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ABSTRACT

Matrix-analytic method for the analysis of finite
M2|M2|1|R queueing system with bi-level hysteric pol-
icy that models signalling hop-by-hop load control mech-
anism for SIP server is presented. Algorithm for efficient
computation of of joint stationary probability distribu-
tion and expressions for some performance characteris-
tics are given. Illustrative numerical example is provided
to demonstrate some aspects of the proposed method.
Results of calculations using proposed method were
compared with results obtained from simulation model,
developed using GPSS software, and showed good
accuracy.

INTRODUCTION

One of the benefits that network operators gained with
the beginning of use of packet networks was the oppor-
tunity to provide new, additional services for end-users.
Since that times number of services increased drasti-
cally and the amount of control information, needed to
provide those services, that has to be transmitted hither
and thither through network, also increased. This nat-
urally led to several problems concerning overload is-
sues in network nodes that handle the control informa-
tion. It is known that at the moment SIP (Session Initi-
ation Protocol) is the main signalling protocol carrying
control information in NGN (Next Generation Network).
The SIP protocol has a basic overload control mechanism
(503 Service Unavailable response code) but, as stated in
RFC 5390 (2008), it cannot be considered as satisfactory
because in some cases it may even worsen an overload
condition. In RFC 6357 (2011) one can find so called
hop-by-hop overload control mechanism which may be
considered as a good alternative method for resolution of
overload problems in SIP servers’ network. Hop-by-hop
overload control does not require that all SIP entities in a
network support it. It can be used effectively between

two adjacent SIP servers if both servers support over-
load control and does not depend on the support from
any other server or user agent. A thorough discussion
on this subject one can find, for example, in Abaev et al.
(2012a), Abaev et al. (2013a), Yang et al. (2009), Gar-
roppo et al. (2011), Ohta et al. (2009), Shen et al. (2008).
In paper Abaev et al. (2012a) there was also developed
a method, based on hysteretic policy with thresholds, for
realization for hop-by-hop overload control. There was
constructed a suitable queuing model with bi-level hys-
teric policy and algorithm for its performance character-
istics was obtained.

Roughly speaking the model of hop-by-hop overload
control with bi-level hysteric policy can be described as
follows. There are two communicating SIP servers, say
sending and receiving. The receiving SIP server (mod-
eled as M |M |1|R queue) may be in three operational
states (“normal”, “overloaded”, “blocking”) that are de-
fined with two thresholds. It monitors continuously the
current utility of its processor and notifies the sending
server when it detects overloading. Then it asks send-
ing SIP server to reduce the number of packets it sends
by a certain (desired) factor. If the utility of its proces-
sor continues to grow receiving SIP server asks sending
SIP server to stop sending packets (i.e. its state changes
to “blocking”). When the utilization goes down the state
changes back to “overloading” (and sending server starts
to send again a certain fraction of packets) and if it con-
tinues to go down receiving SIP server switches to “nor-
mal” state and sending server starts to send all packets
destined to receiving server.

Several generalizations of the queueing model ana-
lyzed in Abaev et al. (2012a) were proposed. In Abaev
et al. (2012b) consideration was given to M2|M |1|R
with bi-level hysteric policy and and new matrix-method
was proposed for calculation of joint stationary distri-
bution and main performance characteristics. In Abaev
et al. (2013b) and Abaev et al. (2013c), motivated by
the fact that SIP messages may be served for constant
time, finite queueing system with deterministic service
(M |D|1|R) and bi-level hysteric policy was considered.
There was developed new approach for calculation of
joint stationary distribution, main performance charac-
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teristics, including one of the important characteristics
of hysteric mechanism — mean return time of the sys-
tem back to normal state. Among other recent papers
that deal with analysis of queues with hysteric policy one
can mention Chydzinski (2004), ?, Avrachenkov et al.
(2011), Bekker (2009), Bekker et al. (2007), Taremi et al.
(2012), Choi et al. (2008). The utilized methods (in-
cluding potential method) allow one to obtain different
stationary performance characteristics under different as-
sumptions about service time distribution and incoming
flow.

In this paper we analyze queueing systemM2|M2|1|R
with bi-level hysteric policy which is the generalization
of model, presented in Abaev et al. (2012b) and develop
new effective approach for calculation of its joint sta-
tionary distribution which also differs from approaches
known from accessible literature, including the one cited
above. The consideration of such system is motivated by
the fact that SIP messages of different types (INVITE
and NON-INVITE) may be served by central proces-
sor unit of the SIP server with different speeds, which
was not taken into account in models considered earlier.
One of the stumble rocks in the steady state analysis of
such systems is the fast growth of state space dimension
with the growth of threshold values. So though this sys-
tem may be more adequate for modeling purposes and
provide more accurate results, its analysis with classical
methods becomes intractable starting from low values of
thresholds. Driven by interest in the explicit solution of
the considered problem we propose method that allows
computation of performance characteristics and of joint
stationary distribution of number of INVITE and NON-
INVITE messages in the queue and system’s state for rel-
atively high values of thresholds.

The rest of the paper is organized as follows. In the
next section we give a description of the considered sys-
tem and introduce several auxiliary variables that consti-
tute the essence of our approach. In the subsequent sec-
tion using elimination method we derive system of equi-
librium equations for stationary joint probabilities and
comment on its solution. In the last section some illustra-
tive numerical examples are provided. Conclusion con-
tains short description of the obtained results and remarks
on further study.

SYSTEM DESCRIPTION

Consider the queueing system with two poisson incom-
ing flows of customers (say type 1 and type 2) with
rate λ1 and λ2 respectively, finite queue of size R <∞,
and one server. If arriving customer sees R customers
in the system, it is considered to be lost. Henceforth we
denote by λ the sum of λ1 and λ2, i.e. λ = λ1 + λ2.
Type 1 customers have relative priority over customers
of type 2 (i.e. no service interruptions are allowed and
type 2 customer enters server facility only when it be-
comes free and there are no type 1 customers in the
queue). Customers of type 1 and type 2 are served ex-

ponentially with different service rates, say µ1 and µ2.
The hysteric mechanism operates as follows. Choose
arbitrary numbers L, H such that 0 < L < H < R.
When the system starts to work it is empty and as long as
the total number of customers in the system remains be-
low (H−1), system is considered to be in “normal” state.
When total number of customers exceeds (H−1) for the
first time, the system changes its state to “overload” and
stays in it as long as the number of customers remains
between L and (R−1). Moreover when overloaded, sys-
tem accepts only type 1 customers. Being in “overload”
state, system waits till the number of customers drops
down below L after which it changes its state back to
“normal”, or exceeds (R − 1) after which it changes its
state to “blocking”. In the “blocking” state systems does
not accept new arriving customers until the total num-
ber of customers drops down below (H+ 1), after which
system’s state changes back to “overload”.

The operation of the considered queueing system can
be completely described by Markov process X (t) =
{ξ(t); η(t); ν(t); θ(t)} with four components: ξ(t) —
number of type 1 customers in the queue at time t, η(t) —
number of type 2 customers the queue at time t, ν(t) —
state of the system at time t, θ(t) — type of customer
being served at time t. Clearly X (t) is ergodic and thus
stationary distribution exists. In the next subsection we
introduce auxiliary variables that constitute new method
that we propose for the analysis of the system.

Auxiliary variables
The idea of the method is, using the property of ergodic
processes (see, for example, Lemma 1.4.1 and Corol-
lary 1.4.1 in Bocharov et al. (2003)), to write out the
system of equilibrium equations (SEE) in such a form
that it can be solved iteratively with minor manipulations.
But before we can write out SEE, several auxiliary vari-
ables are needed.

Due to the fact that type 1 and type 2 customers have
different priorities and are served with different rates we
need to introduce the following notation. Henceforth all
matrices that appear are block partitioned matrices which
have the structure

An =

A(11)
n A(12)

n

A(21)
n A(22)

n

 .

Here index (kl), k = 1, 2, l = 1, 2, means that at some
moment of time type k customer is being served and af-
ter any event (i.e. arrival or service completion) type l
customer is being served.

By En henceforth we denote n-by-n identity matrix.
Let at some moment of time there be n, n =

H + 1, R− 1 customers in the system and i, i =
0, H − 1, customers of type 2 in the queue, and the sys-
tem is in “overload” state. Denote by An matrix of
size 2H × 2H . The (i, j)th entry of An is the proba-
bility that at the moment of time when the total number



of customers in the system equals (n − 1) for the first
time, there will be j, j = 0, H − 1, customers of type 2
in the queue, and until that moment the total number of
customers in the system remained below R.

For matrix AR−1 it holds

A(l1)
R−1 =

µl
λ1+µl

EH , l=1, 2; A(12)
R−1 = A(22)

R−1 = 0.

Other matrices An can be found using the following re-
lations

An = U + VAn+1An, n = H + 1, R− 2,

where

U(l1) = µl

λ1+µl
EH , l = 1, 2; U(l2) = 0, l = 1, 2;

V(ll) = λ1
λ1+µl

EH , l = 1, 2; V(12) = V(21) = 0.

Now let at some moment of time there be n, n =
H + 1, R− 1 customers in the system and i, i =
0, H − 1, customers of type 2 in the queue, and the
system is in “overload” state. Denote by Γn matrix of
size 2H × 2H . The (i, j)th entry of Γn is the probability
that at the moment of time when the total number of cus-
tomers in the system equalsR for the first time, there will
be j, j = 0, H − 1, customers of type 2 in the queue,
and until that moment the total number of customers in
the system remained above (n− 1).

Matrix ΓD−1 is diagonal and its blocks have the form

Γ(ll)
R−1 =

λ1

λ1 + µl
EH , l = 1, 2; Γ(12)

R−1 = Γ(21)
R−1 = 0.

Other matrices Γn can be found from the following rela-
tions

Γn = UΓn+1 + UAn+1Γn, n = H + 1, R− 2,

where

U(ll) =
λ1

λ1+µl
EH , l = 1, 2; U(12) = U(21) = 0.

Now let at some moment of time there beR customers
in the system and i, i = 0, H − 1, customers of type 2
in the queue. Clearly the system is in “blocking” state.
Denote by Dn matrix of size 2H × 2H . The (i, j)th

entry of Dn is the probability that at the moment of
time when the total number of customers in the system
equals n, n = H,R− 1 for the first time, there will
be j, j = 0, H − 1, customers of type 2 in the queue.
Because in “blocking” state system does not accept
newly arriving customers, for matrices Dn it holds

D(l1)
n = EH , D(l2)

n = 0, l = 1, 2, n = H,R− 1.

Further we will use the following notation. Let Xn,
Yn, Zn and Wn be matrices of size n × (n − 1),
n× (n− 1), n× (n+ 1) and n× (n+ 1) respectively,

which have the following structure

Xn =



1 0 0 . . . 0 0
0 1 0 . . . 0 0
0 0 1 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 1 0
0 0 0 . . . 0 1
0 0 0 . . . 0 1


,

Yn =



0 0 0 . . . 0 0
0 0 0 . . . 0 0
0 0 0 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 0 0
0 0 0 . . . 0 0
0 0 0 . . . 0 1


,

Zn =



1 0 0 . . . 0 0 0
0 1 0 . . . 0 0 0
0 0 1 . . . 0 0 0
...

...
...

. . .
...

...
...

0 0 0 . . . 1 0 0
0 0 0 . . . 0 1 0


,

Wn =



0 1 0 0 . . . 0 0
0 0 1 0 . . . 0 0
0 0 0 1 . . . 0 0
...

...
...

...
. . .

...
...

0 0 0 0 . . . 1 0
0 0 0 0 . . . 0 1


.

Let at some moment of time there be n, n = L,H − 1
customers in the system and i, i = 0, n− 1, customers
of type 2 in the queue, and the system is in normal state.
Denote by An matrix of size 2n× 2(n− 1). The (i, j)th

entry of An is the probability that at the moment of
time when the total number of customers in the sys-
tem equals (n − 1) for the first time, there will be j,
j = 0, n− 2, customers of type 2 in the queue, and until
that moment the total number of customers in the system
remained below H .

For matrix AH−1 it holds

A(l1)
H−1 =

µl
λ+ µl

XH−1, A(l2)
H−1 =

µl
λ+µl

YH−1, l=1, 2.

Other matrices An can be found using the following re-
lations:

An = Un + VnAn+1An,



where

U(l1)
n =

µl
λ+ µl

Xn, U(l2)
n =

µl
λ+ µl

Yn, l = 1, 2;

V(ll)
n =

λ1

λ+ µl
Zn +

λ2

λ+ µl
Wn, l = 1, 2;

V(12)
n = V(21)

n = 0.

Let at some moment of time there be n, n = L,H − 1
customers in the system and i, i = 0, n− 1, customers
of type 2 in the queue, and the system is in normal state.
Denote by Γn matrix of size 2n× 2H . The (i, j)th entry
of Γn is the probability that at the moment of time when
the total number of customers in the system equals H for
the first time, there will be j, j = 0, H − 1, customers of
type 2 in the queue, and until that moment the total num-
ber of customers in the system remained above (n− 1).

For blocks of matrix ΓH−1 it holds

Γ(ll)
H−1 =

λ1

λ+ µl
ZH−1 +

λ2

λ+ µl
WH−1, l = 1, 2;

Γ(12)
H−1 = Γ(21)

H−1 = 0.

Other matrices Γn can be computed from the relations

Γn = UnΓn+1 + UnAn+1Γn, n = L,H − 2,

where

U(ll)
n =

λ1

λ+ µl
Zn +

λ2

λ+ µl
Wn, l = 1, 2;

U(12)
n = U(21)

n = 0.

Now let at some moment of time there be n, n =
L,H − 1 customers in the system and i, i = 0, n− 1,
customers of type 2 in the queue, and the system is
in “overload” state. Denote Bn — matrix of size
2n× 2(n+ 1). The (i, j)th entry of Bn is the proba-
bility that at the moment of time when the total number
of customers in the system equals (n + 1) for the first
time, there will be j, j = 0, n, customers of type 2 in the
queue, and until that moment the total number of cus-
tomers in the system remained above L− 1.

For matrix BL is holds

B(ll)
L =

λ1

λ1 + µl
Zn, l = 1, 2; B(12)

L = B(21)
L = 0.

Other matrices Bn can be found from relations

Bn = Un + VnBn−1Bn, n = L+ 1, H − 1,

where

U(12)
n = U(21)

n = 0; U(ll)
n = λ1

λ1+µl
Zn, l = 1, 2;

V(l1)
n = µl

λ1+µl
Xn, V(l2)

n = µl

λ1+µl
Yn, l = 1, 2.

Now consider the following case. Let at some moment
of time there be n, n = L,H − 1 customers in the sys-
tem and i, i = 0, n− 1, customers of type 2 in the queue,

and the system is in “overload” state. Denote by Dn ma-
trix of size 2n × 2(L − 1). The (i, j)th entry of Dn is
the probability that at the moment of time when the total
number of customers in the system equals (L − 1) for
the first time, there will be j, j = 0, L− 2, customers
of type 2 in the queue, and until that moment the total
number of customers in the system remained below n.

Matrix DL is computed as follows

D(l1)
L =

µl
λ1 + µl

XL, D(l2)
L =

µl
λ1 + µl

YL, l = 1, 2.

For other matrices Dn it holds

Dn = UnDn−1 + UnBn−1Dn, n = L+ 1, H − 1,

where

U(l1)
n =

µl
λ1 + µl

Xn, U(l2)
n =

µl
λ1 + µl

Yn, l = 1, 2.

Let at some moment of time there be H customers
in the system (i.e. the system is in “overload” state)
and i, i = 0, H − 1, customers of type 2 in the queue.
Denote D — matrix of size 2H × 2(L− 1). The (i, j)th

entry of D is the probability that at the moment of
time when the total number of customers in the sys-
tem equals (L− 1) for the first time, there will be j,
j = 0, L− 2, customers of type 2 in the queue.

Matrix D can be determined from the equation

D = UDH−1 + UBH−1D + V(AH+1 + ΓH+1DH)D,

where

U(l1) = µl

λ1+µl
XH , U(l2) = µl

λ1+µl
YH , l = 1, 2;

V(12) = V(21) = 0; V(ll) = λ1
λ1+µl

EH , l = 1, 2.

Finally we introduce the last sequence of matrices.
Let at some moment of time there be n, n = 1, L− 1
customers in the system and i, i = 0, n− 1, customers
of type 2 in the queue, and the system is in normal
state. Denote by An matrix of size 2n × 2(n − 1).
The (i, j)th entry of An is the probability that at the
moment of time when the total number of customers in
the system equals (n− 1) for the first time, there will
be j, j = 0, n− 2, customers of type 2 in the queue.
For matrix AL−1 it holds

AL−1 = UL−1 + VL−1(AL + ΓLD)AL−1,

where

U(l1)
L−1 =

µl
λ+µl

XL−1, U(l2)
L−1 =

µl
λ+µl

YL−1, l=1, 2;

V(ll)
L−1 =

λ1

λ+ µl
ZL−1 +

λ2

λ+ µl
WL−1, l = 1, 2;

V(12)
L−1 = V(21)

L−1 = 0.

Other matrices An are computed from equations

An = Un + VnAn+1An, n = 1, L− 2,



where

U(ll)
n =

µl
λ+ µl

Xn, U(l2)
n =

µl
λ+ µl

Yn, l = 1, 2;

V(ll)
n =

λ1

λ+ µl
Zn +

λ2

λ+ µl
Wn, l = 1, 2;

V(12)
n = V(21)

n = 0.

STATIONARY JOINT PROBABILITY DISTRIBU-
TION
Let ~p0 = p0 be stationary probability of the empty sys-
tem. Denote by

• ~pn, n = 1, H − 1, — row vector of size 2n, whose
first n elements pni, i = 0, n− 1, are station-
ary probabilities of the fact that there are total of
n customers in the system, including i type 2 cus-
tomers in the queue, system is in the normal state
and type 1 customer is being served; last n elements
pni, i = n, 2n− 1 are stationary probabilities of
the fact that there are n customers in the system,
including (i − n) type 2 customers in the queue,
system is in the normal state and type 2 customer is
being served;

• ~p ′n, n = L,H − 1, — row vector of size 2n, whose
first n elements p′ni, i = 0, n− 1, are station-
ary probabilities of the fact that there are total of
n customers in the system, including i type 2 cus-
tomers in the queue, system is in “overload” state
and type 1 customer is being served; last n elements
p′ni, i = n, 2n− 1 are stationary probabilities of
the fact that there are n customers in the system,
including (i − n) type 2 customers in the queue,
system is in “overload” state and type 2 customer is
being served;

• ~p ′n, n = H,R− 1, — row vector of size 2H , whose
first n elements p′ni, i = 0, H − 1, are station-
ary probabilities of the fact that there are total of
n customers in the system, including i type 2 cus-
tomers in the queue, system is in “overload” state
and type 1 customer is being served; last n elements
p′ni, i = H, 2H − 1 are stationary probabilities of
the fact that there are n customers in the system,
including (i − H) type 2 customers in the queue,
system is in “overload” state and type 2 customer is
being served;

• ~p ′′n , n = H + 1, R, — row vector of size 2H ,
whose first n elements p′′ni, i = 0, H − 1, are sta-
tionary probabilities of the fact that there are total of
n customers in the system, including i type 2 cus-
tomers in the queue, system is in “blocking” state
and type 1 customer is being served; last n elements
p′′ni, i = H, 2H − 1 are stationary probabilities of
the fact that there are n customers in the system,
including (i − H) type 2 customers in the queue,
system is in “blocking” state and type 2 customer is
being served.

Finally, introduce the following matrices:

• Un, n = 1, H − 1, of size 2n× 2n, where U(ll)
n =

(µl + λ)En, l = 1, 2, U(12)
n = U(21)

n = 0;
• U′n, n = L,H − 1 of size 2n × 2n, where

(U′n)(ll) = (µl + λ1)En, l = 1, 2, (U′n)(12) =
(U′n)(21) = 0;
• U′n, n = H,R− 1 of size 2H × 2H , where

(U′n)(ll) = (µl + λ1)EH , l = 1, 2, (U′n)(12) =
(U′n)(21) = 0;
• U′′n, n = H + 1, R of size 2H × 2H , where

(U′′n)(ll) = µlEH , l = 1, 2, (U′′n)(12) =
(U′′n)(21) = 0;
• Λ′n = λ1E2H , n = H,R− 1, of size 2H × 2H;
• Mn, n = H + 2, R, of size 2H × 2H , where
M

(l1)
n = µlEH , l = 1, 2, M (12)

n = M
(22)
n = 0;

• Λ0 = λ1(1 0) + λ2(0 1) of size 1× 2;
• Λn, n = 1, H − 1, of size 2n × 2(n + 1), where

(Λn)(ll) = λ1Zn + λ2Wn, l = 1, 2, (Λn)(12) =
(Λn)(21) = 0;
• Mn, n = L+ 1, H of size 2n × 2(n − 1), where

(Mn)(l1) = µlXn, (Mn)(l2) = µlYn, l = 1, 2.

After making all preliminary remarks we can write out
the system of equilibrium equations. It holds

~pnUn = ~pnΛnAn+1 + ~pn−1Λn−1,

n = 1, L− 2, (1)
~pL−1UL−1 = ~pL−1ΛL−1(AL+ΓLD)+~pL−2ΛL−2, (2)

~pnUn = ~pnΛnAn+1 + ~pn−1Λn−1,

n = L,H − 2, (3)
~pH−1UH−1 = ~pH−2ΛH−2, (4)

~p ′HU′H = ~pH−1ΛH−1 + ~p ′H(MHBH−1 +
+ Λ′H(AH+1 + ΓH+1DH)), (5)

~p ′nU′n = ~p ′n−1Λ′n−1 + ~p ′nΛ′nAn+1,

n = H + 1, R− 2, (6)
~p ′R−1U′R−1 = ~p ′R−2Λ′R−2, (7)

~p ′′RU′′R = ~p ′R−1Λ′R−1, (8)

~p ′′nU′′n = ~p ′′n+1Mn+1, n = H + 1, R− 1, (9)
~p ′nU′n = ~p ′n+1Mn+1 + ~p ′nMnBn−1,

n = L+ 1, H − 1, (10)
~p ′LU

′
L = ~p ′L+1ML+1. (11)

The probabilities must satisfy the normalization condi-
tion

p0 +
H−1∑
n=1

~pn~1 +
R−1∑
n=L

~p ′n~1 +
R∑

n=H+1

~p ′′n~1 = 1. (12)

The main idea behind equations (1)–(11) is the elim-
ination method which can be found in (Bocharov et al.,
2003, Chapter 1). Their solution is straightforward. Di-
vide (1)–(11) by p0 and compute unknown variables con-
sequently from each equation starting from (1). Then



make use of normalization condition (12) to find p0 and
multiply each of the previously obtained variables by p0.

Let

pn =
2n−1∑
i=0

pni, n = 1, H − 1,

p′n =
2n−1∑
i=0

p′ni, n = L,H − 1,

p′n =
2H−1∑
i=0

p′ni, n = H,R− 1,

p′′n =
2H−1∑
i=0

p′′ni, n = H + 1, R,

Knowing joint stationary distribution one can calculate
a number of performance characteristics. The system uti-
lization is simply (1 − p0). The probability π1 (π2) that
the arriving customer of type 1 (type 2) is lost equals

π1 =
R∑

n=H+1

p′′n, π2 = π1 +
R−1∑
n=L

p′n.

Served load is λ∗ = (1−π1)λ1 + (1−π2)λ2. The mean
number Q1 (Q2) of customers of type 1 (type 2) in the
queue can be calculated as follows:

Q1=
H−1∑
n=1

n−1∑
i=0

(n−i−1)pni+
H−1∑
n=L

n−1∑
i=0

(n−1−i)p′ni +

+
R−1∑
n=H

H−1∑
i=0

(n−1−i)p′ni+
R∑

n=H+1

H−1∑
i=0

(n−1−i)p′′n,

Q2=
H−1∑
n=1

n−1∑
i=0

ipni+
H−1∑
n=L

n−1∑
i=0

ip′ni +

+
R−1∑
n=H

H−1∑
i=0

ip′ni +
R∑

n=H+1

H−1∑
i=0

ip′′n.

Finally, mean time that customer of type 1 (type 2)
has to wait in the queue until it receives service can be
calculated using Little’s law. That is, we have

V1 =
Q1

(1− π1)λ1
, V2 =

Q2

(1− π2)λ2
.

NUMERICAL RESULTS
In this section we give illustrative numerical examples of
application of developed results. In Abaev et al. (2012b)
consideration was given to M2|M |1|R with bi-level hys-
teric policy for modeling of SIP server with load con-
trol. The question of interest is how much one underes-
timates or overestimates performance characteristics of
SIP server if we model it with M2|M |1|R with bi-level
hysteric policy (i.e. if we consider that all incoming mes-
sages are served by SIP server with the same rate). The
model considered in this paper allows us to do it be-
cause it takes into consideration the type (e.g. INVITE

or NON-INVITE) of message that arrives at the CPU of
SIP server.

For the examples we use the following values of
thresholds: L = 10, H = 18, R = 25. Let the
mean service time for priority customers (e.g. INVITE
messages) be equal 10ms, i.e. µ1 = 0.1. We as-
sume that the total customers’ arrival rate is 200 (sec)−1,
i.e. λ1 + λ2 = 0.2 (ms)−1. Recall that in “overload”
state the system reduces input flow. Let q be the dropping
probability of newly arriving customers when system is
in “overload” state. Then λ1 = λ(1− q) and λ2 = λq.

In figure 1 and figure 2 one can see the behaviour of
mean queue length (i.e. Q1 + Q2) and loss probability
of type 2 customers (i.e. π2) as functions of dropping
probability q. for different values of mean service time
(µ2)−1 of type 2 customers.

Figure 1: Mean number of customers in the queue

Figure 2: Loss probability of type 2 customers

From figures it is seen that starting from the certain
value of q account of different service rates for differ-
ent types of customers noticeably influences the values of
mean queue length and especially of loss probability π2.
In order to check theoretical results there was built a sim-
ulation model using GPSS software. The comparisons of
numerical and simulation results showed good accuracy.



SUMMARY
In this study matrix-analytic method for the analysis of fi-
nite queueing system M2|M2|1|R with bi-level hysteric
policy that models signalling hop-by-hop load control
mechanism for SIP server is presented. Expressions for
main performance characteristics are given. Illustrative
numerical example is provided. The considered problem
is only one of the many other possible formulations. Fu-
ture work will be connected with the experimental ver-
ification of the proposed model using outcomes of real-
world experiments. In addition attention will be paid to
the analysis of stationary time-related performance char-
acteristics of this system, posing and solution of opti-
mization problems (in order to find appropriate values
of thresholds), and the generalization of the proposed ap-
proach for cases with more general input flows and ser-
vice times.

Notes and Comments. This work was supported in
part by the Russian Foundation for Basic Research
(grants 12-07-00108, 13-07-00223, 13-07-00284).
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