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goods from several supply points (e. g. warehouses) to demand
locations (e. g. customers). Theoretical and practical use cases
are based on two conditions. Each transport origin features a
fixed amount of goods that can be distributed. Correspondingly,
every point of transport destination requires a certain number
of goods (Shore, 1970).
Each point of origin can be connected to every designated
destination, thereby creating several routes that are often
associated with different costs. These varying costs can be
visualised in matrices, where each cell represents a potential
effort. Depending on the objective of the optimisation, these
efforts can be a monetary value, the transport distance or the
duration that an agent requires to fulfil a corresponding task.
Matrices like this are common practice in studies dealing with
the AP and are used to make allocation decisions.
The underlying use case, where tasks have to be assigned
to vehicles of a fleet consisting of AMRs, differs from the
classical AP. In our case, each AMR has a capacity restriction
of 1, i. e. a maximum of one load carrier can be transported at
a time. Furthermore, each task corresponds to a demand of 1.
This means that every task can only be allocated to one single
AMR. Additionally, the number of available AMRs rarely
matches the number of to-be-assigned tasks in practice. Since
the size of the matrices depends on this factor, non-quadratic
matrices (e. g. 40 × 50) are common. There are different
approaches to solve this particular assignment problem, e. g.
Integer Linear Programming, machine-learning-based methods
or the application of algorithms (see section II).
For the latter approach, algorithms, one needs to distinguish
between those that solve every problem scenario optimally,
I. I NTRODUCTION
here referred to as optimal methods, and heuristics, which in
The transportation of goods and materials, which can take some cases fail to find the best solution and instead result in
place within a plant as well as to and from it, is an integral approximations. Furthermore, all methods vary greatly in terms
part of every supply chain and contributes substantially to an of the computation time required to solve a given assignment
enterprise’s expenses. As such, every logistics manager who problem.
has to deal with matters of transport aims to find the most
This paper is structured as follows: the next section provides
cost-efficient solution while meeting high customer service an overview of the different methods that can be applied to
standards, i. e. meeting demands at the lowest possible expense. solving the AP. These being Integer Linear Programming (ILP),
This is referred to as the Assignment Problem (AP) and has the Hungarian Method (HM), the Jonker Volgenant Castanon
been the subject of extensive operational research (Dı́az-Parra et (JVC) algorithm, a variation of a Greedy Search (GS) algorithm
al., 2014). Researchers, who attempt to solve this problem, also and Vogel’s Approximation Method (VAM) with its associated
aim to minimise the total transportation costs whilst moving adapted version for non-quadratic matrices, VAM-nq. The third
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section introduces the use case that gave rise to this study. The
simulation study and the discussion of the results are presented
in section IV, which is followed by the conclusion.
II. T HE H ISTORY OF S OLVING THE A SSIGNMENT P ROBLEM

Castanon (JVC) algorithm. For the purpose of this paper, we
chose the three optimal methods – ILP, HM and the JVC
algorithm – and three heuristic approximation methods: Vogel’s
Approximation Method with its variation for non-quadratic
matrices, VAM-nq, as well as a trivial Greedy Search algorithm
for benchmark reasons. In the following, each method will be
described in detail.

The Generalised Assignment Problem (GAP) describes the
generalisation of both the knapsack problem and the bin
packing problem (Cattrysse and van Wassenhove, 1992). In
its original characteristic, one is given m agents with a A. Integer Linear Programming
As stated previously, ILP is one if the approaches that
corresponding capacity Bj for each agent j, and n tasks
such that each task i has size sij and yields profit pij when is able to ascertain an optimal solution for different, even
assigned to agent j. The objective is to find an optimal large-scale scenarios. Its application begins by formulating an
assignment of agents to tasks by maximising the total profit. objective function as well as applicable restrictions in order to
Applications of GAP can be found in multiple areas including receive correct results. In accordance with Osman (1995) and
fixed charge location problems, grouping and loading for by adapting ILP to the use case at hand, the objective function
vehicle routing, flexible manufacturing systems, scheduling reads as follows:
XX
variable length commercials, allocating storage space, designing
min
dta · cta
(1)
communication networks, scheduling payments on accounts,
t∈T a∈A
assigning software development tasks to programmers, schedulX
ing projects, assigning jobs to computers in networks, and
dta = 1
∀t ∈ T
(2)
assigning ships to overhaul facilities (Krumke and Thielen,
a∈A
2013; Cattrysse and van Wassenhove, 1992).
X
dta ≤ 1
∀a ∈ A
(3)
In this paper, we consider a variation of the problem in
t∈T
which all the agents’ budgets and all tasks’ costs are equal
to 1 (Pentico, 2007). This section provides a description of
dta ∈ {0, 1}
∀t ∈ T, ∀a ∈ A
(4)
the established solution methods for the AP. The first attempt
The goal of the objective function 1 is to minimise the
at solving the AP dates back to 1955 with Kuhn’s Hungarian
sum
of all costs cja for all tasks T = 1, . . . , m and for all
Method. In the subsequent decades, numerous researchers
agents
A = 1, . . . , n, which is the result of multiplying the
proposed a multitude of methods and solutions as listed
decision
variable dja by the corresponding costs that arise when
hereafter in their chronological order: (Kuhn, 1955; Munkres,
a
task
t
is
assigned to an agent a. For the underlying use case,
1957; Reinfeld and Vogel, 1958; Witzgall and Zahn, 1965;
an
agent
refers
to an AMR. The first Constraint (Equation 2)
Edmonds, Johnson and Lockhart, 1969; Dinic and Kronrod,
ensures
that
every
task is actually assigned to an agent whereas
1969; Hopcroft and Karp, 1973; Pulleyblank, 1973; Gabow,
the
second
Constraint
(Equation 3) makes sure that each agent’s
1976; Lawler, 1976; Karzanov, 1976; Cunningham and Marsh,
capacity
of
1
is
not
exceeded,
i. e. each agent can only perform
1978; Micali and Vazirani, 1980; Burkard and Derigs, 1980;
one
task
at
a
time.
The
last
Constraint
(Equation 4), applies to
Kazakidis, 1980; Derigs, 1981; Shimshak, Kaslik and Barclay,
both
tasks
and
agents
and
restricts
the
decision
variable dja to
1981; Galil, Micali and Gabow, 1982; Minoux, 1982; Havel,
binary
values.
Kuntz and Crippen, 1983; Gabow, 1985; Grötschel and Holland,
1985; Derigs, 1986; Derigs and Metz, 1986; Trick, 1987; Jonker
B. Hungarian Method
and Volgenant, 1987; Derigs, 1988; Lessard, Rousseau and
The Hungarian Method was initially proposed by Kuhn
Minoux, 1989; Gabow, Galil and Spencer, 1989; Gabow, 1990;
(1955)
to solve the AP. Similar to ILP and JVC, the HM is
Gabow and Tarjan, 1991; Derigs and Metz, 1991; Gerngross,
able
to
find an optimal solution to any given problem. The
1991; Applegate and Cook, 1993; Atamtürk, 1993; Miller and
algorithm
solves n × n matrices (e. g. 10 × 10) by carrying
Pekny, 1995; Feder and Motwani, 1995; Cheriyan, Hagerup
out
the
following
steps until an optimum solution is found:
and Mehlhorn, 1996; Goldberg and Kennedy, 1997; Goldberg
and Karzanov, 2004; Mucha and Sankowski, 2004; Harvey,
1) Identify the minimum value in each column and subtract
2006; Duan and Pettie, 2014; Cygan, Gabow and Sankowski,
this value from all other values in the corresponding
2015; Gabow, 2017; Selmair, Meier and Wang, 2019)
column.
The analysis of the relevant literature has yielded a total
2) Identify the minimum value in each row and subtract this
of four methods that are frequently applied in research (Paul,
value from all other values in the corresponding row.
2018; Dinagar and Keerthivasan, 2018; Nahar, Rusyaman and
3) All zeros in the matrix must be covered by marking as
Putri, 2018; Ahmed et al., 2016; Korukoğlu and Ballı, 2011;
few rows and/or columns as possible.
Freling, Wagelmans and Paixão, 2001; Li, Mirchandani and
4) Check if the number of lines equals n. If it does, an
Borenstein, 2007; Balakrishnan, 1990). These are Integer Linear
optimal allocation of the zero-values is possible. If the
Programming (ILP), the Hungarian Method (HM), Vogel’s
number of lines is smaller than n, an optimal allocation
Approximation Method (VAM) and the Jonker Volgenant
is not yet feasible and Step 5 has to be carried out.

5) Find the smallest value which is not covered by a line
and a) subtract this value from each uncovered row and
b) add it to each covered column.
6) Return to Step 3.
It has to be noted that non-quadratic matrices, n × m
matrices (e. g. 10 × 40), are converted to n × n matrices
(e. g. 40 × 40), as the Hungarian Method can only be applied
to quadratic matrices. The additional value cells are allocated
with the highest value identified in the original matrix. This
adaptation requires additional computing power since the
algorithm has to consider, for instance, 1.600 cells of values
(40 × 40) instead of 400 (10 × 40). It is evident that this is
a drawback when non-quadratic matrices are to be solved, yet
this is always the case when more tasks than agents have to
be considered or vice versa.
C. Jonker Volgenant Castanon Algorithm

where the reduction transfer is completed from unassigned to
assigned rows where for each row i.
j1 = xi ;
µ = min{cij − vj : j = 1, ..., n; ∀j 6= j − 1}
vj1 = vj1 − (µ − ui ) ; ui = µ

(9)
(10)
(11)

After augmentation Step 3, the partial solution assignments
are updated, while the dual values are updated to restore the
complementary slackness conditions in the following:
cik − ui − vk = 0, if xi = k ∀ assigned columns and (12)
k, i = 1, .., n and

(13)

cik − ui − vk ≤ 0

(14)

Generally, the complexity of the first two initialisation
procedures is reported to be O(n2 ), whereas it has been shown
that the augmenting reduction procedure has a complexity of
O(R · n2 ). Here, R refers to the range of the cost coefficients
(Jonker and Volgenant, 1987).

Skiena (1990) defined the augmenting path as a simple
path – thus, a path that does not contain cycles – through
a network using only edges with positive capacity from the
D. Greedy Search Heuristic
source to the sink. Compared to the Hungarian Method, which
In order to compare the optimal method algorithms to a
finds any augmenting paths out of all feasible ones, the JVC
simple
heuristic, we have used a Greedy Search method, which
algorithm finds the shortest augmenting path among all options.
is
described
as follows:
Although the JVC algorithm is based on the implementation of
the Hungarian Method, the following additional pre-processing
1) Input the cost matrix C and determine the maximum cost
steps are required:
value mc ,
2) while a minimum value can be found that is lower than mc ,
1) initialization step with sub-steps such as a) column
locate the minimum value across all rows i and columns j,
reduction, b) reduction transfer, c) reduction of unassigned
3)
update the objective value okc , of current iteration k by
rows, similar to auction algorithms,
adding its own value to the previous iterative objective
2) termination step, if row assignment is complete,
value
ok−1
.
3) augmentation step, where an auxiliary network is genc
4)
for
all
columns
j, locate the minimum value row and
erated to determine an alternating path with minimal
column
position
(imin , jmin ), assign the task to the
total objective cost, from unassigned row i to unassigned
assignment
or
matching
list, and set the minimum value
column j,
to
maximum
cost
m
for
all residual row entries,
c
4) update step of dual solution, where the complementary
5)
for
all
rows
i,
locate
the
minimum
value, assign the task,
slackness variables are updated, and finally a
and
set
the
minimum
value
to
the
maximum
cost mc for
5) return step to the termination Step 2.
all
residual
column
entries,
where the algorithm output is an integer sequence that assigns
6) until no minimum values are left that are smaller than the
each column to each corresponding minimal row element
maximum value mc .
denoted by vj = mini (cij ). Note, that some rows may not be
assigned, which is particularly important for the processing E. Vogel’s Approximation Method and VAM-nq
of non-quadratic matrices. Moreover, the JVC algorithm
The following description of Vogel’s Approximation Method
minimises the primary objective:
is based on the original proposal by Reinfeld and Vogel (1958).
XX
min
cij xij ;
(5) VAM solves transport matrices by repeating the steps presented
below until a feasible solution is found. The cells of the matrices
i
j
are assigned with the costs cij associated with allocating a
subject to the constraints:
task to an agent. These costs occur when an agent transports
X
X
xij = 1,
xij = 1
(6) goods from a point of origin i to a destination j. Depending on
the objective of the optimisation, cij can be a monetary value,
i
j
the transport distance or the duration that an agent requires
xij ≤ 0, ∀(i, j) ∈ E ,
(7)
to fulfil the corresponding task. Each source (origin) features
a specific amount of goods that can be allocated (supply).
and maximises the dual objective as follows:
nX
Correspondingly, each sink (destination) usually requires a
X o
max
ui +
vj s.t. cij − ui − vj ≤ 0 .
(8) certain number of units (demand). The underlying case is
i
j
special in regard to supply and demand. Each agent can only

provide a supply of 1. Correspondingly, each task equals a
demand of 1. As mentioned earlier, this fact describes the
special case of the Generalised Assignment Problem, refereed
to the Assignment Problem. In order to carry out the allocation
under these circumstances, the following steps are necessary:
1) Calculate the difference between the smallest and the
second-smallest cell value for each row and each column.
2) Select the row or column which features the biggest
difference. If the calculations yield the same value in
two or more columns or rows, select the row or column
containing the smallest cell value.
3) Choose the smallest cell value of the selected row or
column and allocate the corresponding task to an agent.
4) Eliminate the row and column that has been used for the
allocation.
5) Check if there are still agents and tasks left to allocate.
If so, repeat Steps 1 - 4.
Different authors have previously attempted to improve the
classic VAM in order to progress towards an optimal solution,
which is generally achieved by applying either ILP or the HM.
These are, for instance, (Paul, 2018; Dinagar and Keerthivasan,
2018; Nahar, Rusyaman and Putri, 2018; Ahmed et al., 2016;
Korukoğlu and Ballı, 2011; Balakrishnan, 1990; Goyal, 1984;
Shimshak, Kaslik and Barclay, 1981).
An example of the VAM can be found in Tables I a through
c. Here, the agents Vi are assigned to the different rows and
the tasks Tj to the columns. The individual cells show the
costs cij for each possible task-agent combination. The row
differences, which refer to those between the least and the
second-least expensive option, can be found in the column ∆i,
whereas the column differences are shown in ∆j. Table I a
shows that the most substantial difference is associated with
the third row, which features the lowest value in the third
column (Table I b). Accordingly, Task 3 is assigned to Agent 3.
After the allocation, the third row and column are eliminated
(Table I c).
Selmair, Meier and Wang (2019) have shown that the original
VAM is not always suitable when it comes to determining
optimal or near-optimal results for non-quadratic matrices (see
Figure 5 a). In fact, the calculated objective values are in some
cases more than 100 % higher than the optimal objective value.
For the purpose of comprehensibility, any matrix is described
as having two dimensions, yet these are not identical in length
for non-quadratic matrices. In line with this, it was proposed
that these insufficient results arise if either the selected row or
column, which features the maximum difference, is from the
shorter dimension. This may mean that if a matrix contains
more columns than rows, choosing a column with the maximum
difference (which is achieved by subtracting cell values in the
smaller dimension / rows) might result in values that deviate
from the optimal objective value. The same also applies if there
are more rows than columns. This can be explained by the
fact that the dimension of rows features more values and the
chance is therefore higher to find a smaller cell value within
those. In order to mitigate the above stated disadvantage of

VAM, an improved version of VAM was developed.
Figure 5 a shows that the results of the VAM start to
deteriorate as soon as the matrix size is increased in only one
dimension, i. e. a non-quadratic matrix is created. While VAM
is able to generate optimal solutions in some cases, however,
in those instances in which it fails, the calculated objective
values are up to 5 times higher than the optimal objective value.
The deviations from the optimal solution increase continuously
as the difference between the number of rows and columns
increases. This even applies to small non-quadratic instances
with the dimensions of 4 × 5. For instance, in the case of
5 × 10 matrices, the calculated objective values can be three
times as high as the actual optimal objective value.
Selmair, Meier and Wang (2019) provided an enhanced
version of VAM, namely Vogel’s Approximation Method for
non-quadratic Matrices, which yields results that are much
closer to the optimal objective value for said non-quadratic
matrices. The description below is based on a scenario in which
a matrix contains more columns than rows. If a matrix were to
contain more rows than columns, these steps can be adapted
accordingly by replacing “rows” with “columns” and vice versa.
The Vogel’s Approximation Method for non-quadratic Matrices
(VAM-nq) solves allocation matrices featuring more columns
than rows by carrying out the following steps:
1) Calculate the difference between the smallest and the
second-smallest cell value for each row.
2) Select the row featuring the biggest difference. If there is
a tie between rows, choose the row containing the smallest
cell value.
3) Determine the smallest cell value for the selected row and
allocate the corresponding task to an agent.
4) Eliminate the corresponding row and column that have
been used for the allocation.
5) Check if there are still agents and tasks left to allocate,
and repeat Steps 1 - 4 in case that there are.
On comparison of the original VAM and the enhanced
VAM-nq, some aspects point towards a refinement of the
original approach. For one, VAM-nq considers only the rows
if there are more columns than rows (Step 1). Accordingly,
only the largest differences within each of the rows and the
corresponding smallest cell values are considered (Step 2 and
3). Applying this method to the other option, that is, to matrices
that feature more rows than columns, results in the following
approach. Steps 1 through 3 only apply to columns, their biggest
differences within each column and smallest cell values. With
Table II, the example of subsection II-E is solved by means
of all three heuristics, illustrating that the proposed VAM-nq
provides substantially better results even in small non-quadratic
cases.
III. T HE U SE C ASE AT H AND
The use case presented in this study is part of a BMW project
in the context of Industry 4.0, to which we are contributing. In
order to automate its internal material flow, the BMW Group
has developed its own AMR, the so-called Smart Transport
Robot (STR) shown in Figure 1, which is designed to substitute
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(a) Initial Matrix to be solved by VAM

(b) Matrix featuring the identified biggest difference (80)
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Table I: Exemplary procedure of Vogel’s Approximation Method
cij

T1

T2

T3

T4

cij

T1

T2

T3

T4

cij

T1

T2

T3

T4

V1

200

100

400

50

V1

200

100

400

V1

200

100

400

50

V2

60

80

30

50

350

V2

60

80

30

350

V2

60

30

350

V3

210

300

80

70

150

V3

210

300

70

150

V3

210

300

70

150

V4

120

510

340

80

V4

510

340

80

V4

120

510

340

80

V5

70

120

80

40

400

V5

70

80

40

400

V5

70

80

40

400

(a) Solution of Greedy Search with an objective
value of 450

(b) Solution of the original VAM with an objective value of 320

(c) Solution of VAM-nq with an objective value
of 290

Table II: Exemplary solutions of GS, VAM and VAM-nq with different resulting objective values

commonly used tucker trains. These play a central role in the
automotive material handling processes. The industrial use-case
of the BMW Group specifies the following requirements:
1) Every agent can carry one load carrier at a time.
2) All transportation requests are unknown prior to their
receipt.
3) Agents without a task are required to either recharge or
park.
The allocation of tasks to AMR is formulated as the AP. In
this context, the costs are defined as the driving effort of each
AMR to the source-point of a task. This study aims to identify
the most efficient method to solve this assignment problem.
Although it is highly likely that this specific problem results
in non-quadratic matrices, we have also applied all methods
to quadratic matrices.
IV. S IMULATION S TUDY
In order to evaluate the suitability of all previously described
methods, simulations were performed to provide the necessary
data. This section describes the methodology of the simulation
study and presents its results.
A. Algorithm Performance Metric for Comparisons
We utilised the Mean Absolute Percentage Error (MAPE)
metric, defined below, in order to measure the qualitative
performances of the introduced methods.
EMAPE

n
1 X Ss − Os
=
n t=1 Os

(15)

Figure 1: BMW’s STR in its natural habitat.

It indicates the percentage average and the relative deviation
from an actual optimal objective value. Furthermore, in
Equation 15, Os denotes the optimal objective value of an
optimal solution, whereas Ss is the objective value of an
inferior solution. The optimal value therefore is based on the
best solution achievable, whereas any deviation is considered
to be sub-optimal.
B. Research Design
Simulation experiments based on different quadratic and
non-quadratic matrices were carried out using an Intel Core i76820HQ 2.70 GHz featuring 32 GB RAM in order to compare
the six methods discussed in this paper. The software AnyLogic

version 8.7.2 was utilised to generate and solve assignment
problems.
For every experiment, a total of 20.000 assignment scenarios
were randomly generated. In order to generate realistic sets of
data, a map was randomly filled with nodes, which represent the
AMRs and the tasks. Their distance from each other provided
the cost values assigned to the cells in the matrices. The
following overview shows which matrices were used to generate
and evaluate the corresponding Key Performance Indicators
(KPIs):
• Mean Computation Times for ILP, HM, JVC, GS, VAM
and VAM-nq were computed for:
a) 20 quadratic matrices starting at 10 × 10 and increasing
to 200 × 200 in steps of 10
b) 20 non-quadratic matrices starting at 50 × 50 and
increasing to 50 × 525 in steps of 25
• Probability for the heuristic methods VAM, VAM-nq and
Greedy Search to reach the actual optimal objective value
was calculated for:
a) 50 quadratic n × n matrices with n = {5, . . . , 35}
b) 50 non-quadratic 5 × n matrices with n = {6, . . . , 55}
• EMAPE , Mean Absolute Percentage Error of VAM,
VAM-nq and Greedy Search to map the deviation from the
actual optimal solution was computed for 15 non-quadratic
5 × n matrices with n = {6, . . . , 20}
• EMAPE , Mean Absolute Percentage Error of VAM,
VAM-nq and Greedy Search to map the deviation from
the optimal objective value were calculated for:
a) 50 non-quadratic 50 × n matrices with n =
{51, . . . , 100}
b) 17 mixed matrices: 5 × 5, 5 × 50, 10 × 10, 10 × 20,
10 × 30, 10 × 40, 20 × 20, 10 × 60, 20 × 60, 30 × 30,
10 × 100, 40 × 40, 50 × 50, 50 × 100, 100 × 100,
100 × 200, 100 × 300

Even so, the results showed that the time required to compute
results for matrices equal to or larger than 120 × 120 and
50 × 125, for non-quadratic matrices, was longer for the HM
than both the VAM and VAM-nq. However, Figure 2 b shows
that the computation time for the HM increases considerably
when non-quadratic matrices are computed. This is most likely
due to the fact that the HM has to generate additional rows
or columns to produce quadratic matrices since it cannot, as
previously mentioned, compute non-quadratic problems. VAM
and VAM-nq, on the other hand, are able to compute quadratic
and non-quadratic matrices regardless of their size in a relatively
short amount of time (between 1.000 µs for small sizes and
30.000 µs for larger ones), which provides support for the
superior scalability of VAM and VAM-nq.
As previously mentioned, the three heuristic methods GS,
VAM and VAM-nq are not always able to produce an optimal
solution. Figure 3 discusses the probability of these three
methods to reach for the actual optimal objective value. For
quadratic matrices, this probability approaches 0 % for matrix
sizes of 20 × 20 and upwards. In contrast, for relatively
small quadratic scenarios, such as 9 × 9, the chance for VAM
and VAM-nq to calculate the best possible solution is only
24.7 %. For a 16 × 16 scenario, the chance is only 3.3 %.
The examined GS method has an even lower probability than
both VAM versions when applied to quadratic matrices. For the
9 × 9 scenario, the likelihood of attaining the optimal objective
value lies at 4.8 %, for 16 × 16 matrices it is infinitesimal
small at 0.2 %. For non-quadratic scenarios, VAM-nq and GS
reveal a different picture: as the difference between dimensions
increases, both methods approach a 100 % probability for
reaching the optimal objective value, VAM-nq earlier than
GS. For example, the probability of solving a 5 × 13 scenario
optimally lies at 94.5 % for VAM-nq and at 68.5 % for the GS
method. A 5 × 55 scenario is solved optimally 99.7 % of the
time when applying the VAM-nq and 92.9 % of the time when
the Greedy Search method is utilised.
C. Discussion of Results
Having presented the computational times and the probability
This section summarises the results of the simulation of reaching the actual optimum for the examined combinations
experiments. Figure 2 a shows clearly that ILP requires the of variables, this section present the results associated with
most computation time for quadratic matrices of all sizes. For MAPE (see Figure 4). The mean deviation to the optimum of
example, the time required to solve a 180 × 180 matrix is six VAM increase continuously for non-quadratic matrices as the
times longer than that required by the Hungarian Method and difference between the dimensions increases successively. That
even 1.000 times longer than for the JVC algorithm. JVC is is, while the deviation from the optimal objective value of the
by far the fastest method to solve quadratic matrices of all original VAM continuous to grow as the matrix size increases,
sizes. The results show JVC to be even faster than the Greedy the deviation of the VAM-nq approaches 0 %. This means an
Search heuristic even for large quadratic matrix sizes. For non- optimal solution is generated more often as the difference
quadratic matrices, VAM-nq begins to outperform the JVC between the dimensions increase. This clearly demonstrates
algorithm when matrices are equal to or larger than 50 × 300 that the VAM-nq is more suitable to compute non-quadratic
as illustrated in Figure 2 b. More specifically, the computational instances than the original VAM.
time only increases slightly for VAM-nq as the matrix size
Figure 6 shows the results of simulation experiments
increases even further, while also noting that the VAM-nq performed by applying the original VAM, the VAM-nq and
provides optimal objective values in most cases. In contrast, the GS algorithm to different assignment scenarios. For nonthe computational time required by JVC, rises exponentially quadratic matrices, it is also evident that the original VAM
as the matrix size increases as presented in Figure 4.
produces objective values that are up to 300 % higher than
HM, VAM and VAM-nq yielded computation times between the corresponding optimal solution. The results yielded by
31 µs and 100.000 µs to solve matrices of all considered sizes. VAM-nq, on the other hand, display almost no deviation
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matrices in microseconds (20.000 averaged samples for each test point)

100 %
probability for optimal objective value

90 %
80 %
70 %
60 %
50 %
40 %
30 %
20 %
10 %

90 %
80 %
70 %
60 %
50 %
40 %
30 %
20 %
10 %

VAM

(a) for quadratic matrices

55

50

×

45

5

×
5

40
5

5

×

35

×

30
5

5

matrix size

matrix size
GS

×

25

×

20

×
5

15

×
5

×
5

5

×

×
5

5
×
7 5
×
9
11 × 7
13 × 9
1
15 × 1
1
17 × 3
1
19 × 5
1
21 × 7
1
23 × 9
2
25 × 1
2
27 × 3
2
29 × 5
2
31 × 7
2
33 × 9
3
35 × 1
× 33
35

10

0%

0%

5

probability for optimal objective value

100 %

VAM-nq

GS

VAM

VAM-nq

(b) for non-quadratic matrices

Figure 3: Probability for reaching the optimal objective value for quadratic and non-quadratic matrices (20.000 averaged samples
for each test point)

800 %

60 %

Deviation from Optimum

50 %
40 %
30 %

700 %
600 %
500 %
400 %
300 %
200 %
100 %
0%

20 %

5
×
5 5
5×6
5×7
5×8
5 ×
5 × 19
5 × 10
5 × 11
5 × 12
5 × 13
5 × 14
×
5 15
× 6
5 1
×
5 17
×
5 18
× 9
20

EMAPE , Mean Absolute Percentage Error

70 %

10 %

matrix size
(a) VAM

matrix size
GS

VAM

VAM-nq

75 %

50 %

25 %

0%
5
×
5 5
×
5 6
×
5 7
×
5
5 ×8
×
5 19
× 0
5 1
×
5 11
5 × 12
5 × 13
5 × 14
5 × 15
5 × 16
5 × 17
5 × 18
× 9
20

Figure 4: EMAPE , Mean Absolute Percentage Error of the
original VAM, VAM-nq and Greedy Search from the optimal
objective value for non-quadratic matrices (20.000 averaged
samples for each test point)

Deviation from Optimum

0
10

95
50

×

90
50

×

85

×
50

80

×
50

75

×
50

×

70
50

65

×
50

60

×
50

55

×
50

×
50

50

×

50

0%

The results of our experiments have shown that JVC is
superior to all other methods discussed in this paper. JVC is
able to provide optimal solutions to each assignment scenario
in a relatively short time. For large non-quadratic matrices, the
approximation method VAM-nq yields better results than JVC
in terms of computational time, even if some scenarios may
not be solved optimally. As such, the selection of a method
for practical application depends on the circumstances and
prioritised objective.
VAM is substantially faster at calculating results than the HM
and ILP across all matrix sizes. However, the VAM results
in a MAPE of 20 % from the optimal objective value for
quadratic matrices (starting with approx. 15 × 15). In contrast,
the MAPE increases to 65 % for larger non-quadratic matrices
(starting at approx. 50 × 100). On the other side, VAM produces
insufficient results for all non-quadratic matrice sizes and
deviates considerably from the optimum. The adapted version
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produces slightly better results for quadratic matrices than the
VAM-nq, but the differences in those cases are considered to
be negligible.
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Figure 5: Percentage Error of VAM, VAM-nq and Greedy
Search from the optimal objective value with increasing matrix
size (each box-plot represents a set of 20.000 samples)
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of VAM, introduced as VAM-nq, yields objective values that
deviate slightly more from the optimal objective value than
the original VAM for quadratic instances, but provides much
better results for non-quadratic scenarios, reaching an optimum
solution in most of the cases. Moreover, the likelihood of
solving a non-quadratic matrix optimally approaches 100 %,
as the difference between the dimensions increases.
Based on these findings, we propose that the JVC algorithm
proved to be most suitable for quadratic assignment problems.
For non-quadratic scenarios, JVC is currently deemed to be the
best method for solving quadratic and non-quadratic assignment
problems with optimal precision. If performance in terms of
computation time is more important than the quality of the
solution, VAM-nq can be used for large non-quadratic matrices
to generate a faster approximated solution. The probability for
VAM-nq to calculate an optimal solution for non-quadratic
problem instances larger than 5 × 25 approaches 100 % as the
scale increases. Additionally, the time required by VAM-nq to
calculate solutions is substantially faster than JVC for such
scenarios and the computational time remains feasible even for
large scale assignment problems. In summary, we propose that
VAM-nq can be applied to streamline the computational effort
and duration required to solve large non-quadratic scenarios at

only minor to negligible detriment to the solution’s quality.
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