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ABSTRACT
The modern development of the telecommunication
technologies is closely related with the rapid data traffic
growth problem under the conditions of limited
frequency resources for mobile networks. One of the
possible solutions to this problem is the utilization of the
Licensed Shared Access (LSA) framework, which is
developed with the assistance of ETSI. The LSA
spectrum is shared between the owner (incumbent) and
LSA licensee (e.g., mobile network operator). At any
time, LSA spectrum could be used by incumbent or
mobile network operator but not together at once. In this
connection, if the incumbent needs its frequency, then
LSA band becomes unavailable for mobile operator.
This leads to service interruptions for mobile operator
users. Service interruption has a significant impact both
on quality of service (QoS) and quality of experience
(QoE). In this regard, we propose the model of the LTE
network cell with LSA framework as a ﬁnite capacity
queuing system with unreliable server. The important
QoS parameters of the model are moments of queue and
service sojourn time. We derived formulas and provide
numerical analysis of these performance measures.

INTRODUCTION
According to Cisco Systems analysts (Cisco Systems
2015), the volume of traffic generated in mobile
networks will be about 24.3 exabytes per month by the
year 2019. Due to the rapid growth of data traffic, the
problem of frequency resources shortage appears. In this
regard, mobile operators have to search the additional
resources to provide services for users with the required
level of Quality of Service (QoS). One of the solutions
proposed by ETSI is the usage of Licensed Shared
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Access (LSA) framework (ETSI TR 103 113. 2013;
ETSI TR 103 154 2014; ETSI TR 103 235. 2015).
Key players of LSA are incumbent, national regulator
and LSA licensee (ETSI TR 103 113. 2013). LSA
framework enables controlled access to the shared
spectrum between owner (so called incumbent) and
limited
number
of
LSA
licensees
(e.g.,
telecommunication operators). The incumbent has
absolute priority to decide whether the mobile operator
will gain access to utilize the frequency bands. The
usage rules are based on agreements between key
players, according to requirements for QoS and Quality
of Experience (QoE) parameters.
There are different models of mobile networks with
LSA framework. From the viewpoint of the mobile
network operator who uses the LSA framework, there
are models with one frequency band, belonging to the
incumbent and the mobile operator (Borodakiy et al.
2014; Gudkova et al. 2016), and models with two
frequency bands, which also consider the part of the
spectrum, belonging only to the mobile operator
(Gudkova et al. 2015; Samouylov et al. 2016).
In the paper we propose a model of LTE network with
LSA framework and shutdown policy (Borodakiy et al.
2014; Gudkova et al. 2015), which allows coordinate
interference between incumbent and mobile operator.
We consider only one frequency band with tolerant to
delays traffic. We simulate a queuing system with
unreliable server, finite buffer and Processor sharing
(PS) discipline. Queuing systems with PS discipline
have been widely studied and are used to describe the
bandwidth sharing in computer and communication
systems (Fredj et al. 2001; Al-Begain et al. 2003;
Kleinrock 1964; Kleinrock 1967; Yashkov 1987;
Yashkov and Yashkova. 2007; Morrison 1985).
However, almost all of these works offer analysis for
infinite capacity models. An important characteristic of
these models is average mean sojourn time (Zhen and
Knessl 2009; Rege and Sengupta 1985), to calculate
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which Nunez-Queija (Nunez-Queija 2000; NunezQueija 2001) has derived the Laplace transform in a
system where the on-periods and the off-periods form
an alternating renewal process. Analysis of finite buffer
PS queuing systems with waiting could be found only in
a few works (Knessl 1990; Zhen and Knessl 2013;
Dudin et al. 2015). However, to make the mathematical
model applicable for analysis of wireless network
characteristics, we introduced a threshold on number of
simultaneously served customers, since there are limited
frequency-time resources in the network. Earlier, we
provided analysis of the moments of customer sojourn
time in the queue for two types of arrival processes:
Poisson arrivals (Samouylov et al. 2016) and Markov
Modulated Poisson Process (MMPP) arrivals
(Samouylov et al. 2017). In this work, we continue to
study the main QoS parameters of model with a Poisson
distribution, namely, we analyze moments of queue and
service sojourn time.
The paper is organized as follows. We consider a model
of LTE network with LSA framework and tolerant to
delays traffic as a queuing system with unreliable
server, finite buffer, PS discipline, and threshold on the
number of simultaneously served customers, also in this
section we propose formulas for calculating the main
performance measures of this model. Then we conduct a
numerical analysis of the QoS parameters by the
example of web browsing in wireless networks under
interruptions. Finally, we conclude the paper.
MATEMATICAL MODEL FOR SYSTEM WITH
UNRELIABLE SERVER
Queuing Model
We consider a single-server queuing system with finite
capacity 𝑟 and unreliable server with exponentially
distributed on- and off-period durations with rates 𝛼 and
𝛽 respectively. Customers arrive according to a Poisson
process with rate 𝜆. Upon the arrival of a customer, it is
placed in the queue. The server works according to PS
discipline serving a maximum of 𝑁 customers at once
0 < 𝑁 ≤ 𝑟, the service rate is exponential with
parameter 𝜇. Customers are served according to, but no
more than 𝑁. It means, if there are 𝑛 customers in the
system, only 𝑛 ∗= min{𝑛, 𝑁} of them are served, and
the rest max{𝑛 − 𝑛 ∗ ,0} customers wait in the queue. If
upon the arrival of a customer, the system is already
full, then the customer is lost.
Behavior of the queue with unreliable server can be
described by a Markov process 𝜉(𝑡) with generator
matrix 𝐐, described in (Samouylov et al. 2016)
Stationary distribution vector of 𝜉(𝑡) 𝐪𝑇 =
(𝑞00 , 𝑞10 , … , 𝑞𝑟0 , 𝑞01 , 𝑞11 , … , 𝑞𝑟1 ) can be acquired as the
solution of system of equilibrium equations 𝐪𝑇 𝐐 =
𝟎, 𝐪𝑇 𝟏 = 1, where 𝟏 is vector of ones with appropriate
size (2𝑟 + 2) (Samouylov et al. 2016).

Queue and Service Sojourn Time
In this paragraph, we study average response time and
average direct download delay. For the considered Web
browsing scenario, average response time corresponds
to the average time from the moment when a UE
requests to browse a webpage to the moment when the
ﬁrst element of the requested page appears on the screen
and calculated as queue sojourn time. Average direct
download delay corresponds to the average time from
the moment when the ﬁrst element of the requested
webpage appears on the screen to the moment when the
page is completely rendered and displayed by the
browser. Average direct download delay is calculated as
service sojourn time.
First let us study queue sojourn time. It has a phase type
cumulative distribution function (CDF) 𝐹(𝑥)
(Asmussen, 2003). To find it, let us introduce a
continuous-time Markov chain 𝜒(𝑡) that describes the
behavior of the queue from arrival to start of service of
a particular customer. The Markov chain has an
absorbing state  , which is reached when the
considered customer enters service. To take into account
the influence of the order of customers arriving during
off-periods on sojourn time, we added a third
component to the Markov chain 𝜒(𝑡). Besides the
absorbing state, there are also states (𝑛, 𝑘, 𝑠), 𝑘 =
1, … , 𝑟 − 𝑁, 𝑛 = 𝑘 + 𝑁, … , 𝑟, 𝑠 = 0,1 to calculate queue
sojourn time Here, as in the previous section, 𝑠 indicates
the on-periods (𝑠 = 1) and the off-periods (𝑠 = 0) and 𝑛
is the number of customers in the systems. The second
component 𝑘 > 1 indicates that the customer has (𝑁 +
𝑘)-th spot in the queue.
Taking into account the order of states, generator matrix
𝐀 of 𝜒(𝑡) becomes
𝐀=[

𝐂
𝟎

𝐜
],
0

(1)

where 𝒄 is an exit vector to the absorbing state,
𝐂
𝐂 = [ 00
𝐂10

𝐂01
𝟎
] , c = [ ].
𝐜𝟎
𝐂11

(2)

Blocks 𝐂01 and 𝐂10 are diagonal matrices, 𝐂01 =
𝛼𝐈,𝐂10 = 𝛽𝐈, while 𝐂00 and 𝐂11 have the following
form:
𝐀1
𝐁2 𝐀2 ⋯
𝟎
𝐁
3
𝐂11 =
,
(3)
⋮
⋱
⋮
𝐀r−N−1
𝟎
⋯
𝐁r−N
𝐀r−N ]
[
C00 = diag(Dk ), k = 1, … , r − N,
(4)
Matrices 𝐀𝑘 , 𝐃𝑘 ,𝑘 = 1, … , 𝑟 − 𝑁 and 𝐁𝑘 , 𝑘 =
2, … , 𝑟 − 𝑁 have the same structure as the ones in
(Samouylov et al. 2016). The order of matrices 𝐀𝑘 and
𝐃𝑘 𝑖𝑠(𝑟 + 1 − 𝑁 − 𝑘) × (𝑟 + 1 − 𝑁 − 𝑘). The order

of matrices 𝐁𝑘 (𝑟 + 1 − 𝑁 − 𝑘) × (𝑟 + 2 − 𝑁 − 𝑘).
Vector 𝐜0 is
𝐜0T = [𝜇

⋯

𝜇

0

⋯

0],

(5)

where there are exactly (𝑟 − 𝑁) rows of 𝜇. That
corresponds to the order of the matrix 𝐀1 .
According to PASTA property (Wolff 1982), stationary
distribution of 𝜉(𝑡) and stationary distribution of the
Markov chain 𝜉(𝑡𝑛 − 0), embedded at the moments 𝑡𝑛 ,
𝑛 = 1,2, … just before the arrival, are equal.
Consequently, blocking probability is given by 𝜋 =
𝑞𝑟0 + 𝑞𝑟1 .
Proposition 1. The initial probability distribution 𝛙 of a
Markov chain 𝜒(𝑡) has the following form:
q(n−1,s)

𝛙(n, k, s) = {

1−π

, ifk = n − N, N < n ≤ r
.
0, otherwise

(6)

Proof. Initial distribution 𝛙 equals to the distribution of
a Markov chain 𝜉(𝑡𝑛 + 0) embedded at the moments
just after the arrival with the addition of appropriate j
component.
Proposition 2. The mean queue sojourn time in the
Markov chain 𝜉(𝑡) is
mq = 𝛙u,

(7)

where nonnegative vector 𝐮 = −𝐂 −𝟏 𝟏 is a unique
solution of the system of equations 𝐂𝐮 = −𝟏, 𝟏 is a
vector of ones.
Proof. CDF 𝐹(𝑥) of sojourn time is equal to CDF of
time before absorption in the Markov chain 𝜒(𝑡) with
the initial distribution 𝛙. Therefore, Laplace-Stieltjes
Transform (LST) of CDF 𝐹(𝑥)is 𝐹 ∗ (𝑠) =
𝛙(𝑠𝐈 − 𝐂)−1 𝐜(Asmussen, 2003) and the average value
is 𝑚𝑞 = −𝛙𝐂 −𝟏 𝟏.
Denote 𝐄𝑘 = −𝐃−1
𝑘 , put vector 𝐮 in form 𝐮 =
(𝐮10 , 𝐮20 , … , 𝐮r−N,0 , 𝐮11 , 𝐮21 , … , 𝐮𝑟−𝑁,1 ) and after some
simplifications we derive the following recurrent
algorithm for the solution of the system of equations
𝐂𝐮 = −𝟏, that decreases computational complexity:
m = 0;
𝐮 = −(𝐀1 + 𝛼 ⋅ 𝛽 ⋅ 𝐄1 )−1 ⋅ (𝟏[(𝑟−𝑁)×1] +
+𝛼 ⋅ 𝐄1 ⋅ 𝟏[(𝑟−𝑁)×1] );
m = m + 𝐮 ⋅ 𝑞𝑁1 /(1 − 𝜋);
𝐮𝟏 = 𝐄1 ⋅ (𝟏[(𝑟−𝑁)×1] + 𝛽 ⋅ 𝐮);
𝑓𝑜𝑟𝑘 = 2: (𝑟 − 𝑁)
m = m + 𝐮𝟏N ⋅ 𝑞𝑁1 /(1 − 𝜋);
𝑓𝑜𝑟𝑘 = 2: (𝑟 − 𝑁)
𝑏𝑒𝑔𝑖𝑛
𝐮 =– (𝐴𝑘 − 𝛼 ⋅ 𝛽 ⋅ 𝐄𝑘 )−1 ⋅ (𝟏[(𝑟−𝑁−𝑘+1)×1] −
−𝛼 ⋅ 𝐄𝑘 ⋅ 𝟏[(𝑟−𝑁−𝑘+1)×1] + 𝐁𝑘 ⋅ 𝐮);
m = m + 𝐮1 ⋅ 𝑞𝑁+𝑘,0 /(1 − 𝜋);
𝐮𝟏 = (– 𝐄𝑘 ⋅ (𝟏[(𝑟−𝑁−𝑘+1)×1] + 𝛽 ⋅ 𝐮);
m = m + 𝐮𝟏1 ⋅ 𝑞𝑁+𝑘,1 /(1 − 𝜋);
𝑒𝑛𝑑

Thus, the presented algorithm lets us calculate queue
sojourn time. Note that having LST of sojourn time
CDF, we can obtain not only mean value, but also its
variance and higher-order moments.
Also in this paper we calculate service sojourn time as
the difference between the system sojourn time and
queue sojourn time, thus service sojourn time can be
represented as
ms = m − mq ,

(8)

where 𝑚𝑞 is the queue sojourn time derived above and
𝑚 is the system sojourn time, derived in (Samouylov et
al. 2016).
NUMERICAL ANALYSIS FOR WEB BROWSING
PERFORMANCE MEASURES
The spectrum allocated for specific applications, for
example, cordless cameras, portable video links, mobile
video links, and terrestrial or aeronautical telemetry
could be used for the shared access between an
incumbent and a mobile operator according to the ETSI
recommendation (ETSI TR 103 113. 2013). In this
paper we consider the case of aeronautical telemetry. In
this connection, let us assume the server on-period
duration 𝛼 −1 is equal to time when airport (incumbent)
does not need a frequency band for telemetry. The
server off-period 𝛽 −1 duration is equal to time when the
airport needs a frequency band for communicating
airplanes with air traffic control (ATC).
Let users are stationary and perform web browsing
(ITU-T G.1030. 2014). We assume the average
exponential webpage size is equal to 𝑏.
The waiting time before the download starts is the
average time from the moment when user requests to
browse a webpage to the moment when the ﬁrst element
of the requested page appears on the screen and
corresponds to queue sojourn time within our queuing
system. The value of average response time is limited to
a threshold 𝑇𝑟 which is equal to 2 seconds according to
(ITU-T G.1010. 2001). The average direct download
delay is the average time from the moment when the
ﬁrst element of the requested webpage appears on the
screen to the moment when the page is completely
rendered and displayed by the browser and corresponds
to service sojourn time.
According to ITU recommendation (ITU-T M.2370.
2015), web browsing is about 9% of the total mobile
traffic. Therefore, our numerical experiment does not
consider the overall downlink channel peak bit rate and
deals with the part of it that corresponds to web
browsing.
The average time when airplane flights over the cell, i.e.
the average time when the server is off, approximately
is equal to 60 s. The average download time, defined as
the sum of the average response time and average direct
download delay, is significantly less than 60 s and
limited to a threshold 𝑇𝑑 of 4 seconds (ITU-T G.1010.
2001). In this connection interruptions under LSA

Average webpage size
Threshold on the webpage
response time
Threshold on the webpage
download time
Average time when UE
reads the webpage

1,8
1,6
1,4
1,2
1

0,8
0,6
0,4

Value
See Tab.
2

0,2
0
20

30

10 s

𝑏

See Tab.
3

𝑇𝑟

2s

𝑇𝑑

4s

Δ𝑅

30 s

From this table, considering that web browsing only
takes 9% of the total channel, average service time can
𝑏
be obtained as 𝜇 −1 =
. The queue length and
0.09⋅𝐶1

number of servers can be acquired as 𝑟 = 𝜇 ∗ 𝑇𝑟 and
𝑁 = 𝜇 ∗ (𝑇𝑑 − 𝑇𝑟 ) correspondingly. The arrival rate can
be acquired as 𝜆 = 𝑁𝑈𝐸𝑠 /(Δ𝑅 + 𝑇𝑑 ), since each
customer reads page on average Δ𝑅 s after it read the
previous one and it take an average of 𝑇𝑑 s for it to
download a page.
Table 2. System parameters: downlink channel peak bit
rate (Motorola White paper, 2009)
Downlink channel peak bit rate
Antenna
technology
5 MHz
10 MHz
20 MHz
173
MIMO 2x2
43 Mbps 86 Mbps
Mbps
163
326
MIMO 4x4
82 Mbps
Mbps
Mbps
Table 3. System parameters: average webpage size
(HTTP Archive, 2016)
URLs
Caching
All
Top 1000 Top 100
Without cache
2296 KB 2017 KB 1257 KB
(total size)
With cache
839 KB
890 KB
493 KB
(without images)
Figures 1 and 2 depict the scenario with different
downlink channel peak bit rates according to the table 2,

50

2X2, 5MHz
2X2, 20MHz
4X4, 10MHz

2s
20 ÷ 70

40

60

70

Number of UEs

2X2, 10MHz
4X4, 5MHz
4X4, 20MHz

Figure 1: Average response time vs. downlink channel
peak bit rate C1 (for top 100 URL webpage with cache)
4
3,5

Download delay, s

Table 1: System parameters
Parameter description
Notation
Overall downlink channel
𝐶1
peak bit rate
Average time when channel
𝛼 −1
is available
Average time when channel
𝛽 −1
is unavailable
Number of UEs within the
𝑁𝑈𝐸𝑠
cell

and Figures 3 and 4 depict the scenario with different
average webpage sizes (see Table 3).

Response time, s

operation have practically no influence on the webpage
download time, therefore, we consider for the numerical
example the channel availability and unavailability time
periods that describe interruptions owing to the higher
priority applications
Table 1 summarizes the initial data for the considered
example. This data is the same as in (Samouylov et al.
2016) to ensure that the results acquired in this work
usefully complement the ones obtained previously.

3
2,5
2
1,5
1
0,5
0
20

30

40

50

60

70

Number of UEs
2X2, 5MHz
2X2, 20MHz
4X4, 10MHz

2X2, 10MHz
4X4, 5MHz
4X4, 20MHz

Figure 2: Average direct download delay vs. downlink
channel peak bit rate C1 (for top 100 URL webpage
with cache)
On plots we can see, that for 20 Mhz MIMO, browsing
top 100 URL webpages with caching (size 493 KB)
both delay and response time always lie within the
threshold of 1.5 s and 0.5 s respectively. That also
corresponds to the plot in (Samouylov et al. 2016),
where download time for these parameters was shown
to be within the threshold of 2 s as well, but now we
see, that the page is downloaded much faster, compared
to its download delay. Cases of 5 MHz MIMO 4x4 and
10 MHz MIMO 2x2 satisfy the threshold of 1 s response
time and up to 3 s of delay. 5 MHz MIMO 2x2 initially
have quite a large delay of more than 2 s, that further
goes up, rendering it unusable for large number of UEs
and since the same growth can be seen for response time
it can be concluded that even it can’t be used in systems
with large number of UEs.

Response time, s

2,5
2
1,5
1
0,5
0
20

30

40

50

60

70

Number of UEs
no cache, all
no cache, top 100
top 1000

no cache, top 1000
all
top 100

Figure 3: Average response time vs. average webpage
size b (for 20 MHz MIMO 2 x 2)
4,5

Download delay, s

4

3,5
3
2,5
2

service and queue sojourn time in the same system
under the same initial data with using a different
Markov chain. This lets us get more insight into the
webpage download time, studied at the previous article,
giving it to us as the response time and delay. Thus, we
can acquire time that a page would take to actually be
downloaded and displayed in the considered system and
time a customer have to wait without downloading any
data. We use the developed method for calculating the
system and queue sojourn time for the considered
queuing system to analyze the page response time and
delay and their dependencies on some QoE system
influence factors like channel pick bit rate, webpage
size, caching.
In future work, average waiting time during the
download due to interruptions, i.e. the average sum of
time periods within the webpage download time when
the download was interrupted due to the channel failures
can be studied as well as the average waiting time
during the webpage direct download due to
interruptions can be studied. This would let us get
insight into the dependency of average download time
on interruptions. In addition, the acquired parameters
can be obtained for different distributions of the arrival
flow, such as MAP for example.
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webpage size b (for 20 MHz MIMO 2 x 2)
For cells with 20 MHz bandwidth and MIMO 2x2, 100
URL webpages (with cache) will be downloaded almost
instantly after a short delay of less than1 s, while all
pages (with cache) can take up to 0.5 s to download
after a minimum of 1 s delay. For more than 50 UEs the
delay will already exceed the preferable threshold. For
pages without cash the delay alone would exceed the
preferable threshold at more than 30 users for top 100
URL and for more than 50 users even the acceptable
threshold can be breached due to growth in response
time. For all URL it is impossible to contain the delay
within the preferable threshold and the acceptable
threshold can only be maintained for less than 30 UEs
due to the steep growth of response time.
CONCLUSION
This paper is the continuation of (Samouylov et al.
2016) where a Markov chain based method for the
analysis of mean sojourn time in the finite capacity
queuing system with an unreliable server and PS
discipline was proposed. In this paper, we analyzed
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