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ABSTRACT
Consider a non-observable distributed processing system
with N ≥ 2 single server queues operating in parallel,
each under the processor sharing discipline. Jobs arrive
one by one to the dispatcher, which immediately routes it
to one of the queues. When making a routing decision the
dispatcher does not have any online information about
the system (current queues’ sizes, size of the arriving job
etc.) The only information available to the dispatcher is:
job size distribution, job’s inter-arrival time distribution,
server’s speeds, time instants of previously arrived jobs
and previous routing decisions. Under these conditions,
one is interested in the routing policies which minimize
the job’s long-run mean response time. Two new class
of policies are being proposed, which, according to the
numerical experiments, may significantly outperform the
optimal probabilistic policy and the Round Robin policy.
INTRODUCTION
Consideration is given to the problem of optimal scheduling in parallel non-observable single server queues each
with processor sharing (PS) discipline. In such systems,
which are sometimes also referred to as dispatching systems or server farms or distributed processing systems,
there is a dispatcher (broker, scheduler, load balancer),
which has to route arriving jobs (immediately1 ) to one
of the queues. The non-observability means that the dispatcher has only static information about the system: cumulative distribution function (CDF) of job’s inter-arrival
times, CDF of job’s size and servers’ speeds. Any online
information about the system’s state (like queue sizes,
remaining work etc.) is not available to the dispatcher.
Under these assumptions, one in interested in the routing policies, which minimize the job’s long-run mean response2 time.
1 I.e.
2 Or,

the dispatcher does not have a queue to store the jobs.
equivalently, job’s mean sojourn time in the system.
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The literature on non-observable dispatching systems
is not rich; a short but recent review can be found in
Konovalov and Razumchik (2018). Among the recent papers (more or less) related to the problem3 of scheduling
in unobservable queues one can mention Anselmi (2017);
Hassin and Snitkovsky (2017); Burnetas, Economou
and Vasiliadis (2017); Lingenbrink and Krishnamurthy
(2017). The concept of the unobservable M/M/1 queue
is covered in detail in (Hassin, 2016, Section 3). For a
dispatching system with N servers in Anselmi (2017) the
authors prove the optimality (in the regime when N → ∞
and the system’s load approaches 1) of a subset of deterministic and periodic policies within a wide set of (openloop4 ) policies that can be randomized or deterministic
and can be dependent on the arrival process at the dispatcher. A system with the Poisson input, two interdependent queues (one is observable and the other is unobservable) and the Bernoulli scheduling policy is considered in Hassin and Snitkovsky (2017). Here the authors
study the interrelation between the equilibrium strategy
and the socially optimal strategy. The decision problem
whether to join or not the single-server (almost5 ) unobservable system upon arrival and whether to stay or renege later is being solved in Burnetas, Economou and
Vasiliadis (2017). Another single-server unobservable
queue offering a service at a known fixed price to delay sensitive jobs is studied in Lingenbrink and Krishnamurthy (2017) from the standpoint of signalling mechanism and service provider’s price which maximize the
revenue.
To the best of our knowledge in the previous research
papers, devoted to the optimal routing in unobservable
dispatching systems, it was assumed that the service discipline employed in each queue is FIFO. Already under
this assumption only two class of routing policies are
3 According to the proceedings Ayesta et al. (2016) this topic has
also been discussed to some extent during the second European Conference on Queueing Theory. So far some of the presented talks have
not been published as separate papers.
4 Open-loop control means any dispatching algorithm that does not
rely on feedback information dynamically flowing from the queues
back to the controller.
5 Since it is assumed that the system administrator announces to the
customers their positions in the system in a stochastic manner.

available to the dispatcher6 : probabilistic and deterministic (see Hordijk and van der Laan (2004)). When one
switches the scheduling in queues from FIFO to PS, the
choice is narrowed down to the probabilistic routing and
the Round Robin7 .
According to a probabilistic (Bernoulli, random) routing a job is routed to the queue m, 1 ≤ m ≤ N, with the
probability pm independently of the previous decisions.
For finding pm there exist efficient numerical procedures
(see, for example, Combe and Boxma (1994); Bell and
Stidham (1983); Neely and Modiano (2005); Sethuraman
and Squillante (1999)). If the arrival flow is Poisson8
with rate λ, then the arrival process to each server remains Poissonian and each server behaves as the M/G/1PS queue with the arrival rate pm λ. The optimal probabilistic routing policy9 , further referred to as RND-opt,
is the probability distribution (p1 , p2 , . . . , pN ) that minimizes the job’s mean response time
N
X
m=1

pm

E(X/v(m) )
1 − pm λE(X/v(m) )

(1)

under the constraint 0 ≤ pm λE(X/v(m) ) < 1 for each m.
Here EX denotes the mean job size. The solution can be
found in many sources, for example, in Bell and Stidham
(1983); Haviv and Roughgarden (2007); Altman, Ayesta
and Prabhu (2011); Hyytiä, Virtamo et al. (2011). For the
sake of completeness it is reproduced below according to
(Bell and Stidham, 1983, Eq. (28)):
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and N ∗ = min1≤k≤N (rk < λ ≤ rk+1 ). We will not discuss the computation of the job’s mean response time under the Round Robin (RR) policy and just mention that
6 This is in sharp contrast with the partially and fully observable dispatching systems for which a good selection of routing policies exits
(see Bonomi (1990), Fu et al. (2016), Hyytiä, Penttinen et al. (2011),
Harchol-Balter, Crovella and Murta (1999)), (Harchol-Balter, 2013,
Section 24.2).
7 That is the special case of a deterministic routing. In fact, general deterministic policies are also applicable here, but we are unaware
of any procedures for finding optimal or near optimal deterministic sequences for PS server farms.
8 The assumption of Poisson flow of jobs allows one to consider
more general dispatching systems as those described, for example, in
Section III.E in Hyytiä, Penttinen et al. (2011). New policies proposed
in this paper are applicable in such general cases as well.
9 Whenever the dispatcher has more information about the system’s
current state (for example, current backlogs of the queues and/or the
size of the arriving job), other (state-dependent) policies can do better.
For example, JSQ or FPI-ρ policy as described in Hyytiä, Penttinen et
al. (2011).

when the arrival flow is Poisson, the inter-arrival times
into each queue have an Erlang-N distribution, and thus
each queue is EN /G/1–PS. In some cases the computation
of the mean response time can be performed analytically;
for example, when the job size distribution is deterministic, the job’s mean response time can be computed from
the relation (3.3) in Brandt and Brandt (2006).
In this paper two new class of routing policies are proposed, which can outperform both the optimal probabilistic policy and the Round Robin policy. In addition to the
assumptions made above, the new policies only require
that the dispatcher can memorize its previous routing decisions and time instants at which those decisions were
made. The new policies are based on the estimations of
some average values related to the queues and, in some
cases, can be not much worse than the online Join-theShortest-Queue (JSQ) policy.
The paper is organized as follows. In the next section the detailed description of model is given. The third
section contains the overview of the new policies, that is
followed by the section with the numerical comparison
of the new policies with the RND-opt, RR and JSQ policies. In the concluding section one discusses pros and
cons of the proposed policies and points out directions
for further research.
MODEL DESCRIPTION AND ASSUMPTIONS
The system consists of N ≥ 2 single server infinite capacity queues, operating in parallel. The queues are numbered from 1 to N. The server’s speed of queue m is
denoted by v(m) , 1 ≤ m ≤ N. The service discipline employed in each queue is processor sharing. Service preemption and jockeying between queues is not allowed.
Inter-arrival times between jobs, which arrive one by one,
and their sizes are i.i.d. with the known CDF A(x) and
B(x) respectively. Upon receiving a job the dispatcher
must immediately route it to one of the queues.
Fix an arbitrary integer n ≥ 1. Let 0 ≤ t1 < · · · < tn
denote the arrival instants of the first n jobs and let
y1 , y2 , . . . , yn−1 be the first n − 1 routing decisions i.e.
y j is the server whereto the job arrived at instant t j was
routed. Each y j takes a value from the set {1, 2, . . . , N}.
For the nth job arrived at tn , the dispatcher in order to
make a routing decision may use only the following information: (i) the values of t1 , t2 , . . . , tn , (ii) the values
of y1 , y2 , . . . , yn−1 , (iii) the inter-arrival time distribution
A(x) and the jobs size distribution B(x), (iv) the values
v(1) , v(2) , . . . , v(N) of the servers’ speeds. Online information (like the arriving job size, current queues’ sizes
etc.) is not available. The objective of the dispatcher is
to route jobs in such a way that the job’s (long-run) mean
response time is minimal.
OVERVIEW OF THE NEW POLICIES
Based on the system description, two new class of policies are being suggested. The first class of policies implies that the dispatcher routes an arriving job to the

queue, for which the probability of being least loaded10
at the moment is maximum. The decision rule is the following: send the first job to the queue with the fastest
server; send the n-th job to the queue yn , where
n
o
yn = argmaxm E1{Amn } , 1 ≤ m ≤ N , n ≥ 2,
where E denotes the expectation operator and 1{Amn } denotes the indicator function of the event Am
n , which is
(m)
(1)
(m)
(2)
defined as Am
=
{N
≤
N
,
N
≤
N
,
. . . , Nn(m) ≤
n
n
n
n
n
(N)
(m)
Nn }, where Nn denotes the number of jobs in the
queue m upon arrival of the nth job, conditioning of the
fact that the previous (n − 1) jobs arrived at instants t1 , t2 ,
. . . , tn−1 and were routed to queues y1 , y2 , . . . , yn−1 . Ties
are always broken in favour of the queue with the fastest
server or, if there is none, randomly. Since the exact values of E1{Amn } are unavailable, computer-aided simulation
is used to estimate them. The first option (further referred
to as CAA policy; see the pseudocode in the Algorithm
1) is to take the part of the previous trajectory (d ≥ 1 previous values of the inter-arrival times tn−1 , . . . , tn−d and
routing decisions yn−1 , . . . , yn−d ) and to simulate the system’s trajectory r ≥ 1 times starting from the empty system (and sampling service times from B(x)). At the end
of each run (i.e. at instant tn ) 1{Amn } is evaluated and E1{Amn }
is the average over r runs.
The second option (further referred to as CA policy;
see the pseudocode in the Algorithm 2) is to take only
d ≥ 1 previous routing decisions yn−1 , . . . , yn−d and to
simulate the system’s trajectory r ≥ 1 times starting from
the empty system (and sampling both service and interarrival times). Again, at the end of each run (i.e. at instant
tn ) 1{Amn } is evaluated and E1{Amn } is the average over r runs.
Algorithm 1 High-level description of the implementation procedure for the CAA policy
function NextDecision(N,v(1) , . . . , v(N) , B(x), tn , tn−1 ,
. . . , tn−d , yn−1 , . . . , yn−d )
for i = 1 → r do
zi = SimulateSystem(tn , . . . , tn−d , yn−1 , . . . , yn−d )
end for
P
P
P

Find i∗ : ri=1 δi∗ ,zi = max ri=1 δ1,zi , . . . , ri=1 δN,zi
return yn = i∗
end function
SimulateSystem(tn , . . . , tn−d , yn−1 , . . . , yn−d ) denotes a function,
which returns the result of a single simulation run of the considered
system under the following conditions: the system starts empty at the
instant tn−d and has job arrivals at the instants tn−d , tn−d+1 , . . . , tn−1 ,
which are routed to the servers yn−d , yn−d+1 , . . . , yn−1 . The job
service times are sampled from B(x).
At the instant tn the
simulation is stopped and the number of the server, which currently has the minimum number of jobs in it, is returned.
b The positive integer values d and r are the parameters of the algorithm, which must be set in advance. Their values are mostly
influenced by the inhomogeneity of the system (different servers’
speeds), by the job size distribution and the system’s load.
c δ
i,zi is the Kronecker symbol, i.e. δi,zi = 1 if i = zi and δi,zi = 0
otherwise.
a

10 The load is measured in terms of the total number of customers in
the queue.

Algorithm 2 High-level description of the implementation procedure for the CA policy
function NextDecision(N,v(1) , ..., v(N) , B(x), yn−1 , yn−2 ,
. . . , yn−d )
for i = 1 → r do
Generate(tn , . . . , tn−d )
zi = SimulateSystem(tn , . . . , tn−d , yn−1 , . . . , yn−d )
end for
P
P
P

Find i∗ : ri=1 δi∗ ,zi = max ri=1 δ1,zi , . . . , ri=1 δN,zi
return yn = i∗
end function
a SimulateSystem(t , . . . , t
n
n−d , yn−1 , . . . , yn−d ) denotes the same function as in the Algorithm 1.
b Generate(t , . . . , t
n
n−d ) denotes a function, which generates d + 1 consecutive job arrival instants, labelled by tn , . . . , tn−d . Sampling is performed from A(x).

The second class of policies, which can be used in the
given context, is the modification of the policy proposed
in Konovalov and Razumchik (2018) for the minimization of the job’s mean response time in non-observable
queues with FIFO scheduling11 . The dispatching rule is
the following: send the first job to the queue with the
fastest server; send the n-th job to the queue yn , where
n
o
yn = argminm ENn(m) , 1 ≤ m ≤ N , n ≥ 1.
Since the exact sizes of the arriving jobs are not observed,
the exact values of Nn(m) cannot be computed. Yet in some
special cases, approximations for ENn(m) are possible.
Such case is, for example12 , when B(x) = 1 − e−µx . The
key to obtaining the values of ENn(m) is the discrete-time
setting. All time-related quantities in the model are discretized into fixed-length intervals (slots) of such length
∆, so that µ∆ < 1. Then qi j = Cij (µ∆/i) j (1 − µ∆/i)i− j approximates the probability that the service of j jobs will
be completed after one slot, given that at the beginning of
a slot there where i jobs in the queue13 . Then, if initially
the system is empty, the distribution ~p (m)
n of the number
of jobs in the queue m upon arrival of the nth , n ≥ 1, job
can be computed recursively from the relations:

~p (m)
2

~p (m)
1 = (1 − δm,y1 , δm,y1 ),


t2 −t1
= ~p (m)
P̃1 (P1 ) ∆ −1 δm,y1 + I2 · (1 − δm,y1 ) ,
1

11 The following observation is forth noticing here. While there is no
rational reason to use the arrival-aware (AA) policy, proposed in Konovalov and Razumchik (2018), in a PS server farm (when trying to minimize the mean response time or mean waiting time), it becomes reasonable as soon as the system’s load is high and in the queues, instead of
PS, the limited processor sharing policy (LPS) with the same/different
multi-programming levels (MPL) is used. The intuition behind this idea
is the following. Under high system load it is quite probable that the
total number of customers in each queue is greater than the MPL of the
LPS policy. When this happens LPS policy starts to behave as FIFO,
for which the AA policy shows good results.
12 Phase-type distribution for B(x) is also allowed but this case requires a separate study.
13 Here, for simplicity, it is assumed that all servers have equal speeds
equal to 1.


tn −tn−1
−1
∆
~p n(m) = ~p (m)
δm,yn−1
n−1 P̃n−1 (Pn−1 )

+In−1,n · (1 − δm,yn−1 ) ,
where In denotes the identity square matrix of size n,
In−1,n denotes the identity square matrix of size n − 1 with
the zero column appended to the right,


 1
0 
P1 = P̃1 = 
 ,
µ∆ 1 − µ∆
the square matrix Pn is obtained from the matrix Pn−1 by
appending to it one zero column to the right and then the
row (qn,n , qn,n , . . . , qn,0 ) to the bottom and the rectangular matrix P̃n is obtained from the matrix Pn by deleting
its first row. Once the distributions ~p (m)
n are computed,
the queue with the minimum mean number of jobs can
be chosen. The implementation of the above algorithm
is not straightforward since right now the dimension of
each vector ~p (m)
n is equal to the number of arrivals to the
system up to instant tn . Thus special procedures for keeping the vector dimensions low are required. We leave the
discussion of this issue as well as the choice of ∆ for the
future and proceed in the next section to the numerical
examples from which some conclusions about the performance of the CAA and CA policies can be drawn.
NUMERICAL EXPERIMENT
Extensive numerical experiments show, that the new
routing policies generally lead to visibly better results
than the RND-opt and RR policies. Exceptions, when
it may not be easy (or not possible at all) to get the gain,
are the cases with highly variable job size distributions.
Numerical results presented below show the values of
the job’s mean response time under five different dispatching policies – RND-opt, RR, JSQ, CAA and CA.
For the demonstration purposes four special cases of
the system structure are considered: the system with
2 servers (see Table 1), the system with 4 servers (see
Table2), the system with 8 servers (see Table 3) and the
system with 16 servers (see Table 4). In each case the
system is heterogeneous (servers have different speeds),
the incoming flow of jobs is Poisson and the mean job
size is equal to 1. The considered job size distributions
are: deterministic, uniform, normal, exponential, hyperexponential and Pareto.
Although in some cases the values of the job’s mean
response time can be computed explicitly from the available analytic results, the values displayed in the tables
were obtained from the simulation (the simulation framework is described in Konovalov and Razumchik (2014);
Konovalov (2014)). In the implementation of the JSQ
that was used, the ties were broken according to the rule:
if two or more queues have the same number of jobs,
choose the queue with the fastest server; if there is no
such queue, choose the random one.
The numerical results evidence that the CAA policy
(see Algorithm 1), which is based both on the inter-

arrival times and the decision history, usually outperforms both both the RND-opt and the RR policy. The relative gain (with respect to the RND-opt policy) is higher
for the low variable job size distributions and (in the presented cases) vanishes with the increase of the job size
variability. The surprising fact, that can be seen from the
tables, is that the CA policy (see Algorithm 2), which is
based only on the decision history and does not utilize
any information about the inter-arrival times, also does
better than RND-opt and RR policy in many cases. As
expected, the CAA policy is worse than the online JSQ
policy. Yet for low variable job size distributions their
performance is quite close.
SUMMARY
The results in the Tables 1–4 demonstrate that the new
policies, memorizing the inter-arrival times and the routing decisions made, can improve the performance of
an non-observable system with processor sharing single server queues, working in parallel and independently.
For job size distributions with low variance the gain may
be quite big, whereas for highly variable distributions the
gain is usually low or absent. In general, the gain depends on the properties of the job size distribution, on
the system structure (number of queues, server’s speeds)
and the values of the policy parameters r and d. More
understanding is needed here. As numerical experiments
evidence, the new policies sometimes can do almost as
good as the JSQ policy.
Generally, the performance improvement that is
promised in the Tables 1–4, comes at price. The optimal RND policy and the RR policy can be implemented
in the dispatcher at very limited costs, but the new policies require computational efforts and parameter (number of simulation repetitions r and history depth d) tuning . Although the implementation algorithm for the new
policies is simple, the rules for choosing the values for
r and d are most likely not. This can be seen already
from the Tables 3 and 4: the job’s mean response time,
as the function of d, is not monotonic. Further study is
needed here. The question of ranking the RND-opt, RR
and the new policies with respect to the job’s mean waiting time and stochastic order (see Bonomi (1990); Winston (1977); Weber (1978)) remains open as well.
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