a
discontinuous Galerkin approximation and a high degree of approximation (Tab. III).

SOLVED PROBLEMS

TABLE III: Theoretical arithmetic intensity of the numerical
integration algorithm for a Discontinuous Galerkin
approximation

Within this work, the chosen processors were tested
with two FEM problems - the Poisson equation and the
generalised convection-diffusion equation. The first problem is quite simple and less computationally demanding, while the second one is more comprehensive and
needs more resources (memory and compute power).
For a simpler standard linear approximation, we used
two types of elements - tetrahedral which are geometrically linear and prismatic with more complex geometry.
For the high-order discontinuous Galerkin approximation, we were solving the convection-diffusion problem
with the use of prismatic elements. This allowed for a
comprehensive examination of the optimisation possibilities and the full use of the available hardware.

Degree of approximation
3
4
5
471,33 757,24 1392,62
Due to the fact that the estimated values of the number of arithmetic operations and RAM accesses do not
take into account any optimisation, the actual arithmetic intensity value for the optimised algorithm may be
slightly lower.
IMPLEMENTATION
Linear approximation

Arithmetic Intensity

In order to obtain the highest efficiency and the fullest possible use of the available capabilities of the chosen processors, several versions of the algorithm were
tested.
The first version was implemented with the use of
OpenMP framework with the parallelisation of the loop
over elements (line 2 in the algorithm form figure 1)
and tested with automatic optimisation options which
include vectorisation (-O3).
The next step was to optimise the algorithm for architecture. In order to optimise access to memory, the
data tables have been aligned to the 32 bytes and, in
the case of prismatic elements, they have been extended
to the size which is divisible by the size of an AVX register (256-bit). In order to facilitate vectorisation, the
tested version of the algorithm was implemented with
the use of the Intel Cilk Plus array notation discussed
earlier. At the same time, areas of code that should be

An important element of the performance analysis is
the examination of the number of accesses to different
levels of the memory hierarchy during the execution of
the algorithm. Such a study is possible only taking into
account the details of calculations on specific architectures. In specific cases, a limited analysis is possible,
allowing to characterise the relationship between the
requirements of the algorithm regarding the number of
operations and the number of memory accesses.
For an in-depth performance analysis of our algorithm we have computed the theoretical number of floating points operations and the minimal numbers of
accesses to the main memory. It allows for calculating
the arithmetic intensity of the numerical integration
algorithm, expressed in the number of operations per
single access to memory. The arithmetic intensity is a
significant performance parameter - its value depends
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the limiting factor is the efficiency of the floating point
operations processing. In the case of the Poisson task,
the calculated intensity is on the border of the floating
point processing efficiency and the speed of RAM. In
the case of Haswell architecture, the factor limiting the
efficiency of the algorithm is obtaining the data from
memory.

vectorised were marked by #pragma vector and #pragma simd. Using all possible CPU functions was forced
on the compiler using the -xHost switch (Intel Corporation, 2012).
Another applied method of optimisation was the use
of Intel Intrinsics instructions to direct control over the
execution. This method was mainly used to compare
the possibilities of classic optimisations, along with the
special functions of the compiler, with manual control
of the hardware.
Since the version based on Intel Intrinsics seems to
be impossible for further optimisation in the current
algorithm form, in the next step, the whole algorithm
was reorganised. This optimisation forced vectorisation
at the same level as parallelisation. Thanks to this, during one loop, four elements are processed at once (for
double precision floating points). This reduced the final
loop size for parallelisation, but it was connected with
the increase in the number of local tables for temporary variables and the complex indexation of input and
output arrays, which may affect the final performance.
The modified algorithm was named Stride for further
reference.

Results
The results of the tests performed for the developed
algorithms and each of the processors are presented in
the tables V and VI. The best results have been bolded.
TABLE V: Achieved execution times in ns for processor with
Sandy Bridge architecture

SB
O3 vec
Cilk
Intrinsic
Stride

Execution model and performance analysis

Haswell
O3 vec
Cilk
Intrinsic
Stride

TABLE IV: Tested systems performance parameters
(T-theoretical, B-benchmark)(Intel Corporation, 2018)
Compute
[GFlops]

Memory
[GB/s]

2×Xeon E5 2620

T

240,0

85,2

(Sandy Bridge)
24 Threads

B

200,9

35,2

2×Xeon E5 2699 v.3

T

1324,8

136,0

(Haswell)
72 Threads

B

964,8

96,7

Poisson
tetra prism
8,60
18,35
8,45 19,84
8,56 18,33
8,47
21,57

conv-diff
tetra
prism
11,79
26,69
11,65
27,92
11,62 26,97
11,63 23,58

As we can notice the higher speedup (1,66) was obtained for the prismatic elements and the convectiondiffusion problem for the Sandy Bridge processor. For
the Haswell processor, small speedups were obtained in the best case of the same most demanding task as in
older architecture it was a factor of 1,13. We can notice
that the speedup grows with the complication of the
mesh geometry and the solved problem.
Comparing the performance between individual processors, we can notice that the Haswell processor is approximately three times faster than the processor with
the Sandy Bridge architecture. From this dependence,
it can be concluded that the factor limiting the efficiency is the speed of downloading data from RAM, because according to the results obtained in the benchmarks,
Haswell’s memory is about three times faster than Sandy Bridge. For more complicated tasks (convectiondiffusion) and elements with non-linear geometry (prisms), it achieves a speedup of 5×, which indicates the
use of both its computational capabilities and the faster
acquisition of data from memory.
Thanks to previously calculated factors limiting the
performance for individual tasks and data from table
IV, we can calculate the achieved percentage of theoretical performance (from benchmarks). The result of
this comparison is presented in the tables VII and VIII.

Obtained results together with theoretical values are
presented in the table IV. Based on performance obtained in benchmarks, we can calculate the aforementioned "machine balance" using the formula (6) (McCalpin, 1995).
Floating points processing performance [Flops]
Number of data accesses given per second

conv-diff
tetra
prism
31,77 140,40
31,49 112,54
31,49
95,19
31,34 84,33

TABLE VI: Achieved execution times in ns for processor with
Haswell architecture

In order to develop the performance model, both the
official characteristics of the tested hardware and the
results of performance tests were used. To test the used
architectures, the Linpack (Dongarra, 2007) and Stream (McCalpin, 1995) benchmarks were used.

Perf.

Poisson
tetra
prism
18,72
70,90
24,64
79,19
18,08 54,39
18,66 52,40

(6)

According to the equation, we can calculate that the
machine balance for a processor with Sandy Bridge
architecture is 45.66 and for Haswell architecture is
79.82. Comparing these values with the values presented in the table II we can notice that in the case of
the Sandy Bridge architecture for tetrahedral elements
the limiting factor is the memory. In the case of prismatic elements and the convection-diffusion problem,
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TABLE VII: The obtained percentage of the theoretical
performance for the Sandy Bridge processor

O3 vec
Cilk
Intrinsic
Stride

Poisson
tetra
prism
43,70% 22,11%
33,20% 19,79%
45,23% 28,82%
43,84% 29,91%

higher degree of approximation.
In the case of algorithm design, one should also take
into account the vectorised data acquisition - in the case
of Sandy Bridge architecture a single download is performed on 128 bits data, and in Haswell’s case on 256
bits (Kanter, 2012). For the best-optimised Cilk algorithm, this should result in an almost two-fold decrease
in the number of downloads for older architecture and
four times for the newer one.

conv-diff
tetra
prism
37,19% 17,03%
37,52% 21,25%
37,53% 25,12%
37,70% 28,36%

TABLE VIII: The obtained percentage of the theoretical
performance for the Haswell processor

Results
The results from the tests are presented in table IX.

O3 vec
Cilk
Intrinsic
Stride

Poisson
tetra
prism
34,66% 29,76%
35,25% 27,53%
34,81% 29,79%
35,18% 25,32%

conv-diff
tetra
prism
36,51% 24,80%
36,94% 23,71%
37,02% 24,55%
37,02% 28,08%

TABLE IX: Obtained times for executing different versions of
the algorithm on tested processors (in µs)

SB
As can be seen, in most cases satisfactory results have been achieved with the maximum 45% efficiency on
the Sandy Bridge architecture and 37% on the Haswell
architecture. Summing up the obtained results, we can
conclude that the benefits of using vectorisation are dependent on the task and architecture. However, it can
be expected that for the more computationally demanding tasks, they should be more substantial. It should
be noted that in the majority of cases, the factor limiting performance turned out to be downloading and
writing data to RAM. In connection with this, in order
to fully utilise the capabilities of the tested processors
(especially the very fast Haswell), it should be tested
with the higher arithmetic intensity task such as numerical integration for the higher degrees of discontinuous
Galerkin approximation.

Haswell

O3 vec
Cilk
O3 vec
Cilk

Degree of approximation
3
4
5
9,88
50,32
307,83
7,02 43,87
229,28
2,08
12,10
68,79
1,24 7,39
44,19

As can be seen from the table, the Cilk algorithm
achieves very good accelerations in relation to automatic optimisation. In the case of the Sandy Bridge processor, the speedup reaches 1,41 and in the case of Haswell
processor as much as 1,68. Comparing the performance between processors, we can see that, analogously to
the case of linear approximation, for a more complex
task, the Haswell processor is 4-6 times faster than the
Sandy Bridge processor.
Comparing the obtained times with the theoretical
performance (Tab. X), we can notice that in contrast to
the standard linear approximation, the Galerkin approximation is a more computationally demanding task,
which results in a more complete use of the hardware
(up to 64% theoretical).

Discontinous Galerkin approximation
For the case of a higher order approximation, a generalised convection-diffusion problem for prismatic elements was tested. In assumptions, it should allow for
adequate saturation the tested processors with calculations and, as a result, more fully use their power. The
algorithm compiled with automatic optimisations (-O3)
was considered as the reference. Also, Cilk algorithm
was modified for the higher order approximation.

TABLE X: The obtained percentage of the theoretical
performance

SB
Haswell

Execution model and performance analysis
In order to verify the estimated number of operations
for the convection-diffusion problem with a discontinuous Galerkin approximation, the Intel VTune profiler
was used. It should be noted, that used hardware counters are not too accurate and often make erroneous
calculations (McCalpin, 2014). In our case, however,
the obtained results are very close to the estimated one,
which means that the model is well developed and the
high hit ratio is achieved. In the case of the lowest approximation level for the algorithm Normal and Cilk,
the compiler was able to slightly reduce the number of
operations, which was not possible in the case of the

O3 vec
Cilk
O3 vec
Cilk

Degree
3
38,78%
54,57%
38,37%
64,53%

of approximation
4
5
42,38%
35,82%
48,61%
48,09%
36,72%
33,38%
60,10%
51,97%

As can be seen from the obtained results, the same
algorithm developed for the standard linear approximation (Cilk) gives excellent results for the task of a
much higher intensity of calculation. For the best case,
it reaches approximately 600 GFlops for the Haswell
processor. This indicates a good number of downloads
from memory to the number of calculations ratio, and
also the optimal use of memory access, performed in
the form of 256-bit downloads. It also makes very good use of available AVX registers and arithmetic-logic
units operating on them. In conclusion, we can indicate
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that the numerical integration algorithm for more complicated problems and a higher degree of approximation
is a task sufficiently demanding to use the capabilities
of modern CPUs.
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CONCLUSIONS
For CPUs, the key factor limiting performance in the
case of the numeric integration algorithm is the speed of
obtaining and writing data from and to RAM. Thanks
to the implemented optimisations, it was possible to
obtain very good performance results of the tested algorithm. For the task with higher arithmetic intensity,
it was possible to make good use of the computational capabilities of the tested processors, reaching over
60% of the theoretical performance. It should be noted
that in many cases the key to optimisations of numerical algorithms is the way of memory access. The use
of programming language functions that help vectorisation and parallelisation can be a necessity in case of full
use of the hardware. Other possibilities lay in the reorganisation of the algorithm using the characteristics of
the given hardware.
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KEYWORDS

The task scheduling problem is one of the biggest
challenges in high distributed computational environments composed of heterogeneous computational units.
The task scheduling problem covers both - the problem of assigning tasks to appropriate resources and
the problem of managing their execution. Effective
scheduling of computational tasks is crucial in achieving high environmental performance [4]. However, the
scheduling problem is not limited only by maximizing
the efficiency of infrastructure; this problem also affects
other areas and aspects of the environment, such as
security, energy consumption, environment customization, and others. In our paper we consider both, performance and security.
The paper presents also a model of the flexible hashing method which (for example) can be used in the
Cloud systems. It is based on consuming the predicted
idle time of the Virtual Machines (VMs) that are waiting for the next batch of tasks to be processed.
The model is based on the two-level scheduler. In
order to test the presented model, Independent Batch
Scheduler ([14]) was adopted. The intuitive scheme of
the model integrated with the environment is shown in
Figure 1.
The paper is organized as follows. Section III
presents the concept of the Dynamic ANN-based Light
Hashing Function. In section IV we described the idea
of security-driven task scheduling. In Section V, we
describe in details tests of the system and discuss results. In that part, we are presenting the application of
the proposed model for an exemplary scheduling problem composed of 5 VMs and 25 tasks. The paper ends
with Section VI, which contains a summary, conclusions
based on the results of the experiments, and ideas for
future work.

Computational Clouds; Cloud Security; Tasks
Scheduling; Artificial Neural Networks; Intelligent Security System; Hash Functions; Scalable Hashing;
Metaheuristics.
ABSTRACT
Task processing security is a key challenge in large
scale distributed environments such as computational
clouds. Methods that guarantee the identification and
integrity of the data are hash functions. Their computing load is high. Security models are expected to have
an insignificant impact on the performance of the computing environment. In this paper, we have proposed
the ANN-based model for scalable hashing of tasks results. The model is named Dynamic ANN-based Light
Hashing Function. In the presented approach the hash
length may be changed. The length of the hash affects
the number of cryptographic operations performed and
influences time devoted to the task processing. Therefore, applying hash having longer output allows loading
the fast computing resources more. Using shorter hash
length enables to unload the slow computing units. Our
approach allows selecting such parameters of cryptographic algorithms that will not significantly affect the
makespan of a task batch.
I. INTRODUCTION
Assuring the proper cryptographic services results in
computational overhead during tasks processing. More
challenges arise when data needs to be processed very
fast, or the amount of data is very large [11]. Cryptography hash functions are well-recognized methods
for verifying the data sets integrity. Most frequently
used: SHA-2 and SHA-3 do not allow the change of
the output length. They are providing only a small variety of outputs in bits. For example, SHA-224, SHA256, SHA-384, SHA-512, SHA-512/224, SHA-512/256.
There is no possibility of obtaining output length that
is in between those values. The proposed model enables
hashing with the hash length that may be chosen in a
flexible way, with a step of 1 bit.
Communications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
ISBN: 978-3-937436-65-4/978-3-937436-66-1(CD) ISSN 2522-2414

II. RELATED WORK
In general, a hash function is a function that is capable of mapping data of arbitrary size onto data of a
fixed size. Different types of hashing were introduced
in the literature [19]. From among them the simplest
Trivial Hash Function, Multiplicative Hashing, hashing
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TABLE 1: Mackey - Glass time series parameters.

with checksum functions or Perfect Hashing that maps
each input into a different hash value. In this paper we
consider cryptographic hash functions having 3 properties:
1. It is computationally fast to calculate a hash for any
given data.
2. It is extremely computationally difficult to calculate
an alphanumeric text from a given hash.
3. It is extremely unlikely that two different messages
will have the same hash.
A cryptographic hash function should behave like a
random function and is considered ”insecure” from a
cryptographic point of view, if: it is possible to find a
message that matches a given hash value, or two different messages having the same hash value. Most of
algorithms introduced so far, including the most popular SHA-2 and SHA-3 offers only the possibility to
obtain the certain hash length of either 256, 386 or 512
bits, [1], [2]. Light cryptography hash functions offers
smaller hashes, [20], eg. output string equal to 60, 80,
128, or 160 bits. In all mentioned solutions in order
to change the output string length, we need to change
either the hashing algorithm into another one or use
the different version of the algorithm. Dynamic hash
functions were introduced in [17] for checking the integrity of the data located in hard drives. But this
algorithm is not cryptographically secure. It may not
be used for digital signatures. Some flexibility according to the hash function structures offers the algorithm
introduced in [6]. The Segmented Hash algorithm presented in this paper enables the use of multiple logical
hash tables. The change of the hash function internal
structure is possible due to having several hash tables
with a different number of buckets each. This method
does not offer obtaining a different length of the hash.
Only the computational effort of the algorithm may be

a
b
τ
x0

0.2
0.1
80
random from range [0, 2]

changed.
In [15] genetic algorithm is used for producing the
hash from the message. The length of the has output
is regulated by using population size variable. But authors claimed that this evolutionary method is producing non-cryptographic hash functions. Moreover, only
typical length of 512 bit hash were tested.
The main aim of the solution presented in the paper
is to obtain the hashing algorithm that may be used in
cryptographic procedures and offers the possibility to
change the bit length of the fingerprints of the hashing
messages.
III. MODEL OF DYNAMIC ANN-BASED
LIGHT HASHING FUNCTION
The presented algorithm is based on Artificial Neural
Networks (ANN) paradigm. A hashing algorithm is operating on strings of data (inputs), that are compressed
into the certain, known length. For the simplicity of the
presentation, all considered strings are represented in
bits. The following scheme was adopted to obtain the
appropriate hashing function:
• choosing the number of bits in hashing function output H;
• training two layered ANN 64-m-n-H to mimic the
Mackey - Glass time series, where m is the number of
neurons in the ANN hidden layer, and n is the number
of neurons in an output layer;
• applying trained ANN as the compression function
for the considered data set.
For clarity, H=64 is presented in the paper. For training ANN, input data IN P U T train consisted of 100 vectors were selected. Each input string contained 64 bits,
(see eq. (1)). Bits were generated randomly. Thus each
vector represented a random message, which should be
hashed.
IN P U T train [i] = [b1 , b2 , b3 , ..., b64 ], i = 1, ..., 100. (1)
The testing data IN P U T test were generated in the
same manner, but the number of vectors were increased
to 10000, see eq. (2).
IN P U T test [i] = [b1 , b2 , b3 , ..., b64 ],
i = 1, ..., 10000.

(2)

The target data T ARGET train used for training
were generated in a different way. The Mackey - Glass
time series, [5], was used for this purpose. Mackey Glass equation appears to be chaotic when the τ parameter is equal to or greater than 17. In the paper
τ = 80 was chosen, see tab. (1).

Fig. 1: Model of the two level task scheduling.
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The starting point of computation x0 was chosen randomly. However, all inputs from IN P U T train got separate Mackey - Glass equation. The differences were in
values of x in the time interval [−τ, 0]. After adjusting the parameters properly, we discretized this time
interval into 8 samples. Note that this vector is also an
initial condition and can be called history vector [5].
Then we gathered input vectors IN P U T train from bit
into byte form IN P U T 0train . Bytes were represented
by numbers from 0 to 255, see eq.(3).
IN P U T 0train [i] = [n1 , n2 , ..., n8 ],
n ∈ [0, 255] ∧ n ∈ N.

task presented in [14], [7] which is based on the fuzzy
trust model [16]. In this model computational unit
i(i = 1, 2, . . . , m) is described by the following parameters:
• cci - computing capacity expressed in floating point
operations per second;
• tli - trust level in the range of [0, 1].
Similarly, task j(j = 1, 2, . . . , n) is described by the
following parameters:
• wlj - workload expressed in floating point operations;
• sdj - security demand in the range of [0, 1].

(3)

B. Optimization criterion

Those byte values were put into a discreet version of
history vectors. This allows us to connect particular
Mackey - Glass equation with particular input from
IN P U T train . Then 100 times series were generated,
each consisting of 24000 samples, see eq. (4).

In the paper, the Independent Batch Scheduling
Problem is considered in order to generate the schedule. For estimating the execution times of tasks on the
computational units we based on the Expected Time to
Compute (ETC) matrix model [3] which can be defined
in the following way:

M G[i] = [x1 , x2 , ...., x24000 ],
i = 1, ..., 100; x ∈ [0, 2] ∧ x ∈ R.

ET C = [ET C[j][i]]j=1,...,n

(7)

ET C[j][i] = wlj /cci

(8)

i=1,...,m

(4)
where

After that we calculated the step value, to determine
which samples will create potential 64 bit hash. The
= 375. Accordingly to the
step was equal to 24000
64
following computations, target data used for training
purposes (T ARGET train ) is presented in eq. (5).
T ARGET train [i] =
[M G[i][x1∗step ], ..., M G[i][x64∗step ]].

in which n and m are denoting the number of tasks
and the number of VMs (computational units), respectively, and ET C[i][j] = N aN when sdj > tli . The full
description of this model can be found in [16], [9], [10],
[12].
The final schedule is a schedule with the shortest
makespan, that can be calculated as follows [16]:
n
o
Cmax =
min
max Cj ,
(9)

(5)

where i = 1, ..., 100 denotes particular input
IN P U T train [i] and corresponding to this input hash
(target) T ARGET train [i].
A pair (IN P U T train , T RAGET train ) was passed to
all 3 ANNs as a training data. The IN P U T test was
then passed to them as a testing data. The results:
OU T P U T10 for AN N1 , OU T P U T20 for the AN N2 and
OU T P U T30 for the AN N3 were matrices, consisting
10000 vectors, each consisting of 64 real numbers from
range [0, 2]. Those outputs had to be binarized to form
hashes. To do this, we calculated mean values in each
column. If considered value from column j of output of
ANN o was greater or equal to the average value from
this column (AV Goj ), it was set to 1, otherwise was set
to 0 (see eq. (6)).

1 if OU T P U To0 [i][j] ≥ AV Goj
OU T P U To [i][j] =
0 otherwise
(6)
Where o = 1, .., 3 denotes ANN number (AN N1,...,3 )
which was used to create hashes, i = 1, ..., 10000 denotes hash number and j = 1, ..., 64 denotes a column
number.

S∈Schedules

j∈T asks

where Cj is the completion time of the j-th task, T asks
is the set of tasks in the batch, and Schedules is the
set of all schedules which can be generated for the tasks
from that batch
C. Security-aware task scheduling
Based on the above models, we introduced the following cryptography wrapping model:
1. the computational overhead that influences the task
scheduling and includes pre and post-processing security operations. In this case, the bias required to deliver tli to task j, that requires a security demand of
sdj , may be estimated in the form of additional computational time (sec.) and denoted by [14]:
bi,j = b(sdj , wlj , tli , cci , inputSizej , outputSizej )
(10)
where inputSizej and outputSizej are the sizes (in
bytes) of the files characterizing the task j and storing the corresponding result, respectively. This value
can be approximated by the sum of the number of instructions to compute the cryptographic requirements
and the workload.
2. the computational overhead for the security protocols that do not influence the scheduling process, such

IV. MODEL OF SECURITY DRIVEN
SCHEDULING
A. Model of computational unit and task
In this paper, we have extended our previous security driven model of the computational unit and
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bits, that is: 40, 50,...,240. In that case: n10
min =40,
10
n10
=240,
∆
=10.
max
That assumption takes into account the fact that
some of the resources may offer very poor computational power and very limited security services.
Two scheduling modules were used:
1. Global scheduler for assigning each task into one of
available VMs, for ETC matrix, see eq. (7)-(9).
2. Local scheduler located in particular VM that, basing on the idle time, is assigning one of possible hash
length to each task.

as: verifying the integrity of tasks results, ciphering
outputs from tasks that will be stored in the data center (before sending the task back to the end user), verifying the digital signature of the end user who wants
to collect results from the Cloud Computing system.
In this case, the bias required to deliver tli to the task
j, that requires a security demand of sdj , may be represented in the form of additional computational time
(sec.) and denoted by:
Bi,j = B(sdj , wlj , tli , cci ,
inputSizej , outputSizej )

(11)

D. Adjusting the hash length to the tasks
The local scheduler is based on the Expected Operations to Compute matrix:

The ANN described in the previous section works as
the computational overhead type 2.
The idea of dynamic hashing is based on the usage
of the predicted idle time of the particular VM. The
makespan, calculated during tasks processing, defines
the time of the last task readiness for the VM that will
be calculated without being idle. The VMs that will
finish their tasks earlier have to wait for the new batch
to be scheduled. The main part of the algorithm is to
find the longest hash length that may be calculated by
them that will not result in makespan change. Instead
of being idle, computational units will be forced to do
cryptography security operations.
In the proposed model the time needed for computing
the hash value of length n on i − th unit for j − th task
can be calculated in the following way:
n
Bi,j
=N (sdj , wlj , tli , cci , inputSizej ,

outputSizej , n)/cci

k=0,...,K

EOC = [E[j][k]]j=1,...,n
where

EOC[j][k] = N (sdj , wlj , tli , cci , inputSizej ,
outputSizej
outputSizej , nimin + k∆i ) ∗ i
nmin + k∆i

S∈Schedules

j∈T asks

where HOj = maxk=1,..,K EOC[j][k] is the number of
hashing operations for the j-th task, This value is equal
to the the maximum number of hashing operations for
the j-th task that is not extending the idle time of the
the VM. T asks is the set of tasks in the batch and
Schedulesi is the set of all schedules which can be
generated for the tasks that should be computed by
the unit number i considering the security mapping:
EOC[i][j] = N aN for i and j such that sdj > tli The
scheduling problem is solved using evolutionary algorithm solution proposed in [13] and [14]. An additional
condition to be fulfilled is the makespan constrained:

(12)

HO/cci ≤ Tidle (i)
Tidle (i) = Cmax −

wlj /cci

(15)

The final schedule is maximizing the overall number
of operations spend on hashing, which can be defined
as follows:
n
o
HO =
max i
max HOj ,
(16)

where function N calculates the number of operations
during computing the hash value of length n.
After the schedule is ready each of VM has his own
pool of tasks to be computed. Without the loss of the
problem generality, we may assume that task for the
unit number j was renumbered as T1 , T2 , ..., Tnj with
the workloads of wl1 , wl2 , ..., wlnj . The makespan for
this batch of tasks is known (it equals Cmax - see eq.
(9)). Then the idle time for this unit is:
nj
X

(14)

(17)

for all i = 1, 2, ..m

(13)

j=1

V. NUMERICAL EVALUATION
In this section, we describe three different Feed Forward ANNs which were used for hashing purposes. The
output hashes were equal to 64 bits, so our idea can be
classified as light cryptography which is balancing a
compromise between cryptography strength and speed
of computation in favor of the speed. For all three
ANNs the same input, target, and testing data were
used, all were train with Bayesian Regularization usage, and all were implemented in MATLAB.
Next, results of security-aware task scheduling are
presented. In that part, we are presenting the application of the proposed model for an exemplary scheduling
problem composed of 5 VMs and 25 tasks.

Lets assume that the hash length that is offered
by the unit i is from nimin to nimax with the reasonable equal step between them of ∆i bits. Then the
next offered hash length is nimin + ∆i , and the next is
nimin + 2∆i ,until nimin + K∆i = nimax , for K ∈ N. For
example if the VM number 2 is very fast we may assume
long hashes: from 512 up to 2*512=1024, with any possible hash length generated with the step of length 100
bits, that is: 512, 612, 712, 812, 912, 1024. In this case:
n2min =512, n2max =1024, ∆2 =100. If the VM number
10 is rather slow (small cc parameter) we may assume
light hashes: from 40 up to 3*80=240, with any possible hash length generated with the step of length 10
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OU T P U To [i]. A result is a vector containing 10000 elements from range [0, 64]. Expected value µ is equal to
32 (half of the hash size). Results are presented in fig.
(2), fig. (3), and fig. (4).

A. Chosen ANNs
We have tested 3 ANNs listed below:
2 layered feed-forward artificial neural network with
16 sigmoid neurons in the hidden layer and 64 linear output neurons in the output layer: 64-16-64-64.
(n=16, m=64).
This network was trained for 100 epochs and further
will be denoted by AN N1 .
• 2 layered feed-forward artificial neural network with
32 sigmoid neurons in the hidden layer and 64 linear
output neurons in the output layer: 64-32-64-64. This
network was trained for 50 epochs and further will be
denoted by AN N2 .
• 2 layered feed-forward artificial neural network with
48 sigmoid neurons in the hidden layer and 64 linear
output neurons in the output layer: 64-48-64-64.
This network was trained for 25 epochs and further will
be denoted by AN N3 .
•

Fig. 2: ANN1 Hamming Distance Test

B. Statistical tests of hashing functions
We have done three statistical tests on ANNs outputs. All are described below. To determine whether a
test is passed, or not we used Z statistics (see eq. 18)
with significance level α = 5% (one of the most popular
in hypothesis testing). Thus when |Z| >= 1.96 the test
is not passed.
|Z| =

AV G − µ √
∗ n .
std

(18)
Fig. 3: ANN2 Hamming Distance Test

where AV G is the average value, µ is the expected
value, std is the standard deviation and n is the number of elements. Note, that each ANN got IN P U T test
described in chapter III as an input. IN P U T test consisted of 10000 independent vectors, each containing
64 randomly generated bits. Results and conclusion
described below were based on IN P U T test and all 3
ANNs outputs.
1. Collision Test. One of the most important and simplest test. We have checked whether any of the chosen
ANN produced at least once two same hash values (note
that in all cases inputs did not repeat). This test was
passed by all ANNs - all hashes were different.
2. Series Test. For each ANN and for each hash we
performed Wald Wolfowitz series test. The aim of this
test was to indicate whether outputs were produced
in a random manner, or not. For each ANN we got
a 10000 element vector containing Z statistics values.
Each Z statistic value indicated whether a particular
hash passed the test (was created randomly) accordingly to the significance level set to the 5%, or not.
In a AN N1 case 381 samples out of 10000 do not pass
the test (3.81%). In a AN N2 it was 440 samples (4.4%)
and in a AN N3 it was 416 samples (4.16%). In all cases
more then 95% of hashes were created in a random
manner, so all ANNs passed the test.
3. Hamming Distance Test. In this test, we measured the hamming distance between hashes and its
corresponding messages for each ANN. Hamming distance in this case can be considered as a number of
ones in vector given by formula: IN P U T test [i] XOR

Fig. 4: ANN3 Hamming Distance Test
The |Z| values were equal to 6.49 for AN N1 , 1.14 for
AN N2 and 0.73 for AN N3 . AN N1 do not passed this
test, so is disqualified. Z statistics showed, that hash
corresponding to the input message don’t differ enough.
4. Bit Prediction Test. The aim of this test was to
measure whether a particular bit of output hash can
be predicted, or not. We calculated the probability of
’1’ on a particular hash position accordingly to eq. (19).
P
i=1,...,10000 OU T P U To [i][j]
o
Pj (1) =
,
(19)
10000
j = 1, ..., 64,
where o denotes chosen ANN. In every case, we reached
vector containing 64 elements indicating the probability
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for k=1, j=1 we obtain:

of ’1’ on the particular position of the hash. Expected
value is equal to 0.5. Results are presented in fig. (5)
and fig. (6).

N (sd1 , wl1 , tl1 , 2.26, 18819, 18819, 64) ∗

18819
=
64

0.554920282[GF LO] ∗ 294.046875 = 163.1725[GF LO]
Using longer hashing,for k=2, we obtain:
N (sd1 , wl1 , tl1 , 2.261, 18819, 18819, 128) ∗

18819
=
128

0.746556553[GF LO] ∗ 147.0234 = 109.7612[GF LO]
Taking into account the rest of tasks, assigned into
VM no. 1 , we may calculate the Expected Operations
to Compute matrix:


163.17 109.76
EOC = 787.13 529.48
581.91 391.43

Fig. 5: ANN2 Bit Prediction Test

assigning the strongest hash into all three tasks
gives 109.76+529.48+391.43=1030.67[GFLO] of additional computing operations. Assuming, cc1 =
2, 26[GF LOP S], it results with 456.04[sec.] spend on
hashing. This VM have a margin time of 4140.25[sec.],
see tab. 2, therefore even stronger hashing may be used.
VI. SUMMARY
In this paper, we presented an intelligent system for
a generation of the cryptographic hashes enabling to
compute the fingerprints with different lengths.
All ANNs produced hashes in a random manner and
no collisions were found. However, the hamming distance test eliminated AN N1 and the bit prediction test
eliminated AN N3 . AN N2 seems to have very good results and can be used in our model for hashing purposes. We proposed a very scalable algorithm which
can produce a hash of any length.
Additionally, we presented the method for incorporating such dynamic hash functions during predicted
idle time of the VMs. The algorithm is build of two
levels of scheduling. One is the global level, assigning
the tasks into VMs. The second one is a local scheduler. It is operating for each of the VMs separately.
It enables to match the task number with the desired
hash length so that not to increase the makespan value
of the considered batch of tasks.
Further investigations can cover more ANNs types
(NARX networks, Recurrent Networks, Time Delayed
Networks, Deep Networks), more ANNs configurations
(layers, neuron numbers, training methods, epochs),
and more tests. The aim will be to improve security, to
improve speed, or both at the same time. The biggest
challenge in the future may be testing a first and a second preimage resistances of possible hashing functions.

Fig. 6: ANN3 Bit Prediction Test
The |Z| values were equal to 0.3 for AN N2 and 2.33 for
AN N3 . AN N3 do not pass the test. The Z statistic indicates that particular bits of AN N3 can be predicted,
thus it is not a good candidate for a hashing function.
C. Security aware scheduling results
The last stage of the research is security aware task
scheduling combined with the dynamic ANN-based
Light Hashing Function. First, we generated an example schedule for 5 VMs and 25 tasks. Tab. 2 presents
ready to schedule for batch composed of independent
tasks, characteristics of tasks and VMs, main objective
- makespan, and the idle time for each VM. The table omits information about the security demand and
trust level parameters - the generated schedule meets
the requirements imposed by these parameters.
To illustrate the local scheduling, let’s consider the
first VM. Considered hashing parameters was the following: n1min = 64, n1max =128, ∆1 =64. the number of hashing operation was measured experimentally. Hashing of the basic 64-bit string using 64 length
hash consumes 0.554920282[GFLO] and hashing of the
basic 128-bit string using 128 length hash consumes
0.746556553[GFLO].
3 tasks were scheduled into for VM number 1, with
outputs of outputSize1 = 18819, outputSize2 =
90782, outputSize3 = 67113 [FLOP]. Therefore using shorter hashing, assuming task 1 characteristics,
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TABLE 2: Exemplary schedule for 5 VMs and 25 tasks.
VM ID
(CC [GFLOPS])
2 (2.26)
1 (6.27)
0 (5.71)
3 (6.92)
4 (5.57)

Schedule - tasks [GFLO]

Idle time (sec.)

1903.01,
1797.06,
3219.49,
1190.81,
1842.05,

4140.35
2104.58
1297.89
876.86
0.0

3502.5, 1043.63 (3 tasks)
6470.2, 19845.5, 2543.63 (4 tasks)
7995.67, 3961.75, 17347.6 (4 tasks)
9009.31, 5718.46, 8000.06, 17162.7, 1248.94 (6 tasks)
10536.4, 7979.65, 1762.2, 2241.56, 5104.97, 2741.67, 6747.83 (8 tasks)
Makespan: 6993.96 sec.
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KEYWORDS

requiring an entire room to be properly utilized. With
the introduction of Google Cardboard [3], VR technology became available to anyone that owns a mobile
phone, but currently it is mostly used for passive experiences like watching 3D and 360◦ videos.
In this proposal, we aim at creating a VR application
that leverages the high portability and low costs of mobile hardware, but that also gives to the user an active
experience, with new possibilities to interact together
with a higher sense of immersion. The objective of this
paper is to find out how much we can enhance the level
of immersion in virtual reality on mobile hardware by
adding a single extra sensor placed on the chest of the
user that tracks his or her body rotation. Secondly,
by having better responses to the movements in virtual
reality we also aim to reduce motion sickness, which
is a problem that affects any VR experience and one
of the major causes of why VR struggle to become a
mainstream technology. It is caused when the brain
perceives that something that the body senses are perceiving is strange and noncoherent and so it raises its
defenses. The most common hypothesis for the cause of
motion sickness is that it functions as a defense mechanism against neurotoxins [4].
The novelty of this work concerns two aspects of
the virtual reality technology available for simulations:
firstly, it accurately maps the chest rotation into a virtual world with an inexpensive and widely available
sensor. Secondly, the absence of optical tracking device
increases portability and reduces the space required to
be used.

Virtual Reality; Human-Computer interactions; Motion Sensors; Mobile; Motion Sickness.
ABSTRACT
Smartphones are well fit to be used as head mounted
displays for virtual reality, because they already embed the sensors necessary to track the head rotation.
The purpose of this study is to find out how much we
can improve the user experience by adding three more
degrees of freedom to track the user chest rotation, in
particular with respect to the perceived motion sickness. With this addition the user can rotate the body
independently from the head, meaning that he or she
can look in a direction different from the one he or she
is facing. The interface is complemented with a technique to match the rotation of the user body and head
with his or her virtual avatar.
The proposed physical interface is tested on two custom simulations. The first is a virtual museum where
the user can walk and look around. The user can control the direction where the avatar is looking with the
head, and the direction he or she is facing using the
body. The second simulation is a game that uses the
chest rotation as a core gameplay mechanic, allowing to
control a flying skateboard by moving the body, with
the goal of traveling around a circuit to establish the
best time.
INTRODUCTION
Virtual reality (VR) is an interesting topic whose
applications are already widespread spread but yet to
explore in their entirety. Nowadays virtual reality is
used in entertainments, robotics, health care, education, training and more. In particular, simulation can
benefit from the capability of immerse the user in an
environment where he or she can experience artificially
generated worlds. Many different devices have been
developed during the past century to recreate virtual
reality experiences, but it is only in the recent past
that this technology became available to the masses.
Devices such as Oculus Rift [1] and HTC Vive [2] are
the current standard for end users virtual reality experiences, but they are very expensive and cumbersome,
Communications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
ISBN: 978-3-937436-65-4/978-3-937436-66-1(CD) ISSN 2522-2414

RELATED WORKS
The reproduction of human body movements into the
virtual world is a difficult task, and in this section we
compare the similarities and differences of our solution
with other proposed in literature. One of the first modern embodiment solution can be seen in [5], where the
authors present a series of harness mechanism to reproduce a set of movements in VR for training purposes,
but the technology used is cumbersome and outdated
for today world. In [6] the authors presents an application that uses gestures recognition for immersive virtual reality. Although their system is able to recognize
a wider range of movements, it was implemented with
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the Microsoft Kinect, a technology no more available.
In [7] the author presents a method to integrate a full
body tracker with a more accurate and higher quality
head tracking system. His solution allows virtually any
possible movement in VR but it is implemented with
extremely costly hardware and he does not present a
case study. In [8] the authors use optical tracking to
simulate “a wide range of upper body motions using
motion and positional data from only the head and
hand motion data”. Being an indirect measurements,
the chest tracking is less accurate than our solution.
An interesting usage of wearable sensors to enhance
VR is presented in [9], where the authors use the sensors as feedback for anti-stress therapy. However, the
way the wearable sensors are used is completely different from our solution. An application to training basic
fire-fighting skills, using a modified fire extinguisher is
presented in [10]. A modern solution that uses mobile
hardware for virtual reality is described in [11], where
the author develops a mobile game for google cardboard
where the player can move and aim by just moving the
head or with a controller, a similar analysis with the
case studies presented here, but where we also compare
a third control solution, the one with the chest motion
sensor. The problem of finding the optimal placement
in an anchor-based tracking system for virtual reality
simulation is presented in [12]. Lastly, none of the cited
papers keep track of the motion sickness experienced by
the user in their analysis.
Fig. 1. Complete setup with the microcontroller connected to
the smartphone (positioned inside the head mount).

THE PROPOSED SETUP
We start presenting our proposal by describing both
the hardware and software setup.

wearable interfaces used to support sport camera such
as the GoPro. The complete setup is shown in Fig. 1.

Hardware setup

To give the user additional inputs methods we also
used an external bluetooth gamepad paired with the
mobile device. In this way the controller can be held
by the user in his or her hands while using the application, without the risk of creating knots with the cables
connecting the custom made sensor with the mobile
phone.

The main simulation is implemented through a mobile application that runs on an Android smartphone
with high performance, combined with a VR Headset
in order to use the device as an HMD (Head Mounted
Display). The sensor used to track the chest rotation
is implemented with a micro-controller connected to
an inertial measurement unit (IMU). In our prototype
we used an Arduino Leonardo [13] programmable microcontroller board, supported by an additional board,
the Arduino 9 Axes Motion shield, used to get the actual rotation in the physical three-dimensional spaces.
The shield mounts the BNO055 [14] motion sensor from
Bosch Sensortec, integrating an accelerometer, a gyroscope and a magnetometer, each one with 3 axes making 9 axes in total. The sensor has also embedded a
sensor fusion algorithm that can compute internally the
three dimensional rotation with high accuracy. The
Arduino is then connected to the smartphone with a
micro-USB and an USB OTG (On The Go) adapter, to
use the smartphone in host mode. The Arduino is fixed
to the chest of the user with a custom harness mechanism that keep the microcontroller firmly in place. In
order to keep the cost of the prototype as low as possible, as well as in a possible future product line-up, the
chest-mount has been made compatible with standard

Software setup
The mobile application was developed with Unreal
Engine 4.20.3 [15], and NVIDIA CodeWorks for Android [16], required by Unreal Engine to build the game
for the Android platform. For the sensor software, Arduino provides a library [17] to read the quaternions,
which locate the direction of the board in the physical
space, from the embedded sensor on the shield. The
firmware on the Arduino gets the quaternions from the
sensor shield and write them back on the serial port.
The communication between the Arduino and the game
engine on Android occurs with USB, and the pipeline
to handle the data stream was handcrafted since there
were no plugin available that support this data transfer. A public available library was used to read the
serial data on Android [18].
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Fig. 3. One of the room of the Art Gallery.

ferent setup can show whether the chest motion control
addition enhanced the simulation, or if simpler controls
patterns would have been equivalent for the end user.
Art Gallery

Fig. 2. When rotating the head, the camera moves along the
orange arrow, directed as the blue arrow which is always perpendicular to the orange one.

The purpose of this case study is to find out if the
ability to rotate the head independently from the body
is useful in a calm and familiar environment (see Fig.
3). In the Art Gallery scenario, the user has to walk
around from the entrance to the exit of an exhibition
building, visiting all the rooms and observing his or her
surrounding. The architecture is simple: the roof has
been removed to create a sense of warmth and realism
with a simple directional light coming from above to
illuminate the environment.
The user always uses a gamepad together with the
other sensor devices: the controller matches the one
used in classical video games, with two small analog joysticks moved by the thumbs (thumbsticks), plus other
buttons and directional switches. In all the tested configuration, the user moves his or her avatar with one of
the two thumbsticks; when using only the controller he
or she also rotates with the other thumbstick. When using the head instead, the direction of moving is bound
to the direction where the user is looking at and the
joystick decides only if he or she is moving forward or
backward. Finally, when using the developed motion
sensor, the user can look around rotating the head and
rotate the avatar rotating the chest.

Application development
The considered application uses a mixed first person
/ third person setup. In particular, the user sees the
world in first person, but he or she has also an avatar
whose chest and feet can be seen when looking down.
The mesh used as a body is the Unreal Mannequin, already rigged. The mannequin was then animated using
the data available from the head rotation and the chest
rotation.
For the head, the rotation data was automatically
used to rotate the camera object by UE4, but we also
used it to rotate the head of the user’s avatar and bind
the camera position to the avatar eyes. This way, the
camera rotates and move following a circle like real human vision, instead of just rotating in place, as shown
in Fig 2.
For the body, the difference in rotation from a neutral position is initially computed, and later used to
rotate the avatar chest bones. The neutral position is
registered when the user presses the corresponding button on the controller: this step acts as a calibration of
the devices, and must be done with the user standing
still in a neutral position. The three rotation axes can
be used combined to rotate the chest in the three dimensions, or we can use the vertical axis to rotate the
whole avatar. This way we have decoupled the direction where the user is looking with the one where the
user is facing.

Hoverboard
In this case study we developed a game where the
chest rotation is used as a core gameplay mechanic.
The game consists in driving on a circuit to establish
the best time on three laps. The vehicle used is a hoverboard, a sort of floating skateboard but with the user
facing forward as illustrated in Fig. 4. The user can
control the hoverboard by accelerating, braking, steering or strafing. To keep it playable, the physics used
in the game is simplified and handcrafted but still is
mostly derived from the real world.
Again, the hoverboard can be controller in three different ways. When using the controller, all the inputs are given with the buttons and thumbsticks of
the gamepad. When using the body, the idea is to control the hoverboard by balancing the body, just as in
real life. So the user bends his or her chest forward to
accelerate, backward to brake, rotate or bend left and

CASE STUDIES
We developed two case studies to test the application on real users, to see whether this extra motion
sensor can improve the simulation experience. To allow
comparing our proposal with conventional interaction
techniques, the case studies were developed by creating three different patterns for performing the required
set of actions: by moving the chest and the head, using a controller, or by simply rotating the head. The
comparison of the user experiences with these three dif-
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Fig. 4. View of the avatar on the Hoverboard from behind (not
actual gameplay image).
1

Controller

Head

Body

Fig. 6.
Levels of motion sickness experienced in the “Art
Gallery” case study.

(no sickness) to five (very high sickness). If the user
has experienced some form of motion sickness, we let
them rest for some time to prevent nausea from piling
up quickly. After all the modes were tested, we asked
which mode the user preferred.
Art Gallery
For this case study, we tested the application on 12
people. 5 of these were used to play video games, and 3
already tried virtual reality. Out of these 12 subjects,
9 preferred to use the body motion controls, 2 the head
motion controls, and only one liked to play with the
controller. Playing with the body controls caused the
lowest amount of motion sickness, followed by the head
controls and classic controller (see Fig. 6).
The problem that emerges when using only the head
to both rotate the vision and the avatar, is that if done
while also moving it causes an unnatural change of direction that confuses the player and his or her perceptions. While using only the controller, the user must
stand still with the body oriented in one fixed direction,
and the sense of immersion at 360◦ is completely lost.

Fig. 5. Hoverboard body motion controls. The dashed arrows
indicate the movements for the head controls.

right to steer and strafe left and right. When using just
the head, the user does all the previous described chest
movements by simply rotating the head. A visual representation to better understand the commands is given
in Fig. 5.

Hoverboard
This second case study was tested on 16 people. 8
of these were used to play video games, and 9 already
tried virtual reality. Out of these 16 players, 9 preferred the head controls, 4 of them the body controls,
and 3 the classical controller. Head was also the mode
that caused less motion sickness, followed by controller
and body. Since there were some differences in the collected data between gamers and non-gamers, the data
was split between the two categories as seen in Fig. 7
and 8. In both cases the results were not what we expected, and the feedback from the testers highlighted
the following problems and characteristics: classic controller mode has low sense of immersion, but for gamers
who are used to play with it, it allows more accurate

RESULTS
For each case study, we tested on as many subjects as
possible the three game modes described before: classic controller, head motion controls, and body motion
controls. We collected upfront some information about
the subjects like sex, age, whether or not they are used
to play videogames and if they already experienced VR
in the past.
The order of the three modes tried was different for
each subject to avoid any bias in the results. After
the simulation was played with one specific controller,
we asked the user what was his or her level of motion
sickness experienced while playing in a scale from one
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Fig. 7. Levels of motion sickness experienced in the “Hoverboard” case study, divided by gamers and non-gamers.
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The body sensor allows to move in one direction and
look at another, based on where the user’s chest and
head are facing. As a consequence, the user can observe
his or her surrounding in motion and in a natural way.
In a more complex scenario, the results were different:
motion controls are fun, but to use body movements as
the core gameplay mechanic of a game makes it more
difficult and causes a higher motion sickness. The majority of the users preferred the more intuitive interface
that uses only the motion of the head, since in this way
they have better sense of control over their avatar.
Future works will build on the test applications presented in this paper to create more complex simulation
experiences. In particular, to better focus on physical
parameters concerning the study of motion sickness,
a set of objective measures such as heartbeat, sweating, blood pressure, ecc. could be collected during and
after the test, to obtain a more advanced evaluation.
The success of the virtual tour experience in the “Art
Gallery” application may be used in real application,
such as museums, churches or any other place of interest. These locations often have some rooms not available to the general public. Or maybe those objects or
locations were damaged by time and it would be nice to
see how things were in their original form, reproduced
in virtual reality.

TABLE I: Differences in motion sickness perceived for Gamers
and Non-Gamers, with average and standard deviation for each
mode.

controls. However, this mode was the least preferred
because of the lack of novelty. Head motion controls
was the favorite mode of the majority, it was intuitive
to play both for gamers and non-gamers. Gamers who
preferred this mode did it because of the immersiveness, novelty, and fun introduced, while non-gamers
did it because it was actually the easiest way to play
for them. Body motion controls was the most complex mode to get used to, as confirmed by the higher
lap times. The preferences in this mode were due to
personal tastes and how easily the user get into virtual
reality. In fact, all the people who preferred this mode
have already experienced VR in the past.
It is quite obvious that gamers, being more acquainted with the classic controller, have better lap
times than non gamers, while there is no sensible difference in time for body and head motion controls (Fig.
8). What is more interesting, is that gamers also perceive less motion sickness than non-gamers while playing with the controller (Fig. 7). Executing an unpaired t-test with the data from Table I, at 95% level
of confidence, we can conclude that there is indeed a
significant statistical difference in the motion sickness
perceived between gamers and non-gamers (two tailed
p-value equals to 0.023).
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features and they exposed evident differences in Web
traffic patterns depending on a client type (Dikaiakos et
al. 2005; Suchacka 2014). This in turn has motivated
research on Web bot detection, especially by applying
machine learning techniques to session classification
(Alam et al. 2014; Bomhardt et al. 2005; Hamidzadeh et
al. 2018; Stevanovic et al. 2012; Suchacka and Sobków
2015; Zabihimayvan et al. 2017). Different session
features were considered for identifying robots.
The goal of our study is to investigate possibilities of
improving Web session classification in terms of
differentiation of bots from humans by applying
Principal Component Analysis (PCA) and to
experimentally verify the proposed approach using the
real e-commerce traces. We develop a basic and PCAbased session models, which are then used in session
clustering with the k-means algorithm. The clustering
performance is evaluated in terms of an ability to
partition bots and humans into distinct clusters.
The remainder of this paper is structured as follows. The
next Section outlines preliminaries and states the
problem. Then the research methodology is discussed,
including reconstruction of sessions from logs, feature
extraction, session labeling, and developing PCA-based
session representations for the use in classification
models. The data used in experiments is briefly
characterized and results of PCA and k-means are
presented and discussed. The last Section concludes the
paper and indicates possible directions of future work.

KEYWORDS
Principal Component Analysis, PCA, Dimensionality
reduction, Feature selection, k-means, Clustering,
Classification, Internet robot, Web bot, Bot detection,
Web server, Log analysis
ABSTRACT
The paper addresses the problem of modeling Web
sessions of bots and legitimate users (humans) as feature
vectors for their use at the input of classification models.
So far many different features to discriminate bots’ and
humans’ navigational patterns have been considered in
session models but very few studies were devoted to
feature selection and dimensionality reduction in the
context of bot detection. We propose applying Principal
Component Analysis (PCA) to develop improved session
models based on predictor variables being efficient
discriminants of Web bots. The proposed models are
used in session clustering, whose performance is
evaluated in terms of the purity of generated clusters. The
efficiency of the proposed approach is experimentally
verified using real server log data. Results show that PCA
may be very efficient in dimensionality reduction and
feature selection for session classification aiming at
distinguishing Web robots.
INTRODUCTION
In the prevalent era of Big Data and cloud computing,
there is an increasing demand for providing distributed
computer systems with high level of security and privacy
(Jakóbik 2016). This problem is especially valid on the
Web, where a significant part of traffic is due to
autonomous intelligent agents – Web robots (bots).
Robots are programs designed to traverse the Web using
hyperlinks and perform different activities – indexing
Web contents for search engines, harvesting e-mail
addresses, collecting business intelligence knowledge,
etc. In reality, many bots disguise themselves by taking
on user agents of legitimate Internet browsers, which
makes their detection on the Web a challenging task.
A problem of discriminating bots from humans on the
Web has gained a huge attention from the business and
the scientific community in recent years. In particular,
server access log data has been extensively studied to
reconstruct and explore Web sessions based on historical
HTTP requests. Many studies addressed characterization
of bot and human sessions in terms of some statistical

BACKGROUND AND PROBLEM STATEMENT
Web traffic coming to a server is recorded in standard
access logs. Log entries include such data as IP
addresses, user agents, time stamps, URIs of requested
resources, HTTP methods, and response status codes.
Based on log data one can reconstruct sessions, i.e.
sequences of HTTP requests corresponding to Web
clients’ visits on a server. Different session features may
be computed from HTTP data and used to build feature
vectors as the input for classification models.
Furthermore, depending on a classification goal, various
session classes may be defined. In this paper we are
interested in unsupervised classification of sessions of
two classes: Internet robots and legitimate users
(humans). Thus, each session is represented as a pair of a
feature vector (predictor variables) and a class label (1 for
bots, 0 for humans). A research question is how to
improve a session representation, i.e., what feature set to
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select in order to achieve efficient discrimination of
robots from humans with the use of unsupervised
learning (clustering) techniques.
Our preliminary analysis of server log data showed that
some session features are correlated with each other. This
suggests that for a given feature set Principal Component
Analysis (PCA) may be successful in generating a more
representative set of high-dimensional features, based on
generated principal components (PCs). It has to be noted,
however, that since class labels are not included in PCA,
an impact of PCs on discriminating robots from humans
is not obvious.
Thus, the task is to apply PCA to a relatively wide session
feature set and then exploit (1) some of PCs and (2) some
of features contributing most to these PCs, to create new
reduced feature sets to be employed in session clustering.
Our hypothesis assumes that reducing the feature set
dimensionality may lead to better clustering results in
terms of cluster purity, i.e., to provide a higher degree of
separation of Web bots from humans.

thus assigning the points to the nearest clusters, and then
it determines the actual centroids for newly created
clusters. The procedure iterates until the cluster
membership is stable. The algorithm is usually run
multiple times with different random initial centroids.
The most common distance measure in k-means is
Euclidean distance. The clustering quality may be
evaluated with different measures, e.g., the sum of
squared error (SSE) or supervised-oriented metrics, like
clustering entropy or purity.
METHODOLOGY
Our approach involves the following stages (Fig. 1):
1) Transforming row log data into Web sessions;
describing sessions with vectors of features
(predictor variables) and class labels (1 for robots,
0 for humans).
2) Application of PCA to generate representative
vectors of PCs from original features; selecting
subsets of original features to build reduced vectors
of features (the ones with the largest contribution to
the top PCs).
3) Application of k-means for three independent
experimental scenarios: (I) to cluster original
feature vectors, (II) to cluster PC vectors, and (III)
to cluster reduced feature vectors.
4) Measuring clustering results and their comparison
between the three scenarios.

Principal Component Analysis
Principal Component Analysis is a dimensionality
reduction technique (Abbott 2014; Kassambara 2017). Its
input is a data matrix with rows corresponding to samples
(i.e., sessions in our case) and columns representing
variables (i.e., session features), usually scaled to have
the standard deviation 1 and the mean 0.
PCA identifies main directions (called principal
components, PCs) in which the data varies; the directions
with the largest variances are considered the most
important. The PCA output are two other matrices with
eigenvalues and eigenvectors. The eigenvalues represent
the proportion of variance retained by each PC whereas
the eigenvectors represent the contributions of each
original variable onto each PC (loadings of the variables
on the PCs). A PCA model is the set of eigenvectors,
which can be saved and applied to new samples.
The PCA method is worth applying especially when
variables are highly correlated, which indicates a
redundancy in the data. PCA can be used to reduce the
number of variables at the input of classification models
by combining original variables correlated with each
other into a smaller number of new variables, explaining
most of the variance in the original variables.
Alternatively, the method may be useful in reducing the
number of input variables for classification models by
leaving only these with the highest loadings on top PCs.

Figure 1: Flowchart of the Proposed Approach
Session Preparation
The first stage is realized by using our dedicated C++ log
analyzer. The program reads, cleans, and pre-processes
log entries, assemblies HTTP request records and uses
them to reconstruct Web sessions. This process is based
on a common assumption that an individual Web client
is represented by an IP address and a user agent field
combined whereas successive sessions of a client are
separated by a minimum 30-minute time interval. The
analyzer also extracts features and assigns class labels to
the reconstructed sessions.

K-means Clustering
The k-means algorithm is one of the most popular
clustering techniques (Abbott 2014). It aims at
partitioning data in groups (clusters) providing relatively
small intra-cluster distances and relatively large intercluster distances. For a given number of groups the
algorithm starts from picking random data points as
initial centroids (cluster centers). Then the algorithm
iteratively performs the following steps: first it computes
the distance between each centroid and each data point,

Session Features
Each session is described with 40 features, selected based
on the analysis of previous bot detection studies (Alam et
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al. 2014; Bomhardt et al. 2005; Hamidzadeh et al. 2018;
Stevanovic et al. 2012; Stassopoulou and Dikaiakos
2009; Tan and Kumar 2002; Zabihimayvan et al. 2017).
The first group of features refers to temporal access
patterns in session and includes:
- session duration in seconds [s]: feature duration;
- the average and standard deviation of time between
subsequent requests [s] with regard to all HTTP
requests, page requests, and embedded requests:
intervReqAvg,
intervReqSd,
intervPagAvg,
intervPagSd, intervEmbAvg, intervEmbSd;
- maximum sustained click rate, measured as the
maximum number of page requests within a sliding
window of 12, 6, and 3 seconds: msClickRate12,
msClickRate6, msClickRate3;
- percentage of requests made during the night hours
(12 a.m. – 7 a.m.): %night.
The second group of features is related to resource
request patterns in session:
- total numbers of HTTP requests and page requests:
totalReq, totalPag;
- percentages of requests of specific type (page,
image, binary program file, compressed file):
%pag, %img, %binExe, %zip;
- ratios of image to page requests and embedded to
page requests: imgToPag, embToPag;
- maximum number of embedded requests per page:
maxEmbBar;
- switching factor of file types: swiFactTyp;
- statistics for repeated requests, including average
and maximum numbers of requests per file, and
percentage of repeated requests: avgReqPerURI,
maxReqPerURI, %repeatedURI;
- occurance of a request for robots.txt file in session
(a Boolean variable): robots.txt;
- statistics for data volumes transferred to the client,
[KB], including the average, standard deviation,
and total transfer volume: volAvg, volSd, volTotal;
- percentages of requests with specific HTTP method
(GET, HEAD, and POST): %GET, %HEAD,
%POST.
The third group includes features connected with HTTP
response status, such as the successful request (2xx),
redirection – request moved permanently (301), moved
temporarily (302), or not modified (304), client error
(4xx), and server error (5xx): %2xx, %301, %302, %304,
%4xx, %5xx.
Remaining features are related to request referrers:
percentages of HTTP requests and page requests with
empty referrer fields and a switching factor on empty
referrer: %empRefReq, %empRefPag, swiFactEmpRef.
Our basic session model includes all 40 features. They
are used as predictor variables at the input of the PCA
algorithm (and the k-means algorithm for scenario I).

relies on querying well-recognized online databases of
IPs and user agents known to correspond to robots or
Web browsers. It additionally examines keywords
suggesting a bot in user agent strings and implements
some heuristic rules identifying session patterns
untypical for humans.
Dimensionality Reduction and Feature Selection
with PCA
We propose to apply PCA to the set of sessions described
by 40 features in order to generate multidimensional
features (PCs) and to identify these of original features
which contribute most to the top PCs. Our goal is
twofold:
- identifying a subset of top principal components
and using them as new, information-rich session
features;
- selecting a subset of the most significant original
session features.
Based on PCA results, we propose two improved session
representations and experimentally verify their efficiency
in session clustering:
1) In the PC-based model a session is represented as a
vector of selected top PCs so the PCs themselves are
used as new input variables to the clustering
algorithm (experimental scenario II);
2) In the feature subset model a session is represented
by some subset of original variables – the top
loading variables for selected top PCs are used as
input variables to the clustering algorithm
(experimental scenario III).
Session Clustering with k-means
Clustering of sessions is performed with k-means
independently for the three scenarios:
- scenario I: clustering of original feature vectors, 40
variables each;
- scenario II: clustering of PC vectors; number of
vector elements vary depending on the number of
dimensions (1-5) under consideration;
- scenario III: clustering of reduced original feature
vectors; number of variables in vectors vary
depending on the number of dimensions (1-5).
Experimental Setup
Experiments are performed using R-project, a free
software environment for statistical computing (R
Project) with FactoMineR (FactoMineR) and factoextra
(Factoextra) R packages used for PCA.
An original data matrix is pre-processed at the PCA
input: Boolean values are replaced with 1 and 0, missing
values are replaced with an average for the given column,
data are centered and scaled.
The k-means algorithm employs Euclidean distance and
k varies from 1 to 10. For each k the algorithm is run 200
times with different random seeds and finally mean
performance scores are computed and reported.
Clustering performance is evaluated in terms of the
ability to partition bots and humans into separate clusters.

Session Labels
Each session receives a class label: 0 or 1. Labels are not
used in PCA nor k-means but they are needed to assess
the clustering performance. Our session labeling
procedure, proposed in (Suchacka and Motyka 2018),
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Figure 2: Scree Plot for the First 20 Dimensions
This is measured with the purity metric (Tan et al. 2006),
expressing an extent to which clusters contain sessions of
a single class. The purity of cluster i is:
𝑝𝑖 = max 𝑝𝑖𝑗 ,

greater than one. The first five principal components are
much more significant than others – they together explain
nearly half of total information contained in the data.
Another way of determining the number of final PCs is
to analyze a scree plot, presenting eigenvalue variances
ordered from the largest to the smallest. A scree plot for
the first twenty dimensions is shown in Fig. 2. It reveals
upcasts after the first PC (from 16.6% to 11.1%), after the
second one (from 11.1% to 7.2%) and after the next three
PCs (from 6.2% to 4.8%).
Thus, five top principal components (dimensions) were
selected to develop new session models based on PCs.

(1)

𝑗

where 𝑝𝑖𝑗 = 𝑚𝑖𝑗 /𝑚𝑖 , where 𝑚𝑖𝑗 is the number of
sessions of class j in cluster i and 𝑚𝑖 is the number of all
sessions in cluster i. The overall clustering purity is:
𝑝𝑢𝑟𝑖𝑡𝑦 = ∑𝑘𝑖=1

𝑚𝑖
𝑚

𝑝𝑖 ,

(2)

where k is the number of clusters.
In real Web traffic the classes are imbalanced so we apply
data under-sampling by randomly drawing the majority
class sessions into the final dataset. A balanced session
set allows us to intuitively interpret the purity measure.
In the case of two classes, purity of 0.5 means that each
cluster contains 50% of sessions of each class while
purity of 1 means the ideal separation between classes.

Table 1: First 15 Components from the PCA

RESULTS AND DISCUSSION
Dataset Description
Log data used in the analysis are for an online store
offering car parts and accessories. Recorded traffic
included 773 874 HTTP requests received from 13 th
October to 20th December, 2015. Among 8 408 sessions
71.1% were driven by bots. After data under-sampling
the final dataset included 4 856 sessions with equal
proportions of robots and humans.
PCA Results

Dim.

Eigenvalue

Variance [%]

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

6.63
4.45
2.89
2.58
2.48
1.93
1.83
1.64
1.57
1.37
1.22
1.10
1.07
1.02
0.99

16.58
11.12
7.21
6.46
6.19
4.82
4.57
4.11
3.93
3.42
3.04
2.76
2.67
2.54
2.47

Cumulative
variance [%]
16.58
27.70
34.91
41.37
47.56
52.38
56.94
61.05
64.98
68.40
71.44
74.20
76.88
79.42
81.89

PC-based Session Model
Five PC-based vector representations of sessions were
developed and analyzed in the experimental scenario II,
for dimensions 1 to 5. In the first model (PC-based/1 dim)
only one dimension is taken into account so a feature
vector representing a session contains only one element
– the first principal component, PC1. The second model
(PC-based/2 dim) is based on two dimensions so a
feature vector of each session contains two top principal
components, PC1 and PC2. Each subsequent model is
augmented with one additional dimension, up to the fifth
model (PC-based/5 dim) with a five-PC vector.

Since in the basic session model each sample is
represented with 40 variables, PCA generated 40
principal components. Table 1 shows eigenvalues for 15
top PCs. The eigenvalues express variation of data
retained by individual PCs, which is the highest for the
first PCs and smaller for the subsequent ones. The
eigenvalues are helpful in determining the number of
principal components to be kept in PC-based models. A
popular rule-of-thumb to do this for standardized data is
keeping PCs with eigenvalues > 1. One can notice in
Table 1 that only 14 out of 40 PCs have eigenvalues
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Table 2: Eigenvectors of Top Five PCs
Variable
duration
intervReqAvg
intervPagAvg
intervEmbAvg
intervReqSd
intervPagSd
intervEmbSd
msClickRate12
msClickRate6
msClickRate3
%night
totalReq
totalPag
%pag
%img
%binExe
%zip
imgToPag
embToPag
maxEmbBar
swiFactTyp
avgReqPerURI
maxReqPerURI
%repeatedURI
robots.txt
volTotal
volAvg
volSd
%GET
%HEAD
%POST
%2xx
%301
%302
%304
%4xx
%5xx
%empRefReq
%empRefPag
swiFactEmpRef

PC1
-0.15
-0.27
-0.22
-0.13
-0.30
-0.19
-0.08
-0.01
-0.02
-0.01
-0.04
-0.02
-0.05
-0.36
0.26
0.29
0.21
0.11
0.14
0.15
0.15
-0.01
-0.01
0.05
-0.10
-0.04
-0.16
-0.02
-0.01
0.00
0.01
0.05
-0.08
-0.03
0.04
0.14
-0.11
-0.34
-0.33
0.02

PC2
0.13
-0.13
-0.15
0.04
-0.09
-0.15
0.05
0.35
0.34
0.31
0.02
0.36
0.35
0.03
0.03
-0.06
-0.05
0.00
-0.01
0.01
0.00
0.29
0.29
0.15
0.10
0.24
0.02
0.03
-0.14
0.02
0.14
0.03
-0.01
0.05
0.01
0.05
-0.08
0.03
0.03
0.02

PC3
0.08
0.10
0.13
0.00
0.07
0.10
-0.03
-0.08
-0.09
-0.10
-0.02
0.22
0.17
0.00
0.10
-0.03
-0.12
0.47
0.46
0.43
-0.15
0.05
0.05
-0.17
-0.05
0.17
0.03
0.06
0.16
-0.03
-0.15
0.13
-0.02
-0.13
-0.07
-0.15
0.01
-0.01
0.01
-0.05

PC4
0.15
-0.16
-0.18
0.14
-0.08
-0.13
0.08
0.15
0.16
0.14
0.11
-0.08
-0.08
0.01
-0.03
0.00
0.03
-0.05
-0.05
-0.04
0.10
-0.24
-0.24
-0.19
0.27
0.05
0.13
0.08
0.35
-0.04
-0.35
0.37
-0.02
-0.10
-0.11
-0.17
-0.27
0.04
0.06
0.01

Feature Subset Session Model
We developed and analyzed five session representations
based on reduced feature vectors, starting from taking
only one dimension into account and augmenting the
subsequent models by one additional dimension, up to
the fifth model, which is based on all five dimensions.
In the first model (Feature subset/1 dim) each session is
represented by a 11-element vector, including values for
the features with the largest contributions to PC1
(separated from other features with a vertical line in Fig.
3a): %pag, %empRefReq, %empRefPag, intervReqSd,
%binExe, intervReqAvg, %img, intervPagAvg, %zip,
intervPagSd,
and
volAvg.
Similarly,
vector
representations in models Feature subset/2 dim, Feature
subset/3 dim, Feature subset/4 dim, and Feature subset/5
dim contain 18, 20, 22, and 23 elements, respectively –
variables most contributing to dimensions 1-2, 1-3, 1-4,
and 1-5, respectively (cf. Fig. 3).

PC5
0.08
0.02
0.04
-0.02
-0.03
0.05
-0.04
-0.26
-0.29
-0.30
0.01
0.29
0.33
-0.07
-0.15
0.19
0.25
-0.25
-0.22
-0.22
0.14
0.15
0.15
-0.18
0.04
0.30
-0.04
-0.04
0.07
-0.04
-0.07
0.15
-0.06
-0.13
-0.07
-0.10
-0.02
-0.05
-0.04
-0.02

K-means Results
The analysis of clustering results reveals that the basic
session model, consisting of 40 features, allows the kmeans algorithm to efficiently separate bots from humans
to a large extent (see a black line in Fig. 4a, 4b). The
resulting purity ranges from 0.86 for k = 2 to 0.94 for k =
10. So even a very coarse division of sessions into two
groups gave the purity of 0.86, which is a promising
result, confirming a good selection of predictor variables.
Increasing the number of clusters to three results in purity
exceeding 0.93 and the further increase in k affects the
increase in purity only slightly.
Fig. 4a shows that for two clusters the PC-based session
models for all five dimensions are better than the basic
model; however, for k > 4 the advantage is kept only by
the PC models based on the first and two first dimensions.
In particular, representing a session with one top
principal component leads to the highest clustering
purity, approaching the level of 0.95 even for only two
groups.
Fig. 4b shows the similar superiority of session models
based on subsets of original features. In this case
clustering results for models based on dimensions 3 – 4
are even better than for the corresponding PC models.
The feature subset model based on one dimension,
representing a session with 11 most significant features
(Feature subset/1 dim) leads to the highest purity,
ranging from 0.93 for k = 2 to 0.96 for k = 10.
Fig. 4 confirms that taking into consideration only the
first principal component and top session features
contributing to it gives the highest degree of separation
of Web robots and legitimate users, regardless of the
number of clusters.
Regarding a possible implementation of the approach on
a real Web server, it has to be noted that although the
dimensionality of improved session models is reduced,
still all the original features are needed to generate the
PCs. However, since principal components are linear
projections of original variables, the PCA algorithm is
computationally fast even for a large number of input
variables.

Original variables contribute to individual PCs to
different degrees, expressed by eigenvectors. Table 2
displays the eigenvector values (loadings) for top five
PCs, with the highest contributions for each PC stressed
in boldface.
One can see that each PC is dominated by different
variables, e.g., almost all of the variables contribute to the
first PC but to very different degrees, with the following
top loaders: intervReqAvg, intervReqSd, %pag, %binExe,
%empRefReq, and %empRefPag. Similar levels of their
loadings onto PC1 indicates that these variables are
correlated with each other.
Plots in Fig. 3 visualize contributions of all variables to
top five PCs. For a given PC the most significant
variables have contribution values exceeding the
expected average contribution (marked with a red dashed
line). These variables were selected as candidates for the
reduced feature vectors representing sessions in
experimental scenario III.
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(a) Contribution of Variables to Dim 1

(b) Contribution of Variables to Dim 1-2

(c) Contribution of Variables to Dim 1-2-3

(d) Contribution of Variables to Dim 1-2-3-4

(e) Contribution of Variables to Dim 1-2-3-4-5
Figure 3: Contributions of Original Session Features to Top Five Dimensions
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(a)

(b)

Figure 4: Total Purity of Clusters Generated with k-means for Sessions Described with Original Feature Vectors
(Basic - all features), as well as with (a) PC Vectors and (b) Reduced Feature Vectors
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CONCLUSIONS
In this paper we proposed a new PCA-based approach to
dimensionality reduction and feature selection for
representing Web sessions of bots and humans for the use
in classification tasks. Three types of session models
were proposed: a basic, 40-feature model, a principal
component-based model, and a reduced feature set
model. The
efficiency of the approach was
experimentally evaluated by clustering sessions with the
k-means algorithm.
The clustering results show the superiority of the
proposed session models, especially the ones based on
the first principal component (one PCA dimension), over
the basic model in terms of the overall clustering purity.
This suggests that using outcomes of Principal
Component Analysis to build multidimensional and
reduced session representations may be beneficial for
discriminating Web bots from legitimate users.
Our methodology may be used to develop more effective
bot detection methods. In future work we are going to
verify the proposed approach for other server log data in
order to generalize the results. We are also planning to
integrate it with session classifiers, both based on
supervised and unsupervised learning, and to verify the
classification performance on a test dataset.
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possibility of remote installation and update of software on network devices. The general idea is using
software layers to implement a flexible and reconfigurable control plane of a network, completely defined
by the administrator according to the needs, to benefit
of the natural distribution of network devices and of
the resulting centralized control of the network.
AN aims to support the management of large networks by allowing network devices to autonomously react to network conditions, by locally applying proper
strategies according to general policies, thus allowing network managers and administrators to focus on
global issues, planning and system-level specifications.
The use of AN may allow faster and better adaptation of the network to traffic dynamics, compensation
of failures, self-management, faster reaction, but the
complexity of network infrastructures may cause instability and unnecessary failures because of the interactions of autonomic devices driven by locally correct,
globally wrong solutions.
In order to support the design of network management policies, a proper modeling approach is needed
that may help predict the effect of design decisions in
different traffic conditions. Such modeling approach
should encompass both local issues, dealing with a single network device, and global issues, that is, the dynamics resulting from the interactions, at a system
level, of all the autonomic reactions in each network
device. The approach must be supported by a proper
methodology, capable of capturing all aspects of the
design and maintenance process of complex networks.
This paper, that extends [6], is a first step towards
the development of a suitable design approach. In particular, we propose a Stochastic Petri Nets (SPN) based
modeling approach to design and evaluate the adaptive
policy of an autonomic router that has to balance traffic
generated by two variable sources, so to grant at least
part of the bandwidth to each source, by detecting a
regime change in the traffic of each source and enacting
a proper symmetric and a proper asymmetric strategy.
The paper is organized as follows: in Section II some
related works are presented to introduce readers to the
problem; in Section III the case study is defined, to-

Performance evaluation; autonomic networks; software defined networks; Petri nets.
ABSTRACT
Modern networking is moving towards exploitation
of autonomic features into networks to reduce management effort and compensate the increasing complexity
of network infrastructures, e.g. in large computing facilities such the data centers that support cloud services delivery. Autonomicity provides the possibility
of reacting to anomalies in network traffic by recognizing them and applying administrator defined reactions without the need for human intervention, obtaining a quicker response and easier adaptation to network
dynamics, and letting administrators focus on general
system-wide policies, rather than on each component
of the infrastructure.
The process of defining proper policies may benefit
from adopting model-based design cycles, to get an estimation of their effects. In this paper we propose a
model-based analysis approach of a simple autonomic
router, using Stochastic Petri Nets, to evaluate the behavior of given policies designed to react to traffic workloads. The approach allows a detailed analysis of the
dynamics of the policy and is suitable to be used in the
preliminary phases of the design cycle for a Software
Defined Networks compliant router control plane.
I. INTRODUCTION
Autonomic Networking (AN) and Software Defined
Networks (SDN) are the most promising approaches to
computer networks that show the potential for supporting the needs of larger, more complex, faster infrastructures. While AN puts its focus on management issues,
SDN try and address the need for moving to software
services all the control plane.
SDN advocate an architectural shift in network devices, proposing the implementation of as many network layers as possible in software, ideally keeping in
hardware only the physical one. This approach leverages the availability of high performance and highly reliable computing hardware at affordable costs, and the
Communications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
ISBN: 978-3-937436-65-4/978-3-937436-66-1(CD) ISSN 2522-2414

441

gether with the router policies defined to manage traffic and the performance model developed to study the
behavior of an autonomic router; in Section IV the case
studied is evaluated and results are presented; conclusions follow in the last Section.

g

a1
b1

II. RELATED WORKS
Problems and opportunities related to autonomic
networks are well analyzed and documented in the literature. A presentation of the main approaches adopted
to organize the architecture of autonomic networks is
provided by [12], that also discusses their management
and related services: the authors also propose a unifying approach to the problem, to balance more conservative and more innovative proposals. Performance evaluation aspects, including related qualitative and quantitative metrics and main indicators, are examined in
[10], that proposes these indicators as a tool to perform comparisons and decision making with different
organizations or designs of autonomic network infrastructures. A detailed framework for the design and
organization of autonomic networks based on a set of
abstraction tools is presented in [5]. Autonomic management of networks and network components is analyzed in [7].
Future developments and roadmaps have been presented both by market players, such as in [1], and
academia, such as in [9] and in [8], and standardization
entities, such as in [13]. Such developments include future applications, extensions of currently adopted management policies and technologies, important technical
issues that may shape innovation in the field, future
networks, impact of and on Software Defined Networks,
strategic domains such as networking infrastructures to
support Cloud Computing, information-centered networking management, autonomic communications and
5G technology and applications [11].
Security is of course a relevant aspect to be considered, as autonomicity is somehow a form of delegation,
thus it may open the way to innovative threats and new
classes of vulnerabilities: for an overview, we suggest
the reader refer to [4].

b2

a2
Fig. 1. The shared channel model

The autonomic router γ can offer, in different time instants, a variable service capacity to the two sources:
we model its behavior with a state machine. In particular, we consider that the router alternates between
three states: traffic is equally shared between the
sources (state U ), source α1 is given more bandwidth
(state P1 ), or source α2 is privileged (state P2 ). Reconfiguration is driven by a set of rules that checks conditions over the current occupations of the two buffers
β1 and β2 : if a considered rule is verified by the queue
sizes of the two sources for a given amount of time, a
state switch is triggered. This reconfiguration requires
a non-negligible amount of time: during this period,
the router can only work at a fraction of its capacity,
and both sources are affected by this event.
We model the systems presented in Figure 1 with the
SPN shown in Figure 2.
A. THE SPN MODEL OF THE AUTONOMIC
ROUTER

a1

H1
rLH1

rHL1

rLH2

L1
C1 N b1
Q1
Q1

III. MODELING AN AUTONOMIC
ROUTER

l1(a1) m1(g)

To simplify the presentation, we focus on a single
channel shared by two sources, as shown in Figure 1.
We imagine that there are two possible sources, α1 and
α2 that might be subject to traffic bursts. Both sources
are modelled as Markov Modulated Poisson Processes
(MMPPs), in which the state of a Markov Chain defines
the traffic produced by a source in a particular moment
in time.
The traffic generated by both sources, respectively at
rates µ1 and µ2 , is multiplexed over a single channel of
capacity µ = µ1 + µ2 . The autonomic router γ, that
handles both sources, has two different buffers for the
two traffic flows considered, addressed respectively as
β1 and β2 . Such buffers are characterized by capacity
NQ1 and NQ2 .

C2 N b2
Q2
Q2
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Fig. 2. The SPN model of the autonomic router

To simplify the presentation, both sources are modeled as a MMPP process with two states. Each source
αi (with i = 1, 2), is described by two places Li and
Hi that respectively identify a low and high traffic
state. We consider the modulation processes defined
by rates ρLHi and ρHLi that characterized respectively
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cies. In this example, we decide to model the following
policies: a symmetric policy, and a priority policy.

the transitions between low traffic to high traffic, and
vice-versa.
The buffers of the two sources, β1 and β2 , are modeled by places Q1 and Q2 . New packets arrive at rate
λi (αi ), depending on the state of modulation process
of the considered source i, and are served at rate µi (γ),
according to the state of the autonomic router modeled by sub-model γ (which will be described in the
following). In this example, we consider service times
to be exponentially distributed to easily fit in the SPN
framework. Although being a simplifying assumption,
exponential workloads have been measured in several
interesting scenarios documented in the literature. The
finite capacity of the buffers is guaranteed by places Ci ,
that are initially marked with NQi tokens to reflect the
potentially different capacities of the two sub-systems.
The autonomic features of the router are modeled by
the marked-graph SPN shown in sub-model γ. Places
U , P1 and P2 model the states of the router: when one
of such places is marked, the router is working in the
corresponding state. Switching from state i to state j is
performed at rate φij (β1 , β2 ) depending on the buffers
occupations β1 and β2 : the definition of these functions
allows the implementation of different reconfiguration
policies and will be discussed more in depth in Section
III-B. Since switching takes a non-negligible amount of
time, it is modeled by places Sij , depending on the previous and next configuration state. To simplify the presentation, we assume switching time to be independent
of the initial and final states and to be exponentially
distributed with rate σ. Places of the considered SPN
and the transition rates of the model are summarized
respectively in tables I and II.

Case I: Symmetric policy
Under normal (low) traffic, the channel is equally
shared between the two sources.
• If a single source αi is detected to be in high traffic, the router is reconfigured to privilege such source.
Detection is performed by checking that the buffer occupancy of the considered source exceeds a high-level
threshold χT i , while the other is still under a low-level
threshold χBj .
• When the router privileges a source αi , it returns to
the equal share if its buffer occupancy goes below a
low-level threshold χT i , while the other remains below
a high-level threshold χT j .
• The router also returns to the equal share if its buffer
occupancy of the other source goes above a high threshold χT j while the privileged source remains above a
low-level threshold χBi . The rationale of this change is
that, whenever both sources are in high traffic at the
same time, it is fairer to equally share the channel between them, rather than privilege the one that becomes
saturated first.
• Finally, from a state that privileges one source, the
router can immediately jump to the states that privilege the other if there is an inversion of the bottleneck,
that is if the buffer of the other source goes above a
high-level threshold χT j , while the privileged one goes
below a low-level threshold χBi
The proposed policy can be implemented in the following way. When the autonomic router is in the uniform channel sharing state U , the model switches to
the state P1 that privileges source α1 if:
•

TABLE I: Places of the model

Place
Li
Hi
Qi
Ci
U
Pi
Sij

Description
Low rate for source i
High rate for source i
Packets in queue for source i
Capacity for source i
Uniform sharing of capacity
Priority to source i
Reconfiguration from i to j

ψU 1 (β1 , β2 ) ≡ (#β1 (Q1 ) ≥ χT 1 ) ∧ (#β2 (Q2 ) < χB2 )
where #ξ (A) represents the marking of place A in
sub-model ξ, and χT 1 and χB2 are the two thresholds
previously introduced, which can be used to tune the
policy. Conversely, ψU 2 (β1 , β2 ) ≡ (#β2 (Q2 ) ≥ χT 2 ) ∧
(#β1 (Q1 ) < χB1 ).
The autonomic router returns to the uniform sharing
state U from the one that privileges source α1 , when:

ψ1U (β1 , β2 ) ≡ (#β1 (Q1 )

B. MODELING THE RECONFIGURATION POLICY

≤ χB1 ) ∧ (#β2 (Q2 )
 
< χT 2 ) ∨ (#β2 (Q2 )

In each state of the autonomic router sub-model γ,
reconfiguration is issued according to the rates given
by φij (β1 , β2 ) = 1(ψij (β1 , β2 ))θ where 1(·) is the indicator function, ψij (β1 , β2 ) is a predicate that defines
the rule that triggers the state transition, and θ is a
constant rate that defines the time a rule must be true
before the switching process is initiated. In particular, as a simplifying assumption, we assume that each
rule must be satisfied for an exponentially distributed
amount of time, characterised by rate θ, before switching is triggered. Predicate ψij (β1 , β2 ) can be used to
model different autonomic routing reconfiguration poli-

≥ χT 2 ) ∧ (#β1 (Q1 )

> χB1 )
In state P1 the system can also switch to state P2
if the traffic has an abrupt change between the two
sources. This is identified by the following predicate:

ψ12 (β1 , β2 ) ≡ (#β2 (Q2 ) ≥ χT 2 ) ∧ (#β1 (Q1 ) ≤ χB1 )
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TABLE II: Transition rates

Transition
ρLHi
ρHLi
λi (αi )
µi (γ)
φij (β1 , β2 )
σ

Rate
Transition rate from Low to High traffic for source i
Transition rate from High to Low traffic for source i
Arrival rates from source i
Service rate offered to source i
Controller transition rate from state i to state j
Channel reconfiguration rate

we use different parameters for the two queues to consider asymmetry in the system, as shown in Table III.
The parameters that control the network reconfiguration and its network service speed. Network services
are assumed to give a maximum throughput for the
autonomic router corresponding to 20000 pkt/s. For
state U , when the router equally divide the band between the queues, we define µ1 (U ) and µ2 (U ) to 10000
pkt/s, instead µ1 (P1 ) and µ2 (P2 ) equal to 16000 pkt/s
and, finally, µ2 (P1 ) and µ1 (P2 ) equal to 4000 pkt/s.
When the router reconfigures itself, we set µ1 (Sij ) and
µ2 (Sij ) to 4000 pkt/s. The thresholds that trigger a
change of state from up to low state and vice-versa for
both the queues are defined as follows: χB1 and χB2
equal to 14 packets, χT 1 and χT 2 equal to 7 packets.

Predicates that define the transition from state P2 to
either state U or P1 can be defined in the same way.
Case II: Priority policy
In the second case, the first source has priority over
the second one. In particular, the network reconfigures to privilege source β2 only if β1 is in low traffic.
Whenever β1 is detected to overflow buffers, the system immediately reconfigures to privilege that sources.
This behavior is achieved with the following definitions
of predicates ψij (β1 , β2 ):

ψU 1 (β1 , β2 )
ψU 2 (β1 , β2 )
ψ1U (β1 , β2 )
ψ12 (β1 , β2 )
ψ2U (β1 , β2 )
ψ21 (β1 , β2 )

≡
≡
≡
≡
≡
≡

#β1 (Q1 ) ≥ χT 1
(#β2 (Q2 ) ≥ χT 2 ) ∧ (#β1 (Q1 ) < χT 1 )
(#β1 (Q1 ) ≤ χB1 ) ∧ (#β2 (Q2 ) < χT 2 )
(#β1 (Q1 ) ≤ χB1 ) ∧ (#β2 (Q2 ) ≥ χT 2 )
(#β2 (Q2 ) ≤ χB2 ) ∧ (#β1 (Q1 ) ≤ χT 1 )
#β1 (Q1 ) ≥ χT 1

TABLE III: Parameters of the proposed SPN model

Parameter
ρLH1
ρHL1
λ1 (L1 )
λ1 (H1 )
µ1 (U )
µ1 (P1 )
µ1 (P2 )
µ1 (Sij )
NQ1
σ
χB1
χT 1

IV. RESULTS
We have tested the proposed autonomic routing
channel sharing policies on the configuration defined
by the parameters presented in Table III. The notation f (A) is used to denote that the corresponding
function f (·) assumes the associated value when place
A is marked: for example, λ1 (L1 ) denotes the arrival
rate of packets from source α1 when the modulating
sub-model has a token in place L1 . To make the result realistic, we set the model parameter according
to CISCO documentation [2]. We assume the buffer
size equal to NQi = 16 packets. Accordingly, with a
real-world network, we set a different rate for each parameter of the two sources. In particular, we set these
parameters to an average of different real-world networks and routers observation, specifically, we consider
both low-end and hi-end devices, analysed in various
times of the day and under different network’s loads.
We set the low arrival rate, λ1 (L1 ) and λ2 (L2 ), when
sources are normally used, to 5000 pkt/s, and we assign
to the high arrival rates, λ1 (H1 ) and λ2 (H2 ), to 18000
pkt/s. Next, let us consider the low rate to high rate
switching rate ρLHn and its dual, ρHL1 : in this case,

Value
0.1 s−1
0.15 s−1
5000 pkt/s
18000 pkt/s
10000 pkt/s
16000 pkt/s
4000 pkt/s
4000 pkt/s
16 pkt
0.01 s−1
14 pkt
7 pkt

Parameter
ρLH2
ρHL2
λ2 (L2 )
λ2 (H2 )
µ2 (U )
µ2 (P1 )
µ2 (P2 )
µ2 (Sij )
NQ2
θ
χB2
χT 2

Value
0.05 s−1
0.1 s−1
5000 pkt/s
18000 pkt/s
10000 pkt/s
4000 pkt/s
16000 pkt/s
4000 pkt/s
16 pkt
0.1 s−1
14 pkt
7 pkt

We start considering the steady-state distribution of
model components, depicted in Figure 3. For components αi and βi , we show respectively the distribution of
the number of tokens in places Li and Qi . For component γ, we show where the token is, using the following
convention: 0 − U , 1 − P1 , 2 − P2 , 3 . . . 8 − Sij . Results
for the two policies are shown in Figure 3. As can be
seen, in both cases overflow conditions tend to be pretty
severe, creating U-shape distribution for what concerns
the queue lengths. The symmetric case tends to have
the same distribution for both queues, while in the priority policy case the privileged source tends to have
a higher probability of an empty system and a lower
probability of full buffer as expected. It is interesting
to see how, in the symmetric policy case, states P1 and
P2 of the controller are almost equiprobable, while for
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the privileged case states U and P2 occur very rarely.
Next, we consider the transient evolution of the average buffer occupation, for three different starting
points: the empty system (-emp), the system when it
switches to high traffic for source β1 (-H1), and for
source β2 (-H2). The transient behavior for the second and third study has been studied by constructing a
starting distribution that considers controller γ in state
U , the corresponding modulating process α1 or α2 in
state H1 or H2 , and all the other components in steadystate. Results are shown in Figure 4. In the symmetric
case, time scales are emphasized: curves corresponding
to the empty system starts reaching the steady-state as
the modulating process starts switching to high traffic
states.

autonomic routers. The adopted quantitative approach
allows to get significant insights about the behavior of
the target router in different traffic conditions, with the
chance to evaluate and compare alternative configurations or different policies, since the very early phases of
the design cycle, and without the need for building a
detailed simulation of the hardware, keeping high the
level of abstraction. Results proved the effectiveness
of the approach, as they show realistic behaviors and
interesting effects.
Future works include validation with specialized network simulators, such as NS3, and a comparison with
measures taken in an experimental setup on a router, as
well as the definition of a network system-level modeling approach and a proper design methodology to support management policy design in large networks and
Cloud-oriented networks. Further goals include the definition of model-based SDN software definition.

In particular, it is interesting to relate the evolution
of the average buffer occupancy with the probability of
having the controller γ in a given state, as shown in
Figure 5.
The most important results come from the analysis
of the loss rates, as shown in Figure 6, where the three
possible initial states are considered during the transient evolution of the model. In the empty system case,
losses occur only when some of the two sources switch in
the high traffic state. When the system starts with one
source in high traffic mode, the corresponding source
experiences a high loss until the system reconfigures.
When a symmetric policy is used, the other source is
generally only marginally affected by the reconfiguration. In the priority policy, instead, reconfiguration
always has a bad impact on source β2 , even when the
system starts with β2 in high traffic: this occurs because whenever β1 becomes saturated, the other source
is penalised. It is then mandatory to carefully study the
effect of priority on the other class before using such a
policy: the proposed methodology could then be used
as a starting point for an optimization algorithm that
selects the parameters to provide the best trade-off between priority and fairness between the users.
Even if it is based on a SPN, this model has been analyzed by means of the SIMTHESys solver for Hybrid
Systems [3], here applied to a single-formalism totally
discrete case, seen as a degenerate case of its application to a model without a continuous part. In this case,
this solver has been exploited to leverage its capability
of considering regime changes, originally designed to
apply the effects of discrete state space transitions on
continuous parts of a hybrid model, and here used to
compute the initial states of the transient analysis when
considering the transition to the high-level regime. Details on the internals and the implemented mathematical framework are here omitted for sake of space, as
they are mainly focusing on the hybrid aspects that
are not used here, and we recommend [3] to interested
readers.
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the results are considered as valuable information since
they are sold for money.
Other example is the document (TCSEC, 1985). This
standard is the document for public usage, however it
is result of in-depth mathematical studies which were
put the reasons of security of the classified information.
Such reasons in this standard are absent, but its requirements are obligatory for all vendors which produce the
products for processing of the classified information.
The listed above examples do not exhaust methods of
protection of valuable information in public information
space. For deeper analysis of the problem it is necessary to construct models of valuable information and to
describe ways of usage of valuable information in public
information space. On the basis of these models it is
possible to construct methods of protection of valuable
information and to estimate its security.
Without applying for completeness, in work three
classes of models of valuable information and ways of
its usage in public information space are constructed.
Each of classes demands various approaches to information security which differ from multilevel security policy
(TCSEC, 1985).
The first class of models is connected with formation
of input data for information technologies. The second
class of models is connected with splitting valuable information on the basis of a compromise between obligatory belonging of information to the High level and a
possibility of its partial usage at the Low level.
The third class of models allows to form for protection of valuable information ambiguity in attempts of
recovery of valuable information according to results of
its usage in information technologies.
The article is structured as follows. Section 2 introduces models of formation of input data for information
technologies. Section 3 defines models of splitting of
valuable information. In Section 4 we describe model of
formation of ambiguity in attempts of recovery of valuable information according to results of its usage in information technologies. In Conclusion we analyze the
results.

Protection of valuable information, public information
space, ways of appearance of valuable information in
public information space.
ABSTRACT
In some cases a valuable information forcedly appears
in public information space. At the same time, as well
as in other cases, protection of valuable information is
necessary.
In the paper three classes of scenarios of the compelled
appearance of valuable information in public information space are considered. Also several ways of protection of valuable information in these cases are suggested.
The main problem consists in the fact that in public information space all information can be available to the
adversary.
The first class of scenarios of appearance of valuable
information in public information space is connected
with disclosure of the directions of information search,
intended for special researches. Information about researches is valuable and also the directions of its appearance in public information space is valuable information.
The second class is connected with the need of the
open publication of a part of valuable information. The
third class is connected with creation of ambiguity in attempts of a conclusion of valuable information from the
open publication of its usage in results of its application
in information technologies.
INTRODUCTION
The problem considered in the paper is formulated as
follows. Let’s consider the two-level system of classified
information. Valuable information is at the level High,
and information which is not valuable (further public),
is at the level Low where it can be available to an adversary. If the information technology uses valuable and
public information, then by the rules of MLS policy
(TCSEC, 1985) the results of the information technology should remain at the High level.
However, there is a number of situations when the
results of information technology should be present at
least partially at the Low level. In these cases for protection of valuable information different methods are used.
For example, in many databases of scientific information
the summaries are considered as public information, and
Communications of the ECMS, Volume 33, Issue 1,
Proceedings, ©ECMS Mauro Iacono, Francesco Palmieri,
Marco Gribaudo, Massimo Ficco (Editors)
ISBN: 978-3-937436-65-4/978-3-937436-66-1(CD) ISSN 2522-2414

MODELS OF FORMATION OF INPUT DATA
FOR INFORMATION TECHNOLOGIES
Let’s consider the problem of protection of the valuable
information used for formation of input data in information technologies on the following examples.
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sets of objects {xi } and {yi } can be considered as subsets of the set U . The similar model was considered in
the book (Anshakov, 2009) in connection with the analysis of search of the empirical reasons in semistructured
data.
It is obvious that without set {yi } valuable information is determined unambiguously by observations of
search process.
Let set {yi } defines false purposes of search, and they
are more large-scale, than the purposes of x. Then there
forms ”myth” that the set {yi } defines main objectives
of search of analytical center, and the unnecessary purposes from the set {xi } create an artificial hindrance for
the purposes from the set {yi }. There is an ambiguity
which can lead to mistakes of an adversary.

Example 1.
For involving of a large number of specialists doctors
for carrying out the analysis of diseases the public (for
doctors) database of inspection of patients is created.
Research of information from it the database should not
open personal data of patients.
Personal data are considered as valuable information.
For protection of personal data conditional identifiers
of patients (indexes) are used, and in all data personal
data are replaced with such indexes. The choice of data
for the analysis and results of information technologies
of the analysis of these data include indexes, but do
not open personal data. Indexes accompany all data
of researches of the patient and the description of the
course of its treatment.
It is considered that depersonalization is a good protection of personal data. Because except the protected
High level database the conformity of indexes and personal data cannot be anywhere disclosed. In this case
valuable information is torn off from an information
technology of data analysis. And therefore valuable information does not appear at the Low level in an explicit
form.
However when forming an input data for an information technology by means of valuable information there
can be more complex problems.

MODELS OF SPLITTING OF VALUABLE INFORMATION
Examples of compromises at placement of a part of valuable information in public information space are briefly
given at the beginning of the article. For knowledge
of the experts who are looking for results of scientific
research there is enough name of article, name of the
author and summary. At the same time full results and
their substantiation have to be bought. The compromise
consists in the fact that the researcher buying results
and their substantiation obtains additional information
which for it is valuable.
Deeper consideration of a problem of classification of
results (further object O) of any information technology
leads to rather complex problem.
Let’s consider a manual algorithm of classification of
output information of information technology at High
and Low levels.

Example 2.
Let’s consider the High level analytical center and the
Low level system of data collection for the High level
system in the public information network. The service
of the Low level should fill DBMS from which the system
of the High level takes information for the analysis. As
the tasks interesting for the High level analytical center are valuable information, such DBMS has the High
level. In this case a protection of DBMS corresponds to
protection of a High level system, and channels from the
Low level to the High level are unidirectional (multilevel
security policy (TCSEC, 1985).
However it is possible only in rare cases. It is impossible to fill DBMS with all possible potentially necessary information. Then the service of a High level system should define the directions of information search
in public information space and transfer these directions
to the Low level. The service of the Low level will organize search in the specified directions, and, thereby,
gives to an adversary the area of work and tasks of the
High level.
Therefore for protection of the valuable information
consisting in the directions of search of input data for
analysts, only the method of expansion of field of search
is known.
Let’s construct the simple model of necessary expansion of the field of search. Let x is valuable information
and consists of objects x1 , ..., xN . Each object is described by some subset of the set U = {a1 , ..., am } of
characteristics.
For protection of valuable information x we will add
false objects y1 , ..., yt for searching which are described
by the same values of characteristics. Then elements of

1. The list (description) of valuable information, i.e.
information at the High level is created.
2. Criteria of reference O to valuable information are
established.
3. Representation form of candidate for classification
is regulated.
4. The order (algorithm) of classification, i.e. reference of information to the High level is defined. Information which is not referenced to the High level
is considered information of the Low level.
In the automatic mode classification gets elements of
stochastic character. It is connected with implementation of item 3 above. Really, the data representation form for classification is not determined and can be
modelled by some random process. Then the problem
of classification is the procedure of statistical check of
the hypothesis that an information for classification has
the Low level, against the alternative that the provided
information contains High level elements. Repeated requirements of classification of the output data of information technologies are possible. We receive model of
many small samples.

452

Applying traditional methods of mathematical statistics, we have possibility of appearance of ”false alarm”
(i.e. to classify information, as belonging to the High
level though it belongs to the Low level) and errors of
the random admission of elements of the High level at
the Low level. In case of classification of valuable information, it is inadmissible. However, the known effect of
many small samples (Axelson, 1999) shows that decrease
in probability of a ”false alarm” considerably increases
the probability of classification of valuable information
of the High level as information of the Low level.
Therefore, traditional methods of statistical test of
hypotheses are not suitable for this task. In this case it
is possible to use the theory of the bans of probability
measures on finite probabilistic spaces (Grusho et al.,
2013).
Qn
Let Xi , i = 1, 2, ..., n, ..., be nite sets, i=1 Xi be
Cartesian product of Xi , i = 1, 2, ..., n, X ∞ be the set
of all sequences when i-th element belongs to Xi . Dene
A be a -algebra on X ∞ , generated by cylindrical sets.
Define probability measure P on (X ∞ , A). Assume
Pn be the projection of measure P on the rst n coordinates of sequences from X ∞ . Define
∞
Y

Xn∞ =

chosen so that it consists only of the bans of probability measures. It means that the probability of a ”false
alarm” is equal to zero at all n. If at the same time it
is possible to prove that in data presentation language
for classification it is impossible to express at least one
ban in two different ways, then it is possible to prove
that with probability 1 any ban of the High level can be
founded on a finite step of search of High level information in classification procedure (Grusho et al., 2015).
Using the theory of bans, a classification of valuable
information needs to be carried out on the basis of the
list of bans of the probability measure P , which describes results of information technology.
Check of object O on possession of a ban is connected
with representation of this object in the form of expression in language with the finite alphabet in which it is
possible to reveal ban existence. I.e. it is necessary to
define language of the description of objects O and to
construct algorithms of identification of bans if objects
O are sent to the input of the algorithm.
The main problem consists in whether it is possible
to express in this language valuable information so that
the algorithm could not detect presence of valuable information. That is whether a bypass of rules of reference
of an object to valuable information is possible.
In the constructed model it is clear what is a compromise. If a ban is not found in object O, but there is no
proof of a possibility of bypassing High level information, then object O is classified as Low in supposition
that an adversary has also no algorithms of calculation
of valuable information at O.

Xi .

i=n+1

It is clear that for every
Bn ⊆

n
Y

Xi

i=1

the following ratio is carried out
Pn (Bn ) = P (Bn × Xn∞ ).

MODEL OF AMBIGUITY FORMATION TO
PREVENT DETECTION OF VALUABLE INFORMATION

Let
xk ∈

k
Y

In this model it is supposed that object O is the result of
work of information technology, does not possess bans,
but valuable information is used at calculation of O. The
danger consists that an adversary can solve the inverse
problem of recovery of valuable information under O and
information available to him on transformation which is
implemented in information technology.
For protection of valuable information in this case it
is possible to use the fact that at the solution of the
inverse task, as a rule, valuable information cannot be
unambiguously restored. Trying to obtain high degree
of ambiguity of the solution of the inverse task it is possible to reach the necessary level of security of valuable
information.
In a general consideration it is difficult to formalize
this approach. Therefore we will illustrate this method
of information security on the following example.

Xi ,

i=1

then x̃k−1 is obtained from xk by dropping the last coordinate.
Definition 1. Ban (Grusho et al., 2013) of measure
Pn for each n is a vector
xk ∈

k
Y

Xi , k ≤ n,

i=1

such that
Pn (xk ×

n
Y

Xi ) = 0.

i=k+1

If
Pk−1 (e
xk−1 ) > 0,
then xk is the smallest ban (Grusho et al., 2013).
Problems of test of hypotheses H0, n that information
for classification has the Low level against alternatives
H1, n , Q
where n means that the analysis is provided in
n
space i=1 Xi , are considered.
Bans have that property that always in the specified
problems of check of hypotheses the critical set can be

Example 3.
Let’s assume that valuable information is a binary vector
x = (x1 , ..., xn ). Transformation which is implemented
by the information technology is known to the adversary
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and is described by the linear equations system.

 a11 x1 + · · · + a1n xn = y1 ;
...............

am1 x1 + · · · + amn xn = ym ,

device. Then authentication in bank on the basis of the
device can be compromised, and only the PIN code at
its careful usage provides ambiguity of authentication,
and can prevent violation of information security due to
ambiguity of data of authentication.
The listed above three classes of problems of protection of valuable information in public information space
do not exhaust a set of problems in this area. For example, in the paper (Abbas et al., 2018) the problem of
ensuring deductive security of requests to databases is
considered.

(1)

where aij ∈ {0; 1}, all calculations are conducted in
GF(2), and output result of an information technology
O = y = (y1 , ... ym ). Then at m < n and the rank of
the transformation matrix equals to m, for every y there
exist exactly 2n−m solutions of system (1).
Thus, ambiguity of definition of valuable information
is exactly calculated. Let’s note that if valuable information x participates in k independent implementations
of the information technology, then we receive k of linear
equations systems of form (1) with different matrixes of
coefficients. At the same time when km ≥ n, there is
a real opportunity for an adversary to recover valuable
information.
In the considered example an ambiguity of recovery of
valuable information can be increased, entering a false
or dependent variables describing valuable information.
However such need disappears when instead of a linear system of equations (1) there is a nonlinear system
of equations of high degree of nonlinearity. Except a
number of special cases such systems can be solved only
by method of brute force search of possible solutions.
The brute force algorithm creates an additional boundary of protection of valuable information in the form of
complexity of an algorithm of inverse of results of the
information technology.

CONCLUSION
In the paper the problem of protection of the valuable information which is in public access of information space
is considered. The need for such protection can arise
when forming input data for analysts out of public information resources.
In case the valuable information is sufficient well separated from the analyzed data, the specified formation
of input data can be made sufficient protected as it is
described in Example 1.
If the directions of formation of data for analysts are
a valuable information, then reliability of the method in
Example 2 raises doubts.
The method of introduction of additional false information demands further development. For example, the
perspective way is an addition of various false purposes
in various periods of time. At the same time the true
purposes need to be included in a set of false purposes.
However estimates of security of valuable information at
such approach demand creation of special mathematical
models.
At the splitting of valuable information and the conclusion of its part in public information space there
arises a complex mathematical task of assessment of
security of such method. Namely, reliability of information security is defined by a possibility to define
at least of one ban in data presentation language for
classification of information. Though this approach is
represented as a complex problem generally, at rather
poor languages of data presentation for classification
this problem can effectively be solved.
In daily usage of this method data presentation language for classification is not constructed at all and it
is possible to consider this fact as a compromise in the
problem of splitting of valuable information.
The method of introduction an ambiguity of the problem of definition of valuable information allows to estimate sometimes sufficient strictly a security by means
of estimation of ambiguity. However, in a general view
of formalization of this approach can be based only in
specific conditions. It does not allow to build universal
estimates of security when using this method.

Example 4.
One of ways of creation of ambiguity of transformation
inverse for the purpose of protection of valuable information is a hiding of the transformation.
Let’s assume that F (x) = y is the transformation of
valuable information by means of an information technology into information y available to the adversary. If
it is possible to hide transformation F , then the adversary for recovery of valuable information should recover
transformation F . One of ways of hiding of transformation F is placement it in the form of the program on
programmable FPGA microprocessor.
Let’s note that such problems cannot be solved with
the help of the brute force method since there is no criterion of correctness of recovery the program and valuable
information. Besides, even the system in Example 3 if it
becomes known to the adversary, then the linear system
(1) turns into a nonlinear system, and demands brute
force methods for its solution.
Example 5.
Method of hiding of valuable information by means of
creation of ambiguity is often used in simple tasks.
Let’s assume that it is necessary to hide authorization
of the user in a banking system. The user uses two-factor
authentication (Grusho et al., 2017), namely, the PIN
code and the device creating authentication information
of considerable complexity. The PIN code is stored in
the user memory but an adversary can steal or copy the
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The literature on non-observable dispatching systems
is not rich; a short but recent review can be found in
Konovalov and Razumchik (2018). Among the recent papers (more or less) related to the problem3 of scheduling
in unobservable queues one can mention Anselmi (2017);
Hassin and Snitkovsky (2017); Burnetas, Economou
and Vasiliadis (2017); Lingenbrink and Krishnamurthy
(2017). The concept of the unobservable M/M/1 queue
is covered in detail in (Hassin, 2016, Section 3). For a
dispatching system with N servers in Anselmi (2017) the
authors prove the optimality (in the regime when N → ∞
and the system’s load approaches 1) of a subset of deterministic and periodic policies within a wide set of (openloop4 ) policies that can be randomized or deterministic
and can be dependent on the arrival process at the dispatcher. A system with the Poisson input, two interdependent queues (one is observable and the other is unobservable) and the Bernoulli scheduling policy is considered in Hassin and Snitkovsky (2017). Here the authors
study the interrelation between the equilibrium strategy
and the socially optimal strategy. The decision problem
whether to join or not the single-server (almost5 ) unobservable system upon arrival and whether to stay or renege later is being solved in Burnetas, Economou and
Vasiliadis (2017). Another single-server unobservable
queue offering a service at a known fixed price to delay sensitive jobs is studied in Lingenbrink and Krishnamurthy (2017) from the standpoint of signalling mechanism and service provider’s price which maximize the
revenue.
To the best of our knowledge in the previous research
papers, devoted to the optimal routing in unobservable
dispatching systems, it was assumed that the service discipline employed in each queue is FIFO. Already under
this assumption only two class of routing policies are

processor sharing, server farm, load balancing, customer
assignment, dispatching, mean response time
ABSTRACT
Consider a non-observable distributed processing system
with N ≥ 2 single server queues operating in parallel,
each under the processor sharing discipline. Jobs arrive
one by one to the dispatcher, which immediately routes it
to one of the queues. When making a routing decision the
dispatcher does not have any online information about
the system (current queues’ sizes, size of the arriving job
etc.) The only information available to the dispatcher is:
job size distribution, job’s inter-arrival time distribution,
server’s speeds, time instants of previously arrived jobs
and previous routing decisions. Under these conditions,
one is interested in the routing policies which minimize
the job’s long-run mean response time. Two new class
of policies are being proposed, which, according to the
numerical experiments, may significantly outperform the
optimal probabilistic policy and the Round Robin policy.
INTRODUCTION
Consideration is given to the problem of optimal scheduling in parallel non-observable single server queues each
with processor sharing (PS) discipline. In such systems,
which are sometimes also referred to as dispatching systems or server farms or distributed processing systems,
there is a dispatcher (broker, scheduler, load balancer),
which has to route arriving jobs (immediately1 ) to one
of the queues. The non-observability means that the dispatcher has only static information about the system: cumulative distribution function (CDF) of job’s inter-arrival
times, CDF of job’s size and servers’ speeds. Any online
information about the system’s state (like queue sizes,
remaining work etc.) is not available to the dispatcher.
Under these assumptions, one in interested in the routing policies, which minimize the job’s long-run mean response2 time.
1 I.e.
2 Or,

3 According to the proceedings Ayesta et al. (2016) this topic has
also been discussed to some extent during the second European Conference on Queueing Theory. So far some of the presented talks have
not been published as separate papers.
4 Open-loop control means any dispatching algorithm that does not
rely on feedback information dynamically flowing from the queues
back to the controller.
5 Since it is assumed that the system administrator announces to the
customers their positions in the system in a stochastic manner.

the dispatcher does not have a queue to store the jobs.
equivalently, job’s mean sojourn time in the system.
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available to the dispatcher6 : probabilistic and deterministic (see Hordijk and van der Laan (2004)). When one
switches the scheduling in queues from FIFO to PS, the
choice is narrowed down to the probabilistic routing and
the Round Robin7 .
According to a probabilistic (Bernoulli, random) routing a job is routed to the queue m, 1 ≤ m ≤ N, with the
probability pm independently of the previous decisions.
For finding pm there exist efficient numerical procedures
(see, for example, Combe and Boxma (1994); Bell and
Stidham (1983); Neely and Modiano (2005); Sethuraman
and Squillante (1999)). If the arrival flow is Poisson8
with rate λ, then the arrival process to each server remains Poissonian and each server behaves as the M/G/1PS queue with the arrival rate pm λ. The optimal probabilistic routing policy9 , further referred to as RND-opt,
is the probability distribution (p1 , p2 , . . . , pN ) that minimizes the job’s mean response time
N
X
m=1

pm

E(X/v(m) )
1 − pm λE(X/v(m) )

when the arrival flow is Poisson, the inter-arrival times
into each queue have an Erlang-N distribution, and thus
each queue is EN /G/1–PS. In some cases the computation
of the mean response time can be performed analytically;
for example, when the job size distribution is deterministic, the job’s mean response time can be computed from
the relation (3.3) in Brandt and Brandt (2006).
In this paper two new class of routing policies are proposed, which can outperform both the optimal probabilistic policy and the Round Robin policy. In addition to the
assumptions made above, the new policies only require
that the dispatcher can memorize its previous routing decisions and time instants at which those decisions were
made. The new policies are based on the estimations of
some average values related to the queues and, in some
cases, can be not much worse than the online Join-theShortest-Queue (JSQ) policy.
The paper is organized as follows. In the next section the detailed description of model is given. The third
section contains the overview of the new policies, that is
followed by the section with the numerical comparison
of the new policies with the RND-opt, RR and JSQ policies. In the concluding section one discusses pros and
cons of the proposed policies and points out directions
for further research.

(1)

under the constraint 0 ≤ pm λE(X/v(m) ) < 1 for each m.
Here EX denotes the mean job size. The solution can be
found in many sources, for example, in Bell and Stidham
(1983); Haviv and Roughgarden (2007); Altman, Ayesta
and Prabhu (2011); Hyytiä, Virtamo et al. (2011). For the
sake of completeness it is reproduced below according to
(Bell and Stidham, 1983, Eq. (28)):
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MODEL DESCRIPTION AND ASSUMPTIONS
The system consists of N ≥ 2 single server infinite capacity queues, operating in parallel. The queues are numbered from 1 to N. The server’s speed of queue m is
denoted by v(m) , 1 ≤ m ≤ N. The service discipline employed in each queue is processor sharing. Service preemption and jockeying between queues is not allowed.
Inter-arrival times between jobs, which arrive one by one,
and their sizes are i.i.d. with the known CDF A(x) and
B(x) respectively. Upon receiving a job the dispatcher
must immediately route it to one of the queues.
Fix an arbitrary integer n ≥ 1. Let 0 ≤ t1 < · · · < tn
denote the arrival instants of the first n jobs and let
y1 , y2 , . . . , yn−1 be the first n − 1 routing decisions i.e.
y j is the server whereto the job arrived at instant t j was
routed. Each y j takes a value from the set {1, 2, . . . , N}.
For the nth job arrived at tn , the dispatcher in order to
make a routing decision may use only the following information: (i) the values of t1 , t2 , . . . , tn , (ii) the values
of y1 , y2 , . . . , yn−1 , (iii) the inter-arrival time distribution
A(x) and the jobs size distribution B(x), (iv) the values
v(1) , v(2) , . . . , v(N) of the servers’ speeds. Online information (like the arriving job size, current queues’ sizes
etc.) is not available. The objective of the dispatcher is
to route jobs in such a way that the job’s (long-run) mean
response time is minimal.

EX

where
r


k  (i)
N
X
X
v(i) v(k) 
v(i)
 v

rk =
−
,

 , rN+1 =
EX
EX EX
EX
i=1
i=1
and N ∗ = min1≤k≤N (rk < λ ≤ rk+1 ). We will not discuss the computation of the job’s mean response time under the Round Robin (RR) policy and just mention that
6 This is in sharp contrast with the partially and fully observable dispatching systems for which a good selection of routing policies exits
(see Bonomi (1990), Fu et al. (2016), Hyytiä, Penttinen et al. (2011),
Harchol-Balter, Crovella and Murta (1999)), (Harchol-Balter, 2013,
Section 24.2).
7 That is the special case of a deterministic routing. In fact, general deterministic policies are also applicable here, but we are unaware
of any procedures for finding optimal or near optimal deterministic sequences for PS server farms.
8 The assumption of Poisson flow of jobs allows one to consider
more general dispatching systems as those described, for example, in
Section III.E in Hyytiä, Penttinen et al. (2011). New policies proposed
in this paper are applicable in such general cases as well.
9 Whenever the dispatcher has more information about the system’s
current state (for example, current backlogs of the queues and/or the
size of the arriving job), other (state-dependent) policies can do better.
For example, JSQ or FPI-ρ policy as described in Hyytiä, Penttinen et
al. (2011).

OVERVIEW OF THE NEW POLICIES
Based on the system description, two new class of policies are being suggested. The first class of policies implies that the dispatcher routes an arriving job to the
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queue, for which the probability of being least loaded10
at the moment is maximum. The decision rule is the following: send the first job to the queue with the fastest
server; send the n-th job to the queue yn , where
n
o
yn = argmaxm E1{Amn } , 1 ≤ m ≤ N , n ≥ 2,

Algorithm 2 High-level description of the implementation procedure for the CA policy
function NextDecision(N,v(1) , ..., v(N) , B(x), yn−1 , yn−2 ,
. . . , yn−d )
for i = 1 → r do
Generate(tn , . . . , tn−d )
zi = SimulateSystem(tn , . . . , tn−d , yn−1 , . . . , yn−d )
end for
P
P
P

Find i∗ : ri=1 δi∗ ,zi = max ri=1 δ1,zi , . . . , ri=1 δN,zi
return yn = i∗
end function

where E denotes the expectation operator and 1{Amn } denotes the indicator function of the event Am
n , which is
(m)
(1)
(m)
(2)
defined as Am
=
{N
≤
N
,
N
≤
N
,
. . . , Nn(m) ≤
n
n
n
n
n
(N)
(m)
Nn }, where Nn denotes the number of jobs in the
queue m upon arrival of the nth job, conditioning of the
fact that the previous (n − 1) jobs arrived at instants t1 , t2 ,
. . . , tn−1 and were routed to queues y1 , y2 , . . . , yn−1 . Ties
are always broken in favour of the queue with the fastest
server or, if there is none, randomly. Since the exact values of E1{Amn } are unavailable, computer-aided simulation
is used to estimate them. The first option (further referred
to as CAA policy; see the pseudocode in the Algorithm
1) is to take the part of the previous trajectory (d ≥ 1 previous values of the inter-arrival times tn−1 , . . . , tn−d and
routing decisions yn−1 , . . . , yn−d ) and to simulate the system’s trajectory r ≥ 1 times starting from the empty system (and sampling service times from B(x)). At the end
of each run (i.e. at instant tn ) 1{Amn } is evaluated and E1{Amn }
is the average over r runs.
The second option (further referred to as CA policy;
see the pseudocode in the Algorithm 2) is to take only
d ≥ 1 previous routing decisions yn−1 , . . . , yn−d and to
simulate the system’s trajectory r ≥ 1 times starting from
the empty system (and sampling both service and interarrival times). Again, at the end of each run (i.e. at instant
tn ) 1{Amn } is evaluated and E1{Amn } is the average over r runs.

a SimulateSystem(t , . . . , t
n
n−d , yn−1 , . . . , yn−d ) denotes the same function as in the Algorithm 1.
b Generate(t , . . . , t
n
n−d ) denotes a function, which generates d + 1 consecutive job arrival instants, labelled by tn , . . . , tn−d . Sampling is performed from A(x).

The second class of policies, which can be used in the
given context, is the modification of the policy proposed
in Konovalov and Razumchik (2018) for the minimization of the job’s mean response time in non-observable
queues with FIFO scheduling11 . The dispatching rule is
the following: send the first job to the queue with the
fastest server; send the n-th job to the queue yn , where
n
o
yn = argminm ENn(m) , 1 ≤ m ≤ N , n ≥ 1.
Since the exact sizes of the arriving jobs are not observed,
the exact values of Nn(m) cannot be computed. Yet in some
special cases, approximations for ENn(m) are possible.
Such case is, for example12 , when B(x) = 1 − e−µx . The
key to obtaining the values of ENn(m) is the discrete-time
setting. All time-related quantities in the model are discretized into fixed-length intervals (slots) of such length
∆, so that µ∆ < 1. Then qi j = Cij (µ∆/i) j (1 − µ∆/i)i− j approximates the probability that the service of j jobs will
be completed after one slot, given that at the beginning of
a slot there where i jobs in the queue13 . Then, if initially
the system is empty, the distribution ~p (m)
n of the number
of jobs in the queue m upon arrival of the nth , n ≥ 1, job
can be computed recursively from the relations:

Algorithm 1 High-level description of the implementation procedure for the CAA policy
function NextDecision(N,v(1) , . . . , v(N) , B(x), tn , tn−1 ,
. . . , tn−d , yn−1 , . . . , yn−d )
for i = 1 → r do
zi = SimulateSystem(tn , . . . , tn−d , yn−1 , . . . , yn−d )
end for
P
P
P

Find i∗ : ri=1 δi∗ ,zi = max ri=1 δ1,zi , . . . , ri=1 δN,zi
return yn = i∗
end function

~p (m)
2

SimulateSystem(tn , . . . , tn−d , yn−1 , . . . , yn−d ) denotes a function,
which returns the result of a single simulation run of the considered
system under the following conditions: the system starts empty at the
instant tn−d and has job arrivals at the instants tn−d , tn−d+1 , . . . , tn−1 ,
which are routed to the servers yn−d , yn−d+1 , . . . , yn−1 . The job
service times are sampled from B(x).
At the instant tn the
simulation is stopped and the number of the server, which currently has the minimum number of jobs in it, is returned.
b The positive integer values d and r are the parameters of the algorithm, which must be set in advance. Their values are mostly
influenced by the inhomogeneity of the system (different servers’
speeds), by the job size distribution and the system’s load.
c δ
i,zi is the Kronecker symbol, i.e. δi,zi = 1 if i = zi and δi,zi = 0
otherwise.
a

~p (m)
1 = (1 − δm,y1 , δm,y1 ),


t2 −t1
= ~p (m)
P̃1 (P1 ) ∆ −1 δm,y1 + I2 · (1 − δm,y1 ) ,
1

11 The following observation is forth noticing here. While there is no
rational reason to use the arrival-aware (AA) policy, proposed in Konovalov and Razumchik (2018), in a PS server farm (when trying to minimize the mean response time or mean waiting time), it becomes reasonable as soon as the system’s load is high and in the queues, instead of
PS, the limited processor sharing policy (LPS) with the same/different
multi-programming levels (MPL) is used. The intuition behind this idea
is the following. Under high system load it is quite probable that the
total number of customers in each queue is greater than the MPL of the
LPS policy. When this happens LPS policy starts to behave as FIFO,
for which the AA policy shows good results.
12 Phase-type distribution for B(x) is also allowed but this case requires a separate study.
13 Here, for simplicity, it is assumed that all servers have equal speeds
equal to 1.

10 The load is measured in terms of the total number of customers in
the queue.
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tn −tn−1
−1
∆
~p n(m) = ~p (m)
δm,yn−1
n−1 P̃n−1 (Pn−1 )

arrival times and the decision history, usually outperforms both both the RND-opt and the RR policy. The relative gain (with respect to the RND-opt policy) is higher
for the low variable job size distributions and (in the presented cases) vanishes with the increase of the job size
variability. The surprising fact, that can be seen from the
tables, is that the CA policy (see Algorithm 2), which is
based only on the decision history and does not utilize
any information about the inter-arrival times, also does
better than RND-opt and RR policy in many cases. As
expected, the CAA policy is worse than the online JSQ
policy. Yet for low variable job size distributions their
performance is quite close.


+In−1,n · (1 − δm,yn−1 ) ,
where In denotes the identity square matrix of size n,
In−1,n denotes the identity square matrix of size n − 1 with
the zero column appended to the right,


 1
0 
P1 = P̃1 = 
 ,
µ∆ 1 − µ∆
the square matrix Pn is obtained from the matrix Pn−1 by
appending to it one zero column to the right and then the
row (qn,n , qn,n , . . . , qn,0 ) to the bottom and the rectangular matrix P̃n is obtained from the matrix Pn by deleting
its first row. Once the distributions ~p (m)
n are computed,
the queue with the minimum mean number of jobs can
be chosen. The implementation of the above algorithm
is not straightforward since right now the dimension of
each vector ~p (m)
n is equal to the number of arrivals to the
system up to instant tn . Thus special procedures for keeping the vector dimensions low are required. We leave the
discussion of this issue as well as the choice of ∆ for the
future and proceed in the next section to the numerical
examples from which some conclusions about the performance of the CAA and CA policies can be drawn.

SUMMARY
The results in the Tables 1–4 demonstrate that the new
policies, memorizing the inter-arrival times and the routing decisions made, can improve the performance of
an non-observable system with processor sharing single server queues, working in parallel and independently.
For job size distributions with low variance the gain may
be quite big, whereas for highly variable distributions the
gain is usually low or absent. In general, the gain depends on the properties of the job size distribution, on
the system structure (number of queues, server’s speeds)
and the values of the policy parameters r and d. More
understanding is needed here. As numerical experiments
evidence, the new policies sometimes can do almost as
good as the JSQ policy.
Generally, the performance improvement that is
promised in the Tables 1–4, comes at price. The optimal RND policy and the RR policy can be implemented
in the dispatcher at very limited costs, but the new policies require computational efforts and parameter (number of simulation repetitions r and history depth d) tuning . Although the implementation algorithm for the new
policies is simple, the rules for choosing the values for
r and d are most likely not. This can be seen already
from the Tables 3 and 4: the job’s mean response time,
as the function of d, is not monotonic. Further study is
needed here. The question of ranking the RND-opt, RR
and the new policies with respect to the job’s mean waiting time and stochastic order (see Bonomi (1990); Winston (1977); Weber (1978)) remains open as well.

NUMERICAL EXPERIMENT
Extensive numerical experiments show, that the new
routing policies generally lead to visibly better results
than the RND-opt and RR policies. Exceptions, when
it may not be easy (or not possible at all) to get the gain,
are the cases with highly variable job size distributions.
Numerical results presented below show the values of
the job’s mean response time under five different dispatching policies – RND-opt, RR, JSQ, CAA and CA.
For the demonstration purposes four special cases of
the system structure are considered: the system with
2 servers (see Table 1), the system with 4 servers (see
Table2), the system with 8 servers (see Table 3) and the
system with 16 servers (see Table 4). In each case the
system is heterogeneous (servers have different speeds),
the incoming flow of jobs is Poisson and the mean job
size is equal to 1. The considered job size distributions
are: deterministic, uniform, normal, exponential, hyperexponential and Pareto.
Although in some cases the values of the job’s mean
response time can be computed explicitly from the available analytic results, the values displayed in the tables
were obtained from the simulation (the simulation framework is described in Konovalov and Razumchik (2014);
Konovalov (2014)). In the implementation of the JSQ
that was used, the ties were broken according to the rule:
if two or more queues have the same number of jobs,
choose the queue with the fastest server; if there is no
such queue, choose the random one.
The numerical results evidence that the CAA policy
(see Algorithm 1), which is based both on the inter-
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Table 1: Job’s mean response time in the system with 2 servers (N = 2). The server’s speeds are v(1) = 2
and v(2) = 1. The job arrival flow is Poisson with rate λ = 1. Mean job size EX = 1. The offered load
P
to the whole system is λEX/ 2i=1 v(i) ≈ 0,33. For the CAA and CA policies the number of simulation
repetitions is r = 10.
DET
0, 721
0, 915
0, 946
0, 864
0, 722

U[0,5; 1,5]
0, 724
0, 913
0, 971
0, 877
0, 769

N(1; 0,1)
0, 724
0, 914
0, 974
0, 877
0, 775

Exp
0, 732
0, 914
1, 096
0, 939
0, 894

H2
0, 734
0, 914
1, 133
0, 964
0, 923
0, 907

JSQ
RND-opt
Round Robin
CA
d=5
CAA d = 5
d = 10
a
DET – deterministic, fixed job size equal to 1.
b
U[0,5; 1,5] – uniformly distributed on [0,5; 1,5] job size.
c
N[1; 0,1] – normally distributed job size.
d
Exp – exponentially distributed job size with mean 1.
e
H2 – hyper-exponential job size distribution with mean 1, service
rates (2/3, 2) and equal phase probabilities.
f
Pareto – Pareto-distributed job size with shape 3 and scale 2/3.

Pareto
0, 727
0, 914
1, 002
0, 893
0, 811

Table 2: Job’s mean response time in the system with 4 servers (N = 4). The server’s speeds are
v(1) = 4, v(2) = 3, v(3) = 2, v(4) = 1. The job arrival flow is Poisson with rate 5. The offered load to the
whole system is 0,5. For the CAA and CA policies the number of simulation repetitions is r = 10.
JSQ
RND-opt
Round Robin
CA
d=5
CAA d = 5
d = 10
d = 15
d = 20

DET
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0, 711
∞
0, 594
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U[0,5; 1,5]
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∞
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0, 711
∞
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∞
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0, 963
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H2
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∞
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Pareto
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∞
0, 771
0, 596

Table 3: Job’s mean response time in the system with 8 servers (N = 8). The server’s speeds are
v(1) = 5, v(2) = v(3) = v(4) = 2, v(5) = v(6) = v(7) = v(8) = 1. The job arrival flow is Poisson with rate 5.
The offered load to the whole system is ≈ 0,33. For the CAA and CA policies the number of simulation
repetitions is r = 10.
JSQ
RND-opt
Round Robin
CA
d=5
CAA d = 5
d = 10
d = 15

DET
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0, 595
0, 745
0, 556
0, 384

U[0,5; 1,5]
0, 383
0, 596
0, 779
0, 570
0, 446

N(1; 0,1)
0, 383
0, 597
0, 786
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Exp
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1, 074
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H2
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1, 160
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Pareto
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Table 4: Job’s mean response time in the system with 16 servers (N = 16). The server’s speeds are
v(1) = v(2) = v(3) = 3, v(4) = v(5) = v(6) = v(7) = v(8) = 2, v(9) = v(10) = v(11) = v(12) = v(13) = v(14) =
v(15) = v(16) = 1. The job arrival flow is Poisson with rate 10. The offered load to the whole system is
≈ 0,37. For the CAA and CA policies the number of simulation repetitions is r = 10.
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Round Robin
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d=5
CAA d = 5
d=6
d=7
d=8
d = 10
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In the paper, we propose to consider an approximate
method for calculating stationary characteristics of the
model. Besides, we provide comparison of calculations
accuracy with the methods, proposed in [3, 4].
The rest of the paper is organized as follows. Section II
gives a brief description of the queuing system with
limited resources with signal arriving, while section III
describes approximation method for the considered
model. In Section IV, the numerical evaluation of
approximate method is performed, the results are
compared with simulations. Section V concludes the
paper.

ABSTRACT
Queuing systems with limited resources, in which
customers require a device and a certain amount of
limited resources for the duration of their service,
proved their effectiveness in the performance analysis of
modern wireless networks. However using queuing
systems leads to complex calculations. In this paper, we
propose a method for approximate analysis of queuing
systems with limited resources and signals that trigger
resource reallocation of customers. The results of
approximate analysis were compared with simulations of
the initial model.
I.

II. QUEUING SYSTEM WITH SIGNALS
We consider a multiserver queueing system with N
servers, in which arriving customer occupies not only a
server, but also a volume of limited resources. The total
volume of resources in the system is R and volumes of
customers’ resource requirements are independent
identically distributed random variables with CDF
F1 ( x) . Here and further we assume discrete resources.
In cases of continuous resource requirements the
simplification algorithm which described in [5] can be
applied. Customers arrive according to the Poisson
process with intensity λ and the service times have
exponential distribution with rate µ . Each customer in
the system produces a flow of signals. Signals arrive
according to the Poisson distribution with intensity γ .
When a signal arrives, the customer releases the server
and occupied resources and goes to the system again
with new resource requirements with CDF F2 ( x) . It
follows that customers leave the system with intensity
γ
.
µ + γ and returns back with probability
µ +γ
Let ξ (t ) be the number of customers in the system at

INTRODUCTION

Queuing systems with limited resources with signals can
be used to analyze the performance of contemporary
wireless networks [1, 2]. Signal arrival indicates that a
different amount of resources is required for the request.
Upon arrival of a signal, a customer leaves the system
and immediately comes again with a new resource
requirements.
Analytical calculations of probabilistic indicators of
resource queuing system with signals in case of Poisson
arrivals are presented in [3, 4, 5]. Application of such
analytical formulas to calculate the stationary
characteristics is rather complicated, since it implies
calculation of multiple convolutions of resources
requirements cumulative distribution function (CDF),
and with an increase in the dimension of the system, the
duration of calculations increases too.
Analytical calculations for such systems require
significant computing power, therefore, in [6, 7] we
have developed the simulation tool for queuing systems
with limited resources with signals.
Calculations with the help of simulation tools managed
to reduce the load on computing resources in the
calculations of the probability-time characteristics.

moment t > 0 and γ (t ) = ( γ 1 (t ),...., γ ξ (t ) (t ) ) - the vector

of occupied resources by each customer. If ξ (t ) = 0 ,
vector γ (t ) is empty. The system behavior is described
by the stochastic process X ( t ) = (ξ ( t ) , γ ( t ) ) over the
set of states
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n


=
S (n, r1 ,..., rn ) : 0 ≤ n ≤ N , ri ≥ 0, ∑ ri ≤ R  .
i =1


Figure 1 shows the scheme of the queuing system.
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(2)

[5], we developed the recurrent algorithm for evaluation
of normalization constant, which can be calculated by
formula (3):
G ( n, r ) = G ( n − 1, r ) +

µ +γ

B1

N

Formula (2) defines normalization constant G ( n, r ) . In

R
λ , F1 ( x )



=

µ +γ

N

ρ

r

∑ pi ( G (n − 1, r − i ) − G (n − 2, r − i ) ) ,

n i =0

2≤n≤ N

with initial values:

G (1, r ) =1 + ρ

(3)

r

∑ p ,0 ≤ r ≤ R
j

(4)

j =0

Also in [5], given the normalization constant G ( n, r ) ,

Figure 1. Resource queueing system scheme

we derived formulas for the blocking probability B , the
average number of occupied resources b , the blocking

In [4], system of equilibrium equations and stationary
probabilities for this system were derived by means of
matrix-geometric methods. With increasing of state
space, dimension of generator matrix increases too and
the calculations in real system scale becomes too
complicated. In the next section, we tried to solve this
problem with approximation method.

probability of customers with type l - Bl .
R

B=
1 − G −1 ( N , R ) ∑ p j G ( N − 1, R − j ) ;
j =0

N −1

ρn

R

(5)

j

(n)
1 − G −1 ( N , R ) ∑
Bl =
∑ ∑ pl ,i p j −i =
n 0 n ! =j 0=i 0
=

R

=
1 − G −1 ( N , R ) ∑ pl , j G ( N − 1, R − j ) ;

III. ASSUMPTION FOR APPROXIMATE
ANALYSIS

j =0

(6)

−1 R

b=
R − G ( N, R) ∑ G ( N, R − j) ;

(7)
We consider that customers which arrive with signal
j =1
In our model offered load for customers of 2-nd type
contain a new type of customers with intensity N γ , N depends on N , so we can calculate it by the formula
average number of customers in the system. Denote
bellow, again using the normalization constant:
L = 2 as set of customers’ type.
N R
We assume here that resource requirements are
N = ∑ ∑ nqn , r ,
independent of arrival and serving processes.
n 1=
r 0
=
n R
Denote plk , rl the probability that k -th customer of l N
N
ρ
ρ n −1 R ( n )
(n)
k
ρ
=
=
N q=
n
p
q
∑
∑
∑
∑ pr
r
0
0
=
=
n 1=
n 1 ( n=
n! r 0
− 1) ! r 0
type will require rl resources and pl , r the probability
k

l

N −1 ρ n R
N −1 ρ n R r
that a customer of l -type will require rl resources. Then
( n +1)
(n)
ρ
ρ
= q=
p
q
∑
∑
∑=
∑ ∑ p j pr − j
r
0
0
( kl )
n 0=
r 0
n 0=
r 0 j 0
=
=
=
n
n
!
!
pl , rl is the probability that kl customers of l -type will

require rl , where

N −1

probabilities pl , rl . Denote ρ1 =

λ

R

R

µ +γ

R

j =0

N −1

ρn

R− j

L
ρl
pl , r , where ρ = ∑ ρl and
l =1
l =1 ρ

L

unite offer loads pr = ∑

l

calculate stationary probablites as follows:
ρ k (k )
qk , r = q0
pr ,
k!

(8)

Figure 2 shows the approximation algorithm for
calculating performance metrics. Before start we must
define min_dif – the accuracy threshold for average
number of customers N . At the beginning of
approximation, we have only first type of customers. We
calculate N with first type of customer and denote it as
prev _ N . Having N , one can calculate input

N γ
- the offer load
µ +γ
for customer of 2-nd type. According to [5], we can

where pr

R

= q0 ρ ∑ p j G ( N − 1, R − j ) .

- the offer load for

customers of 1-st type and ρ 2 =

(k )

ρn

(n)
(n)
k
q=
=
of
pl(, rll ) is k -fold convolution
∑ p j ∑ pr − j q=
∑ pr
0ρ ∑
0ρ ∑ pj ∑
=
=j 0 =
n 0 =
n 0 =
n ! j 0=r j
n! r j

(1)

parameters for second type of customers, and calculate
N for two flows of customers with intenstites λ and
prev _ N γ . On the next step we compare the difference

is k - fold convolution of propabilities pr .
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queueing system were obtained using the geometric
CDF and applying formulas (5-7) for discrete resource
requirements (Figure 3, Figure 4, Figure 5).

between N and prev _ N according to the accuracy
threshold min_dif. If the difference less then min_dif we
calculate blocking probability of newly arriving
customers B1 , blocking probability of second-type
customers

One can note that the difference between analytic and
simulation results increase with increase of average
resource requirements after signal arrival. The main
problem is in the method of generating signals. If in the
initial model, upon arrival of a signal the customer
releases occupied

and average amount of occupied
resources b , else return to denoting N , and calculate it
with new intensity of the second flow.
B2

Figure 3. Blocking probability of new customers

Figure 2. Block-scheme for approximation calculation
Figure 4. Blocking probability of accepted customers

Note that blocking probability of the second-type
customers can be interpret as the probability that signal
arrival leads to the drop of a customer. In most practical
cases, instead of it we need the probability B3 that a
customer is terminated before it finishes its service
properly:

B3 =


γ NB
2

λ (1 − B1 )

.

(9)

IV. APPROXIMATION RESULTS
Figure 5. Average occupied volume of resource

In this section we compare approximation method
results and the simulation results. We set the number of
devices N = 100 , the number of resources R = 200 and
intensities λ = 50 , µ = 1 γ = 5 . We used geometric

resources and one server. This process guarantees some
free volume of resource and one server for the customer,
since it returns immediately with new resource
requirements. But in our model for approximate
analysis, the second type customers may not see any
unoccupied resources on arrival. That is why the
approximate approach gives the upper bound on the
blocking probability of accepted customers.

distribution for resource requirements with parameter Pl
for each type of customers’. P1 = 0.75 for the newly
arriving customers and P2 = [ 0.4;0.8] for secondary

customers.
The simulation results were compared with calculations
by formulas (5-7), where performance measures of the
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32st European Conference on Modelling and Simulation,
2018, pp. 505 – 509
[7] Eduard Sopin, Kirill Ageev, Simulation Of The Limited
Resources Queuing System Include Signal Event For
Performance Analysis Of Wireless Networks, Proceedings
The 10th International Congress On Ultra Modern
Telecommunications And Control Systems, 2018.

V. CONCLUSION
In the paper we described an approximation approach
for analysis of stationary characteristics in the queuing
system with limited resources and signals. The method
can be used to evaluate performance metrics in
contemporary wireless network.
In our further work, we plan to implement a more
accurate analysis of the analytical model with signals.
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In this paper we construct a new theoretical scheme for
statistical analyzing and numerical modeling of
nonstationary time series. As far as we know the
evolution equations for the sample distribution function
(SDF) were not derived in the frame of time series
analysis.
The main problem is to predict the SDF at some horizon
 with the use of a given sample data x1,..., xn . In
practice this problem arises under investigation of the
evolution of statistical properties of any complex system
with many degrees of freedom. For example, in the
works (Orlov et al. 2017; Ivchenko et al. 2017) the
quality metrics of wireless connection were modeling
for the case of non-stationary random walk of
subscribers. For this purpose the method of kinetic
evolution equation for SDF was proposed. In this
method there is a problem of mathematical correctness
of construction of nonstationary empirical statistics,
such as drift velocity of the sample distribution function
density (SDFD). If we have a sample of data x1,..., xn ,
where n is sufficiently large number, we can construct
SDF Fn (x) as an empirical probability, corresponding

KEYWORDS
empirical kinetic equation, dynamical system, stochastic
motion, Chernoff equivalence.
ABSTRACT
In this paper we discuss two aspects of kinetic approach
for time series modeling in terms of dynamical system.
One method is based on the interpretation of kinetic
equation for empirical distribution function density as a
reduced description of statistical mechanics for
appropriate dynamical system. For example, if
distribution function density is satisfied to Liouville
equation with some velocity, then this velocity can be
treated as an average velocity of particle in phase space.
The second method is based on the so-called Chernoff
theorem from the group theory. According to the
consequence from this theorem some iteration procedure
exists for construction of group or semigroup, which is
equivalent in some sense to average shift generator over
the trajectory of appropriate dynamical system.
Connection between these two methods enables us to
construct a strict approach to nonstationary time series
modeling with non-parametric estimation of statistical
properties of corresponding sample distribution
function. Also the notion of Chernoff-equivalent
semigroup can be used for the calculation optimization
procedure.

to random variable with the values xk . If we suppose
further, that this function approximates an objective
general distribution function F (x) with density f (x) ,
then numerical difference Fn ( x)  Fn ( x  x)  Fn ( x)
can be approximately interpreted in terms of SDFD
f n (x) , so that Fn ( x)  f n ( x)x  o(x) . But if the

INTRODUCTION

analizing data x1,..., xn  correspond to nonstationary
random process, then we need to introduce a time
dependence of SDF Fn ( x, t ) and SDFD f n ( x, t ) , where

In the traditional approach to nonstationary time series
analysis (see e.g. Harris 1995) the cointegration method
is applied for construction some linear combination of
finite differences of time series, so that this combination
is a process with stationary distribution function.
Besides that there are several heuristic methods such as
Winters model (Winters 1960) and others econometric
models (Johnston and Dinardo, 1997), using for
forecasting of nonstationary behavior of time series.

time t is measured in terms of numbers k of values xk .
So it is naturally to construct the evolution equation for
SDFD f n ( x, t ) as an approximation procedure for some
differentiating function of two variables f ( x, t ) . We
suggest a following scheme.
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xt 1  xt  un ( xt , t ) .

Let  n ( x, v, t ) is a joint SDFD of values x and
differences v  x with unit time step, so that the value
vk  xk 1  xk numerically approximates velocity

The main problem is that the empirical velocity un ( x, t )
is unknown for time moments t  n  1 and f n ( x, t ) can
not be forecasted without additional suppositions. For
example, if we put, that estimated phase velocity
un ( x, t ) dose not depend on time, the corresponding

dx / dt . According to construction of joint probability
density we have

f n ( x, t )   n ( x, v, t )dv ,

(1)

value un (x) might be used for forecasting over some
horizon  from t  n  1 to t  n   . Initial SDFD is
given for the time moment t0  n . But in fact it is a very
rough approximation.
One approach to solve this problem is to derive
evolution equation for velocity itself, using the
equations (2), (4) and (5). We have in one-dimensional
case the following sequence of equalities, which leads to
infinite chain of moment equations:

where the integral in (1) represents in fact the
summation over the differences vk . As it is known from
traditional statistical mechanics, if we have a dynamical
system v( x, t )  dx / dt and phase coordinates x, v are
independent, the joint DFD ( x, v, t ) in phase space
obeys to Liouville equation, which express the phase
space volume conservation law:

( x, v, t )
( x, v, t )
v
 0.
t
x

un ( x, t ) f n ( x, t )  
  v n ( x, v, t )dv 
t
t
 n ( x, v, t )

  v  n ( x, v, t )dv    v 2
dv.
t
x
(7)

(2)

If we assume, that the boundary conditions for ( x, v, t )
correspond to zero density, we obtaine from (2):

f ( x, t )
( x, v, t )
( x, v, t )

dv    v
dv 
t
t
x

u ( x, t ) f ( x, t ) 
   v( x, v, t )dv  
.
x
x

(6)

If we introduce the average square of velocity en ( x, t ) ,
so that

(3)

en ( x, t ) f n ( x, t )   v 2 n ( x, v, t )dv ,

Here the value u( x, t ) is introduced as an average
velocity in phase space:

(8)
we obtaine from (6), that

u( x, t ) f ( x, t )   v( x, v, t )dv

(4)

 u n ( x, t ) f n ( x, t ) 
 e ( x, t ) f n ( x, t ) 
 n
.
t
x

Following to this logic, we can consider the appropriate
phase space, associated with two time series samples
x1,..., xn  and v1,..., vn1 , and construct for n-1 joint
combinations xk , vk  the corresponding SDFD and

But the problem is not solved yet: we need now to
suppose the definite dependence on time for the value
en ( x, t ) and so on. In practice we can stop, if en ( x, t ) or
moment of higher order is sufficiently small. But it is
not very conveniently, because higher order moments
are usually increased with the order number.
Another approach is to calculate some velocity u~n ( x, t )
for several samples as an average value over the
samples. If we have several (s) samples x1,..., xn ,

empirical velocity un ( x, t ) , so that in the sense of
numerical procedure we obtain Liouville equation

f n ( x, t )
un ( x, t ) f n ( x, t ) 

t
x

(9)

(5)

for the case, when the process x(t ) has independent
differences.
If we know the empirical velocity un ( x, t ) , we can solve
the equation (5) under given initial conditions and
analyze the statistical properties of ensemble of
forecasting trajectories of this process. If we need to
construct average trajectory, the velocity un ( x, t ) is
taken to be a continuous analog of the corresponding
discrete dynamical system, based on the sample of size n
and defined by the equation

xn1,..., x2n  and so on, we can construct the value
u~n ( x, t )  p1un ( x, n)  p2un ( x,2n)  ... 
 ps un ( x, sn).

(10)

Here sn  t and sum of positive weight coefficients pk
is equal to unit:
s

 pk  1, pk  0.

k 1
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(11)

corresponding set of trajectories that can be considered
as an ensemble of solutions of the kinetic equation (5):
~
x i ,..., ~
x i . Each of the trajectories has SDFD, which

Unfortunately, the value of u~n ( x, t ) has no mechanical
sense as appropriate velocity in phase space, because in
general case the average value of group (or semigroup)
is not a group. In this paper below we present an
iteration mathematical procedure, which enables us to
use the formulas (10-11) in correct mathematical sense.



1





depends on time according to Liouville equation (5).
The principal distinction from traditional generation
method is that SDF in the formula (15) explicitly
depends on time through the variable k.
To examine the accuracy of this method we need to
estimate the non-stationafy level of SDF. This level is
introduced following by (Orlov, 2014). It is called as
self-consistent significance level (SCSL). This value
represents a stationary point of significance level for
distribution function of the values of non-parametric
Kolmogorov-Smirnov criterion (Kolmogoroff, 1933;
Durbin, 1972). This distribution is a distribution of the
distances between sample distribution functions.

TIME SERIES GENERATION METHOD
Let us suppose, that we solve the kinetic equation (5) for
SDFD. Then we have this function in a discrete
moments of time f n ( x, t  1),..., f n ( x, t   ) as a set of
real non-negative values in definite class intervals.
Thereafter, for each time k  1, 2, ...,  a random value
~
is generated from corresponding distribution
x
k

function, which is represented as
SELF-CONSISTENT SIGNIFICANCE LEVEL
x

Fn x, t    f n ( y, t )dy .

The problem of belonging of two SDF F1, n ( x) and

(12)

F2, n ( x) to the same general set can be solved with the
use of non-parametric statistics of Kolmogorov-Smirnov
test

0

In practice we deal with limited values, so that it is
convenient to normalize the sample on the unite interval.
In particular, if the solution of equation (5) is
represented as a histogram f n ( j, t ) , where j is a
number of class interval which divided the area of
integration, than the continuous strictly monotonic DF
has the form

S n  sup F1, n ( x)  F2, n ( x) ,

for which the following asymptotic representation is
valid:

j

Fn ( x, t )  Jx  j   f n ( j  1, t )   f n (k , t ) ,
k 1

x  [( j  1) / J ; j / J ] ,


lim P 0 
n  


(13)

j  1 J .

n

(17)

by the value of 1  K ( z) . More precisely, if we shall be
given a significance level  of the distribution function
of criterion (16), we must calculate the corresponding
 -quantile. Let us denote  n ( ) the value of
probability of exceeding of a given value z , that is
PSn  z    . The critical set for this criterion is

(14)

n

The trajectory of random process x(t ) can be generated
as follows. At first we generate stationary series of
numbers k  of length  , which is uniformly
distributed at [0;1] . The corresponding series with

defined by the condition S N   N ( ) . For this function
in the work (Bol'shev, 1963) the asymptotic
representation was obtained:

distribution Fn ( x, t ) from equations (12-14) is based on
the inverse function to the distribution function, that
moving in a sliding window of length  :

k  Fn ~
xk , k  .


n
Sn  z   K ( z) ,
2


where K (z) is a tabulated Kolmogorov function (see
e.g. Durbin, 1972) and n is a sample length. In formula
(16) the significance level Q is usually approximated

The computational step on the variable x is equal to
1 / J , where J is a number of class intervals in (13). So
if we know the value of drift velocity u~n ( j, t ) for each
class interval, we can construct the SDFD in the form:

f n ( j , t  1)  f n ( j , t )  Ju~n ( j  1, t ) f n ( j  1, t ) 
 Ju~ ( j , t ) f ( j , t ).

(16)

x

 n ( ) 

z
1

 o(1 / n) ,
2n 6n

(18)

where z is a root of the equation

(15)

 z
  .
1 K
 2



By generating a set of N uniformly distributed samples,
denoted by the superscript i  1, 2, ..., N , we obtain the
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(19)

It is more conveniently to use the stationary point of the
function (19). Namely, let  be a distance between
samples in the supremum norm, defined by (16). Then
SCSL for the sample of length n is defined as a solution
of the equation
 n 
1 K     .
(20)
 2 



n

  t  
lim sup U (t )        g  0

n  t[0;T ] 
  n  

X

for all T > 0 and for all g  X .
This theorem is generalization of well-known
mathematical limit for differentiable functions: if
function  (x) satisfies to the conditions, that  (0)  1
and  (0)  a   , then there exists the limit

In the stationary case the corresponding SCSL
   0 (n) does not depend on the distribution function
F. This solution is unique because of the monotonicity
of the function K (z) . Tabulated values of  0 (n) can be
found in (Orlov, 2014).
For nonstationary SDF the distribution of distances
between samples with defined length n differs from the
statistics (17). We can construct the empirical
distribution function Gn (S ) for the distances S n
between two independent samples with length n. The
numerical solution of the equation

Gn (S )  1  S

(22)

lim  (t / n n  e at .

n 

This theorem enables us to construct dynamical systems
as an asymptotical state of some chaotical process after
iteration procedure (22). Finite iteration procedure
corresponds to approximation of the semigroup with
definite accuracy. The examples of this method for
quantum mechanics problems were presented in the
work (Smolyanov et al., 2007).
In the work (Orlov et al., 2014) the definition of
Chernoff-equivalent operator functions was introduced.
The operator-valued functions  and  , acting from a
right half-neighborhood of the origin of the axis of real
numbers to the Banach Space B(X) of bounded linear
operators acting in a Banach Spase X are said to be
Chernoff-equivalent, if the following condition is valid:

(21)

is called as self-consistent stationary level S * ( n) . It will
be the probability that distance between independent
samples of length n is more than S * (n) . If it happens,

  t n  t n 
 
 
lim sup             g  0
n  t[0;T ]    n  
 n  


 X

that S * (n)   0 (n) , then this time series is
nonstationary. Especially for this case we suggest the
above procedure of kinetic forecasting of nonstationary
distribution function. The characteristic feature of this
procedure is that the SCSL for the various samples from
the forecasting ensemble of trajectories is more, then
stationary level  0 (n) and less, then self-consistent

for all T > 0 and for all g  X . We shall write in this
Ch

case    .
A random variable  taking values in the set C(X) of
strongly continuous one-parameter semigroups of
operators acting in a Banach space X is called a random
semigroup of operators in the Banach space X.
A strongly continuous one-parameter semigroup U of
bounded linear transformations of the Banach space X is
called a generalized mean value of a random semigroup
 if the semigroup U is Chernoff equivalent in the sense
(23) to the mathematical expectation E[ ] .
The following theorem of averaging semigroups is valid
(Orlov et al., 2014).
Let H n  be a sequence of generators of strongly

stationary level S * ( n) between two independent SDF

Fn ( x, t ) and Fn ( x, t  n) . It means, that the modeling
process is nonstationary and our forecasting method is
more precise, then stationary approximation.
CHERNOFF EQUIVALENCE
Chernoff theorem (Chernoff, 1968) is concerned to
iteration process of semigroup construction as a solution
of Cauchy problem for differential equation in partial
derivatives. In terms of solver operators this theorem is
following.
Let X is Banach Space and B(X) is Banach Space of
bounded linear operators acting in X. Let also the
function  : R  B( X ) satisfies to a condition

continuous semigroups in a Banach space X. Let pn 
be a sequence of nonnegative numbers such that


 pn  1 . Suppose also that there exits a linear

 (0)  I , continuous in strong operator topology and


B( X )

(23)

n 1

 e at , t  0 , where a is some finite value. If

manifold D  X that is an essential domain for each
generator H n , and is such that the series

also operator  (0) being closed and its closure is a
generator of strong continuous semigroup U(t), then
there exists a following limit:



 pn H n g

n 1

X

converges for every g  D . If the

operator H, defined on the linear manifold D as
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Hg 



Sn (k , L) is constructed for a certain set of two nearest
samples of length n from the main data set in windows
of length L. Let us consider the function

 pn H n g for g  D , is closable and its closure

n 1

is a generator of a strongly continuous semigroup
U (t )  e tH , t ≥ 0, then the mean value   E[U ] of the

random semigroup
formula  (t ) 

U n (t )  e





equivalent

n (S )  1  Gn (S ) .

, defined by the

 pnU n (t )   pn e

n 1

Chernoff

tH n

tH n

Suppose that empirical distribution function Gn (S )
approximates the differentiable function G(S ) of the
corresponding general data set. Then the function
has
the
following
properties:
n (S )
n (0)  1, n (0)  an  0 . In this case there exist a
limit

, t ≥ 0, is

n 1

to

the

unitary

semigroup

tH

U (t )  e .
So this theorem helds, that


 pn e

n 1

tH n

Ch

 etH , H 



 pn H n .

(25)

(24)

n

  S 
lim  n     e  San   n ( S ) .
n  
 n 

n 1

For the problem of random process approximation this
result means, that the random value un ( xt , t ) from (6)
can be averaged in the sense of (10-11) and represented
the finite approximation of the semigroup, solving
Cauchy problem for Liouville equation (5) for the
sample distribution function density.

(26)

Following the above definitions for operator functions,
the limit function  n (S ) is called Chernoff equivalent
function to n (S ) or, that is the same, to the
significance level of the distribution Gn (S ) . So
Ch

CHERNOFF EQUIVALENCE FOR
SIGNIFICANCE LEVEL

 n ( S )  n ( S ) .

The Chernoff equivalence notion is very useful for
optimization of numerical experiments in the area of
non-parametric nonstationary statistics. Suppose that we
have self-consistent significance level Sn Ltot  for the

(27)

Obviously,  N (  )  N (  )  o(  ) .
According to above theorem of semigroup averaging, if
there is a set (finite or infinite) of functions n (k , S ) in
the form of (25), each of them is equivalent in the sense
of (26-27) to the function  n (k , S ) with a coefficient

time-series of length Ltot as a solution of equation (21)
for two nearest independent samples from the main data
set. It should be taken into account that Ltot  2n and
it is possible to fit enough numbers of segments with
length n, so that we can actually collect statistics for
building of the distribution Gn (S ) . For this length Ltot
in some cases the distance between two nearest samples
from the main data set is greater than Sn ( Ltot ) . If now
in a certain sliding window of length L the proportion of
events where distances between two nearest samples
from the main data set of length n turned out to be larger
than the value Sn ( Ltot ) , then in this window we can
register a disorder situation. To achieve such
conclusion, it is required that the SCSL of the
nonstationary time series must be a stochastic variable
with a stationary distribution.
Studying the local value of the SCSL – that is, the value
obtained over the whole interval L, which is
substantially smaller than the original data set Ltot , the
question can arise about the fluctuations of this local
SCSL relative to the base self-consistent stationary level
of the whole data set. It is important to understand that
the SCSL of the whole data set Sn ( Ltot ) is not the

(  ank ) in the exponent. If we specify a set of
corresponding non-negative coefficients pk so, that
then
the
average
function
 pk  1 ,
k

n ( S )   pk n (k , S ) is Chernoff equivalent in the
k

sense of (27) to the function  n ( S )  e  Sa n , where

an   pk ank .

(28)

k

Consider a sequence of disjoint intervals of length L .
For each interval k we construct an empirical
distribution Gnk (S , L) of distances between two nearest
samples of length n from the main data set. Let it be m
of such intervals, so that mL  Ltot is the total length of
the sequence. Then the distribution of distances,
constructed over the entire data, is the average
distribution obtained by averaging over individual
samples:

average value of the sequence of SCSL Sn (k , L) , where
k is a number of subset. Each element of the sequence
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Gn ( S , Ltot ) 

This disorder indicator can be used for the practical
solution of the problem of optimal non-stationary
stochastic control.

1 m k
 Gn ( S , L) ,
m k 1

n (  )   pk n (k , S )  1  Gn ( S , Ltot ),

(29)

k
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Using the results (23, 24), we can prove the following
theorem about stationary points of distributions with
continuous densities.
Let the distributions of random variables have
continuous densities and let some non-negative measure
be given on the set of these stochastic variables. Then
the stationary point of the function will be Chernoff
equivalent to the average level of significance of the
given distributions, with accuracy up to second order of
an infinitesimal, coincides with invers value of the mean
value of the reciprocals of the stationary points of the
functions Chernoff equivalent to levels of the
significance of these distributions.
~
Namely, let Sn (k ) is a stationary point of the function
~
 n (k , S ) , so that Sn (k , L) is a solution of the equation
~
n (k , S )  S . Let Sn ( Ltot ) is an analogous solution for
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The formula (30) is very important, because it allows to
reduce considerably the number of calculations while
studying the behavior of SCSL on unions of data sets in
different tasks of Big Data analysis.
CONCLUSION
In this paper we proved the theorem, concerning
statistical application of the special group theoretical
notation, which is known as Chernoff equivalence. It
allows us to significantly reduce the volume of
calculation for analysis of complex statistical object
such as variation between sample distribution function
of the distances between sample distribution functions of
non-linear functional of stochastic trajectories.
In particularly, it appears, that two sets of data with
various non-stationary levels can be statistically
separated in sufficiently narrow sliding window. The
disorder indicator in the form of Chernoff equivalent
self-consistency level has a stationary distribution
function for each subset with the same non-stationary
level, as a main sample of data. In other words, the type
of non-stationary behavior of the data does not change
during the period of time when the physical system is in
the same condition.
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ABSTRACT
The authors for a long time have investigated the phenomenon of global synchronization. Speciﬁcally, the occurrence of a self-oscillatory regime in a control system was
investigated. The model was built for the interaction of the
TCP protocol and the active queue management algorithm
RED. As a result of the research, the authors identiﬁed a set
of methods for constructing the model, studying the model
structure, calculating parameters of self-oscillations and verifying theoretical results based on a computer simulation. The
paper summarizes the main results, obtained by the authors,
and gives the description of their approaches.
INTRODUCTION
In data networks with TCP such a parasitic phenomenon
as a global synchronization can take place. The TCP packets
are sent by sources synchronously, and also sources may

synchronously stop transmitting the TCP packets. This phenomenon is extremely negative for the network parameters
(such as bandwidth, data transfer delays and etc) manifests
itself as the occurrence of a self-oscillatory regime in the
system. The use of AQM (Active Queue Management) algorithms, such as RED,for trafﬁc shaping may reduce the
likelihood of global synchronization, but does not completely
eliminate it.
Quite a lot of work devoted to the modeling of the process
of functioning of TCP with a random drop packets. Simpliﬁed
models are presented in the works Mathis et al. (1997); Padhye
et al. (1998); Floyd and Fall (1999). Later and more accurate
(in terms of assumptions about the packet loss process), the
TCP operation models in the stationary mode are presented,
for example, in Misra and Ott (1999); Misra et al. (1999a,
2000a); Firoiu and Borden (2000); Altman et al. (2000, 2005).
In many studies, the construction and analysis of models takes
into account the interaction of the data transmission process
using the TCP protocol and process ﬂow control state when
congestion occurs. The RED algorithm Floyd and Jacobson
(1993) or its modiﬁcations is often considered as a regulatory
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process.
Making various changes to the classic RED and, as a
result, the emergence of a large number of modiﬁcations
is associated with the problem of selecting the algorithm
parameters (threshold values, maximum reset parameter, etc.)
at which the system would function stably and efﬁciently. The
analysis of the effectiveness of the RED algorithm and the
attempt to solve the problem of selecting its parameters are
devoted to the work Floyd (1997); Lin et al. (1997); Floyd
et al. (1998); May et al. (1999); Floyd (2000); Atsumi et al.
(1998); Pazos et al. (1999); Firoiu and Borden (2000); Ziegler
et al. (2001); Iannaccone et al. (2001); Feng et al. (1999).
The authors have studied the problem of occurrence of selfoscillation mode in the interaction of TCP and RED algorithm
for a long time and several approaches have been applied. In
this paper the authors give an overview of the main approaches
to the study of the problem of the emergence of self-oscillatory
modes in TCP networks.

the time, C is the intensity of packets service in the queue, δ
is the time spent by a single package in queues, Q̂(t) is the
exponentially weighted moving-average (EWMA) queue size
(see Floyd and Jacobson (1993)):
Q̂(t) = (1 − wq )Q̂(t) + wq Q(t),

where wq , 0 < wq < 1 is a weight factor.
First, we will write the equation responsible for the size of
the TCP Reno window changing.
According to RFC-5681 (see Allman et al. (2009)), the
window size increases when the source receives the ACK
message, which corresponds to the slow start phase of TCP
Reno:




+ 1.
W tACK
+ ΔtACK = W tACK
n
n
Suppose that during the RTT all conﬁrmations for the sent
window segment will come:
W (tn + Δt) = W (tn ) + 1 · W (tn ) ,
W (tn )
W (tn + Δt) − W (tn )
=
.
Δt
Δt
If we consider that Δt = T , then

MODEL CONSTRUCTION
Our research was based on the model of the TCP-source and
RED algorithm interactions based on stochastic differential
equations with Poisson’s process (see Misra et al. (1999b,
2000b)). However, we were not satisﬁed with some artiﬁciality
of this constructions. Our team has developed stochastization
approach of one-step processes that allows us to obtain models
from the ﬁrst principles. In this case, the obtained model
models have immanent stochastic properties (see Hnatič et al.
(2016); Gevorkyan et al. (2018)).
TCP-like trafﬁc transmission model with dynamic ﬂow
rate, controlled by RED algorithm, is constructed from the
following assumptions:
• the model consists of two elements: the source which
generates TCP packets, and the recipient (the queue)
which acts as a router that processes received packets
according to the control algorithm and inform the source
device about delivered packages;
• the interaction between the source and the recipient
occurs through intermediate node according to the control
algorithm, i.e. the value of average queue length affects
the source settings, in particular, the TCP-window size;
• from the existing phases of the TCP Reno Protocol we
take into account only the slow start phase and the
congestion avoidance phase; the loss of packages is taken
into account only in the case of triple ACK redundancy.
Thus, we assume to obtain a nonlinear dynamic model of
TCP Reno interactions with RED, which uses two variables
condition: the size of the congestion window and the average
queue size. The change of the size of the TCP Reno window
will reﬂect the dynamics of congestion control of TCP protocol, while the average queue size will reﬂect the dynamics of
the queue in a router (or gateway) with RED control module.
Let consider W (t) to be the function of TCP-window size,
Q(t) is the queue size, T := T (Q(t)) = Tp + Q(t)/C is the
RTT with delays of packets processing in hardware, Tp is the
RTT excluding delays of packets processing in hardware, t is

(1)

W (t)
dW (t)
=
.
dt
T
By solving (2), we will obtain
d ln W (t) =

dt
,
T

ln W (t) =

1
;
T

W (t) = exp

(2)
 
1
,
T

that corresponds to the exponential growth of TCP Reno
window size in the slow start phase.
Similarly, we may write the changes of the window size in
the phase of overloads prevention:




1
.
+
+ ΔtACK = W (t) tACK
W tACK
n
n
W (tACK
)
n
Suppose that during the RTT all conﬁrmations for the sent
window segment will come:
1
W (tn + Δt) = W (tn ) +
W (tn ) ;
W (tn )
W (tn + Δt) − W (tn )
1
=
.
Δt
Δt
If Δt = T we obtain
dW (t)
1
= .
(3)
dt
T
By solving (3) the following result is derived
dt
1
, W (t) = ,
T
T
which corresponds to the linear growth of TCP Reno window
size in the phase of overloads prevention.
Considering that all the packets arrive with intensity
W (t)/T , and served in queue with intensity C, we may write
the equation of change the average queue length:
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dW (t) =

dQ(t)
W (t)
=
− C.
dt
T

Based on (1), the following statement is valid:

From the general formula for the speciﬁc probability of
transition in the forward direction:
xi !
Sα+ = kα
(xi − Niα )!
i

Q̂(tn + Δt) = (1 − wq )Q̂(tn ) + wq Q(tn ),
Q̂(tn + Δt) − Q̂(tn ) = −wq Q̂(tn ) + wq Q(tn ),
wq
Q̂(tn + Δt) − Q̂(tn )
=
(Q(tn ) − Q̂(tn )).
Δt
Δt
Assuming that δ = Δt and δ =

1
C,

and (8) we get:
S1+ = k11 ,

we obtain

dQ̂(t)
wq
=
(Q(t) − Q̂(t)) = wq C(Q(t) − Q̂(t)),
dt
δ

(4)

which corresponds to the behavior of the exponentially
weighted moving average.
Next, we will apply the method of stochastization of onestep processes to the resulting equations and write the corresponding Fokker–Planck and Langevin equations for the
random processes W (t) and Q(t).
For the random process W (t) we will denote by k11 the
arrival intensity of packets, and by k21 the service rate of
packets in the system.
From the equation (3) we obtain:
k11 =

1
.
W (t)

k21 =

1 dN (t)
,
2 dt

From (7) we can write the operators of the state. In
particular, for the number of packages before the interaction
α
Ni 1 we get:
α

Ni =

0
,
1

(8)
α

and for the number of packets after interaction Mi we derive
the following expression:
α

Mi =

B ij = Sα+ rαi rαj = k11 + k21 W (t),

where ai := Ai (xk , t) is the drift vector, B ij := B ij (xk , t) is
the diffusion vector for some n-dimensional random process
xk := xk (t) ∈ Rn . In this case xk := W (t).
Taking into account (5) and (6), we may write the Fokker–
Planck equation:
∂w(t)
∂
=−
∂t
∂W (t)
1 ∂2
+
2 ∂W 2 (t)

1
.
0

dW (t) =

W (t)
1
dt −
dN (t) +
W (t)
2

W (t) dN (t) 1
1
+
+
dV (t),
W (t)
2
dt

(12)

where dV 1 (t) is the Wiener process corresponding to the
random process W (t).
Similarly, for the random process Q(t), we may denote the
packets arrival rate in the queue as k12 :
k12 =

W (t)
,
T

(13)

and by k22 we will denote the intensity of packets service in
the queue:
(14)
k22 = −C.
The corresponding kinetic equations for the average queue
length will have the form:
⎧ 2
k1
⎨0 −
→ Q(t),
(15)
⎩ k22
0 −→ Q(t).

The transition operator riα = Miα − Niα will look like:
 
 
ri1 = 1 , ri2 = −1 .
(9)
1 We will use the abstract indices notation (see Penrose and Rindler (1987)).
In this notation tensor as a complete object is denoted merely by an index
(e.g., xi ). Its components are designated by underlined indices (e.g., xi ).

1
W (t) dN (t)
−
w(t) +
W (t)
2
dt
1
W (t) dN (t)
+
w(t) , (11)
W (t)
2
dt

where w(t) is the distribution density of the random process
W (t).
The form of the corresponding (11) Langevin equation is:

(6)

where dN (t) is the Poisson process similar to the introduced
in Misra et al. (2000b).
The corresponding kinetic equation for the congestion window of TCP Reno will have the form:
⎧ 1
k1
⎨0 −
→ W (t),
(7)
k21
⎩
0.
W (t) −→

(10)

The Fokker–Planck equation coefﬁcients we get from (10)
and (9):
Ai = Sα+ rαi = k11 − k21 W (t),

(5)

Consideration of packages loss only upon receiving a triple
duplicate ACK gives that

S2+ = k21 W (t).

From (15) state operators are derived:
α

Ni =

0
,
0

α

Mi =

1
1

as well as the transition operator riα = Miα − Niα :
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ri1 = (1),

ri2 = (1).

(16)

The speciﬁc probability of transition in the forward direction:
(17)
S1+ = k12 , S2+ = k22 .
The coefﬁcients of the Fokker–Planck equation based on
expressions (17) and (16) take the form:
Ai = Sα+ rαi = k12 + k22 ,

B ij = Sα+ rαi rαj = k12 + k22 .
From (13) and (14) the Fokker–Planck equation is derived:

incoming packets for deletion (or deleting them) with some
probability, if the calculated value reaches the threshold:
⎧
0,
0 < Q̂(t)  Qmin ,
⎪
⎪
⎪
⎨
Q̂(t) − Qmin
p(Q̂(t)) =
pmax , Qmin < Q̂(t)  Qmax ,
⎪
Q
⎪
max − Qmin
⎪
⎩
1,
Q̂(t) > Qmax .
(22)
This algorithm is a classic and is the most common REDlike algorithm.
NUMERICAL EXPERIMENT

∂q(t)
∂
=−
∂t
∂Q(t)

Our initial approach was to investigate the obtained sysW (t)
− C q(t) +
tems:
(20) and (21) numerically. In particular, our goal was to
T
obtain
phase and parametric portraits of the system.
2
W (t)
1 ∂
−
C
q(t)
,
+
A
family
of phase trajectories for given parameters values
2 ∂Q2 (t)
T
forms the phase portrait of the system, giving a complete
(18)
qualitative representation of its possible behavior. The qualitawhere q(t) is the distribution density of the stochastic process tive picture of the phase portrait is determined by equilibrium
positions (special points) and special trajectories, for example,
Q(t).
the mutual arrangement of limit cycles, equilibrium points.
The corresponding (18) Langevin equation has form:
The limit cycle corresponds to the regime of periodic

W (t)
W (t)
oscillations
and it is the closed trajectory on the phase plane.
− C dt +
− CdV 2 (t), (19)
dQ(t) =
The equilibrium point, corresponding to the stationary regime,
T
T
is the point Q̂s on phase plane in which the right-hand sides
where dV 2 (t) is the Wiener process, corresponding to Q(t). of differential equations turn to zero.
From (12), (19) and (4) the resulting system of equations
Special points and cycles are stationary solutions. If the
is obtained
initial conditions coincide with the special point or are located
⎧
on the limit cycle, then the system will always remain in that
1
W (t)
⎪
⎪
dW (t) = dt −
dN (t) +
⎪
point. In practice, this will be in the case of sustainability,
⎪
2
⎪
 T
⎪
⎪
when under initial conditions from a small area of solutions
⎪
⎪
W (t) dN (t) 1
1
⎪
⎪
the system returns to the original stationary mode. The phase
+
dV (t),
+
⎨
T
2
dt

portrait gives a visual representation of the possible steady
⎪
⎪dQ(t) = W (t) − C dQ(t) + W (t) − CdV 2 (t),
solutions, and also the areas of their attraction, if there are
⎪
⎪
⎪
T
T
⎪
several solutions.
⎪
⎪
⎪
⎪ dQ̂(t)
The relevant task is to study the phase portraits changes,
⎪
⎩
= wq C(Q(t) − Q̂(t)),
depending
on the parameters or its deformations. Bifurcation
dt
(20) situations may occur during the deformation process, when
Wiener processes included in the corresponding equations the structure of the phase portrait changes nearby of the
can be interpreted as a random deviation of the packet size bifurcation carrier (the equilibrium or limit position) cycle) in
from the mean size.
the phase space. For example, the phase portrait qualitatively
For simplicity, we may write the system (20) in moments: changes.
The set of bifurcation values of the parameters, which
⎧
breaks
the parameter space into regions of different types of
1
⎪
Ẇ (t) =
−
⎪
phase
portraits,
is the parametric portrait of the system. The
⎪
T (Q(t), t)
⎪
⎪
⎪
ultimate
goal
of
qualitative
research is to obtain the parametric
⎪
⎪
W (t)W (t − T (Q(t), t))
⎪
⎨ −
portrait of the system, i.e. the space partitioning parameters on
p(t − T (Q(t), t));
2T (t − T (Q(t), t))
(21) the areas of different behavior corresponding to topologically
⎪
⎪
W (t)
⎪
different phase portraits.
⎪
N (t) − C;
Q̇(t) =
⎪
⎪
T (Q(t), t)
⎪
Since the reset p(Q̂) is a piecewise function, then the
⎪
⎪
⎩˙
system
(21) can be written as a set of several systems of
Q̂(t) = −wq C Q̂(t) + wq CQ(t),
nonlinear equations, each for one of the intervals of values of
This model corresponds to the model described in the function p(Q̂). This approach is called the hybrid modeling
work Misra et al. (2000b).
(see Korolkova et al. (2016)).
The solution can be either sustainable or represent the selfThe classical RED (see Floyd and Jacobson (1993)) algorithm works with weighted average of queue length, marking oscillating process (see Fig. 1). For our system the appearance
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Fig. 3. The parametric portrait of the system with RED
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Fig. 1. The phase portrait for the system with the RED, Qmin = 20
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Fig. 4. The block structure of the system for the harmonic linearization
method
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Fig. 2. The parametric portrait of the system with RED, Qmin = 20

of self-oscillations can be caused by the nature of the discontinuities of the function p(Q̂(t)), since there is a gap of the
1st kind. the self-oscillating mode occurs when the ﬁxed point
value Q̂s , calculated in the workspace (the region of the slow
movements), falls in the interval of the unconditional reset
(p(Q̂(t)) = 1, fast motion region).
The parametric portrait of the system is the plot which
shows the behavior of the stationary point Q̂s under the
assumption that there is no area of unconditional reset. Note
that if you leave free n parameters, the result is a surface of
the dimension n.
The boundary surface of the dimension n−1 will divide the
regions of stable and unstable behavior of the system. Selfoscillations will occur in areas of instability of the system
lying above the boundary surface. As an example, you can
consider parametric portraits with one free parameter (Fig. 2)
and with two free parameters (Fig. 3).
The study was conducted by Runge–Kutta method
(see Gevorkyan et al. (2016); Eferina et al. (2014)), the
programs were written in FORTRAN language.

and its development — the harmonic linearization method
(see Nyquist (1932)).
The harmonic linearization method allows to study approximately stability and accuracy of nonlinear systems, applying
methods usually used for analysis of linear systems. The
method makes it possible to determine the presence of selfoscillations, and to ﬁnd their parameters: the frequency and
the amplitude. The difference of the harmonic linearization
from the usual linearization is the replacement of the nonlinear
characteristic with a straight line whose steepness depends on
the amplitude of the input signal nonlinear element.
System splits to “linear” Hl and “nonlinear” parts of Hnl
(see Fig. 4). These names are enough conditional. As the nonlinear part, we present the assumed source of self-oscillations.
The linear part serves as a low pass ﬁlter. Thus, the linear part
allows to restrict the decomposition in a row only to the ﬁrst
member of the row.
For our model the block representation of its linearized
model is reduced to the corresponding form ﬁg. 4. In this case,
as a nonlinear function the linearized reset function PRED (23),
obtained from reset functions (22), will be used:

STRUCTURAL STUDY
With all the convenience and simplicity of the computational
experiment it has its drawbacks. The main drawback is that
the model is studied as a single monolith. This does not allow
to identify the causes of self-oscillations. For atomic studies
of the causes of self-oscillations we should use structural
approach. As a structural approach we have chosen Krylov–
Bogolyubov method (see Kryloff and Bogoliuboff (1934)),
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PRED := δp(Q̂, t) =
⎧
0,
⎪
⎪
⎨
pmax
δ Q̂(t) ,
=
Qmax − Qmin
⎪
⎪
⎩
0,

0 < Q̂(t)  Qmin ,
Qmin < Q̂(t)  Qmax ,

(23)

Q̂(t) > Qmax .

The structural linearized system has the following form:


κ0 (A, ω, x0 ) = 0,
x0 + Hl (ω)
ω=0

1 + Hl (κ(A, ω, x0 ) + iκ  (A, ω, x0 )) = 0.

Queue Avg Length [pkt]
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Fig. 5. The parametric portrait that represent self-oscillation frequency
dependence from service intensity
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Fig. 8. The behavior of the average queue length when the service intensity
is C = 5 Mbit/s

C

Fig. 6. The parametric portrait that represent self-oscillation amplitude
dependence from service intensity

Here a is the oscillation amplitude, ω is the cyclic frequency
ﬂuctuations, x0 is the shift of the oscillations relative to the
Ox axis. The functions κ0 , κ and κ  deﬁne the “nonlinear”
part of the system.
As a free parameter, we may set the service intensity C.
Let’s set the following RED algorithm parameters: number of
sessions N = 60, RTT without accounting packet delays in
hardware Tp = 0.5 s, thresholds Qmin = 75 packages and
Qmax = 150 packages, maximum reset level pmax = 0.1, the
weighting factor of the EWMA wq = 0.002.
The results of the study are the following parametric portraits (see Fig. 5, 6, 7). As a free parameter we use the intensity
of services Ca = 15 Mbps. That is, judging by the plots, for
C  Ca the system will be in self-oscillating mode.
The structural approach allows to identify and study the
sources of self-oscillations occurrence. However, in computational terms, it is much more labor-intensive than the direct
numerical simulation.
VERIFICATION
The obtained theoretical studies should be veriﬁed by fullscale or simulation experiment. Real network hardware is not
always available for experiments. The virtual network has high
requirements for computer hardware (see Velieva et al. (2015))
and experiment may take lot of time. In order to save resources
and time simulation tools are usually used.
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Fig. 9. The behavior of the average queue length when the service intensity
is C = 20 Mbit/s

As a reference simulation tool for network simulation and
replacing the full-scale experiment, researchers are still using
ns-2 (see Issariyakul and Hossain (2012); Altman and Jiménez
(2012)). Third version of this software has been developing
since 2006 to the present time. Ns-3 architecture is more
consistent with models of the protocol stacks than ns-2, but
ns-3 has not yet been widely used as a tool veriﬁcation of
research results in this area.
The main programming language of ns-2 projects is TCL
language (see Welch and Jones (2003); Nadkarni (2017)).
The result of the simulation experiment is saved to large
trace-ﬁle that contains a description of all simulated events.
This data can be visualized (see Fig. 8 and 9). For obtaining the
parameters of self-oscillations we found their spectrum using
a fast Furies transform (see Rao et al. (2010)) (see Fig. 10).
The programs are written in Julia language (see Joshi and
Lakhanpal (2017)).
The results of the computer simulation coincides with high
accuracy with theoretical results of both the computational
experiment and the structural study.
CONCLUSION

x0
80 SNW

15 0ESV

C

Fig. 7. The parametric portrait that represent self-oscillation shift dependence
from service intensity

We have developed a stochastic model of interaction between the TCP protocol and the RED algorithm based on the
one-step process stochastization method. The proposed model
(the model in the moments) in general coincides with the
models proposed by other authors. The study was conducted in
two directions. Structural study allowed to identify the cause
of the self-oscillatory regime. The computational experiment
made it possible to effectively build parametric portraits of the
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Fig. 10. The spectrum of self-oscillations of the instantaneous queue length
when the intensity of the service is C = 20 Mbit/s

system and to obtain the characteristics of the zone of selfoscillation and the parameters of self-oscillations themselves.
In general, we believe that we successfully solved the problem
of investigating the emergence of the self-oscillatory mode in
the TCP–RED system.
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